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In this article, the forced vibration of double-curved nanocomposite shells under a time dependent excitation
is studied using nonlinear shell theory and multi-scales method in primary resonance. The nanocomposite
representative volume element consists of two phases, including carbon nanotube (CNT) and matrix. By
generalizing the Ambartsumyan’s first order shear deformation shell theory (FSDT) to the heterogeneous
nanocomposite shells, the nonlinear partial differential equations are derived. Then, the problem is reduced to
the nonlinear forced vibration of damped nanocomposite shells with quadratic and cubic nonlinearities. For

the occurrence of the primary resonance, the damping, nonlinearity, and excitation terms in the disturbance
circuit are reduced to the same order. Applying the multi-scales method to nonlinear ordinary differential
equation, nonlinear frequency—-amplitude dependence in primary resonance is obtained.

1. Introduction

Since its inception, interest in the use of carbon nanotubes (CNTs)
has attracted increasing attention due to their superior properties [1].
Modeling the superior electrical, optical, chemical, and mechanical
properties of CNTs has opened new perspectives for modern technol-
ogy [2]. The recent technology has eliminated some of its disadvantages
related to their manipulation due to their very small size, allowing them
to be used as an additive material (typical measurements of the CNT
radius are in the order of 0.8-2 nm). The unique reinforcement of CNTs
has allowed these materials to find potential applications in a variety
of industries including textiles, medical, automotive, and mechanical
engineering [3,4]. As the aerospace industry is one of the most rigorous
and fundamental applications for advanced technology products, the
exceptional properties of the new generation heterogeneous compos-
ites patterned by CNTs have made them one of the most attractive
structural systems for this popular industry. In aerospace engineering,
the use of lighter structural materials reduces the weight of aircraft,
unmanned aerial vehicles and spacecraft, and balloons allow operation
at higher altitudes. Unmanned vehicles have a longer operating time,
faster delivery of cargo into space, long service life and low friction
of CNT-reinforced composites, which allows spacecraft and similar
vehicles to extend their service life [5].

The double-curved structural systems are widely used in various
industries, including aircraft and rockets, shipbuilding, construction,
energy, and others, and are subject to dynamic loads during exploita-
tion. Since such elements are generally work in finite deformations, the
study of their nonlinear forced vibration behavior has a long history
and has never lost its relevance. A comprehensive bibliography of
theoretical, numerical, and experimental studies of nonlinear vibrations
of homogeneous shell-type structures in the framework of classical and
shear deformation theories carried out prior to 2008 is included in the
books [6-9]. Researchers have noticed over the years that one of the
types of vibration that most damages mechanical systems are forced vi-
brations. The forced vibration can cause unpredictable damages to the
structural systems in large displacements and cause structural failure.
This issue has kept the investigation of forced vibration problems of
shell-type members in nonlinear formulation on the agenda for many
years. From the early 1980s to the 2008s, the studies on nonlinear
vibration problems of homogeneous shallow shell-type systems were
generally carried out using the finite element method [10-15].

The formation of a new generation of inhomogeneous composites
and their use as structural members in various industries made it nec-
essary to update their linear and non-linear forced vibration analysis.
Although the number of studies on the forced vibration of such novel
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Fig. 1. Nanocomposite double-curved shell-type elements subjected to an external
excitation force q(x,,x,,7) of uncertain physical origin.

composite shell-type systems is very limited, dynamism has started
to occur in studies on the subject in recent years. It is seen that
most of these studies belong to nonlinear forced vibration behavior
of shells composed of functionally graded isotropic materials [16-24].
The nonlinear vibration of nanocomposite members was first discussed
in the study of Shen and Xiang [25], in which the nonlinear free
vibration problem was formulated through mathematical modeling,
and the solution was realized for the cylindrical shell patterned by
CNTs. Most of the studies following this work are devoted to solving
the linear and nonlinear problem of free vibrations of nanocomposite
structural elements with different configurations [26,27]. The current
state of vibration problems of shell-type members made of FGMs and
CNT patterned materials is highlighted in the books of Shen [28], as
well as in the review papers of Sofiyev [29] and Liew et al. [30].

A detailed study on the literature shows that there is only one
study on nonlinear forced vibrations of double-curved nanocomposite
members, and since this study deals with the thin CNT patterned shal-
low shell, the solution is carried out within the framework of classical
shell theory [31]. As it is known, since the SDT gives more realistic
results in nonlinear vibration and stability problems of moderately
thick nanocomposite members, in current study, the solution of the
forced vibration problem will be realized by considering the effects
of transverse shear deformations. Unlike the classical shell theory,
when the SDT is used, the number of basic relations and equations
increases, and the solutions and numerical analyzes become more
complicated. The aim of this work is to obtain analytical relations
for nonlinear forced vibrations of double-curved nanocomposite shell-
type members in the presence and absence of damping within SDT,
as well as to study the effect of CNT patterns and volume fractions
of CNT on the frequency-amplitude dependence of forced vibration
considering shear strains, heterogeneity, and nonlinearity. In addition,
a unique numerical analysis of the frequencies of nonlinear forced
vibration of inhomogeneous nanocomposite structural members with
and without damping, such as plates, panels, spherical and hyperbolic-
paraboloid shells, is carried out in the framework of shear deformation
and classical shell theories.

2. Setting of the problem

Fig. 1 shows a nanocomposite shallow shell with double curvature
under an external excitation force g(x,x,,7) of uncertain physical
origin. If the excitation force is assumed to be given by g(x;,x,,7) =
qo sin(a; x;) sin(a, x,) cos (wt) in which w and ¢, are indicated the fre-
quency and amplitude of external excitation, respectively [11]; a; =
'2—’1’ and a, = 2—’:, in which L, and L, are lengths in x; and x,
directions, respectively, t is a time and (m, n) are integers corresponding
to the number of vibration modes. This force is required to have finite
vibration amplitude under resonance conditions. The origin of x;x,x;
coordinate system located in the left corner of the mid-surface, the x;
coordinate is normal to the x,x, surface and is directed towards the
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inside of the shell. In the chosen coordinate system, the shallow shell
is defined as a three-dimensional region, A, as follows:

A= {x],x0, %31 (x1,%),%3) € [0, L;] X [0, Ly] x [-0.5h,0.5]} @

where 4 is the thickness of shells.

