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In this study, the influences of material gradient and nonlinearity on the forced vibration of orthotropic shell
structures under external excitations are investigated for first time. The mathematical model of inhomogeneous
orthotropic double-curved shallow shells is built using the Hamilton principle and von Karman-type nonlinear-
ity. The basic equations are reduced to nonlinear ordinary differential equations using the Galerkin procedure.
Using the multiscale method, the frequency-amplitude relations of double-curved shallow shells and the non-
linear frequency response of forced vibrations are obtained for first time. The reliability of the obtained expres-
sions is checked by comparison with the literature data. In numerical analysis, the influence of inhomogeneity,

orthotropy, nonlinearity, and the external excitation parameter on the frequency of forced vibrations is inves-
tigated in detail by performing unique numerical calculations taking into account various profiles of inhomo-
geneous orthotropic shallow spherical and hyperbolic paraboloidal (or hypar) shells.

1. Introduction

The shallow shells with Gaussian curvature are among the most
widely used as structural elements in engineering applications in
recent years. One of the most important features of such structural ele-
ments is the unique architectural design and the possibility of bridging
large openings in two directions without intermediate supports. It is
known that shallow shells are subjected to various dynamic loads in
their areas of application. One of the most dangerous loads for the reli-
ability and safety of structural elements are periodic dynamic loads
that cause forced vibrations [1,2]. The nonlinear effects of forced
vibrations of shallow shells create a frequency dependence in the
vicinity of the resonant frequency. Unlike natural vibrations, forced
vibrations are not damped because they are continuously subjected
to external excitation pressures. Since the amplitude of the forced
vibrations, as well as the stresses and stresses in the shallow shells,
increase significantly, unexpected damage to structural elements
may occur. The problem of studying steady-state forced vibrations is
applicable to structures used for various purposes, due to the wide-
spread use of loading modes that cause intense resonant vibrations
in them. The study of forced vibrations of shells made of homogenous
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orthotropic materials at finite deflection is critical for the design of
aerospace structures, as shown in references [3,4].

The widespread use of shallow shells in modern technologies
necessitates the use of the latest materials of the era in their produc-
tion. One of the material types in this class is inhomogeneous orthotro-
pic composite materials. One of biggest challenges in mathematical
modeling of shallow shells composed of inhomogeneous composite
materials is the modeling of material heterogeneity. In the literature,
the studies on the modeling of properties of inhomogeneous orthotro-
pic materials are limited in number, and solutions are generally pro-
duced using these models [5-9]. The most of investigations on the
forced vibrations of inhomogeneous shells have been carried out using
inhomogeneous isotropic materials. It should be emphasized that these
studies are also limited in number [10-20].

In modeling, as the inhomogeneous orthotropic properties of mate-
rials forming the shallow shells, as well as the geometric nonlinearity
are taken into account, the derivation of fundamental equations and
the solution of problem become considerably difficult. For these rea-
sons, there are very few studies on the large amplitude vibration of
inhomogeneous orthotropic spherical and hypar shells and these
works belong to the solution of free vibration problem [21]. The liter-
ature researches show that the nonlinear forced vibration problem of
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spherical and hypar shells made of inhomogeneous orthotropic mate-
rials subjected to the external excitation cannot be investigated. The
current study is devoted to the solution of this problem.

2. Problem statement

In Fig. 1 shows an inhomogeneous orthotropic a) spherical and (b)
hypar shells with the radii of curvature R; and R, subjected to the
time-dependent external excitation q(t). The thickness, length and
width of the inhomogeneous orthotropic double-curved shallow shell
are h, a; and ay. As usual, the curvilinear orthogonal coordinate system
Xx1Xx2Xx3 is located at the corner of the inhomogeneous orthotropic
double-curved shallow shells on the mid-surface. The displacement
components u;, U, uz of any point of the inhomogeneous orthotropic
double-curved shallow shell are directed to the x;, X3, x3 axes,
respectively.

