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1. Introduction

In the last few years, there has been considerable interests and significant theoretical developments in fractional cal-
culus used in many fields and in fractional differential equations and its applications [1-13]. Hossein and Eskandar solved
variable-order time fractional Burgers equation via a new computational method in [14], F. Gao and X-J. Yang used the local
fractional Euler’s method to analyse approximate solution of the local fractional heat-relaxation equation in [15], Yang et al.
obtained the solutions for local fractional KdV equation in [16], in [17]; is found the solutions of fractional two-dimensional
Burgers equations and Zhang et al. used the series expansion method with local fractional derivative to find the solutions of
transport equations in [18]. Many more researches related to fractional derivatives can be saw in [19-40].

In this study, we apply the fractional homotopy perturbation transform method (FHPTM) to find series solution for a
system of fractional equations. The FHPTM is combination of HPM and Laplace transform process [26-30]. Besides, this
method gives the solution in the form of a converging series. An iterative process is composed for the shape of the infinite
series solution. In [31], is analysed the numerical solution for fractional RLW equation [31] by using this method and in [32],
this method is used to found the series solutions of logaritmik KdV equation.

In this work, we analysed fractional system of Burger equation (FBEs). This system of equation has usuallly performed in
different fields of science and engineering such as physics, plasma physics, optics, quantum mechanics and superconductivity
[33] and is given by,

DEp(e, T) — Prsxc (6, T) — 2p(2, T) P (2, T) + (P, T)q (2, 7)) = 0,
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DZqO¢, T) = Qoo O, T) + 2q0¢, T)Goere (¢, T) — (p(2, T)q (¢, 7)) = 0,
xeR 7>0, 0<acx<l, (1.1)

Some fractional derivatives contains singular kernels. Two of them are Riemann and Caputo and they have own restriction
due to their singular kernels. However, recently some fractional operators such as Atangana-Baleanu (AB) have defeat these
restrictions and deficiencies. Especially AB introduced a new fractional derivative with non-local, non-singular and ML kernel
and cleared its significant effects [34,35].

We analyse FBEs for the AB fractional derivative with Mittag leffler kernel due to great importance of AB fractional
derivative in scientific and engineering field.

The FBEs with AB fractional derivative is gived as

aEDY P, T) = Pose (6. T) = 2P(2¢, T) Poere (3. T) + (p(2¢. T)q (%, 7)), = 0,
A5DYq(2. T) = Qoore (6. T) + 2q(2, T) e (¢, T) — (p(, T)q (2, 7)) = 0,
O<a<l1. (1.2)

The main purpose of this article is to analyse FBEs with Mittag leffler kernel and is to research the existence and unique-
ness analysis of the solutions by using the fixed-point theorem. Another goal of this work is to compare the numerical
results obtained with derivatives other than AB derivative for Eq. (1.1). For this we also obtained the numerical solutions of
the FBEs for Caputo-Fabrizio (CF) and Liouville-Caputo (LC) fractional derivative with Mittag leffler kernel by using FHPTM.

In the Section 2 of this study, various basic knowledge concerned to the AB fractional order derivative are defined. In
the next section, FBEs with AB fractional derivative are examined and the existence and uniqueness of solutions for these
system have been investigated with by using the fixed-point theorem. In the next section, the FHPTM is applied to construct
the solutions of the FBEs for AB, CF and LC fractional derivatives with Mittag leffler kernel. Some graphical representations
of the solutions are gived to display the accuracy and efficiency of the method, in Section 5. Moreover, some results are
pointed out in Section 6.

2. Preliminaries

In this part, we will present the basic definitions and several properties for the AB fractional order derivative [34].

Definition 2.1. When p € H' (x,y), @ € [0, 1], y > » and differentiable, the AB fractional order derivative with arbitrary order
in case of Caputo is gived as,

o
1-«o

B T
D (o) = 12 [T Y[ -9 as. 1)
where B(«) provides requirement B(0) = B(1) = 1.