The displacements are indicated by u, v and w, in the x|, x,, and x;
directions respectively, the curvatures in the x; and x, directions are
represented by k, and k,, the radii of curvature R, and R,, respectively.
In this case, with k; = R;! and k, = R;', a spherical shell is defined,
with k; = —Rl1 and k, = R;', a hypar shell is defined, with k; = 0
and k, = R2 , a cylindrical panel is defined , and with k| = k, =0 and
ky=R; ! a rectangular plate is defined (see, Fig. 2).

The mechanical properties are considered to vary smoothly through
the thickness of the structure according to a predefined volume fraction
due to the presence of CNTs. Such volume fraction of carbon nanotubes
is considered as a linear function depending on the thickness coordinate
of the nanocomposite member as [25]:

Vel = ol Vo (s = x3/h) (2)

where V denotes the total volume fraction of carbon nanotubes and
is defined as:

mey,
Vie —— 2 3)

cn 4 d
mcn( _f)"'f

m,, is a mass fraction of CNTs and (pi" is a linear function and is
described as follows [25]:

{ 1 - 2%,
o = @
MG E

where the function (p"" = 1 — 2x; defines the O pattern (abbreviated
by OP) of CNTs in the polymer and the function 2" = 4|x;| defines
the X pattern (abbreviated by XP) of CNTs in the })olymer and the
(p, = 1 defines the uniform pattern (abbreviated by UP) of CNTs in
the polymer.

The topology of CNT distributions determined by Egs. (2) and (4)
in the cross section of nanocomposite members is presented in Fig. 3.

The Young and shear moduli of structural systems patterned by
CNTs are expressed as [25]:

Veu )Y+ VY™,

_a _Ya&y oy
Y5, (x3) YZCZ" ym’
o Yl VT S, SnG = 120G
=2 X3) = X3), X;) = 1. X
S]2(§3) Slc; sm 13\A3 12\A3 23\A3 1213

Y1(3) = ¢

where the efficiency parameters are indicated by e, (k = 1,2,3), the
volume fraction of the polymer denotes by V,,, Young and shear moduli
of the polymer (or matrix) and CNTs are denoted by Y,, Y** and
SP*(k =1,2,p = 1,2,3), respectively.

The following relation is valid for the volume fractions in the
mixture: V”‘ +V,, = 1. Since the Poisson’s ratio (P,,) and density (d)
of nanocornp051te shells are weakly dependent on the location, these
mechanical properties, consisting of two components, are considered
constant:

P =V PT+V"P", d=V d"+V"d" (6)

cn” 11

3. Mathematical modeling of basic relationships

According to Hooke’s law, the stresses of heterogeneous nanocom-
posites patterned by CNTs can be associated with the strains as fol-
lows [25,28,32-34]:

[o11] [Q1G3) OnGs) 0 0 0 e

on| [Qu(x3) Oxn(x3) 0 0 0 £

o =10 0 Og(x3) 0O 0 Y12 7)
o3| |0 0 0 Os5(x3) 0 13

[o23] 1O 0 0 0 044(x3) 1723 ]
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) d
Fig. 2. Nanocomposite shell-type elements with CNT patterns under an external excitation force g(x,,x,,t): (a) spherical shell, (b) hypar shell, (c) cylindrical panel and (d)

rectangular plate.

where Qij(73), (i,j = 1,2,...,6) are stiffness coefficients of CNT pat-
terned nanocomposites and are defined as:

_ YiGy) Py Y (X3)  PpYo(x3) _
Qb =1z Py Py, Q) =1 — PPy 1-PpPy Q%)
Y(x3)
= 22757 8
0 (3) = P,P, (3

0u(x3) = Sx3(x3), Os55(x3) = S13(x3), Qe(x3) = S12(x3)

The theory of anisotropic shells proposed here is based on the
assumptions (Ambartsumyan [7]):

(a) The displacement u; = w normal to the middle surface of shell
does not depend on the x; coordinate.

(b) The shear stress ;3 and o,3 or the corresponding deformations
713 and y,; to the thickness of the shell change according to a given
law.

We point out that the first assumption, in fact, coincides with the
corresponding assumption of the classical theory, and the second is a
new assumption and opens up the possibility of taking into account the
phenomena associated with transverse shears.

Taking hypothesis, (a) and (b), in fact, we put

oP XP

b) )

Fig. 3. Cross section of nanocomposites: (a) UP, (b) OP and (c) XP.

rotation angles as follows [6,27,31,32]:

2 2

33 =0,0,3 = ;—)2¢1(x17x27t)7 63 = ;_)2052("1”‘27’) 9 €11 =£(1)1 —&% +F1(X3)g;fll, 622=eg2—x337b§+F2(x3)%
where ¢;(x;,x,,1)(j = 1,2) are the rotations of a transverse normal to vis = 7% — 2x 0w I (x )% + Dx )% a0
about the x, and x, axes, respectively and the shear strain function is R ? 0x,0x, 13 ox, #ox,
represented by f and % =0. where

Based on the von Kérman ’s kinematic nonlinearity and the as- 0 ou w 1/ 0w\ 0 ov w 1/ ow\>
sumption (9), the strain components at any point of the heterogeneous & = 0_x1 - R_1 7 (H) n = H - R_2 2 (E)
nanocomposite shells with double curvature can be expressed using 0 ow  dw  ow dw
the strain components on the mid-surface, changes in curvature and = d_xl + E + 5_3‘1@ an
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X3
ﬂd@, Iy(x3) = h L4/
Os5(x3) dx; 0 Ou(x3) dx3
The integration of stresses across the shell thickness defines the

appropriate forces (T; ; and N f) and moments (M; ;) [6,7,91:

172 1/2
(T, N;) = h/_ (01 053) X3, M;; —hz/

172 -1/2

I'i(x;)=nh

Lax, a2

0, %3d%3(i,j = 1,2)

13

Let us introduce into consideration the stress function (®), through
which the forces are determined in the following form [6-9]:
’o >D P

T, =hLI= Ty =L T, = -
11 0x2 22 ax% 12 0xlax2

14)

4. Nonlinear dynamic equations and solution

The nonlinear deformation compatibility equation of double-curved
shell-type systems is derived from the literature [6] as:
L Ldw
R, axg

2.0 52,0 2.0
ey ey Oy _< w >2
(15)