The mechanical properties of inhomogeneous orthotropic double-
curved shallow shells are defined by [5-9]:

Eilqa — Yll-llerh(x 3+0,5)7 EX 3(X3)

E)1(23 — Yll'Izelh(x’ngO‘S)7 D; 3 D/l;levyz(x’ngO.S)7 ;(3 — Xg/h

H _m(x 3+0.5)
Y € ,

(1)

where Y[/ (i,j = 1,2) denote the elasticity moduli and D/ denotes
the mass density of homogenous orthotropic materials. Furthermore,

n;(i = 1,2) depend on the x3 coordinate and are the rating coefficients
for the elasticity moduli and density, providing the following inequal-

ity =1 <#; <1 (i=1,2). It is noted that inhomogeneous orthotropic
materials turn into homogenous orthotropic materials, at
n =0 (i=1,2).

In Figs. 2 and 3, the variations of elasticity modulus (Ef3) of inho-
mogeneous orthotropic shallow shells consisting of graphite/epoxy in
two- and three-dimensional coordinate systems according to the x3
coordinate are presented for ; = —1 and 5; = +1, respectively. In
Figs. 2 and 3, x; is the nondimensional length coordinate and
X; =x1/a;. The changes of other elastic properties and density
depending on the nondimensional thickness coordinate can be drawn
similarly.
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The plane stress constitutive relations of inhomogeneous orthotro-
pic double-curved shallow shells can be built as follows [21]:

0 _ &u 3
o1 ‘I11 ql% 0 X g
on | = | g5 ¢330 e x30 (2)
o12 0 0 q66 — 2x; 2

dxl()xg

where qg;‘? (i,j=1,2,6) are the transformed reduced stiffness
described by,
E’?? 1/],

s = L= g, =E*, (i,j=1,2
‘ 1= vy % 1—14]1/,1 =G Qoo =By (0 )

The strains of inhomogeneous orthotropic double-curved shallow
shells associated with the displacement field are as follows:

o Qu _ ug 2
& o 0x1
2
| = |om w1 (on 3)
0 Oxo Ixo
P

duy 4 om 0u1 4w duz Jug

Ix1 Ixa Ix1 Oxa

The stress resultants and couples of inhomogeneous orthotropic
double-curved shallow shells are defined by [1,13,16]:

h/2
(Ny, My) —/ (1,x3)05dxs, (i,j=1,2) (4)
—h/2

The stress function for the stress resultants defined by [1]:
O*F O°F O°F

Ny1,Nyy,Nyp) =h| ==, —, —=——— 5
N Mo o) = (2. 58 =00 g
By using relations (2), (4) and (5), and considering the condition of
compatibility (Volmir [1]), which expressed in terms of u; and F, the
equations of forced vibration of inhomogeneous double-curved shal-

low shells with a von Karman-type nonlinearity may be written as,

L1 (F) + Li2(us) + L13(F,us) +q(t) = DIH%

P
L1 (F) + Laa(us) + Lys(us

.U3) =0 (6)

where

Fig. 1. Inhomogeneous orthotropic double-curved shallow shells under external excitation.
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Fig. 3. Variation of E’;‘i versus the thickness coordinate x; in (a) three and (b) two-dimensional coordinate systems for 17, = +1.

Ly (F) :h{Cm%Jr(Cn —2C5 +sz)ﬁ+cm%+é% i%:lv

Lip(us) = *C135% —(C14 +2C32 + Czs)%xg - C24%7

2
Ox]

_p(& 2 > & >
Lis(F,us) = h(a—xg 3~ oo on T 02 @)
P . o4
Ly (F) = h[Buod—;za-i- (B12 + Bay +331)(9X%L;x§ +Bzz(§7{]7
" 2 2
Loy (u3) = —3235%— (Bas + Bus _B32)ax?73x§_3142%+ (RL2 57%"",%16%2),

2\, 2 &
Lys(us,uz) = — Tx10%5

w2 2
Ox7 0x3

()

where D™ =i [*7, 2 (5705) dxg — hDY (e — 1),  Cy,By(ij =
1,2,...,4) are defined in Appendix A. Note that the Karman geometric
nonlinearity and linear operators are given in terms of Ly(-,-) and
Li(-), G, j = 1,2, k = 3), respectively.