Definition 2.2. When p e H'(x,y),a < [0, 1], y>x and non-differentiable, the AB derivative of arbitrary order in case of
Riemann-Liouville is gived as,

B(a) d [* o
ABR _ _ —5)
DL (p(r)) = oo [ POF [~ (=) as (22)
Definition 2.3. When O <« <1, and p = p(t), the fractional integral operator of order « is gived as,
1-« o T
ABja _ A
o F(p(1)) = B(o) p(r)+B(a)F(a)/% p(D(r —D*ds. (2.3)

3. Analyse of the FBEs with AB fractional derivative

The FBEs are written as: 0 <o < 1

DA P (e, T) — P (06, T) — 2P0, T) P (3¢, T) + (p(¢, T)q (2, T)) 5 = O,
BDLG, T) — Qe (26, T) +2q (0, T)oere 02, T) — (PO, T)q(2¢, T)) 5 = 0, (3.1)

with the initial condition:
p(x,0) =sinx, q(x,0)=-sinx

Using the fractional integral operator produced by AB [34] on Eq. (3.1), we obtain
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PO T) - p(, 0) = ~—%K(x. 7. p)

B(a)
@@y €D KeL P,
q¢.7) —q(x,0) = %K(;{, .q)
+Wfor(z ~ DK (. 1, q)dl. (3.2)

where
KGe, T.p) = Poose (00, T) 4+ 2P0, T) Pese (¢, T) — (p(¢, T)q (3, T))
KOt,T,q) = Qs (0, T) = 2q (¢, T)Qoore ¢, T) + (PO, T)q(¢, T) ) e

The kernels K(x, 7, p) and K(x, 7, q) has the Lipschitz state justified that the functions p(», ) and q(», T) have upper
bound. So,

IKCGe, T, p) —K(e, T, P)||

_ (Pm—sz)+2(P(Jf,T)Pm(%,T)
—P (o, T)Pex (¢, T)) — (P, T)q(¢, T))se — (PO, T)Q (¢, T)) )

IK(e,T,q) —K(x, T,Q)]|

_ (Goexe = Q) = 2(q(2, T) Qs (%, T)
—Q, T)Qux (¢, 7)) + ((p (%, T)q(%, T)) s — (PO, T)Q(, T))x)

By apply the triangular inequality of norm on Eq. (3.3),
IKCGe, T, p) = KCe, T, P)|| < |[Pxxe = Pl + 2| PP — PPoese || + | (P@) e — (PQ)sc ||

a% (pq — PQ) ”

)

(3.3)

9 2 2
+ W(p P9+

82
< HW(P—P)
<y2lp-Pll+8@a+b)|[p-P| +«l|p-P|
< (y*+8@+b)+x)|p-P|. (3.4)
IKGe, T,q) = KOe, T, QI < 1G5 — Quese | + 2119Gexe = QQucse | + 1 (PD) 5 — (PQ)c ||

02 92 d
W(Q‘Q) W(qz—Qz) M(pq_PQ)H

<&lg-Ql+¢(c+d)lg—Qll +nllg-Q]
< (2 +(c+d)+nllg-Q].

Setting ® = y2 +8(a+b) +x and W =%+ ¢(c+d)+n, where p, q and P, Q are limited functions, therefore we can
say [Ipll<a, [Pl <b, ligll <¢, l1Qll <d and we have

K¢, T, p) —=K(¢, T, P)|| < @||p—P]
IKGe,T,q) —KGe, T, Q)| < Wllg-Qll.
Then, the Lipschitz state is justified for the kernels K(x, t, p) and K(x, t, q).

