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A B S T R A C T   

In this work, the solution of nonlinear free vibration problem of composite shells structures containing carbon 
nanotubes (CNTs) resting on elastic soils within shear deformation theory (ST) is presented. After modeling the 
mechanical properties of nanocomposite shell structures containing CNTs and elastic soils, the basic relations, 
and governing equations of double curved shell structures within the ST are established considering the geo
metric nonlinearity. The frequencies of nonlinear and linear free vibrations and their ratios for inhomogeneous 
nanocomposite structures on the soils within the ST are obtained using perturbation method for the first time. 
After checking the methodology of the research, the effects of soils, nonlinearity, shear strains and patterns of 
CNT on the frequency-amplitude dependence of nanocomposite shell structures for various geometric parameters 
are carried out.   

1. Introduction 

One of the promising aspects of contemporary technology to improve 
mechanical properties of materials is the use of various nanoscale 
structures. In this sense, strengthening polymers with nanotubes makes 
them effective load-bearing composites for structural elements of space, 
machine building, automotive and other engineering applications. One 
of most effective nano materials is CNTs, which have recently attracted 
the attention of researchers because of their unique properties in terms 
of durability, thermal stability, and electrical conductivity A funda
mental understanding of the mechanical properties of CNTs, such as 
Young’s modulus, strength, and shear deformation, makes it possible to 
develop their technological aspects [1–5]. CNTs have great potential to 
improve the properties of various structures. Many studies have shown 
that carbon nanotubes can be an effective tool to alter the strength of 
polymer composite materials [6–10], especially the ones based on epoxy 

resins used in aircraft construction. Detailed information about the 
physics, concept, fabrication, and applications of nanocomposites is 
presented in the refs [11,12]. 

The properties that contemporary industries expect from composite 
materials are high strength, formability, electrical properties, corrosion 
and chemical resistance, and vibration damping. These requirements 
aroused the interest of researchers in the analysis of nonlinear vibrations 
of nanocomposite structures containing carbon nanotubes. The first 
attempt to solve the nonlinear vibration problem of nanocomposite 
shells started with the study of Shen and Xiang [13]. Based on the 
models considered for evaluating the mechanical properties of the 
nanocomposite used in that study, the nonlinear vibration problems of 
various structural elements were solved by different approaches and 
methods without considering the effect on an elastic foundation 
[14–25]. 

Advances in technology facilitate the daily production of new 
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artificial materials. This aspect greatly expands the field of application 
of structural elements made of artificial materials and facilitates the use 
of such structural elements in various environments. Among these ap
plications, the interaction of structural elements with the ground be
comes more prominent in practice. Soils, in which structural elements 
are in contact, are usually modeled as one- and two-parameter foun
dations. The Pasternak foundation model (two-parameter foundation 
model) is a widely used model for describing the mechanical behavior of 
soils. This two-parameter foundation model is created by placing a very 
thin layer of low thickness on the free ends of the parallel springs that 
make up the Winkler soil model (one-parameter foundation model) 
[26,27]. 

Since nanocomposites are also used in civil and mechanical engi
neering (e.g., at nuclear power plants, etc.), it is necessary to investigate 
the combined effects of heterogeneity and elastic foundations on the 
frequency-amplitude dependence caused by dynamic loads in nano
composite structural elements. In the literature, most nonlinear dynamic 
problems related to the interaction of nanocomposite structures with 
soil have been solved using numerical methods. Some of the studies on 
this subject are devoted to the analytical solution of either linear or non- 
linear vibration problems in the framework of classical shell theory. 
Tornabene et al. [28] used differential quadrature method to investigate 
the effect of Winkler-Pasternak foundations on the static and dynamic 
behaviors of laminated doble-curved and degenerate shells and panels. 
Zhang and Liew [29] used an element-free approach for large deflection 
analysis of functionally graded carbon nanotube reinforced composite 
(FG-CNTRC) plates on elastic foundations. Ansari et al. [30] applied the 
differential quadrature method to analyze the effect of elastic ground on 
the vibrations of the FG-CNTRC spherical shells. Dinh and Nguyen [31] 
reported the dynamic response and vibration behaviors of truncated 
conical shells (FG-CNTRC) on elastic foundations using the fourth-order 
Runge–Kutta method. In the study of Shen and He [32], the large 
amplitude vibration analysis of FG-CNTRC panels was performed 
considering the elastic foundation effect and using a two-stage pertur
bation approach to solve the problem. Babaei et al. [33] examined the 
large amplitude vibration of functionally graded shallow arches on a 
non-linear elastic foundation using a two-stage perturbation approach, 
and the influence of foundations on the frequency parameters is inves
tigated in detail. Sobhy and Zenkour [34] investigated the effect of 
elastic foundations on the vibration frequency of functionally graded 
graphene platelet reinforced composite double curved shallow shells in 
linear formulation. Vu et al. [35] studied the nonlinear dynamics of 
functionally graded graphene nanoplatelet-reinforced polymer double- 
curved shallow shells resting on an elastic foundation, using a micro
mechanical model and applying the Galerkin method. Sofiyev and co
authors [36,37] solved the linear stability problems of carbon nanotube 

reinforced composite conical shells under hydrostatic pressure and 
combined loads within shear deformation theory by considering the 
effect of elastic foundations. Zhang et al. [38] presented nonlinear 
bending analysis of functionally graded CNT-reinforced shallow arches 
placed on elastic foundations using a two-step perturbation technique. 