3. Solution procedure

The inhomogeneous orthotropic double-curved shallow shell obeys
simply-supported boundary conditions, and presented as follows [1]:

uz =0, ‘?:23:0, at x; = 0 and x; = ay
e (8)
113:0, 0)(23:0’ at X = 0 and x5 = ap
2
The approximation function u; is sought as follows [1,19]:
U3 (X1, X2, t) = us(t) sin(kyxy) sin(kzxz) 9)

where k; = mz/a;, ko, = nz/az, and us(t) is the function depend-
ing on the time.
Letting (9) in the second equation of (6), after integrating, one gets

F = Liuscos(2kix; ) + Loiiacos(2kyxy) + Lattssin (ks xy )sin (kyxy) (10)
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where
K k7
L= s = 5 I3
32hk;B2, 32hk;B1q

_ Bask} + (B2s + Biz — Baa)k3k3 + B1aki + K2 /R, + k3 /Ry
h(Buk‘z‘ + (B1a + Bay + B3y )K2K2 + Bzzk?)

(11)

By applying Galerkin method to the first equation of the set (6) and
introducing (9) and (10) in this equation, and assuming that the exter-
nal exciting load changes harmonically [1,2,14], i.e.,

q(t) = gocos(gt) (12)

we obtain the nonlinear differential equation of forced vibration for
inhomogeneous orthotropic double-curved shallow shells as follows:
d2
d qr2

where ¢ and q, indicate the frequency and amplitude of the exter-
nal excitation, respectively, w;, = wo denotes the linear frequency for
inhomogeneous orthotropic double-curved shallow shells and defined
by,

° 1 wlus + Q1u3 + Qzu3 Qsgocos(gt) =0 (13)

— Clzk‘lt —(C11 —2C3 + sz)kfkﬁ — Czlkg] hp,

0.5
+C13k] + (Cra + 2C33 + C24)ICK + Caak3 )

(14)
in which
4 4 272 2 2
Q, = S 8C12K! 1 +8Co1 k3l —k2k2ls —2L k2 /Ry —2lok2 /Ry Q, = M2 (1 +1o)
1= 3D51H ajaskiky DII ’

(15)
Q= %: Yom = [1 = (=1)" = (=1)" + (-1)™"]

As can be seen, the equation of motion (13) is an inhomogeneous
differential equation and the external excitation, which is a harmonic
function q(t), is the non-homogeneous term of this equation. Let's
write the Eq. (13) in the following form:

d?us -2 -3
@z + wius = —Qq1 €Uty — Qu 71Uy + Q31 °cos(gt) (16)
where the following definitions apply:
Q Q Q39
Qn =5 Qx =2 Qs = 2 (17)

The initial conditions are given as [2]:

- - dﬁ3

us = U3max;,

P Yo 18
t=0 dt ( )

As it is known, in the case of primary resonance, assuming that the
frequency of the external excitation ¢ and the frequency w, for the lin-
ear vibration are very close to each other, the correlation between ¢
and wy is used as a detuning parameter o:
¢ = + o (19)

where 6 = O(1). The Eq. (16) is solved by a perturbation method
using multiple time scales. When this method is applied to the solution

Eq. (16), we sought the solution in terms of different scales by
Us(t, €) = Uos (70, 71, 72) + €hi3(70, 71, 71) + £Uh13(70, 71, 71)- (20)

where 7y =t, 71 = et and 7, = £2t. Furthermore, the excitation in
terms 7o and 7, can be expressed as,

ot = wtg + 073 (21)

Introducing of (20) and (21) into (16) and equating the coefficients
of £i(i=0,1,2), one gets

D3ﬁ03 + w§ﬂ03 =0 (22)
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D23 + witys = —2DoDitlos — Qi 23
bli3z + wglss oD1loz — QiU (23)

D2uzs + @2Uzs = —2DoDius3 — 2DoDaligs — D2Ugs

_ . 3 (24)
1 Dottgs — 2Qq Upsttns — Qallys + Qz1c0s(woto + 672)
Here the following derivatives are used:
d_dg 0 4 dn 0 —
&= A o T d on ..=Dy+ Dy + ... 25)

& = D2 + 2eDoD; + €*(D? + 2DoDy) +

It can be easily seen that the general solution of the Eq. (22) is as
follows:

{log =C (‘[1 s Tz)eiluom +c (Tl s T2)€7im010 (26)
where ¢ (71,72) and cy(71,72) are integral constants. Substituting