Pw Pw ( 1w

ox2 ()x? 0x10x, B 0x0x; dx% dxg R, dx

2

Substituting (10) into the first three relations of the system (7)
and expressing deformations at the middle surface with w, @, ¢,
and ¢,, then substituting it into Eq. (15), the nonlinear equation of
compatibility of deformations of double curved shell-type systems with
CNT patterns transforms into the following view, after some operations:

h|a a4d)+(a +a, +a )i+a 64—45
11 axz 1277 @21 T a3 26 2 22 ax?
—a dw _ (ars+ay;—a )"4_'”
23 ax4 24 13 32 ax%ax%
Fw (1 Pw 1 Pw Pw \° 0w dPw ¢,
ok N\ "o TR ) T2 o2 TS
ox; Ry ax Ry ox; 0x0x, dx37 0x; ox;
9 a3 o 9? ol
+as ¢12 + ass ¢12 + ayg 2¢2 + asg 2¢2 +a18—¢f=
0x10x; 0x0x3 0x70x, 0x70x; 0x;

(16)

The double-curved shells with CNT patterns are subject to simply
supported boundary conditions [7]:
w=M; =¢, =0, when x; =0 and L,

a7
w=M,, =¢, =0, when x, =0 and L,

Significant simplifications in theory, especially in the estimation
of the nonlinear frequencies, still make the single-mode approach fre-
quently used in the literature [6,11]. The functions w, ¢,, ¢, that
satisfy boundary conditions (17) are sought as follows:

W(x 1, Xp,1) = Wo (D) Uomn (X1, X2), P1 (X1, X0.0) = P1o(Dpmn(X15 X2) 18)
Do (X1, X2,1) = Do (1) oy (X 15 X7)

Here wy(t) and ¢ oG = 1,2) are functions of the time,
Himn(X1,X,), (i = 0,1,2) are the eigenfunctions satisfying the bound-
ary conditions (18) have the form of the Navier solution for simply
supported shells as:

Homn (X1, X2) = sin(a; x1) sin(@yX5), Hy,, (X1, Xp) = cos(a;x;) sin(a, x,), 19)
Homn(X1, X5) = sin(a; x;) cos(a, x,)

Substituting approximation functions (18) to Eq. (16), the particular
solution of the resulting inhomogeneous differential equation gives the
following expression for @:

@ = ky cos(2ayx) + ky cos(2ayx,) + kj sin(a; x1) sin(a, x,) (20)
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where
2.2 2.2
k= KW ) _ Wy + b1+ X390
1= s "2 =
32a?byh 32a2by h R [by &} + (b + by + by)a’a? + byai]
21
in which ) )
4 22 4, %%
X = b23al + (byy + b3 — b32)a1a2 + b14a2 + R_ + R
2 1 22)

X2 = —bysa) = (bis + by a3, 3 = —(byg + bag)aia, — biga;.

Applying the Hamilton principle, the mathematical model of non-
linear dynamic equations of double-curved shell-type systems under
time-dependent external excitation and viscous damping based on the
SDT is generally expressed as [6]:

oM oM 3 9?
o 12_N1+d10_W_ ¢1=0
0x, 0x, 0x,0r? or?
oM, oM. 3 9?
2 Me N g, P g 0%
0x, 0x, 0x,01? or?
ON, oN, T, Ty 0w I w Fw
Ly 20 20T + 2T = + T 28 4 g(x) X0t
ax, om, TR TR TTo2 o2 2 5% 0%, 25 2 q(xy, x5, 1)
Pw
= an=Z +2§dh—

(23)

where ¢ indicates the viscous damping coefficient and the parameters
of rotary inertia d (G =1,2,3) are defined as:

h/2
d=d /
—h/2

Considering the relationships (8), (11), (13) and (14) together in
the set of Egs. (23), the nonlinear dynamic equations of damped
nanocomposite shell-type systems with double curvature are as follows:

h/2 h/2
xjdx;, dy =d / x50y (x3)dx3, dy =d / x50 (x3)dxs
—h/2 —h/2

(24)

By —ay) 22 4, 0P w P ay) L
T 0x20x2 T P axt | Taxdarr P axt T T 0x20x2
P’ 7 P¢, 99, P

+a5— tas——— + (a3 +a -Iy— —d, =

P oxd T ox 02 (a5 + a) axlox, ox; ox,or
ha2+( 0)04_@ —(a +a)(34_w_a()4_w
! 3x‘2‘ 2o 0x%z3x§ s dxfdx% # dx‘z‘
’¢, P, ’¢,
+la3s+ay) ——— +ayg——— +ay———
( » 25) 3x10x§ * dxféxz » dx;
o, i w P,

o Ao A =
0x, ax3or 0x,0t
Pw ow , 1 3d 1 PP

h|=d=F = 28d=E 4 o ook o

or? & Ry ox3 Ry 0x]

()z_cbdzw_z ’d Pw +02¢02_w
dxz ax% 0x10x2 ()xlaxz ax% 0)(%
4 4
+15; 0¢l + 1 0;% + g sin(a; x;) sin(a, X, ) cos (wt) =

(25)

where a,(k=1,2,3,p=1,2,3,5) are described in Appendix A.
Applying the Galerkin procedure to the set of Egs. (25) in the region

Ay ={(x;,x): 0<x; <L;,0<x, < L,}, after integration, one gets:
dw, ¢y

t t

+511w0+511 wO + 512010 + 513%20 =

St a2 12742
. Pwy d2¢
S21F 23 d2 +321W0+521 W + 522910 + 52320 = 0,

dh— +2§dh +s31w0+s31 Lwg + spuw)

+533¢10 + S34¢20 — 4o(1) cos (wt) = 0
where the coefficients sgp (k= 1,2,3,p = 1,2,3,4) are described in
Appendix B.
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Since the terms of inertia, the superscript t in the system of Egs. (26),
are ineffective due to their small value, ignoring them, excluding the
functions y,, and y,, from the three equations, the following nonlin-
ear ordinary differential equation CNT patterned damped structural
systems with double curvature within FSDT is obtained:

w, dw,

w TEa
where w; ,, denotes the linear frequency (LF) for CNT patterned struc-
tural systems with double curvature in the framework of FSDT and is
defined as:

PENCE
Opsar = <ﬁ) (28)

and other parameters are defined as:
#*NL

2
T O gqs

wy + A wé + Azwg — A3qq cos (wt) =0 27)

1= 531 53 !
1= —7> 2= =7 3= 57
dh dh dh
x g 215 _ 522534\ S11523 T 821513
S31 = 531 533 _ (29)
$23 523 $22513 — $23512

NL NL
«NL _ NL _ 33453 534522 5117523 = S1385)
S31 TS5 T + -
523 523 S12523 = S13522
The following initial conditions should be added to the Eq. (27) [8,
9,31]:

— dw,
w0=w0andw=0att=0 (30)
where wj is the initial deflection from the equilibrium position in the
center of the shells.