Despite the difficulties in deriving and solving the basic equations, shear 
deformation theories give more realistic results when studying the 
nonlinear static and dynamic behavior of composite structures. This 
factor has led to the emergence of many theories of shear deformation 
[39–42]. 

A review of the literature shows that the nonlinear free vibration 
frequency-amplitude dependence of double-curved shell structures 
consisting of nanocomposites resting on elastic soils has not been suf
ficiently studied analytically in the framework of ST. The main purpose 
of this study is to examine the change in the effect of transverse shear 
deformations and heterogeneity on nonlinear frequency values of 
nanocomposite double-curved shell structures in the presence of elastic 
soils. 

2. Theoretical formulation 

2.1. Basic relations and equations 

The double-curved nanocomposite shallow shells such as spherical 
and hyperbolic paraboloid (hypar) shells with thickness h, radii r1 and 
r2, and length a and b resting on the Pasternak elastic foundation are 
illustrated in Figs. 1 and 2, respectively. The origin of the coordinate 
system (x, y, z) is located at the upper left end of the middle surface of the 
structure. 

The following displacement fields are used to model the shear 
deformation across the shallow shell thickness in the present study [39]: 

u1(x, y, z) = u(x, y)+ zφ1(x, y), v1(x, y, z) = v(x, y)+ zφ2(x, y), w1(x, y, z)

= w(x, y)
(1) 

where the displacements in the mid-surface corresponding to the 
directions of the coordinate axes are denoted by u,v,w, respectively, φ1 
and φ2 are rotations of normal to the mid-surface of the shallow shell 
with respect to the y and x axes, respectively. 

The reaction-deflection relationship of the two-parameter elastic 
foundation is defined by Pasternak as follows [25,26]: 

K(w) = kww − kp
(
w,xx + w,yy

)
(2) 

where kw (in N/m3) is the spring stiffness and kP (in N/m) is shearing 
layer stiffness as kP = 0, the two-parameter elastic foundation becomes 
a one-parameter or Winkler elastic foundation (WEF). Here the comma 
denotes partial derivative with respect to the coordinates. 

The specification of the mechanical properties of the nanocomposite 
shells as a function of the thickness coordinate is based on the extended 
mixing rule and is expressed as [13]:   

where the Young and shear moduli for CNTs and matrix are denoted 
by Y(cnt)

ij (i, j = 1, 2), and Y(m), G(m) , respectively, the corresponding 
densities are denoted by ρ(cnt) and ρ(m), and efficiency parameters of 

Y(11)
z = η(1)V (cnt)

z Y (cnt)
11 + V(m)E(m), Y(22)

z = η(2)

[
V (cnt)

z

Y (cnt)
22

+
V (m)

E(m)

]− 1

,

Y (12)
z = η(3)

[
V (cnt)

z

Y (cnt)
12

+
V (m)

Y (m)

]− 1

, Y(13)
z = Y (12)

z , Y (23)
z = 1.2Y(12)

z , ν(12) = V (cnt)
* ν(cnt)

12 + V(m)ν(m),

ν(12)Y(22)
z = ν(21)Y (11)

z , ρ(mix) = V (cnt)
* ρ(cnt) + V(m)ρ(m), z = z/h

(3)   
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CNTs are denoted by η(i)(i = 1, 2, 3). Here V(cnt)
z and V(m) denote the 

volume fraction of CNTs and matrix that obey the rule of V(cnt)
z + V(m) =

1. For the total volume fraction of CNTs are used the following relation: 

V (cnt)
* =

w(cnt)

w(cnt) + (ρ(cnt)/ρ(m))(1 − w(cnt))
(4) 

where w(cnt) denotes the mass of CNTs. 
It is assumed that the volume fractions change uniformly and with 

three different linear functions depending on the thickness coordinate, 
modeled as follows (see, Fig. 3): 

V (cnt)
z =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

US when V(cnt)
*

VS when
(

1 −
z
h

)
V(cnt)

*

OS when
(

1 +
z
h

)
V(cnt)

*

XS when 4
⃒
⃒
⃒
z
h

⃒
⃒
⃒V(cnt)

*

(5) 

where US shows a uniform or U-shaped distribution, VS, V-shaped, 
OS, O-shaped and XS, X-shaped distribution of CNTs in the matrix. 

The mathematical model of Hooke’s stress–strain law for nano
composite structural elements based on the ST can be written as 
[13–16]: 

⎡

⎣
σ(11)

σ(22)

σ(12)

⎤

⎦ =

⎡

⎢
⎢
⎢
⎣

Q(11)
z Q(12)

z 0

Q(21)
z Q(22)

z 0

00Q(66)
z

⎤

⎥
⎥
⎥
⎦

⎡

⎣
e(11)

e(22)

γ(12)

⎤

⎦ (6.1) 

and 
[

σ(13)

σ(23)

]

=

[
Q55

z 0
0Q44

z

][
γ(13)

γ(23)

]

(6.2) 

where [σ] and [e] are stress and strain tensors, and Q(ij)
z (i = 1, 2, j =

1, 2,3) are described as: 

Q(11)
z =

Y (11)
z

1− ν(12)ν(21),Q
(12)
z =

ν(21)Y(11)
z

1− ν(12)ν(21)=
ν(12)Y (22)

z

1− ν(12)ν(21)=Q(21)
z ,Q(22)

z =
Y (22)

z

1− ν(12)ν(21)