(26) into Eq. (23), we obtain,

Dg{lls’ + wg{llg =—C [ZiwoDl ei“’°f° + Q21 (cleZi“’O’U + Cz)} +c3 (27)

Eliminating the terms from Eq. (27) that procedure secular terms in
w3 gives Dic; = 0 or ¢; = ¢;(z2). Thus, the solution of Eq. (27) is as
follows:

_ Qi1 (—6¢1¢3 + c2eiwomo 4 3e~2imnm)
U3 =

3w (28)

Substituting expressions (26) and (28) into Eq. (24), yields

10Q? .
Dluys + wilips = — [2iwou1€1 + (SQ21 - 3(32“>c$c2 - O.5Q31e'“’2} € + ¢z +nst (29)
0

where c¢;3 is stands for the complex conjugate of the preceding
terms, the prime denotes the derivatives with respect to 7, and nst
stands for terms proportional to e*3ow [2],

Let us equate the secular terms in the Eq. (29) to zero:
10Q?
RI0

2uuojﬂ+ <3Q21 -

1>ch2 —0.5Q5,€°2 =0 (30)

Let's write ¢; in polar form, that is ¢c; = 0.5a¢”, and substituting this
expression into Eq. (30), separating its real and imaginary parts, one
gets

’7%smy/ (31)

ap = 810<3Q21 1007, >a3f&cosy/ (32)

IS

where a and g indicate the amplitude and phase and are real, and y
denotes the new phase angle and expressed as:

W =o01y — f (33)
If eliminating # from Egs. (32) and (33), the result is

10Q} Qa
3w§11> + 200 cosy (34)

dy 1
adT'z =ao — 80y (3Q21 —

At steady state, using symbol a = hA, from Egs. (31) and (34), the
frequency-response equation for inhomogeneous orthotropic double-
curved shallow shells follows immediately:

h’A2 1 OQH Q31
o= 8wo < Q1 — ) * 2hA w0

L (j=1,2) (35)

where A, is the dimensionless amplitude.

The equation of the nondimensional large amplitude forced vibra-
tion frequency of inhomogeneous orthotropic double-curved shallow
shells in the first resonance state is found as follows:

Wy = (w0 + &%)y /D /YY) (j=1,2) (36)
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The large amplitude forced vibration frequency to linear forced
vibration frequency (), /w.) for inhomogeneous orthotropic

double-curved shallow shells in the first resonance state is found as
follows

o o = (1+ 0" (=1,2) (37)

From Eq. (36), the expression for the backbone curve mﬁbf"e and
wbone /gy, for inhomogeneous orthotropic double-curved shallow shells
we obtain, as g, = 0.

4. Results and discussion
4.1. Numerical verification

To verify current results, @2 /@, for homogenous orthotropic
shells are compared with the results of Sheng and Wang [15] (see,
Table 1). The @™ is expressed as W™ = wy, + 201, in which the
o1 is found by setting Q3;; = 0 (without excitation) and a, = zR, in
the Eq. (36). The HOM properties for ; = 0 (i = 1, 2) and shell param-
a; =1.575R;, h/R; =0.01, Y¥ =2x10(N/m?),
Y, = Y}, = 10" (N/m?), 11 = 1/5 and D = 7.8 x 10 kg/m’. It has
been observed that our results coincide with the results of the compar-
ative study.

In Table 2, the values of w; for homogenous orthotropic pates are
compared with the results of Thai and Kim [22]. Considering
R; =R, — oo in Eq. (14), the expression of linear frequency is trans-
formed to the expression of homogenous orthotropic plates. The data

eters are:

used for numerical calculations are as follows: Y% /YY, =25 40;
G, =0.5Y%,, 112 = 0.25, fo =1, a;/a; =1 and a;/h=100. The
coincidence of the comparison results presented in Table 2 is one of
the indicators of the correctness of expressions for frequencies which
obtained in our study.