The occurrence of the primary resonance is required not only to
satisfy the condition w =~ w;,,, but also to consider damping, non-
linearity, and excitation in the system. The existence of nonlinearity
creates a term that includes cos(wy ,,t) for O(¢?), where ¢ indicates a
small perturbation parameter. We need order 2¢& %, as 2 %, and
A3qq cos(wt), as the £2 A5 cos(wt), so the nonlinear differential equation
can be converted into:

d2w, dw,
dt20 @l wy = —2g2g,od—t° — eAy0WR (1) — 20 w3(1) + €2 A cos(wr)
(€29)
where
A A 4340
10 = =X ho="T"» ho = 2 M0T TS 32)

The Eq. (31) can be investigated analytically using the method of
multi-scales, according to which displacement w, is expanded in a
series in a small parameter using new time scales in the following
form [8,19]:

wo(t,€) = woy(Ty, Ty, To) + ety Ty Ty, Ty) + 2wy Ty, Ty To) + - (33)

where T, = ¢"t is new independent variables, among them: 7, =

is the fast time characterizing movements with natural frequencies of

linear vibrations, T, = &t and T, = &£t are slow scales characterizing

the modulation of the amplitudes and phases of nonlinear vibrations.
The expansions of the derivatives in integer order traditionally used

in the multiple time scale method are as follows [8]:

4 =Dy+¢eD; + €Dy + -+,

dr

d2 5 2,10 (34)

~— = D2 +2eDyD, +€*(D? + 2Dy D) + -

dr?
where
ad ad ad
Dy=—, D;= — and D, = — 35
0= o1, VT oot M 2T on (35)

Also since the excitation expressed as Az, cos(w; 4,7 +07,) in terms
of T, and T;, is O(e?), for consistency the @ — @, is also assumed to
be O(£?) and is expressed as follows:

@ = w0y, + 20 (36)
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where ¢ is a parameter characterizing a small discrepancy between
frequency values, i.e. the degree of their “closeness”. This parameter
in perturbation theory is called the “detuning parameter”.

Substituting (33) and (34) into Eq. (31), after equating the coeffi-
cients with the same powers of ¢ to zero, we arrive at equations of
various orders:

€% Dlwg + @3, weo =0 37

1. p2 2 2
e 1 Dywy; + o7 4wy = —=2DgDywgy — Ajpwy, (38)

2. 2 2 2
7 Dowoz + .Qowo2 = —=2DyD wy; —2DyDrwqy, — D1 Woo — 2&10Dywog

=2A10WooWo; — Azowgg + Azg cos(wy 4, T + 0T,)
(39

The solution of the second-order linear homogeneous differential equa-
tion (37) has the form:

woy = ATy, Tp)eLsdiTo 4 A(T,, Ty)e~'@LsarTo (40)

where A(T},T,) denotes the unknown complex function and A(T;,T)
denotes conjugate function.
Substituting (40) into Eq. (38) one gets,
0A(T, T5)
o, ¢

D(z)wm + a)(z)wm = =2iwy g i LsaiTo

— Ay [A2(T1,T2)€2iwLMITU + A(Tl»Tz)z(Tl’TZ)] +CC
(41)

where CC is conjugate part to the previous terms.

In Eq. (41), to eliminate the secular terms in wj,, the partial deriva-
tive of A(T},T,) with respect to T is set to zero, namely AT _
and from this equation, A = A(T,) is obtained. Therefore, the solution
of Eq. (41) can be expressed as follows:

A _ . .
10 (—2A(T2)A(T2) + %Az(rz)ez'%ﬂo + %AZ(TZ)e_z’“’LSd'TO)
[0}

Lsdt

Wor =

(42)

Substituting expressions (40) and (42) into Eq. (39), the following
secular terms from the resulting partial differential equation are set
equal to zero:

A OA(Ty) 1045, \ , - o
2’0)L.\-m ﬁT +&,0AT,) ) + 3120 - 2 A (TZ)A(TZ) —0.5/130e 2 =
2 Lsdt

(43)

To solve Eq. (43), representing the functions A(7,) in the polar form,
i.e., assuming that

A =0.5re'? 44)

where r = r(T,) and ¢ = ¢(T,) are indicated the amplitude and phase
of vibration. Then expression (44) is substituted in Eq. (43), and by
separating the real and imaginary parts, the following two equations
are obtained.

or i
- N ‘ 45
aT, o7 201 a1 v >
) 2
9o Yhyw?  —104 A
00 _ M0 10,3 230 cosy (46)
aT, 24w}, 20 L

where y denotes the new phase angle that is determinant as:

v=0cT,—¢ (47)
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Determining ¢ from (47) and substituting it into Eq. (46), it takes
the following form:

9 9 yq?  — 1042 p)
P A LSd; 034 29 cosy (48)
oT, 28wy 20y 54

Steady-state motions occur for 2 aT =0 and d‘)’ =0, in this case the
forced vibration-amplitude relation for mechanical systems reinforced
by CNTs with viscous damping for the mode (m,n) is obtained from
Egs. (45) and (48) as follows:

2, 05
-2 30
oa= P —0 2 (49)
402 w27 0

Lsdt

where r = r/h indicates the dimensionless vibration amplitude, and the
parameter IT is expressed as follows:

1 10’1%0
I = 3 — — (50)
8 r5ar 307 g

In primary resonance, the nonlinear forced vibration frequency
(NLFVF) for double-curved nanocomposite shell-type structures with
viscous damping within SDT is expressed as:

2 05
fore; 2 2-=2 30 2
Wy poar = PrLsar + € (AT —2_2—510 (51)
4aJL 2T

The ratio of NLFVF/LF ratio for double-curved shell-type structures
patterned by CNTs can be defined by the following relationships:

fore; 2 2
N Lsdt £

A
T B (e
DL sdr DL sdt 4a>L dthz?

The expressions (51) and (52) can be used for nanocomposite
spherical and hypar shells, panels and plates with and without viscous
damping in the framework of FSDT, as R, = R,, R; = —R,, R} - &
and R, - o, R, — o, respectively.

As & =0, form expressions (51) and (52), NLFVF and NLFVF/LF ra-
tio for double-curved nanocomposite elements without damping within
FSDT are obtained as a special case.

As qo =0 and & = 0, form the expression (51), the backbone curve
(or wB N LS ” ,) for double-curved nanocomposite structural elements in the
framework of FSDT is obtained as a special case.