Q(44)
z =G(23)

z ,Q(55)
z =G(13)

z ,Q(66)
z =G(12)

z

(7) 

It is assumed that the transverse shear strains are distributed para
bolic (f,z= 1− 4z2) throughout the shell thickness. It should also be 
emphasized that using a shear correction factor may not yield reason
able results in structural elements consisting of heterogeneous or func
tionally graded materials. Because the shear correction factor is 
reasonable for structural elements consisting of homogeneous composite 
materials. One of the advantages of this theory is that a shear correction 
factor is not required. Let the force components be defined as T11= hΦ,yy,

T22= hΦ,xx, T12= − hΦ,xy, where Φ is the stress function. 
In this study, considering geometric nonlinearity based on the von 

Karman-Donnell assumptions based on the ST, the kinematic relation
ship between strains with displacements and angles of rotation for 
nanocomposite structural elements with double curvature is built as 
follows [39–45]: 

Fig. 2. Nanocomposite hypar shell on the Pasternak elastic foundation and 
coordinate system. 

Fig. 3. Volumetric distribution (a) uniform (US) and with three different linear functions (b) V-shaped (abbreviated as VS), (c) O-shaped (OS) and (d) X-shaped (XS).  

Fig. 1. Nanocomposite spherical shell on the Pasternak elastic foundation and 
coordinate system. 
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e11 = e11
0 − zwxx + θ1zφ1,x, e22 = e22

0 − zwyy + θ2zφ2,y, γ12

= γ12
0 − 2zwxy + θ1zφ1,y + θ2zφ2,x (9) 

where 

e(11)
0 = u,xx − w/r1 + 0.5

(
w,x

)2
, e(22)

0 = v,x − w/r2 + 0.5
(
w,y

)2
, γ(12)

0

= w,x +w,y +w,xw,y  

θ1z = h
∫

0

z1 − 4z2

G13
z

dz, θ2z = h
∫

0

z1 − 4z2

G23
z

dz (10) 

The integration of the stresses through the section yields the forces 
(
Tij, Nj

)
and moments Mij [39–45]: 

(
Tij,Nj

)
= h

∫ 1/2

− 1/2

(
σ(ij), σ(1j1)

)
dz,Mij = h2

∫ 1/2

− 1/2
σ(ij)zdz(i, j = 1, 2, j1 = 2, 3)

(11) 

Considering the nonlinearity and using highlighted ST, the equations 
of compatibility and motion for nanocomposite shallow shells with 
double curvature resting on Pasternak elastic foundation can be ob
tained in terms of the stress function Φ, two rotation functions φ1 and φ2, 
and deflection function w as follows:   

and 

h
[(

c11 − c31)Φ,xxyy + c12Φ,xxxx
]
+ ρ(1) w∙∙

,xx
− c13w,xxxx − (c14 + c32)w,xxyy

+ c15φ1,xxx + c35φ1,xyy − θ3φ1,x − ρ(2) φ∙∙
1,x
+(c18 + c38)φ2,xxy

= 0, hc21Φ,yyyy + h(c22 − c31)Φ,xxyy − (c32 + c23)w,xxyy − c24w,yyyy

+ ρ(1) w∙∙
,xx
+(c35 + c25)φ1,xyy + c38φ2,xxy + c28φ2,yyy − θ4φ2,y − ρ(3) φ∙∙

2,y

= 0, h
(
Φ,xx/r2 + Φ,yy/r1

)
− ρ(mix)hw∙∙ + θ3φ1,x + θ4φ2,y + h

(
Φ,yyw,xx

− 2Φ,xyw,xy + Φ,xxw,yy
)
+ kww − kp

(
w,xx + w,yy

)

= 0.
(13) 

where “∙∙” denotes the second-order derivative with respect to the 
time, and the coefficients bij, cij, ρ(i)(i = 1, 2,3, j = 1, 2, ..., 8) and 
θj(j = 3, 4) are described in the Appendix A. 

3. Solution of problem 

The deflection and rotation angle functions for nanocomposite 
shallow shells in which all edges satisfy the simply supported boundary 
conditions are sought as follows [39,46]: 

w = w(t) sin(m1x) sin(n1y), φ1 = φ1(t) cos(m1x) sin(n1y), φ2

= φ2(t) sin(m1x) cos(n1y) (14) 

where w(t) and φk(t) (k= 1,2) are time-dependent functions, m1 =

mπ/a, n1 = nπ/b, in which (m, n) is vibrational mode in directions of x 
and y, respectively. 

Incorporating (14) into Eq. (12), we obtain the expression of the Airy 
stress function with time- dependent deflection and rotation angle 
functions from a particular solution of the nonhomogeneous differential 
equation: 

Φ = χ1w2(t)cos(2m1x)+ χ2w2(t)cos(2n1y)+ [χ31w(t) + χ32φ1(t)

+ χ33φ2(t)]sin(m1x)sin(n1y) (15) 

where:   