4.2. New forced vibration analysis

The unique numerical analysis on the {27 /w,(j=1,2) for
homogenous and inhomogeneous orthotropic shallow spherical and
hyperbolic paraboloidal (or hypar) shells are presented under this sub-
heading. The orthotropic material used in the formation of shallow
shell is graphite/epoxy and its properties are as follows [23]:

YH =137.9 x 10°(N/m?), Y}, =8.96 x 10°(N/m?), Y¥, =7.1 x 10°(N/m?),
vi2 = 0.3,v01 = 11, Y5, /YH,, DY =1450(kg/m®)

p

The shallow shell parameters, a; /h = 20, 30, 35, 40;
a;/a, =0.5,1.0,1.5; Ry/a; =1, 3,5 and various modes (m,n) are
considered. In all tables and figures, except Fig. 3 use the following
expression for external excitation: q, = Ag, thf o3 in which the ampli-
tude of the external excitation is considered as A;, = 4 x 10> (Sheng
and Wang [15]) The nondimensional amplitude A, changes from 0.06
to 1.06 with 0.1 or 0.2 steps. The ¢/ and ¢{%% /w,(j = 1,2) represent
the first and second components of the forced vibration frequency and
frequncies ratio, respectively, w5 and w2’ /w; represent the back-

Table 1
Comparison of variation of @/w, for homogenous orthotropic shell
according to A, at (m,n) = (1,4).

Ap Sheng and Wang [14] Present
0.5 1.0017 1.00185
1.0 1.0066 1.00738
1.5 1.0149 1.01654
2.0 1.0265 1.02923
2.5 1.0414 1.04531
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Table 2
Comparison the wi;, = wy(a?/h), /Df /Y%, for homogenous orthotopic plates.

Thai and Kim [20]

H H
Yll/y@u = wL(a%/h)\/Df/Ygz
25 15.1972
40 18.7462

Present study

15.2278
18.8052

bone curve and frequncies ratio at g, = 0. The inhomogeneity coeffi-
cients that characterize the variations of density, Young and shear
moduli are considered as:  (,7,) =(—1,0) or IHy,
(7717'72) = (_11 _1) or IH,, (7117’72) = (170) or IH3 and ('71’772) = (1‘ 1)
or IH,. In the figures and tables, R, /R; = 1 refers to the spherical shell
and R, /R; = —1 refers to the hypar shell. Also, in all tables and graphs,

T

magnitudes of ¢/7 are written by multiplying by 1000. The backbone
is abbreviated as Bbone in all figures.

The distributions of (pflf’ (j = 1,2) and w?™ for homogenous, and
inhomogeneous-shallow spherical and hypar shells depending on the
A, with a;/h = 30, 35, 40; a;/a; = 1; Ry /a; = 3 and (m,n) = (1,1),
are presented in Tables 3 and 4. As can be seen from Tables 3 and 4,
the values of the large amplitude forced vibration frequency for the
inhomogeneous orthotropic spherical shells are higher than the than
those in the inhomogeneous orthotropic hypar shells. Also, the values
of large amplitude forced vibration frequency exhibit different man-
ners for inhomogeneous shallow spherical and hypar shells depending
on the increasing of A,. The /%" and @™ values for the inhomoge-

neous shallow spherical shell decrease, while the curve of ¢} first
increases and then decreases due to the increase of A, with all a; /h
ratio and for all inhomogeneity profiles. The values of /%% and
whoe for the inhomogeneous shallow hypar shell increase due to

the increase of A, with all inhomogeneity profiles, while the magni-

tudes of ¢ reduces first and then increments for a; /h < 40. The val-

ues of large amplitude forced vibration frequency for inhomogeneous
shallow spherical and hypar shells consisting of IH; profile are higher
than those in homogenous-shallow shells, while those values for inho-
mogeneous shallow spherical and hypar shells consisting of the IH;
profile are lower than the large amplitude forced vibration frequency
values for the homogenous shells. In addition, the large amplitude
forced vibration frequency values for inhomogeneous shallow spheri-
cal and hypar shells consisting of IH, and IH, profiles are very close
to those in the homogenous shells.

