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Abstract

The key purpose of the present research is to derive the exact solutions of nonlinear water wave equations (NLWWESs) in oceans through
the invariant subspace scheme (ISS). In this respect, the NLWWEs which describe specific nonlinear waves are converted to a number of
systems of ordinary differential equations (ODEs) such that the resulting systems can be efficiently handled by computer algebra systems.
As an accomplishment, the performance of the well-designed ISS in extracting a group of exact solutions is formally confirmed. In the end,

the stability analysis for the NLWWE is investigated through the linear stability scheme.
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1. Introduction

One of the attractive topics in the area of mathemat-
ical physics is to search the exact solutions of nonlinear
partial differential equations (NLPDEs). The importance of
this topic of research comes from this fact that many in-
formation is obtained from the exact solutions. In the last
decades, a lot of techniques such as Kudryashov scheme
[1-6], sine-Gordon expansion scheme [7,8], Jacobi elliptic
function scheme [9,10], ansatz scheme [11-14], sub-equation
scheme [15-24], similarity transformation scheme [25] and
invariant subspace scheme [26-33] have been used to acquire
the exact solutions of NLPDEs.

The invariant subspace scheme is considered as one of the
commonly used techniques, which has gained considerable
notice owing to its performance in extracting the exact solu-
tions of NLPDEs. Herein, a number of recently accomplished
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works which have benefited from advantages of the invari-
ant subspace scheme are cited. Ma and Liu [31] utilized
the ISS to seek the explicit solutions of a group of dis-
persive evolution equations. In another work, Sahadevan and
Prakash [32] applied the ISS to search the exact solutions of
a bunch of coupled time-fractional PDEs. Liu [33] employed
the ISS to find the exact solutions of the generalized nonlinear
diffusion—convection equation.

In the present paper, our purpose is extracting the exact
solutions of the following nonlinear models

« Nonlinear water wave equation (NLWWE) [34,35]

Uy = F = —(uy + ittty + Collyxy + C3liyliny

+ cqlttiyyx + Cs uxxxxx) s ( 1 )
and

« Nonlinear dispersive water wave equations (NLDWWEs)
[36]
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1

=G = Ealuxx + auv, + azvuy, 2.1)

vv=H= _%.Blvxx + ﬂZux + ,331)\))%, (22)
by applying the ISS. The models (1) and (2) have been solved
by a number of different schemes; for example, the ansatz
and tanh schemes [34,35] to obtain the exact solutions of
NLWWE and the extended tanh scheme [36] to derive the
exact solutions of NLDWWEs.

The rest of the current work is as follows: in Section 2,
a short summary of the fundamental of invariant subspace
scheme is presented. In Section 3, based on the use of var-
ious invariant subspaces, a wide range of exact solutions of
nonlinear water wave models (1) and (2) is extracted. In Sec-
tion 4, the stability analysis for the NLWWE is investigated
through the linear stability scheme. The results of the current
study are provided in the last section.

2. Invariant subspace scheme

Consider the given nonlinear PDE
ou
_——= 7) u . 3
” (u) 3)
in which P is a nonlinear operator of the differential type

with respect to the variable x.

Definition 1. Let V, = span{S;(x), S>(x), ..., S,(x)} and
P(V,) € V,. Then, the linear space V), is identified as an
invariant subspace with respect to (3).

Theorem 1. If V, = span{S; (x), S2(x), ..., S,(x)} is an in-
variant subspace with respect to (3), then there exist n func-
tions T1, T2, ..., T, so that

P[Z Xzszm] =Y Tr(X, X, .., X)S1(x).
=1 I=1
Additionally

u(x, 1) =Y Xr(t)Sr(x),

I=1
is the solution of NLPDE (3), if Xz(t), Z =1, ..., n satisfy
the following system of ODEs
dXz(t)
dt
Theorem 2. Presume that the functions Si;(x), S»(x),

..., Su(x) are the fundamental set of solutions of a linear
ODE as

L] =Dy +a(0)D" y+ -+ + a1 ()Dy + a,(x)y =0,
n o__ dn
T odx
Then, the linear space V, = span{S; (x), S (x), ..., Sp(x)}
is an invariant subspace with respect to the nonlinear operator
P if and only if

LPu)|zpg=0 =0

=T7(X @), X@),.... @), ZI=1,...,n

3. Applications

In the current section, the exact solutions of nonlinear wa-
ter wave equations in oceans are formally acquired through
the invariant subspace scheme.