By substituting the expression (14) and (15) into the system of partial 
differential Eq. (13) and applying the Galerkin method in the integration 
domain Π = {(x, y), 0⩽x⩽a, 0⩽y⩽b}, then ignoring the inertial terms 
denoted by the superscript t from the system of equations that arise due 
to their small effects, and eliminating the rotation functions φ1(t) and 
φ2(t) from these three equations, we get the following ordinary differ
ential equation with second- and third-order nonlinear terms: 

w
∙∙
+
(
ΩwpL

ST
)2F(t) = 0 (17) 

where 
(

Ωlwp
ST

)2 
is the square of linear frequency (LF) for nano

composite shells with double curvature on Pasternak-type elastic foun
dation in the scope of ST, F(t) will determine the elastic characteristic of 
the shell-foundation system over the entire range of considered ampli
tudes and the following definitions apply: 

(
ΩwpL

ST
)2

=
p31 + kw + kp(m2

1 + n2
1)

ρ(mix)h
(18)  

χ1 =
n2

1

32m2
1b22h

, χ2 =
m2

1

32n2
1b11h

, χ31 =

b23m4
1 + (b24 + b13 − b32)m2

1n2
1 + b14n4

1 +
m2

1

r2
+

n2
1

r1

h[b11n4
1+(b12 + b21 + b31)m2

1n2
1 + b22m4

1

] ,

χ32 =
− b25m3

1 − (b15 + b35)m1n2
1

h[b11n4
1+(b12 + b21 + b31)m2

1n2
1 + b22m4

1

], χ33 =
− (b28 + b38)m2

1n1 − b18n3
1

h[b11n4
1+(b12 + b21 + b31)m2

1n2
1 + b22m4

1

]

(16)   

h
[
b11Φ,yyyy + (b12 + b21 + b31)Φ,xxyy + b22Φ,xxxx

]
− b23w,xxxx − (b24 + b13 − b32)w,xxyy

− b14w,yyyy +
(
w,xx/r2 + w,yy/r1

)
−
(
w,xy

)2
+ w,xxw,yy + b25φ1,xxx + (b15 + b35)φ1,xyy

+(b28 + b38)φ2,xxy + b18φ1φ1,yyy = 0

(12)   
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F(t) =

[

1 +
q1

(
ΩwpL

ST
)2w(t) +

q2
(
ΩwpL

ST
)2w2(t)

]

w(t) (19) 

in which 

q1 =
pNL

31

ρ(mix)h
, q2 =

p32

ρ(mix)h
, p31 = p31 −

p21p34

p23
+

p11p23 − p21p13

p22p13 − p23p12

(

p33 −
p22p34

p23

)

pNL
31 = pNL

31 −
p34pNL

21

p23
+

pNL
11 p23 − p13pNL

21

p12p23 − p13p22

(
p34p22

p23
− p33

)

(20) 

Here pij(i=1,2,3, j=1,2, ...,4) are described in Appendix B. 

The trial function with initial conditions w = w0, w
∙
= 0 when t = 0 

is sought as follows: 

w(t) = Acos
(

ΩNL
wpST t

)
(21) 

where A is the maximum amplitude of the displacement w. 
To determine the nonlinear frequency (NF)-amplitude dependence 

for nanocomposite structural elements with double curvature resting on 
elastic foundations, the left side of Eq. (17) is multiplied by the weight 

function cos
(

ΩNL
wpSTt

)
and integrates from 0 to π/(2ΩNL

wpST) according to 

parameter t [47]: 
∫ π

2ΩNL
wpST

0

[
w
∙∙
+
(
ΩwpL

ST
)2

F(t)
]
cos

(
ΩNL

wpST t
)

dt = 0 (22) 

where ΩNL
wpST is the NF for nanocomposite shells with double curva

ture on elastic foundations in the framework of ST. 
Substituting (21) into (22) and considering q11 = q1h and q2q =

q2h2, after integrating, we obtain the NF-amplitude dependence for 
nanocomposite structural elements with double curvature resting on 
elastic foundations as: 

ΩNL
wpST =

[
(
ΩwpL

ST
)2

+
8q11

3π
A
h
+

3q12

4

(
A
h

)2
]1/2

(23) 

The NF/LF ratio of nanocomposite shells with double curvature 
sitting on the soils is found from the following equation: 

ϖNL/L
wpST =

[
ΩwpL

ST

ΩL
ST

+
8q11

3π
(
ΩL

ST

)2
A
h
+

3q12

4
(
ΩL

ST

)2

(
A
h

)2
]1/2

(24) 

where the following definition is applied: ϖNL/L
wpsdt =

ΩNL
wpST

ΩL
ST

. 

In order to obtain LF and NF-amplitude relations and the NF/LF ratio 
of the highlighted frequencies in the framework of the CT, the transverse 
shear deformations are ignored from the fundamental relations. 

When kp = 0, the formulas (18), (23) and (24) can be used to find LF, 
NF and NF/LF of doubly-curved shells on the Winkler ground. 

When r2 = − r1, the highlighted expressions can be used to find the 
frequencies and their ratio for hypar shells. 