The effect of inhomogeneity profiles on the large amplitude forced
vibration frequency values of inhomogeneous shallow spherical and
hypar shells increases for the IH; profile, whereas decreases for IH;
profile. For example, the effect of IH; profile increases from
(—21.43%) to (—21.58%) for inhomogeneous shallow spherical and
decreases from (-22.43%) to (—21.53%) for inhomogeneous shallow
hypar shell, when A, increases from 0.06 to 0.66. Morever, the effects
of the IH;3 profile decrease from (29.54%) to (29.29%) and from
(27.89%) to (27.72%) for inhomogeneous shallow spherical and hypar
shells, respectively. Although the effects of IH, and IH,4 profiles on the
values of the large amplitude forced vibration frequency for inhomoge-
neous shallow spherical and hypar shells are smaller, it increases or
decreases depending on the increase of the A,. For example, the effects
of the IH, profile on ¢/;" and @™ for the inhomogeneous shallow
spherical shell increase from (—0.68%) to (—1.19%) and from
(—1.17%) to (—1.37%), respectively, while its effect on the @[3
decreases from (—3.16%) to (—1.55%), as A, increases from 0.06 to
0.66. The effects of the IH, profile on the values of ¢ and wrs™
increase from (—0.25%) to (—1.24%) and from (—1.17%) to
(—1.37%), respectively, while its effect on the gof[,’{” decreases from
(—2.51%) to (-1.50%). Again, when A, increases from 0.06 to 0.66,

the effects of the IH, profile on ¢/} and wP™ for inhomogeneous
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Table 3
Variation of large amplitude forced vibration frequency and backbone curve of homogenous and in homogenous shperical shells according to A, for different a, /h.
ar/h An @9 x 103(j = 1,2) for spherical shells
(m1,12) = (0,0) or HO (m,m2) = (=1,0) or IHy (m,n) = (=1,-1) or IH,
A o S e o d ol
30 0.06 5.390 5.042 5.216 4.235 3.962 4.099 5.427 4.883 5.155
0.26 5.244 5.163 5.203 4.119 4.056 4.087 5.204 5.078 5.141
0.46 5.197 5.152 5.175 4.080 4.044 4.062 5.145 5.074 5.109
0.66 5.146 5.114 5.130 4.035 4.010 4.023 5.085 5.035 5.060
35 0.06 4.313 4.034 4.173 3.395 3.176 3.285 4.350 3.914 4.132
0.26 4.192 4.128 4.160 3.299 3.249 3.274 4.168 4.067 4.118
0.46 4.148 4.111 4.130 3.262 3.234 3.248 4.114 4.057 4.085
0.66 4.095 4.070 4.082 3.218 3.198 3.208 4.055 4.015 4.035
40 0.06 3.588 3.357 3.472 2.829 2.646 2.738 3.625 3.262 3.443
0.26 3.487 3.433 3.460 2.748 2.706 2.727 3.472 3.388 3.430
0.46 3.447 3.417 3.432 2.716 2.692 2.704 3.425 3.377 3.401
0.66 3.399 3.378 3.389 2.676 2.660 2.668 3.372 3.339 3.356
(m,n2) = (1,0) or IHz (m1,m2) = (1,1) or THy
a; /h A A (pr(Xcl ‘//L(XQ m?uzune q’thzq wf[jqrc; w.zzune R2 — Rl,
aj/az =1,
Ri/ay =3
30 0.06 6.983 6.532 6.757 5.255 5.055 5.155
0.26 6.791 6.687 6.739 5.164 5.118 5.141
0.46 6.727 6.668 6.697 5.122 5.096 5.109
0.66 6.653 6.612 6.633 5.069 5.051 5.060
35 0.06 5.597 5.236 5.417 4.212 4.052 4.132
0.26 5.439 5.356 5.398 4.136 4.099 4.118
0.46 5.379 5.332 5.355 4.096 4.075 4.085
0.66 5.305 5.272 5.289 4.042 4.027 4.035
40 0.06 4.664 4.363 4.514 3.510 3.377 3.443
0.26 4.531 4.462 4.497 3.446 3.415 3.430
0.46 4.478 4.439 4.458 3.410 3.392 3.401
0.66 4.412 4.385 4.399 3.362 3.349 3.356
Table 4
Variation of large amplitude forced vibration frequency and backbone curve of homogenous and inhomogenous hypar shells according to A, for different a; /h.
ar/h A JL‘X‘T’ x 10%(j = 1, 2) for hypar shells
(m1,12) = (0,0) or HO (m1,m2) = (=1,0) or IHy (m,nz) = (=1,-1) or IH,
o o e o o i o o e
30 0.06 3.754 3.512 3.633 2.912 2.724 2.818 3.732 3.358 3.545
0.26 3.681 3.625 3.653 2.855 2.812 2.833 3.607 3.520 3.564
0.46 3.714 3.682 3.698 2.879 2.854 2.867 3.630 3.581 3.606
0.66 3.779 3.757 3.768 2.927 2.910 2.919 3.688 3.654 3.671
35 0.06 2.758 2.580 2.669 2.139 2.001 2.070 2.741 2.467 2.604
0.26 2.695 2.654 2.675 2.090 2.058 2.074 2.640 2.576 2.608
0.46 2.700 2.676 2.688 2.090 2.072 2.081 2.636 2.600 2.618
0.66 2.717 2.701 2.709 2.100 2.087 2.093 2.646 2.621 2.633
40 0.06 2,111 1.975 2.043 1.637 1.532 1.585 2.098 1.888 1.993
0.26 2.055 2.024 2.040 1.593 1.568 1.581 2.012 1.964 1.988
0.46 2.041 2.024 2.032 1.579 1.565 1.572 1.991 1.963 1.977
0.66 2.027 2.015 2.021 1.563 1.553 1.558 1.969 1.950 1.959
(m1,12) = (1,0) or THs (m;12) = (1,1) or IHq Ry = —Ri,
30 0.06 4.801 4.492 4.647 3.614 3.476 3.545 a/az =1,
0.26 4.707 4.635 4.671 3.579 3.548 3.564 Ri/a1 =3
0.46 4.747 4.706 4.726 3.615 3.597 3.606
0.66 4.826 4.798 4.812 3.677 3.665 3.671
35 0.06 3.527 3.299 3.413 2.654 2.553 2.604
0.26 3.445 3.393 3.419 2.620 2.596 2.608
0.46 3.446 3.417 3.432 2.624 2.611 2.618
0.66 3.462 3.441 3.452 2.638 2.629 2.633
40 0.06 2.700 2.525 2.613 2.032 1.954 1.993
0.26 2.626 2.586 2.606 1.997 1.979 1.988
0.46 2.603 2.580 2.591 1.982 1.972 1.977
0.66 2.576 2.560 2.568 1.963 1.956 1.959