< + +

3.1. Existence and uniqueness analysis for solutions

In this part, we will present the existence and uniqueness of the solutions of FBEs for arbitrary order (3.1). From Eq. (3.2),
we have

1-«
B(a)

o ‘ _ na-1
+B(a)r(a)/0 (t — * K (e, 1, pu)dl,

P10, T) = K(sx, T, pn)

1-«
Q1 (%, T) = WK(%, T, qn)

o ‘ _ a1
+W/o (t = )*K (e, L, gu)dl. (35)

and po(x, ) = p(x%,0), qo(sx, ) = q(x,0).
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The difference of the successive terms is represented as follows

Ya(,7) = pn(¢,T) = pna1 (2. 7) = B( ){K(% T, pn-1) —KO¢, T, pp2)}

+W/OT(T — DK Gt L, pot) — KOe L pa))dl,
2,06.7) = 006, ) — Qo (0, T) = TS K T 0 1) — K2, T.0-2))
e ) (T = DK L dny) — KO L gu) L. (36)
where we say that,
Pu(e,T) = lin;Yk(x, o),
qn(x, T) = ’Xn;Zk(%, 7), (3.7)

From Eq. (3.7), we get
YnGe, D = [1pn (¢, T) = pn1 (. )|
B(fo,){K(x T, pn1) = K(¢, T, pn_2)}
+B(Q)F(a)f0 (T l)ot 1{K(}f l DPn— l) K(%’I’ pn—Z)}dl '
||Zn(%,f)|| - ||Qn(}fsf)—Qn 1(% T)“
B([a) {K(Jf T, dn- 1) _K()f T, 4n- 2)}
+B(a)1"(a)-[0 ('L' l)at ]{K(%: l: qn—l) —K(}f, l, Qn-z)}dl ’

(3.8)

Using the triangular inequality on Eq. (3.8), we have

S 1K (e, T, pr1) = K¢, T, pa2) |
Wfo (T =D MK, 1, pa1) = K(¢, 1, paa)||dl

e 1K (2, T, gn1) =K (¢, T, gna) | . (3.9)
D IKGe, L gno1) =K (e, 1, gn-2) ||dl

Y. T <

1Zn (¢, T <
B(a)r(a)fo (r -

As the kernels justify the Lipschitz state, so they give

1-
IYa (o, T)|| < B(Ol) q)”pn 1— Pn=2||

+W/ (- l)ailq)”pn—l - pn—2||dl,
1-

1Z0Ce. DN < 3 )\IJ||qn -
*Wfo (r = D* ' Wign_1 = gn-alldL. (3.10)

or

mw””£%§@%4mﬂ”
@@ P @D el

1200, D) = oy V201 G2, 0]

T
+7\p/ T = )Y Zoy (2, )| dL. 3.1
seor@ V), @0 Iz 0l (3:11)
Theorem 1. The FBEs given as Eq. (3.1), have the solutions provide the following conditions that are found &g, o,
1-« o o
B@) & T B 2% <
1-« (312)

o o
B@) v+ B(ot)F(oe)\yUO < 1.
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Proof. Let us consider that the functions p(x, ) and q(», ) are limited. Additionally, they have been already satisfied that
the kernels provides the Lipschitz state, hence from Eqs. (3.11) and (3.12) are written as follows,

1-a 4
G Dl < [ s @+ IpCe.0)]l

o o
(o) B(oe)r‘(oz)q)g ]

1200e. 01 = [ 53 ¥ + 5y Yo | 196 Ol (313)

1-«
B(a)
Therefore, the function

Pa(e, T) =Y Yi(x, 7),

k=0
n
an(%, T) = Y Z(x, 1), (3.14)
k=0
exists and smooth. Now, we examine that the function gived with above equations are the solutions of Eq. (3.1). Let us
consider
p(e,T) = p(x,0) = pa(x, T) — D, 7),
q(x, 7) = q(x,0) = gn(x, T) — En (¢, 7).

Therefore, we have

1-a
By [KCe, T, p) —K(x¢, T, pp1)]
IDaGe Ol =, O ;
+Wfo (t =D K, 1, p) —K(x¢, 1, py_1)]dl
1-«o
< WIIK(%,f,p) —KGe, T, pny)|
+Lfr(rfl)“*1||1<(x1 Y —K(x,1 )ldl
BT (@) Jo P TR P
< 2 p— pill+ = —®[[p— po s[5 (3.15)
= Bla) P — Pn B[ (@) P — Pn . .
1-«
FEIK G, T,q) K¢, T, qno1)]
EnGe. 7)) = o ;
+mf0 (T - l) [K(}f, l, q) _I<(%’ ls Qn—l)]dl
1-«
< WIIK(%, T,q) — KO, T, gno1) ||
e [T et _
@ o D IKGe L)~ KGe L gyl
ey [ S PR T (3.6)
= B@) q —qn-1 B(a)T () q —qn-1 . .
By continuing the same process, it gives
1-«a 1 o e n+1
10002 O = (s + Far@rs”) @'
1-«a 1 o e n+1
EaCe, T < (B(a) eI ) wne, (317)