3.1. NLWWE and its invariant subspaces

This subsection deals with the nonlinear water wave equa-
tion and its invariant subspaces. By assuming n = 2, we ar-
rive at an invariant subspace ), given by a linear ODE of
second-order as

W = {yIL[y] ="+ a1y’ + aoy =0}, 4)

where ag and a; are constants to be calculated. The corre-
sponding invariance condition is

(D*F + arDF + aoF)luey, = 0. )

Setting the expression F in Eq. (5) and replacing u”(x) by
—aju’ (x) — apu(x) several times results in a nonlinear alge-
braic set as follows

u* a%al(Zq +c4) =0,
Ui, . — 3(1(2)(6'3 +cq) + aoa%(4C3 + 3c4) + 3apc; =0,

W 20?(6‘3 + ¢4) + 2ai¢c1 — apa; (3es + 4eq) = 0.

X

Solving the above system through MAPLE yields

a0=0, a1=0,
cq
ap = , a1 =0, c34+ca#0,
c3tcy
v —(c3+cq)c
a0=0, (11=:|:(3—4)1, C3+C4;ﬁ0.
c3+c¢q

After substituting the above values into Eq. (4), we, re-
spectively, find

Li[y]=y"=0,
£ — 7

2[y] y +03+C4

Vi = in (Y , Ve i
y span{51n<mx cos mx
V=3 +cy)er

V) = span{l, x},
(4]

y=0,

Lsily|, L =y'+ =0,
sly], Laly] =y P

N —=(c3 +cq)cy
V3, V=5 an{l,ex < _—_— .
2 2 Y pl\+ o+ s X

3.1.1. Exact solutions of the NLWWE
Due to the £;[y] =y” = 0 and its invariant subspace, we
assume the solution of the model (1) as

ulx,t) = X1@) + X (t)x.
Setting the above solution in Eq. (1) results in

X[ (t) + X ()x = —c1 X1 (DX () — Xa(t) — e X5 (t)x,
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therefore
dX (1)
T = —C]X] (I)X2(I) - XZ(I)a
dXz(l‘)
- = —chzz(t).

By solving the above system, the solution is procured as
below

X t —d>

, 1) = — .
u(x, 1) at+dy cat+d

In the second case, owing to the L£r[y] =y’ + 03164 y=0
and its invariant subspace, we suppose the solution of the

model (1) as

B o Ja NG
u(x,t) = Xj(t) sin (—mx> + X5 (1) cos (—mx)

Substituting the above solution into Eq. (1) yields

Xl(t)51n<mx + &, (t) cos mx

= C(XQ(t) sin (%x) — X, (t) cos (%x)),
((e3 + ca)? — crealcs + 1) + cles) Jer

C= ,
(c3+ca)?
SO
dX (1)
=CAX (1),
7 2 (1)
dX (1)
=—CX|(t).
7 1 (@)

Through solving the above system of ODEs, the solution
is gained as follows

u(x,t) = (—d; cos (Ct) + d, sin (Ct)) sin <Lx>

VesFes
. Cq
~+ (dy cos (Ct) + d sin (Ct)) cos <%x>,
in which
c_ ((c3 4+ ca)* —creales +ca) + C%CS)«/C_I.
(c3 +cs)?
In the third case, due to the Ls[y], L4lyl=y" =%

y—lesta)eyy — () and their invariant subspaces, we consider
c3+Cq

the solutions of the model (1) as below

—=(c3 +c4)cy x)

u(x, 1) =X @t) + Xz(t)eXP(ﬂF P

Inserting the above solution into Eq. (1) gives

X/@) + Xz/(t)exp<q:@x>
c3+ca
_ Y@ raa

2
cics +ci(—c2(c3 +c¢
(st (cies + c1(—cales +cs)

Fig. 1. The periodic solution for dj =1, dy=1,¢c; =1, co =1, c3 =—1,
c4 =2 and c¢5 = 10.