4. Numerical analyzes 

The purpose of this section is to confirm the accuracy of the 
analytical solution and to numerically demonstrate the practical 
importance and originality of the study with application examples. The 

magnitudes of dimensionless frequency parameter ΩL
1ST = ΩL

ST
a2

h

[
ρ(m)

E(m)

]0.5 

for nanocomposite spherical shells reinforced with CNTs without elastic 
ground are compared with the results of Pouresmaeeli and Fazelzadeh 
[14]. The data considered in the comparison are: (m, n) = (1,1), h =

0.05a, b/a = 1, 2a = r1 (Table 1). The expression (18) is used to 
compare with the linear frequency values in the study [14]. Poly methyl 
methacrylate (PMMA) is used as the main element and CNTs are used as 
additives. The characteristics of the components that make up the 
nanocomposite structures are as follows, respectively: Y(m) = 2.1 GPa, 
ν(m) = 0.34, ρ(m) = 1150 kg/m3 and Y(cnt)

11 = 5.6466 TPa, Y(cnt)
22 =

7.08 TPa, Y(cnt)
12 = 1.9445 TPa, ν(cnt)

12 = 0.175, ρ(cnt) = 1400 kg/m3. The 
efficiency parameters of CNTs are used as in Ref [14]: η(1) = 0.149,
η(2) = η(3) = 0.934 for V(cnt)

* = 0.11, η(1) = 0.15, η(2) = η(3) = 0.941 for 
V(cnt)

* = 0.14 and η(1) = 0.149, η(2) = η(3) = 1.381 for V(cnt)
* = 0.17. 

When the dimensionless linear frequency magnitudes of CNT reinforced 
spherical shells are compared in both studies, it is seen that the 
maximum difference is 0.945% in the VS distribution, and the least 
difference is 0.036% in the XS distribution. As can be seen, the difference 
between both studies is reasonable. 

The target stage after comparison is to examine in detail the effects of 
soils on the NF -amplitude dependence for homogeneous and inhomo
geneous nanocomposite spherical and hypar shells, by performing 
original numerical analysis. Here, unique numerical analyzes and in
terpretations of nonlinear frequency amplitude dependence with and 
without the elastic foundation are presented using different CNT pat
terns and volume fractions and geometrical properties within the 
framework of CT and ST. Numerical analyzes were performed using 
expressions (23) and (24), and the abbreviations for classical theory and 
shear deformation theory will be denoted as CT and ST, respectively. 
The vibration mode is considered as (m, n) = (1,1). The negative sign in 
percentages indicates that inhomogeneous frequency values are smaller 
than those in a uniform distribution. The following expressions are used 
for the percentages of the influences of elastic soils, material gradient 
and transverse shear deformations (TSDs) on the NF: ΩHTP − ΩUP

ΩUP
× 100%, 

ΩNL
CT − ΩNL

ST
ΩNL

CT
× 100%,

ΩNL
wpST − ΩNL

ST

ΩNL
ST

× 100%, 
ϖNL/L

wpST − ϖNL/L
ST

ϖNL/L
ST

× 100%. The properties of 

the components of nanocomposite shells made of PMMA and CNT are as 
follows: Y(m) = 2.5 GPa, ν(m) = 0.34, ρ(m) = 1150 kg/m3 and Y(cnt)

11 =

5.6466 TPa, Y(cnt)
22 = 7.08 TPa, Y(cnt)

12 = 1.9445 TPa, ν(cnt)
12 = 0.175, 

ρ(cnt) = 1400 kg/m3, respectively, the total volume fractions and effi
ciency parameters of carbon nanotubes are used as in Shen [13]): η(1) =
0.137, η(2) = 1.022, η(3) = 0.715 for V(cnt)

* = 0.12, η(1) = 0.142, η(2) =
1.626, η(3) = 1.138 for V(cnt)

* = 0.17 and η(1) = 0.141, η(2) = 1.585,
η(3) = 1.109 for V(cnt)

* = 0.28. 

Table 1 
The comparison ΩL

1sdt for nanocomposite spherical shells reinforced with CNTs without elastic foundation.    

V*(1)
cn  

ΩL
1ST = ΩL

ST
a2

h

[
ρ(m)

E(m)

]0.5  

US VS XS 

Ref. 
[14] 

Present study Difference % Ref. 
[14] 

Present 
study 

Difference % Ref. [14] Present 
study 

Difference %  

0.11  20.238  20.286  0.237  18.543  18.685  0.766  22.432  22.493  0.272  
0.14  21.655  21.756  0.466  19.779  19.966  0.945  23.997  24.064  0.279  
0.17  25.021  25.158  0.548  22.951  23.165  0.932  27.883  27.893  0.036  
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The distribution of the NF for the spherical shells consisting of V- 
shaped (or VS) nanocomposites on various soils for different r1/a ratios, 
depending on the A/h ratio is drawn in Fig. 4. The data used in nu
merical calculations are: a/h = 15, V(cnt)

* = 0.28, a/b = 0.5, (kw,0) =

(3.1× 109, 0), (kw, kp) = (3.1× 109, 1.45× 105) . When the A/h ratio 
increases up to 0.75, the values of NF for spherical shells consisting of V- 
shaped nanocomposites without ground decrease within ST and CT, and 
then increase after taking the minimum value. In V-shaped spherical 
shells resting on Winkler and Pasternak soils, NF values achieve their 
minimum value before whenA/h = 0.6. In the fixed values of the r1/a 
ratio, the effect of TSDs on NF values for V-shaped nanocomposite 
spheres on and off the ground, first increases with the increase of A/h, 
and decreases after the frequency takes a minimum value. It is observed 
that the effect of TSDs on frequency shows a weak decrease when r1/a 
increment. Considering the ground effect significantly reduces TSDs 
effect. For example, atA/h = 0.6 andr1/a = 1.5, the effect of TSDs on the 
NF for the unconstrained V-shaped spherical shell is 16.46%, it is 
12.93% and 11.36% when the shell resting on Winkler and Pasternak 
grounds, respectively. Although the foundations effect significantly in
creases NF values, it should be emphasized that the Pasternak ground 
effect is greater than the Winkler ground effect on the NF values. In 
addition, it is seen that the ground effect on NF values is more pro
nounced in the framework of ST. For the considered data, the largest 
effect of Winkler foundation on NF values in the ST framework is 
16.56%, while the greatest effect of Pasternak foundation reaches 
26.9%. 