When the effect of transverse shear deformations is not taken into
account, the expressions (51) and (52) are valid in the framework of the
classical shell theory, and CST is written instead of FSDT in the index
of frequencies and their ratios.

0.5
—5120) (=12 (52

5. Numerical applications

Applications are made using a single-mode approach to explore
and validate the model created for geometrically nonlinear vibrations
model of CNT patterned shells. This led both in the cases of free and
forced nonlinear vibration to simple formulas, i.e., equations (51) and
(52), which determine the main curves and functions of the nonlinear
frequency response in terms of the nonlinear characteristics of the
shells. This makes it very easy to apply the present results to different
shell configurations (spherical and hypar shells, panels and plates) and
different types of excitation, simply by entering into these expressions
the appropriate parameter values in each case.

5.1. Validation

In Table 1, the wﬁB Jw; ratio for homogeneous orthotropic shells

is compared with those of Sheng and Wang [18]. The wBB is defined

as wh® = w; + €0y, in which the detuning parameter o is obtained

from the expression (51) by setting & = 0, 43y = 0 and V_,(x3) = 0.
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Table 1

Comparison w2? /o, ratio for homogeneous orthotropic shells.
r/h Sheng and Wang [18] Present
1.5 1.0149 1.01554
2.0 1.0265 1.02723
2.5 1.0414 1.04531

Table 2

Comparison ®,,,, for four structural elements patterned by UP and XP in the
framework of SDT.

Ry/L, R,/L, @15 = Opgar (L7/R) V/d" [Y™
v Ref. [26] Present study
18)34 XP 18] XP
0.11 20.238 22.432 20.286 22.493
2 2 0.14 21.655 23.997 21.756 24.064
0.17 25.021 27.883 25.158 27.893
0.11 17.106 19.588 17.332 19.853
2 -2 0.14 18.626 21.225 18.924 21.512
0.17 21.093 24.274 21.423 24.524
0.11 18.126 20.548 18.116 20.545
2 0 0.14 19.628 22.179 19.670 22.178
0.17 22.380 25.488 22.415 25.408
0.11 18.008 20.624 17.332 19.853
0 0 0.14 19.608 22.349 18.924 21.512
0.17 22.207 25.557 21.424 24.524

The initial data are used [18]: L,/R, = 7, R; — o, h/R, = 0.01,
Y =2x10" Pa, Y;3 = ST, = 10'0 Pa, P/ = 1/5 and d™ = 7.8x10° kg/m?>.
When comparing the values presented in Table 1, it can be seen that
our results are in good agreement with the results of [18].

In Table 2, the values of nondimensional frequency parameter
®i1sar = ®pgqr (L3/h) \/d" /Y™ for spherical and hypar shells, cylin-
drical panels and plates with U and X patterns are compared with
those of Pouresmaeeli and Fazelzadeh [26] for (m,n) = (1,1), h/L, =
0.05,L,/L, = 1. The material properties of PMMA are: Y” = 2.1 GPa,
P" = 034 and d" = 1.15 x 10* kg/ m3. The material properties of
CNT is defined as follows: chl" = 5.6466 TPa, Yzcz" = 7.08 TPa, Slcg =
1.9445 TPa, P& = 0.175 and d°" = 1.4 x 10* kg/m’. The CNT efficiency
parameters for the structural systems are used in ref. [26] as: e; =
0.149,¢, = e3 = 0.934 for V¥ = 0.11, e; = 0.15,¢; = e; = 0.941 for
Vi =0.14 and ¢; = 0.149,e, = e = 1.381 for V} = 0.17. Looking at the
results presented in Table 2, our results are in good agreement with the
results in Ref. [26].

5.2. Unique numerical examples

The properties of the poly methyl methacrylate (PMMA) matrix
and CNTs used in the initial numerical calculations are the same as
in Table 2, only Y™ = 2.5 GPa is used instead of Y” = 2.1 GPa.
The CNT efficiency parameters for the structural systems are used as:
e; = 0.137,¢, = 1.022,e5 = 0.715 for V¥ = 0.12, ¢; = 0.142,¢, =
1.626,¢5 = 1.138 for V* = 0.17 and ¢, = 0.141, ¢, = 1.585, e5 = 1.109 for
V. =0.28 [25]. The shear stress function is used as, f = x5(1 —4x§/3h2).
In all calculations, except Fig. 6, use the following expression for the
amplitude of the external excitation [11,15,19]: ¢, = Aqhzd"'wZL. Maple
software program has been used in the numerical computations.

The variations of the magnitudes of nonlinear frequencies of wI/VOL””
and w88 for O patterned spherical shell, hypar shell, cylindrical panel,
and plate depending on the amplitude r/A for different viscous damping
parameter ¢, in the framework of (a) SDT and (b) CST are plotted
in Figs. 4a and 4b. The geometric parameters that used in numerical
calculations are: L,/L, = 1,R;/L, = 1,L;/h = 20,(m,n) = (1,1),
Ve =0.12, A, = 0.068 and & = & ;. Due to the increase of r/h from

0. 05 to 0.61, wﬁ”{” and w®5 frequencies of spherical and hypar shells
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Table 3
Variation of w/ (i =1,2) and wpBfor CNT patterned spherical and hypar shells such as (a) UP and (b) OP without damping against the r/h for different V.
UP OoP
SDT CST SDT CST

. . . A . . T A R A
0.05 46.768 43.258 45.013 51.729 47.848 49.789 42.545 39.352 40.949 45.361 41.956 43.658
0.13 45.673 44.323 44.998 50.552 49.059 49.805 41.502 40.274 40.888 44.284 42.975 43.629
0.21 45.387 44.551 44.969 50.299 49.374 49.837 41.154 40.393 40.774 43.980 43.169 43.574

0.12 0.29 45.229 44.624 44.926 50.217 49.548 49.883 40.881 40.330 40.605 43.787 43.200 43.493
0.37 45.107 44.633 44.870 50.206 49.681 49.944 40.599 40.167 40.383 43.616 43.156 43.386
0.45 44.995 44.605 44.800 50.235 49.804 50.019 40.285 39.930 40.107 43.443 43.064 43.254
0.53 44.882 44.551 44.717 50.293 49.927 50.110 39.928 39.627 39.777 43.256 42.934 43.095
0.61 44.763 44.476 44.620 50.374 50.056 50.215 39.524 39.263 39.394 43.050 42.771 42.910
0.05 58.057 53.745 55.901 63.244 58.546 60.895 52.928 48.996 50.962 55.778 51.634 53.706
0.13 56.722 55.063 55.892 61.820 60.013 60.916 51.661 50.148 50.904 54.474 52.880 53.677
0.21 56.389 55.362 55.876 61.516 60.398 60.957 51.264 50.327 50.795 54.115 53.128 53.622

