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Abstract

In this paper, firstly we will present basic properties of Hadamard matrix product and Dual matrices to
built necessary background. Then we will define special real and dual matrices under this matrix
product. Finally, some theorems regarding this matrix product will be given.
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1. Introduction

The Hadamard product (1.1) of matrices is carried out entry by entry, as in traditional matrix
addition. It is also known as Schur product, entrywise product, or the element-wise product
which has a significant place in matrix theory and in statistical analysis [1].

In the literature, there are more than 400 scientific papers using Hadamard product about
positive semidefinite matrix, upper bound for an arbitrary determinant with the help of
Hadamard matrix product written by Jacques Hadamard. Issai Schur does not seem to know
of any previous work on the product (1.1), which shows that as long as A and B are positive
semi-definite, their product hadamard is also positive [2-4]. Hence, some mathematicians
used the name Hadamard and the others used Schur product. On the other hand, there are
many notation for using this product. Some of them are X,(,*,0. In this paper we will use the
name “Hadamard” and notation “o” for this product [5, 6].
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Dual numbers (D) are an extension of real numbers like complex numbers. This number
system had been defined by Clifford for geometrical and mechanical applications. Moreover,
dual vector algebra is widely used in kinematics, mechanism and physics [7-9].

In this paper, we firstly give basic concepts and properties of Hadamard product besides dual
numbers and their matrices in order to establish requiring background. Then, in section two
we will define special real matrices such as symmetric matrices and orthogonal matrices
under the Hadamard product. Finally, in last section we define the Hadamard product of dual
matrices and some special matrices.

1.1 Hadamard product and its properties

Definition 1.1 Let A =[a;;] and B = [b;;] be m X n real matrices, then the Hadamard
product of these matrices is defined as

Ao B = [a;jb;j]mxn- (1.1)

As it can be seen from the definition, in order to multiply to matrices with Hadamard product
matrices must be in the same size. Similarly to matrix addition, Hadamard product is
commutative [4].

Example 1.2 If A = [1 0 3\/7] and B = [_3 4 ‘/7] then the hadamard product of
5 —\éi 20 )1 2 8 -1

—-10 —-8V2 -2

these matricesis Ao B = [

It is clear that the set of R} is a group with hadamard product, also it is easy to see that the
triple (R}, +,0) is a commutative ring with identity. In addition, the set of R} is an algebra
over real numbers.

The identity matrix under the Hadamard product is called H — identity matrix. All entries of
H —identity matrix equal to 1 and m X n types H —identity matrix is denoted by J*. If Ais a
real matrix, H —identity matrix provides AoJ =]oA = A. Null matrices in Hadamard
multiplication retain their role. That is, Ao 0 = 0.

1 1 1

Example 1.3 J3 = [1 11

IS a H —identity matrix.

Hadamard product is associative and distributive over matrix addition:
*AoB=BoA
*Ao(BoC)=(AoB)oC,
*Ao(B+C)=(A+B)o(A+0)

where A, B and C € R}, [3, 6].

Definition 1.4 Let A = [a;;] be a real m x n matrix. The inverse of 4 with Hadamard
product is denoted by A~! and defined with A1 = [ai] It is clear to see that any matrix A
ij

has a Hadamard inverse if and only if every entry of A is not equal to zero. Furthermore,
inverse matrix holds the equation Ao A1 =].
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1 -8
-1 1/5

]. There is no inverse of B = [

Example 1.5 For A = [

[ 1 -1/8
-1 5
contains zero element.

] be a 2 X 2 matrix, then the H —inverse of A is A~ =

1 0

5 5] under the Hadamard product, because it

Further informations about Hadamard product can be found in [4].
1.2 Dual Gatrices and their properties

A dual number is generally denoted in the form d = a + ea*, with a real unit 1, and the dual
unit &, where ¢ # 0, e2 =3 = -+ =0, 0 = €0 = 0 and 1¢ = 1 = £. Moreover, every dual
number can be illustrated by a pair of real numbers as (a,a*). The set of dual numbers D is
defined as follows:

]D)={d=a+£b|a,b€]1%,£2=0,s¢0}. (1.2)

Equality, addition and multiplication of dual numbers d, = a+ ea*, d, = b + b* are
definedby d, =d, iff a=banda* =b*, d;+d,=(a+b)+e(a*+b*)andd,.d, =
(a.b) + €(a.b* + a*. b) respectively.

(D, +,.) is a commutative ring with the unit element 1 + €0. Further information about dual
numbers can be found in [7-9] . The set of all m X n real matrices is denoted by R} and it is a
vector space with matrix addition and scalar matrix multiplication. Furthermore, the set of
m X n matrices with dual number entries is denoted by D}'. A general dual matrix can be
written as follows:

a; +eay;  apteaj, .. agnt+éeai,
" a,, + €a; a,, + €a; e Oy, + Ea;
A =1 21 21 . 22 22 . 2n 2n (13)
Am1 + €Ay Ao + €Ay . Amp T+ EQmn
This dual matrix can be written dual combination of two real matrices as follows:
a1 Q12 - Qip a1 A1z - Qg
A az1 Qzz . Qgp a, a e as
A=, . R E-Y o
* * *
Am1  Am2 e Amn A1 Ame e Amn
A=A+eA (1.4)

where A, A* € R}'. More properties about dual matrices can be found in [7, 10].