Table 2 shows the variation of the NF of spherical shells made of O- 
shaped (or OS) nanocomposites with and without Winkler and Pasternak 

Fig. 4. Distribution of the NF for spherical shells consisting of V-shaped nanocomposites on various soils depending on the A/h ratio for different r1/a.  

Table 2 
Variation of the NF for spherical shells made of O-shaped nanocomposites on 
and off soils with respect to A/h for different V(cnt)

* .  

ϖNL/L    

kw = kp = 0  kw = 2.6× 109,

kp = 0  
kw = 2.6× 109,kp =

15.2× 104  

V(cnt)
*  

A/h  ST  CT  ST  CT  ST  CT  

0.12 0  1.000  1.000  1.024  1.018  1.181  1.139 
0.15  0.943  0.957  0.968  0.976  1.133  1.102 
0.3  0.897  0.923  0.924  0.942  1.095  1.072 
0.45  0.865  0.899  0.892  0.919  1.069  1.051 
0.6  0.847  0.885  0.875  0.906  1.055  1.040 
0.75  0.845  0.884  0.873  0.904  1.053  1.039 
0.9  0.859  0.893  0.887  0.913  1.065  1.047 

0.17 0  1.000  1.000  1.014  1.011  1.112  1.088 
0.15  0.947  0.958  0.962  0.970  1.064  1.050 
0.3  0.904  0.925  0.920  0.937  1.026  1.020 
0.45  0.874  0.901  0.890  0.914  1.000  0.999 
0.6  0.857  0.888  0.873  0.901  0.985  0.987 
0.75  0.854  0.886  0.871  0.898  0.983  0.985 
0.9  0.866  0.894  0.882  0.907  0.993  0.992 

0.28 0  1.000  1.000  1.012  1.008  1.092  1.067 
0.15  0.937  0.955  0.950  0.964  1.035  1.025 
0.3  0.887  0.919  0.900  0.928  0.990  0.992 
0.45  0.851  0.894  0.865  0.903  0.958  0.969 
0.6  0.832  0.880  0.846  0.890  0.940  0.956 
0.75  0.830  0.878  0.844  0.888  0.938  0.954 
0.9  0.845  0.888  0.859  0.898  0.952  0.964  
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soils with respect to the A/h ratio for different V(cnt)
* (=0.12, 0.17 and 

0.28). The geometric and ground data in numerical calculations 
are:r1/a = 1, a/b = 2, a/h = 10, (kw,0) = (2.6× 109, 0), (kw, kp) =

(2.6× 109,1.52× 105). When the V(cnt)
* pass from 0.12 to 0.17, the NF 

values of O-shaped spherical shells with and without ground increase 
weakly, and when the NF values pass to 0.28, those become the lowest 
within the framework of both shell theories. While the spherical shell 
made of O-shaped nanocomposites, originating from V(cnt)

* = 0.28 with 
and without the foundations, the effect of TSDs is most evident on the NF 
values, while the lowest effects of TSDs in the presence of Winkler and 
Pasternak soils are observed in O-shaped spherical shells originating 
from V(cnt)

* = 0.17 and V(cnt)
* = 0.12, respectively. When the two- 

parameter elastic soil effect is considered, although the NF values 
increased within both shell theories, the effect of TSDs on NLF values for 
all volume fractions is significantly reduced, and the most sensitive 
response to this context is observed at V(cnt)

* = 0.12. For example, 
whileA/h = 0.75 andV(cnt)

* = 0.12, the effects of TSDs on NF values are 
4.33%, 3.39% and (-1.41%) for baseless, Winkler-based, and Pasternak- 
based spherical shells, respectively. In addition, the increase of the A/h 
supported that the TSDs effect remained significant up to the minimum 
values of the NF of spherical shells in the presence and absence of ground 
for all V(cnt)

* . 
In Fig. 5, the variation of the NF/LF ratio for spherical shells 

composed of V-shaped nanocomposites on various soils with different 
r1/a ratios according to A/h is depicted within the framework of two 
shell theories. The following data were used in numerical calculations: 
V*(cnt) = 0.28, a/b = 0.5, a/h = 15, (kw,0) = (2.6 × 109, 0), (kw, kp) =

(2.6× 109,1.52× 105). For both shell theories, when the A/h ratio in
creases up to 0.6, the NF/LF ratio of V-shaped spherical shells without 
ground decreases parabolically and then increases after taking its 

minimum value. At fixed values of the r1/a ratio, the NF/LF ratio for V- 
shaped spherical shells on Winkler and Pasternak soils reaches its min
imum value before, that is, atA/h = 0.45. Although the TSDs effect on 
the NF/LF ratio for the spherical shells without ground is significant, it 
weakens considerably when the ground effect is taken into account. For 
example, forA/h = 0.45 andr1/a = 2.5, the TSDs effect on the NF/LF 
ratio is (2.37%) when the V-shaped spherical shells is not on the ground, 
while the TSDs effects on the NF/LF ratio in the presence of Winkler and 
Pasternak soils are (-1.25%) and (− 3.30%), respectively. Also, the Pas
ternak ground effect on the NF/LF ratio is more pronounced than the 
Winkler ground effect. In addition, it is seen that from Fig. 5 the ground 
effect on the NF/LF F ratio in the framework of ST is more pronounced 
than the effect in the framework of CT. 