017 0.29 56.223 55.480 55.852 61.422 60.612 61.017 50.974 50.296 50.635 53.898 53.184 53.541
0.37 56.111 55.528 55.820 61.414 60.779 61.096 50.689 50.158 50.424 53.714 53.154 53.434
0.45 56.020 55.540 55.780 61.456 60.934 61.195 50.379 49.942 50.161 53.532 53.072 53.302
0.53 55.936 55.529 55.732 61.534 61.091 61.313 50.032 49.661 49.847 53.339 52.948 53.144
0.61 55.854 55.501 55.677 61.642 61.257 61.450 49.643 49.320 49.482 53.129 52.790 52.959
0.05 67.086 62.211 64.648 76.214 70.676 73.445 61.397 56.934 59.166 66.372 61.548 63.960
0.13 65.540 63.664 64.602 74.532 72.402 73.467 59.902 58.185 59.043 64.830 62.974 63.902
0.21 65.095 63.934 64.515 74.168 72.849 73.508 59.344 58.281 58.812 64.367 63.219 63.793

0.28 0.29 64.806 63.965 64.386 74.046 73.091 73.569 58.858 58.088 58.473 64.049 63.217 63.633
0.37 64.545 63.886 64.216 74.023 73.274 73.649 58.326 57.723 58.025 63.747 63.095 63.421
0.45 64.276 63.734 64.005 74.056 73.440 73.748 57.716 57.220 57.468 63.426 62.890 63.158
0.53 63.982 63.522 63.752 74.128 73.605 73.866 57.013 56.592 56.802 63.071 62.616 62.844
0.61 63.658 63.259 63.459 74.231 73.778 74.004 56.211 55.845 56.028 62.676 62.281 62.478

Sforey

with and without damping decrease, while the w, ™ first increases,
and after reaching the maximum value, it decreases in the framework
of FSDT and CST. The w]fVochz and w5 for the cylindrical panel and
plate increase, while the wf et decreases due to increase of the r/h.
In addition, for all structural elements w}fv " increases, while wICGL”‘
reduces, as the viscous damping parameter ¢, increases from O to
0.09. The effect of viscous damping on the nonlinear frequencies for
all considered structural elements increases with increasing of r/h.
For example, depending on the increase of r/h from 0.05 to 0.53,
the influences of viscous damping on the nonlinear forced vibration
frequencies are increased by (4.4%), (6%), (3.8%) and (3.7%) for the
spherical shell, hypar shell, cylindrical panel and plate, respectively
with a fixed & (= 0.07). The viscous damping effects on wﬁal"‘ and

]CDL”‘ for spherical and hypar shells, panel and plate with the O
pattern increase by (4.8%) and (6%), (5.8%) and (7.66%), (4.53%) and
(5.51%), and (4.46%) and (5.41%), respectively, as the &, increases
from 0.03 to 0.09 for fixed r/h (=0.33) within SDT, whereas those
effects are around (1%) smaller within CST. The effect of shear strains
on wy LE‘ increases weakly, while on wf "2 for spherical and hypar
shells it decreases weakly, but vice versa for the panel and plate, as &,

increases.

Table 3 shows the variation of wf 7 = 1,2) and w58 for two

different patterned (a) spherical and (b) hypar shells such as UP and
OP without damping against r/A for V} = 0.12, 0.17, 0.28 within FSDT
and CST. The dashed curves correspond to the nonlinear backbone fre-
quency, The following parameters are used in drawing the curves:

R,/L, _2 L/Lz_l L/h =20, A, = 0.004 and (m,n) = (1,1). The
effects of shear strains on wlfVGer;t(i = 1,2) and w25 for both shallow
shells increase due to the increase of r/h. For instance, depending on
the increase of r/h from 0.05 to 0.61, the influences of shear strains on

ﬁ”g’d,(z = 1,2) and w25 for the spherical shell increase from (11.98%)
to (14.26%) and from (7.49%) to (10.33%), while those effects in the
hypar shells increase from (13.79%) to (16.41%) and from (9.14%) to
(13.15%) for U and O patterns, respectively, at V* = 0.28. The effects
of shear strains on wf (i =1,2) and w8 for spherlcal shells with
the O pattern are (8. 2%), (6 57%), and (10.33%), whereas those effects
for hypar shells are (10.59%), (8.66%), and (13.15%), respectively for

V¥ =0.12, 0.17 and 0.28. As can be seen, the V effect on frequencies
is more pronounced in hypar shells. Addltlonally, the greatest shear
strains effects occur at ¥ = 0.28 in the hypar shallow shells, while
the smallest effects occur at V* = 0.17 in the shallow spherical shell.
The effect of the O pattern on the w,{,”L’f’d (i =1,2) and w25 for both
shallow shells increase due to the increase of r/h. In addition, the
largest O pattern effect differences between V* = 0.12 and V. = 0.17,
and between Vi =0.12 and V) =028in the spherical shell are (0.6%)
and (0.55%), whereas this difference in the hypar shell are (0.46%) and

(0.44%), respectively, at r/h = 0.61.

The changes of w}(Jaeriz (i =1,2) and w8 for two different CNT pat-
terned (a) spherical and (b) hypar shells without damping depending
on the r/h for different excitation amplitude, g, in the framework of
SDT and CST are illustrated in Fig. 5. This analysis takes into account U
and O patterned shells, and uses the following geometrical data related
to them: V¥ =0.12, ¢y = {0.1,0.3,0.5} x 10° (Pa), R, /L, =3, L, /h = 20,
L,/L, =1, (m,n) = (1, 1). Due to the increase of g, the wfm‘ of shallow
shells increase and the wI{;’chz decrease, while the wf o (G =1,2) and

B’i for the spherical shell are more pronounced than those of the
hypar shell. When the difference between the w]vaLrC‘ for the shallow
shells is examined, it is observed that the difference between the wI/V"L’CZ
increases while this difference decreases due to the increase of ¢, from

0.1 x 10° to 0.5 x 10° (Pa).