+ X1(0)(c3 + caca)) + (c3 4 )?) Xa ()

< A/ —=(c3+ca)e )
x exp| F——m——x/},
c3+cq
thus
dX(t)
=0,
dt
dX (1) v —=(c3+ca)er, ,
=4 —
5 ey (cies 4+ c1(—cales + c4)

+ X1 (1)(c3 + c3e4)) + (34 c2)?) Xa (D).
By solving the above system, the solutions are derived as

v —(c3 +cq)c

3ty

ux,t)=d| +d, exp(q: x:I:Ct),

in which

= (c3 +cs)cq B
C=————=—(cics +c1(—c2(c3 +c4)
(c3+ca)’ (@
+ d, (C% + C3C4)) + (c3 + C4)2).
The graphical representation of the periodic solution for
appropriate values of parameters is presented in Fig. 1.

3.2. NLDWWESs and their invariant subspaces

Now, our aim is to classify the invariant subspaces of non-
linear dispersive water wave equations. Based on the theo-
rem (2), when n =2, we are able to get an invariant sub-
space V5 =V} x V3 given by the following linear ODEs of
second-order

v, = yILi[y] =" + a1y + agy = 0},
Vi = {2lLa[z] = 2" + b1z’ + boz = 0}, (6)

where ag, a;, bp and b, are the constants to be calculated.
The corresponding invariance conditions are

(DG + a1DG + aOQ)'ueVZI,VGVZZ =0,
(D*H + biDH + boH) lyevt ver? = 0. (7

By setting the expressions G and H in Eq. (7) and re-
placing u”(x) by —aju/(x) — apu(x) and v'(x) by —bv'(x) —
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bov(x) several times, we arrive at a nonlinear algebraic
system as
uy . bo(a1 — bl)()lg = O,
uvy : 2ap03 + (a1b1 + by — b%)az =0,
v : bogRoy + a3) =0,
Uyt ajoz + b1 2oy + a3) =0,
and
u:ap(ar —b)pr =0,
Uy (—ao + by —a1by + a%)ﬂz =0,
Vv 2b% B =0,
Vv, : 4bobi B3 = 0,
w1 2(3by — b7) B3 = 0,
V3 4b B3 = 0.

After solving the above system, the following sets are
gained

ap=0, a =b;, by=0, ar=-a3, p3=0
aO:O, a1:0, b0=0, b =O,
by=0, b =0, o3=0, ) =0,
1
a; =0, by=4ay, b =0, o= 5% B=0, B3=0,
1 1a +b
ao=1(a%*b%), by =0, 0 =-7 b a3, pr=0, p3=0

By inserting the obtained values into Eq. (6), we, respec-
tively, derive

L [)’] =y"+ b1y =0,

Lo[z]) =2" +biZ =0,

V} = span{1, exp(—bx)},

V37 = span{1, exp(—bx)},

Li[y]=y" =0,

Lozl =7"=0,

V, = span{1, x},

sz = span{l, x},

Li[y] =y + a1y’ + agy =0,

Lo[z] =7" =0,

V) = span{exp(—%(al F/a — 4a0)x) },
V37 = span{1, x},

Li[y] =y + apy =0,

Lo[z] = 2" +4apz =0,

V) = span{sin(/aox), cos(/aox)}.
sz = span{sin(Z\/a_ox), cos(2\/a_0x)},
Lily] =y"+ay + 3(at = b})y =0,
Lozl =7"+biZ =0,

V21 = span{exp(—%(al F bl)x)},

V37 = span{1, exp(—bx)}.