2. Special real matrices with Hadamard product
There are many kinds of special matrices with ordinary matrix multiplicationin the literature

such as ortogonal, symmetric and periodic matrices. With this inspiration, we will define new
special matrices with using hadamard matrix product. Under this matrix multiplication special
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matrices will called H — matrix. For example, we will call orthogonal matrix as H —
orthogonal matrix under Hadamard product.

Definition 2.1 An m X n matrix A is called an H —singular matrix if the any entry of A is

Zero. A = [(5) 41}

matrix then it is called as regular matrix. B = [2 _3] isa H —regular matrix.

] iIs an H —singular matrix. Moreover, if there is no zero element in the

Theorem 2.2 Let A and B be two H —regular matrices. Then following equality is hold
(AeB) '=(BoA) 1=A4A"10cB 1=B1o41 (2.1)

Proof. From the definition, we can writt (AoB) o(AoB)™'=]. Then using the
associativity we have Ao (Bo(AoB) 1) =] and Bo (40 B)™! = A~1. From this equality,
we getthe (Ao B) 1 =410 B 1,

Proposition 2.3 For A, B € R}, it is obvious that the trace of A o B is equal to the trace of B o
A.Thatis, tr(Ao B) = tr(B o A).

Definition 2.4 For A € D}, some special matrices can be defined as following:

i. If AT = A, then A is called H —symmetric matrix. Additionally, if A is also a nonsingular,
then AT 0 A71 =],

ii. If AT =A71 then A is called H —antisymmetric matrix. Here, the diagonal entries of A
must be zero.

iii. If AT o A =], then A is called H —orthogonal matrix.

Example 2.5 Examples of these special matrices can be given as following:

4 =2 5
i. A=|-2 1 =3|isan H —symmetric matrix.
5 -3 7
_1 2 l -
5
ii. B= % 1 —3lisan H —orthogonal matrix.
5 —2 1
- 3
[ 0 -2 5]
. C=1[ 2 0 3|isan H —antisymmetric matrix.
-5 -3 0.

Theorem 2.6 Any matrix A = [ai]-] is an H —orthogonal matrix if and only if a;;.a; = 1.

Proof. With using definition A” o A = J, we can write [a;;] o [a;] = [1]. It is easy to see
that a;;. a;; = 1. Note that diagonal entries of H —orthogonal matrix is 1.

Definition 2.7 Let A be an X n real matrix, then
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i. AnnXxn matrix A is called H — periodic matrix which satisfies the property A¥*1 = A
with period k. If this equality holds for special case k = 1, then the matrix A is called
H —idempotent. Note that these matrices’ entries must be include just 1. For instance
H —identity matrix is an H —idempotent.

ii. Ann xn matrix A4 is called H —nilpotent matrix if A2 = 0. There is no nilpotent matrix
except zero matrix.

iii. An n xn matrix A is called H —involute matrix if A2 = J. All elements of H —involut
matrices are +1 or —1.

1 -1
Example 2.8 A =|-1 —1] is an H —involute matrix.
-1 1

Definition 2.9 Let A and B be nonzero matrices. If Ao B = 0, A and B are called nulling each
other matrices.

0 2
1 0

product of these matrices are Ao B = [

0 0
-1 0
]. Therefore these matrices are nulling each

_ -7 I3
Example 2.10 Let A = 4] and B = [O

0 0 O
0 0 O

] are two matrices. The Hadamard

other matrices.
3. Hadamard product of dual matrices

Let A = [a;; + €aj;] € Dt and B = [b;; + €bj;] € Dy These matrices can be written as the
dual combination of two real matricesas A = A+ eA* and B = B + eB* where 4, B, A* and
B* are real matrices. The Hadamard product of dual matrices A and B is defined as follows:

[(aij + £aj;). (bij + eby;)]

laijbi; + e(ai;bj; + ajbj)]

laijbij] + elaibi; + aj;byj]
—AoB+¢&(AoB*+ A o B).

Ao B =[A4;][Bi] = [4i;Bi]

Proposition 3.1 For every 4, B, ¢ € D™ following conditions are provided:
i. AoB=BoA4,

i. Ao(Bol)=(Ao
iii. Ao(B+C)=4o

iv. Fork€eR,k(AoB)= (kA)oB =40 (kB).

With the properties given here, it is seen that the set D} is a ring with matrix addition and
Hadamard product. From now on, we will use abbreviation H —product instead of Hadamard
product.