The effect of shear strains on ngrc‘ for shallow shells decreases
due to the increase of ¢y, while this effect on the wlfv"chz increases.
For instance, due to the rise of g, from 0.1 X 10° to 0.5 x 10° (Pa)
for r/h = 0.05, the shear strains effect on the w]{,"LrC‘ for the spherical
shell patterned by OP decreases from (7.04%) to (5.80%), it increases
from (7.76%) to (9.41%) for w/ 2 Likewise, the shear strains effect
on the wf 1 for the hypar shell w1th the OP decreases from (8.24%)

to (6.55%), while it increases from (9.22%) to (11.55%) for wlf,ozcz.

The influence of shear strains on the wf:/”L”'(i = 1,2) of the spherical
shell is smaller than its effect on the frequencies of the hypar shell. The
shear strains effect difference between shallow shells patterned by UP
decreases (0.3%) and (1.36%) for w1{J0qu and w]fVOL"z, respectively due
to the increase of r/h from 0.05 to 0.61, at g, = 0.5 x 10°. Depending
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Fig. 4. Variation of magnitudes of w]{,"[c’(i =1,2) and wy? for O patterned structural systems against the r/h for different damping parameter ¢, within SDT and CST.

on the increase of ¢, from 0.1 x 10° to 0.5 x 10°(Pa), while shear strains
effect difference between shallow shells patterned with OP decreases

for w]j\’jozcl by (0.44%), it increases (0.68%) for w}{,ochz, at r/h = 0.61.

Due to the increase of r/h from 0.05 to 0.61 and when ¢, = 0.5 x
105(Pa), the OP effect on the w]fv”zcl and w28 for the spherical shell
within SDT increases (3.4%) and (1.3%) respectively, it reduces first by
(2.1%) and then increases by (0.77%) for w{,ochz. Similarly, due to the
rise in r/h from 0.05 to 0.61, the influence of the OP on the w]j\’jozcl and
w]l\’[lz for the spherical shell in the framework of CST increases (2.96%)
and (0.71%), respectively, it decreases first by (2.3%) and then slightly
increases by (0.3%) for w]{,ochz. Depending on the increase of r/h from
0.05 to 0.61 when ¢, = 0.5 x 10, the O pattern effect on the wI{;’L’cl
and w]’f,‘L’ for the hypar shell within SDT increases (3.1%) and (0.43%),

respectively, it reduces first by (3.13%) and then slightly increases by

(0.1%) for wl{,”icz. Likewise, depending on the rise in r/A amplitude

from 0.05 to 0.61, the influence of the O pattern on the wI{IOchZ and
BB

@yl of the spherical shell in the framework of CST reduces (1.35%)
and (0.3%) respectively, it increases first by (0.7%) and then slightly

decreases by (0.1%) for w]{,oL’Cl.

Due to the increase of g, from 0.1x 10° to 0.5x 10°(Pa) at r/h = 0.05,

the O pattern effect on the wI{,och' of the spherical shell reduces (1.81%)

and (1.94%) for SDT and CST, respectively, while the effect of the

OP on w]fvochz of the spherical shell increases (2.34%) and (2.38%) for

SDT and CST, respectively. Likewise, the OP effect on the w]{,"L"] for
the hypar shell reduces (2.26%) and (2.34%) within SDT and CST,
respectively, while the influence of OP on the w]{[”ch for the hypar shell
increases (3.05%) and (2.95%) within SDT and CST, respectively.
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Fig. 5. Variation of wJC”L'C' i=1,2) and w8 for CNT patterned (a) spherical and (b) hypar shells the /A for different excitation amplitude g, within SDT and GCST.

The changes of nonlinear forced vibration frequency to linear fre- Ly/h = 20, L;/L, = 05, A, = 0004 and (m,n) = (1,1). While
quency ratios of two different CNT patterned (a) spherical and (b) the w1{/ o Jop, and wBE  Jw, . ratios of the spherical shell pat-
hypar shells without damping against the amplitude r/A in the frame- terned by UP decrease due to the increase of r/h from 0.05 to 0.61,
work of SDT with different R, /L, are shown in Fig. 6. This analysis m]fv 2 oy ratio first increases and becomes a maximum and then
takes into account U and X patterned shells, and uses the following decreases for all R,/L,. While u.,lf:] "L’”; Jop. and w88 Jw, , ratios

sdt N Lsdt S

geometrical data related to them: V7 = 0.12, R;/L; = 1.0,1.5,2.0, of the hypar shell patterned by UP decrease due to the rise of r/h
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. forey . . .
in the range of R,/L, < 2, wy,? /o, ratio first increases and

becomes a maximum and then decreases. Depending on the increase
_ Sfore BB .
of r/h, when R, /L, =2, the wy;, !, /o, and wNL:Drr{stdt ratios of
the hypar shell patterned by UP decrease, while wy | > /o, ratios
increase. Depending on the rise of r/h in the range of R, /L, < 2, while
forey BB . .
Dy 1o/ Prsar a0d w7 o Jo; 4 ratios of shallow shells patterned with
XP decrease, @y, 3, /@y Tatios first in;rease and become maximum
— orcy BB
an<.i then decrease. When R,/L, = 2, w]VLsdt/wLSdf and w}\{Lsdt/wLSdf
ratios of shallow shells patterned by XP increase due to the increase of
r/h, while wl{,"zzg /o4, ratios first decrease and become minimum and

then increase. Besides, the frequency ratios of shallow shells increase

10

with the increase of the R;/L, ratio from 1 to 2. Due to the increase
of r/h from 0.05 to 0.61 at R;/L; = 2, the effect of the XP on the
frequency ratios increases (2.27%) and (7.87%) for the spherical and
hypar shells, respectively. Depending on the increase of R;/L; from 1
to 2, while the effect of the XP on the frequency ratios of the hypar shell
increases, this effect on the frequency ratios of the spherical shell first
increases and then reduces. For instance, due to the rise of R, /L, ratio
from 1 to 2 at r/h = 0.61, the influence of X pattern on frequency ratios
decreases in the hypar shell by (5.84%), while it first slightly increases
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by (0.33%) and then slightly decreases by (0.8%) in the spherical shell.
The XP effect on the frequency ratios of hypar shells is greater than the
effect on the spherical shell. While the largest XP difference between
spherical and hypar shells occurs at R;/L; = 1 and r/h = 0.61, it
decreases by (5.6%) due to the increase of R,/L; from 1 to 2.