Then at & = &y, 0 = oy we have

1-« 1 o i n+
1Dn G, )| < (B(a) +B(a)r(a)50) o,

1 —a 1 o n+1 -
En (e, 7)|| < (B(a) + B(a)r(a)“0> e (318)

Where when n— oo, we have

1Dn (¢, T)|| — O,
lEn (2, T)]| — O. (3.19)

Then prove of existence is completed. O
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Now, we analyse the uniqueness of solutions for FBEs (3.1). Let us think that p(x, t), q(», T) get an another solution for
the Eq. (3.1),

p(e,T)—P(x, 1) = B( ){K(x 7,p) —K(Ce¢, T,P)}

i _ na-1 _
+m/ (r =D*H{KQe. 1, p) = K(x, 1, P)}dl

qx.T) — Q. T) = o {K(x.7.q) —K(, 7. Q)

B()

- ‘ _ na-1 _
+B(a)p(a)fo(f D* KO, 1. q) —K(x,1,Q)}dl. (3.20)

On taking norm on Eq. (3.20), gives

lpCGe, ) —P(x, T)|| <

B( ) —K(x,T.P)|

‘ _ a1 _
+W/ (t = D21 |K (2, 1, p) — K(oc, L, P)||dL,

lgCe, ) = Q0. T)|| <

B( ) —KQGe, 7, Q)

- - ‘ _ Na-1 _
+B(01)F(cx)f0 (t =D MKGe, 1,q) —K(e,1,Q)||dl. (321)

Since the kernels justify the Lipschitz states, so we have

IpGe.T) — PGt 7)) < L(%@IIP(%J) PG D)

1 o B
+Wq’€ lpCGe,T) —POe, T) .
lg(¢, T) = Q¢ )| < ) —Qx, 1)
1
+W\I’U“Hq(%, T)—-Q(¢, 7). (3.22)
This gives
lp(o, T) — P(x, r)ll(l - ;3(_01(;[4) - B(a)lr(a)ﬂbsﬁ <0, (3.23)
1- 1
lace. ) = Q0e D1 = 55 = Frayras o) <0

Theorem 2. If the following inequality is provided, there is a unique solution of FBEs (3.1),

1-« 1 o
(' b @ B@r@ ®°) 7

1-« 1 N
(1  B() V- B(a)r(a)‘PU ) > 0. (3.24)

Proof. If the (3.24) condition is satisfied, then

1-« 1 o
IpGe. T~ e, o)l (1 - i S OO ER
lg(e, T) —Qx, r)||< B( (;l\p_ B(a)lr(a)xpa“) <0. (3.25)

implies that
IpGe.T) =P, T)|| =0, (3.26)
lg¢,T) —Q(x, T)| = 0.

Then, we get
p(x,7) = P(x, 1), (3.27)
q(x.7) = Q(x, 7).

It completes the proof the uniqueness of the solution for Eq. (3.1). O
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4. FHPTM For FBEs with AB fractional derivative

In this part, first of all, we consider the Laplace transform for FBEs with AB fractional operator (3.1) by using FHPTM and
use the follow initial condition

p(x,0) =sinx, q(¢,0)=sinx,

it yields
LipGe, )] = S":% - <Sa +as(: _Sa))L[pm —2PPsx + (P9),]
LaGe. 1)) = 555 - (Sa el _Sa))qum + 2000~ (pO), ] (41)