Definition 3.2 Am xn D™ —unit dual matrix according to H — product, denoted by j™, is
defined by
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140 140 ... 1+4+¢€0
A 140 140 ... 14+¢€0

Jnt =

1+e0 1+e0 ... 1+ &0l,4n

(3.1)

Moreover, forevery A € D™, wehave Ao =M oA =A.
Theorem 3.3 For 4, B € D7, the trace of A o B is equal to the trace of B o 4.
Proof. tr(AeB) =tr(AeB+e(A°B*+ A" °B))
=tr(AoB)+ etr(AoB*) + etr(A* o B)
=tr(BoA)+etr(B* o A) + etr(B o A)
=tr(B o A).
Definition 3.4 Let A € D™ The conjugate of A is denoted (4) and defined (4) = A — A",

Theorem 3.5 Let A = [4;; + €A;;] = A+ eA* € D} If the real part of this dual matrix is
H —invertiable, then 4 "1 = S (A)ord 1=A4"1—e4 204},
4 j

Proof. From the conjugate of dual numbers we can write

A Aji—eA}; 1
-1 _ 1 _ ij ij| _ _ .
A= [A--+sAf] N [ A%, ] T A [Aii EAij]
7] 9] ij ij

then we obtain

Theorem 3.6 ForA=A+¢A*, B=B+¢eB* €D, (A-B) = AT o BT.

Proof. We know that Ao B = Ao B + £(4 o B* + A* o B), the transpose of both sides of this
equation is as follows:

(AoB)Y =(AoB+e(AoB + A" B))
=(A°oB) +e(AoB*+A*oB)T = AT o BT,

Theorem 3.7 For A,B € D™, if A and B regular matrices then they satisfy (4 o B)_l =
AtoB1,
Proof. The inverse of the product of two dual matrices can be shown easily

(AeB)e(doB) =]
Ao(Bo(doB) ") =]
Bo(doB) ' =4
(AoB) ' =AtoB
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4. Special dual matrices with Hadamard product

Definition 4.1 Let A € D™, if all entries of A are pure dual numbers then it is called the pure
dual matrix.

Example 4.2 A = [ 2¢ 35]

is a pure dual matrix.

Definition 4.3 For A, B € D?, Let A # 0 and B # 0 are regular matrices. If Ao B = 0, then
A and B are called dual nulling each other matrices.

Definition 4.4 Let A € DT, the product of n times A is called the nth power of A which is
denoted by A™. Second and third power of matrix A can be calculated as follows:

A2 = [al}alj + E(al]a;k] + a;]au)] [alzj + Zg(aija;j)] = A% + 2eAA”
A% = [a}; + 3eaj;af;| = A° + 3e4%4".

Theorem 4.5 For A € DI nth power of the matrix 4 is as follows:

~

A" = [als + neaj;ali | = A" + neA"1A"
Proof. Desiring result can be obtained easly by mathematical induction.

Definition 4.6 Let A € D,
i. Aiscalled D — idempotent matrix which satisfies the property A2 = A. Thereisno D —

idempotent matrix except /.
ii. IfAP*1 = A, thenitis called D — periodic dual matrix. Here p is called the period.
iii. If A7 =0+ €0, then A is called D — nilpotent dual matrix.
iv. If AT = A, then A is called D — symmetric dual matrix.
v. IfAT = —A, Ais called D —skew symmetric dual matrix.
vi. If A2 =], then A is called D — involute dual matrix.
vii. If (AT) o A = Ao (A7) = J,, then A is called D — orthogonal dual matrix.

Corollary 4.7
i. Thereis no D — idempotent and ID — periodic dual matrix except f. Moreover, there is
just one D — nilpotent matrix which is zero matrix.

ii. Annxnmatrix A =4+ eA* is D — (skew)symmetric dual matrix iff A and A* are
(skew)symmetric real matrices.

References

[1] Million, E., “The Hadamard product”, Course Notes 3.6 (2007).
[2] Horn, R. A, Zai Y. “Rank of a Hadamard product”, Linear Algebra and its
Applications 591 (2020) : 87-98.

133



[3]
[4]

[5]
[6]

[7]
8]
[9]

[10]

Styan, G. P. H., “Hadamard products and Oultivariate statistical analysis”, Linear
Algebra Appl. 6 (1973) : 217-240.

Horn, R. A., Johnson C. R., “Topics in matrix analysis”, Cambridge University Press,
(1994).

Bernstein, D. S., “Matrix mathematics”, Princeton University Press, (2009).

Liu, S., Gotz T., “Hadamard, Khatri-Rao, Kronecker and other matrix products”,
International Journal of Information and Systems Sciences 4(1) (2008) : 160-177.
Veldkamp G. R., “On the use of dual numbers, vectors and matrices in instantaneous
spatial kinematics”, Mechanism and Machine Theory 11 (1976) : 141-156.

Pennestri, E., Stefanelli R., “Linear algebra and numerical algorithms using dual
numbers”, Multibody System Dynamics 18(3) (2007) : 323-344.

Fischer, I. S., “Dual-number methods in kinematics, statics and dynamics”, Routledge,
(2017).

Dagdeviren, A., “Lorentz matris carpimi ve dual matrislerin ozellikleri”, Master’s
Thesis, Yildiz Technical University, (2013).

134