3.2.1. Exact solutions of the NLDWWEs
Due to the

Li[y] =y + by =0,

Lozl =7"+ b7 =0,

and its invariant subspace, namely
V] = span{l, exp(—b1x)},

V37 = span{l, exp(—bx)},

the solution is considered as
ux, 1) = X1 (t) + X2 (t)exp(—b1x),
v(x,t) = X5(t) + Xy (t)exp(—byx).
By substituting the above solution along with the given
parameters into the model (2), we find

X[(t) + Xy(t) exp (—b1x) = (brasX; ()X (1)
+ (=b1o3Xs(1) + 3b30) Xa (1)) exp (—byx),
Xy (0) + Xy (1) exp (—byx)
= (=b1faXa(t) — B3 B1X4(1)) exp (—byx),
and so
dX(1)
— = 0,
dX
% — bias Xy (DX (1)
+ <—b1a3X3(t) + %b%m)/\fz(t),
a%m _
dt
dX,
;t(’) = biB (1) — LB X0,

By solving the above system, the solution is derived as

ulx,t) =d; + d3€Xp<b1 (—%(Cl —Co)t — x>>

1
+ d4exp<b1 <—Z(C] + o)t —x)),

vix,t) =d,

1 1
+ = <Zexp(——b1(61 — Cz)t)d2d30[3
4 4
1
— eXp(_Zbl(Cl — Cz)l)b1d30ll
1
- eXP(—Zbl(Cl - Cz)t>b1d3,31
1
+ 26Xp<—zb] €+ C2)1>d2d4(¥3
1
- eXP(—Zbl(Q + Cz)f)b1d4a1

1
- eXP(—Zbl(Q + Cz)t)b1d4,31
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Fig. 2. The exponential solution for dj =1, do = —1, d3 =—1, dy =1,
0[121,013:1, /3121, ﬂ2:2andb1:2.

1
+ eXp(—Zbl ) — Cz)t>C2d3

1 exp(—b1x
—exp| —=b1(C + C)t |)Cady p(—l),
4 d1a3
in which
Cy = 2dra3 + b1 (B1 — 1),

Co=\/~16d1a3f2 + 4d30k — A(er + B)bidras + Blo+20en B + B 7.

Fig. 2 shows the graphical representation of the exponential
solution for appropriate values of parameters.

Remark. It should be stated that other exact solutions can
be gained for the nonlinear dispersive water wave equations
owing to the above invariant subspaces.

4. Stability analysis and phase and group velocities for
the NLWWE

Suppose that the NLWWE (1) has the following steady-
state solution [37-41]

ulx, t)=p+sW(, t), (8)

which p indicates the incident power. Inserting Eq. (8) into
the NLWWE (1) yields

sW, 4+ sWy + cispWi + c1sWW 4 c25Wear + 38 W Wiy
+ caspWerr + 4" WWox + c5SWaperx = 0. ©)
By linearizing Eq. (9), we acquire
Wi+ Wx + cipWr + coWae + capWir + ¢5sWanr = 0.
(10)
Now, by considering
Wi(x, t) = exp(ikx — wt),

in which « illiustrates the normalized wave number and set-
ting it in Eq. (10), we derive the following dispersion rela-
tion

w(k) = iK(05K4 — (o + C4]J)K2 +cip+ 1).

It is obvious that the real part of the above dispersion rela-
tion is exactly zero and consequently, the steady-state solution
is marginally stable.

To determine the phase and group velocities, by consider-
ing
Wi(x, t) =exp(i(kx — 8t)),

and substituting it into Eq. (10), we, respectively, procure the
phase and group velocities as below

)

% = csk* — (2 + )k +ep + 1,
dé

d(:) = 5csk* —3(ca + cap)c® +crp + 1.

Now, if W(x, t) =exp(i(kx — t)) with § = §(x) satis-
fies Eq. (10), then the full-time evolution can be written as

o0

W(x, t)=/ A )e =D e
—o0

in which

1 ° .
Ak) = —/ Wi(x, 0)e " dx.
21 J_

5. Conclusion

The under investigation in the present work was to study
the nonlinear water wave equations in oceans by means of
the invariant subspace scheme. In this regard, the governing
models which describe specific nonlinear waves were con-
verted to systems of ODEs such that their exact solutions
could be obtained by computer algebra systems. As a direct
outcome, a number of exact solutions to the NLWWEs were
procured, approving the effectiveness of invariant subspace
scheme. The correctness of the solutions listed in the current
study was checked by substituting them into their correspond-
ing equations.
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