The variation of NF for spherical and hypar shells consisting of U and 
V-shaped nanocomposites on and off soils depending on the A/h ratio 
are presented in Table 3 in the framework of ST and CT. The data used in 
numerical calculations are: r1/a = 1.5, a/b = 0.5,a/h = 15, (kw,0) =

(3.1× 109, 0), (kw, kp) = (3.1× 109, 1.45× 105), V(cnt)
* = 0.28 . When 

the A/h ratio increases, the NF values of U and V-shaped hypar shells on 
and off soils continuously increase under ST and CT, while those for 
spherical shells show a parabolic action, that is, they first decrease and 
then increase after reaching the minimum value. It is easily seen from 
Table 3 that the NF for U and V-shaped hypar shells on and off soils are 
greater than those of spherical shells. The influence of the V model on NF 
is significant in absence soils, weakening this effect when considering 
the effect of TSDs, while considering the influence of soil, this effect 
becomes even weaker. Depending on the increase of the A/h ratio, the V- 
pattern effect on the NF for spherical shells with and without soils in
creases and decreases after the maximum value, while that effect de
creases continuously in the same originating hypar shell. For example, 

a) When the A/h ratio increases from 0.15 to 0.6, the V-pattern effect 
on the NF for the unconstrained spherical shell increases from (-8.09%) 

Fig. 5. Variation of the NF/LF ratio for spherical shells composed of V-shaped nanocomposites on various soils ratios according to A/h for different r1/a and within 
two shell theories. 
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to (-10.21%) and then it regresses to (-9.21%) forA/h = 0.9, while it for 
the same originating hypar shell decreases from (-7.88%) to (-4.81%). 

b) When the A/h ratio increases from 0.15 to 0.6, the effect of the V- 
pattern on the NF values for the spherical shell on the Pasternak floor 
increases from (-5.79%) to (-6.82%) and then it regresses to (-6.59%) for 
A/h = 0.9, while the VS pattern effect in the hypar shell decreases 
continuously from (-5.76%) to (-3.04%). 

The V-shaped effect on NF for both nanocomposite shells with and 
without foundation is more pronounced in CT than the effect in the 
framework of ST. Thus, considering TSDs in the calculations reduces the 
significance of the influence of the V-pattern on the NF values by about 
4–6%. When comparing the effect of TSD on NLF values for spherical 
and hypar shells with the U and V-patterns, there is a significance of 
about 3% in the US. When the A/h ratio increases, the TSDs effect on the 
NF increases in the spherical shells and decreases after reaching its 
highest value, while it in the hypar shells is always in a decreasing ac
tion. When the Pasternak foundation effect on the NF for spherical and 
hypar shells is compared, it is more effective in spherical shells and the 
difference becomes wider with the increase of A/h. 

The change curves of the NF/LF ratio of the spherical and hypar 
shells consisting of U and X-origin nanocomposites on and off the ground 
with respect to A/h are plotted in Fig. 6 in the framework of both shell 
theories. The following data were used in numerical calculations: r1/a =

3, a/b = 1, a/h = 15, (kw,0) = (2.6 × 109, 0), (kw, kp) = (2.6× 109,

1.52× 105), V(cnt)
* = 0.17. For both shell theories, the NF/LF ratio of U 

and X-originating spherical shells on and off the ground decreases 
parabolically when the A/h ratio increases up to 0.45 and increases after 
taking its minimum value, while that ratio increases continuously in 
same originating hypar shells, when the A/h ratio increases up to 0.9. In 
the framework of ST, the NF/LF ratio of X-originating hypar shells on the 
Pasternak ground increased from 1.254 to 1.549 with the increase of A/h 
ratio from 0 to 0.9, while that ratio varies around 1.2 in same originating 
spherical shells. On the frame of ST, the effect of Pasternak ground on 
the NF/LF ratio of X-originating hypar shells increases from 23.31% to 
25.1% when A/h ratio increases from 0 to 0.45 and decreases to 21.91% 
forA/h = 0.9, in same originating spherical shells it decreases continu
ously from 23.9% to 14.57%. In the absence of ground effect, as the A/h 
ratio changes from 0.15 to 0.9, the XS effect on the NF/LF ratio of 
spherical shells changes around 1%, while it varies between (-0.76%) 
and (-5.03%) in same originating hypar shells. When the ground effect is 
considered, the XS effect varies between (-3%) and (-4%) in spherical 
shells originating from X, while the said effect varies between 4% and 
6.4% in same originating hypar shells, as the A/h ratio changes from 
0.15 to 0.9. When the A/h ratio varies between 0.15 and 0.9, the dif
ference between the NF/LF ratios of the U-originating spherical shells 
obtained within the framework of ST and CT, varies between (-5.70%) 
and (-6.66%) as considering the ground effect, while it varies between 
(-6.9%) and (-8.18%) in the same shell originating from X. When the A/h 
ratio varies between 0.15 and 0.9, the difference between NF/LF ratios 
in X- originating hypar shells obtained within the framework of ST and 
CT theories ranges from (–7.73%) to (-11.69%), as ground effect is taken 
into account, whereas it varied between (-9.21%) and (-14.82%) in the 
same shell originating from X. 