By using the inverse of Laplace transform on Eq. (4.1), we have

p(x,T) = sinx — L7 [(W)L[—pm = 2PDox + (pq);f]]

q(e,T) = sinx —L7! [(W)L[—qm +2qQ5x — (pQ)x]] (4.2)

by applying the HPM, we have

> Z"py = sinx —z(L1 |:<S+as(a]_S)>

n=0

—~

_Zznpn)m - ZZZan + ZZ”Kn
| n=0 n=0 n=0
°° o _ o
Zznqn = sinx — Z(Ll [(Ha(ls)>
s

n=0
=Y Z"Gur +2) 2" = Y 2'Kq (4.3)
| n=0 n=0 n=0

In the Eq. (4.3) Hp(p), Ku(p) and Ty(p) are He’s polynomials as follows

—~

Y Z"Ha(p) = PPuxs ) 2"Ka(p. @) = (PD)y, Y _Z"Ta(q) = qqix
n=0 n=0 n=0

The initial elements of the He's polynomials are described as

Ho(p) = popo,,
Hi(p) = pop1,, + P1DPo,

Ko(p, @) = Podo, + Po, qo.
Ki(p,q) = poq1, + P190, + Po,q1 + P1, 90,

To(q) = qoqo,.
T (@) = qoq1,, + 9190,

Comparing the coefficients of the power of z, we obtain
2
po(x,T) =sinx, (qo(x,T)=sinx,

zl
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o

o
INCET))

o

INCET))

p1(}f,‘l,'):—<1—0l+ )(sinx+2cosxsin}f+251n2%),

q1(x,t):—<1—a+ )(sinx—Zcosxsin}:—Zsinzx)

22

P20, ) = (=2t%(-1+a)al'(1 4+ 2a) + T'(1 + o) (t2%a? + (-1 + a)?
xI'(14+2)))(2+5c0osx —6c0os2x —5cos3x + 8sinx
+65sin2x —5sin3x))/(I'1 + )" (1 + 2)),

G0, 7) = ((=2t%(-1+ )l (1 +20) + T(A + @) (72%a? + (-1 + «)?
xI'(1+2a)))(—2 +5cos % + 6 cos 2% — 5cos3x + 8sinx
—6sin2x —5sin3x))/(I'(1 +a)I'(1 + 2a)),

Continuing same process, we obtain pn(%, T) and gn(x, T). Then, the solutions can be presented as,

pOe, ) =po(e, T) + P10, T) + P22, T) + -+,
qOe.7) = qo0x, T) +q1 (¢, T) + G20, T) + -+ .
Also, by using FHPTM for FBEs with fractional CF operator, we can write

p(x,T) = sinx — L [(H(X(S]_S))L[—Pm = 2PPsx + (PQ);{]}

q(x,T) = sinx — L1 [(H(X(S]_S))L[—QM + 2qGx — (PQ)x]i|

Then by performing operations similar to AB derivative, we have
p(e,T) =sinx — (1 —a +ta)(sinx +2cosxsinx + 2 sin? X)
1
+5Q2+4(-1+0a+ (24t + t2)a?)(2 4 5cosx

—6c0s2x — 5cos3x + 8sinx + 6 sin 2x — 5sin 3x),
q(x,7) =sinx — (1 —a +ta)(sinx —2cosxsinx — 2sin? X)

1
—j(z +4(-1+)a+ (2 -4t +t>)a?)(2 — 5cosx
—6c0s2x + 5cos3x — 8sinx + 6sin 2x + 5 sin 3x).
Now, by using FHPTM for FBEs with fractional LC operator, we can write

p(x, T) = sinx — L' [(%)L[—Pm = 2PDox + (PQ)x]]

. 1
qOe, ) =sinx — L1 [(S—a>L[—qm + 24 — (pQ)x]]
Then by performing operations similar to AB derivative, we have

t% (sinx + 2 cosx sinx + 2 sin® x)

p(x,T) = sinx —

rl+a)
t2%(2 4+ 5 cosx — 6 .cos 2x — 5¢cos 3x + 8 sinx + 6sin2x — 5sin 3x)
+ )
I'a+2a)
(e 7) — sins — £ (sinx — 2 cosx sinx — 2 sin® x)
. T = T +a)
2% (-2 4+ 5cosx + 6 .cos 2x — 5cos 3x + 8 sinx — 6sin 2x — 5 sin 3x)
+ .
r'a+2w)