6. Conclusions

The forced vibration of CNT patterned double-curved nanocom-
posite shells with and without viscous damping is investigated within
nonlinear shell theories. After mathematically modeling double-curved
structural systems with CNT patterns, the nonlinear fundamental dif-
ferential equations have been derived in the framework of FSDT. Then,
using the Galerkin method, the problem is reduced to the NLFV of con-
tinuous systems patterned by CNTs in the absence of viscous damping
with quadratic and cubic nonlinearities. By applying the method of
multiple scales to the ordinary differential equation with quadratic and
cubic nonlinearities, the nonlinear forced frequency-amplitude relation
with viscous damping and relation of the backbone curve are obtained.

Numerical analysis reveals the following generalized results:

(a) Due to the increase of r/h, w}{/achl and BB frequencies of
spherical and hypar shells with and without damping decrease,
while the wl{ij'"L‘z first increases, and after reaching the maximum
value, it decreases in the framework of SDT and CST.

(b) The wﬁzcz and w25 for the cylindrical panel and plate increase,

fore decreases due to increase of the r/h.

NL
(¢) For all structural elements w.](]zzcz increases, while w

duces, as the viscous damping parameter &, increases.

(d) The effect of viscous damping on the nonlinear frequencies for
all considered structural elements increases with increasing of
r/h.

The effect of shear strains on w'ICDLrC‘
wj{;’L”Z for spherical and hypar shells it decreases weakly, but
vice versa for the panel and plate, as ¢, increases.

Depending on the increase of g,, while shear strains effect dif-
ference between shallow shells patterned with OP decreases for

while the w

forey

NL re-

(e)

increases weakly, while on

®

forey .. . Sforey _
)y, ', it increases for wy, ,at r/h=0.6l.
(g) Due to the increase of g, the w/”! of shallow shells increase
g 0 NL

and the m]fvach; decrease, while the wlfvtlrc"(i =1,2) and w}® for

the spherical shell are more pronounced than those of the hypar

shell.

The effect of shear strains on wﬁ"ch‘ for shallow shells decreases

due to the increase of g, while this effect on the w'ICOL’EZ increases.

(i) The greatest shear strains effects on the wﬁ’;i‘d (i =1,2)and w5E
occur at V¥ = 0.28 in the hypar shallow shells, while the smallest
effects occur at V7 = 0.17 in the shallow spherical shell.

() The effect of the O pattern on the wI{IOer‘;h(i =1,2) and w25 for
both shallow shells increase due to the increase of r/h.

(k) The largest O pattern effect differences between V* = 0.12 and
vV} =0.17, and between V} = 0.12 and V* = 0.28 occur in the
spherical shell.

() The influence of shear strains on the w']CDL’C’ (G = 1,2) of the
spherical shell is smaller than its effect on the frequencies of the
hypar shell.

(b
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Appendix A

@y byy(k=1,2,3,p=1,2,...,8) and I (k = 3,4) are defined as,

ayy = cypibyy +cipbars app = cqppbip + e by,
ay3 = cy1byz +cpabp3 + e,
ayy = cpibig +ciprbog + c1op, ays = cppibys + ey bas + cys1,
ayg = cy1big +cia1bg + cygys
ay1 = c11byy + eapbars ax = cp11bip + eap1bogs
ay; = cp11b13 + can1byz + ¢op2s (A1)
agy = C11b14 + Cop1bog + €202, a5 = co11by5 + €01 b5 + Cos1,
g = Cp11b1g + Cpo1bog + Cogys
a31 = cep1b35, a3 = Cep1b3p + 2660, 35 = €351 — Cep1b355
asg = c331 — Co1 D38,
df
I, =/ d—dx3,(k=3,4)
—h/2 4X3
where
€220 €120 €120€211 ~ €1116220 €120€211 ~ €121€220
by =—=, bp=—-—, b3 = s by = ’
A A A A
b= €250€120 ~ €150€220 _ ©280€120 ~ €180€220 _ %0 b €110
15 A > Y18 A s Y21 A ) 22 A ’
b = C111%210 ~ ©211€110 by = €1216210 ~ €221€110 b = €150€210 ~ €250€110
23 — ’ - > Y25 T ’
A A A
1
b3] -
€660
b = €180€210 ~ €280€110 A=
8= 4 4% €110€220 ~ €120€210>
o = 2¢66) _ G350 €380
32 — - ) - ) = T
Co6! €660
h/2 ; h/2
S, = Q”(x3)x3‘dx3, € = 015(x3)x3 dx;,
41//2 —h/2
h/2
iy =

Q) (%3)x} dxs,
h/2

7h/2 . h/2 .
i, =/ sz(fs)";1 dxs, cop, =/ Q66(§3)x;ldx3’ i =0,1,2
—h/2 —h/2

h/2 _ h/2 _
Cis5i, = Fl(x3)Q11(x3)x3 dxs, Cigi, = Fz(x3)Q12(x3)x3 dx;,
—h/2 —h/2

h/2 _ h/2 .
€250, :/ ) Fl(x3)Q21(§3)x'32dx3, Cagi, = /h/2 Fz(x3)Q22(§3)x'32dx3,

h/

h/2 .
C35i, =/ , T (x3)Q6(%3)x7 dx3, c3g,, =
Y3

2 .
/ Iy(x3)Qg6(X3)x2dx3, iy =0, 1.
—h/2

(A.2)
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_ 27 2 2 2 2
s1p = {ks (a1 = a3))aj + apaf] = apza — (a14 +az) az}’

NL
S

- 3
__64kjap @

[L= D" = D"+ (D™ siy = —dyar,

3L|L, af

- 2 2 r_ — 2
S;p = ag (‘1150‘1 +azsa; + F3) , S, =dyay, s;3=(ajg +azglajas,

_2/7 2 2 2 2
Sy =@ {k3 [a21a2 +(ay — a31)a1] — (a32 + a23) ay — axa; } s

_ 64k, ay) @

sk 3 [1= (D" = D"+ (=)™, s, =—da,
LiLy o
2 2 2 ' (B.1)
Sy = (a5 + a35)a1a2, Sp3 = @y (a28a2 +axa; + F4) s Sy = dya,,
a a
— 1 > 9 2T =
sy =ky| — +— ,s32=2aa<k1+k2),
R2 Rl 172
8 ki a ky a -
sﬁl‘:— it st AP B + ajayk;
3L,L, Ryay Ry
[1-(=D"=(=D"+(=D""],
833 = 30y, s34 = T4y,
where
2 2
- 1 % = L - 1
1= 357 2 2= 355 5 K3
32by; a? 32by; o? bya} + (byy + by + by )ataZ + bya;
(B.2)
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