5. Conclusions 

The nonlinear free vibration of nanocomposite structures resting on 
elastic soils within ST is presented. After modeling the mechanical 
properties of nanocomposite shell structures containing CNTs and 
elastic soils, the basic relations, and governing equations of double 
curved shell structures within the ST are established considering the 
geometric nonlinearity. The frequencies of nonlinear and linear free 
vibrations and their ratios for inhomogeneous nanocomposite structures 
on the soils within the ST are obtained using perturbation methods. After 
checking the methodology of the research, the effects of soils, 
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nonlinearity, shear strains and patterns of CNT on the frequency- 
amplitude dependence of nanocomposite structures for various geo
metric parameters are carried out. 
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Appendix A 

The coefficients bij, cij, ρ(i) and θj included in Eqs. (12) and (13) are described as: 

b11 =
a220

ħ
, b12 = −

a120

ħ
, b13 =

a120a211 − a111a220

ħ
, b14 =

a120a211 − a121a220

ħ
,

b15 =
a250a120 − a150a220

ħ
, b18 =

a280a120 − a180a220

ħ
, b21 = −

a210

ħ
, b22 =

a110

ħ
,

b23 =
a111a210 − a211a110

ħ
, b24 =

a121a210 − a221a110

ħ
, b25 =

a150a210 − a250a110

ħ
,

b28 =
a180a210 − a280a110

ħ
, b31 =

1
a660

, b32 = −
2a661

a660
, b35 =

a350

a660
, b38 =

a380

a660
,

a11i1 =

∫ h/2

− h/2
Q(11)

z zi1 dz, a12i1 =

∫ h/2

− h/2
Q(12)

z zi1 dz, a21i1 =

∫ h/2

− h/2
Q(21)

z zi1 dz,

a22i1 =

∫ h/2

− h/2
Q(22)

z zi1 dz, a66i1 =

∫ h/2

− h/2
Q(66)

z zi1 dz, i1 = 0, 1, 2, a15i2 =

∫ h/2

− h/2
θ1zQ(11)

z zi2 dz,

a18i2 =

∫ h/2

− h/2
θ2zQ(12)

z zi2 dz, a25i2 =

∫ h/2

− h/2
θ1zQ(21)

z zi2 dz, a28i2 =

∫ h/2

− h/2
θ2zQ(22)

z zi2 dz,

a35i2 =

∫ h/2

− h/2
θ1zQ(66)

z zi2 dz, a38i2 =

∫ h/2

− h/2
θ2zQ(66)

z zi2 dz, i2 = 0, 1, ħ = a110a220 − a120a210.

(A1)  

Fig. 6. Change of NF/LF ratio of spherical and hypar shells consisting of U and X-origin nanocomposites on and off the ground with respect to A/h in the framework 
of ST and CT. 
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c11 = a111b11 + a121b21, c12 = a111b12 + a121b11, c13 = a111b13 + a121b23 + a112,

c14 = a111b14 + a121b24 + a122, c15 = a111b15 + a121b25 + a151, c18 = a111b18 + a121b28 + a181,

c21 = a211b11 + a221b21, c22 = a211b12 + a221b22, c23 = a211b13 + a221b23 + a212,

c24 = a211b14 + a221b24 + a222, c25 = a211b15 + a221b25 + a251, c28 = a211b18 + a221b28 + a281,

c31 = a661b35, c32 = a661b32 + 2a662, c35 = a351 − a661b35, c38 = a381 − a661b38,

θj =

∫ h/2

− h/2
(1 − 4z2)dz =

2h
3
, (j= 3, 4)

ρ(1) = ρ(mix)
∫ h/2

− h/2
z2dz, ρ(2) = ρ(mix)

∫ h/2

− h/2
zθ1zdz, ρ(3) = ρ(mix)

∫ h/2

− h/2
zθ2zdz (A2)  

Appendix B. . 

The parameters pij(i = 1, 2,3, j = 1, 2, ..., 4) included in expression (20) are described as 

p11 = m2
1

{
χ31h

[(
c11 − c31)n2

1 + c12m2
1

]
− c13m2

1 − (c14 + c32)n2
1

}
,

pnl
11 = −

64χ1hc12

3ab
m3

1ς
n1

, pt
11 = − ρ(1)m2

1, p12 = m1
(
c15m2

1 + c35n2
1 + θ3

)
,

pt
12 = ρ(2)m1, p13 = (c18 + c38)m2

1n1, pnl
21 = −

64χ2c21h
3ab

n3
1ς

m1
, pt

21 = − ρ(1)n2
1,

p21 = n2
1

{
hχ31

[
c21n2

1 + (c22 − c31)m2
1

]
− (c32 + c23)m2

1 − c24n2
1

}
,

p22 = (c25 + c35)m1n2
1, p23 = n1

(
c28n2

1 + c38m2
1 + θ4

)
, pt

23 = ρ(3)n1,

p31 = χ31h
(

m2
1

r2
+

n2
1

r1

)

, p32 = 2m2
1n2

1h(χ1 + χ2), p33 = θ3m1,

p34 = θ4n1, pnl
31 = −

8h
3ab

[

2
(

χ1

r2

m1

n1
+

χ2

r1

n1

m1

)

+ m1n1χ31

]

ς,

ς = [1 − (− 1)m
− (− 1)n

+ (− 1)m+n
].

(B1)  
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