5. Graphical representations of the solutions

(4.6)

(4.7)

(4.8)

The graphical illustrations of the solutions are given below in the figures and tables with the aid of Mathematica. In
Tables 1 and 2, we compared with the results we found in the previous section. These solutions obtained for AB, LC and CF

derivative.
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Table 1

Comparison of numerical solutions with LC, CF and AB derivative at » = 2 for p(x, 7).
T a=1 LC CF AB

o =0.85 o =0.98 o =0.85 o =0.98 o =0.85 o =098

0.01 0.891395 0.872005 0.889526 0.702571 0.858138 0.694981 0.856437
0.02 0.873809 0.843259 0.870678 0.695648 0.842138 0.684004 0.839291
0.03 0.85654 0.817628 0.852394 0.695648 0.826442 0.674536 0.822678
0.04 0.839589 0.794105 0.834597 0.68249 0.811051 0.666141 0.806524
0.05 0.822954 0.772224 0.817248 0.676254 0.795964 0.658612 0.790797
0.06 0.806637 0.751714 0.800324 0.670248 0.781182 0.651828 0.775475
0.07 0.790636 0.732396 0.783809 0.664471 0.766704 0.645704 0.760542
0.08 0.774953 0.714141 0.767693 0.658923 0.752531 0.640182 0.745989
0.09 0.759587 0.696853 0.751967 0.653604 0.738662 0.635217 0.731808
0.1 0.744538 0.680458 0.736622 0.648514 0.725098 0.630772 0.717993

Table 2

Comparison of numerical solutions with LC, CF and AB derivative at » = 2 for q(x, 7).
T a=1 LC CF AB

o =0.85 o =0.98 o =0.85 o =0.98 o =0.85 o =0.98

0.01 0.909193 0.90914 0.909185 0.917579 0.90927 0.91868 0.909279
0.02 0.90913 0.909166 0.909125 0.91856 0.909367 0.920437 0.90939
0.03 0.909108 0.909311 0.909113 0.91957 0.909503 0.922148 0.909547
0.04 0.909126 0.909556 0.909147 0.92061 0.909679 0.923852 0.909747
0.05 0.909186 0.90989 0.909228 0.92168 0.909894 0.925564 0.90999
0.06 0.909286 0.910308 0.909354 0.922779 0.910148 0.927292 0.910277
0.07 0.909427 0.910803 0.909526 0.923908 0.910441 0.92904 0.910606
0.08 0.909609 0.911372 0.909742 0.925066 0.910774 0.930812 0.910978
0.09 0.909832 0.912011 0.910002 0.926253 0.911146 0.93261 0.911392
0.1 0.910096 0.912717 0.910307 0.927471 0.911557 0.934434 0.911848

b

Fig. 1. The 3D graphics for the FBEs with AB derivative when o = 0.85.a) p(x, T), b) q(x, 7).

In Tables 1 and 2, we present the comparison between the approximate results for FBEs.These approximate results are
obtained fractional AB, CF and LC derivative, (Fig. 1).

In Fig. 2, we plot the approximate solution p(x, t) and q(», t) by using FHPTM for o = 0.75, 0.8, 0.95, 1. These figures
clear that the convergency of the numerical solutions to the exact solution connected to the order of the solution and the
exact error is being smaller as the order of the solution is increasing.

6. Final remarks

In this study, the fractional homotopy perturbation transform method are applied to FBEs for CF, LC and AB fractional
derivatives. We shown the existence and uniqueness of the obtained solutions for this system in case of AB derivative. Also
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Fig. 2. The 2D graphic of the FBEs with AB derivative for different value of @ when » = 2.a) p(», 7), b) q(», 7).

we obtained numerical solutions in case of CF and LC derivative. We compared these approximate solutions with each other
by preparing graphics and tables. From these concludes, we say that the presented FBEs with fractional AB derivative are
suitable to examine the many problems located in science and engineering.
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