hypar shell increase from (-0.60%) to (-2.40%) and from (-2.43%) to (- (—2.43%) to (—2.56%), whereas its effect on the values of JL‘X”

2.56%), respectively, whereas its effect on the @2 decreases from decrease from (—3.75%) to (—2.68%). Due to the increase of a; /h,
(—4.39%) to (—2.73%). Similarly, the effects of the IH, profile on the values of large amplitude forced vibration frequency for inhomoge-
@ and @B increase from (—1.03%) to (—2.45%) and from neous shallow spherical and hypar shells decrease approximately 0.4%
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for all inhomogenety profiles except the IH3 profile, while they
increase approximately 0.5% and 0.7%, respectively, at the IH; profile.

The values of @[5, /%% and wP* for spherical and hypar shells
consisting of homogenous and inhomogeneous orthotropic materials
changes depending on the A, with different R;/a; are shown in
Fig. 4 and Table 5. Depending on the increase of A,, the values of

forcy orcy

o first decreases and then increases, while ¢/ and @?°™ increase
for inhomogeneous orthotropic shallow spherical and hypar shells. For
a fixed Ay, the values of /7!, /7% and @ decrease for both spher-
ical and hypar shells, and this decrease rate turns out to be greater for
the inhomogeneous orthotropic shallow spherical shell depending on
the increase of R; /a;. When comparing large amplitude forced vibra-
tion frequency of inhomogeneous orthotropic shallow spherical and
hypar shells with each other, the influence of the IH; profile on

Jorr | gfore2 and wPBtore for the spherical shell is 0.4% greater than for
the hypar shell. In addition, depending on the increase of R; /a;, the
change of the influence of the IH; profile is less than 1% for both shal-
low shells (see, Table 5).

In Fig. 5 and Table 6 plotted the changes of ¢3!, /3 and wroore
for homogenous and inhomogeneous orthotropic shallow spherical
and hipar shells which are made of the IH; profile depending on the
A, ratio with g, =2 x 10°, 3 x 10°, 4 x 10°, a;/az = 1, Ry/a; = 3,
a;/h= 20 and (m=1,n=1). It is seen that the magnitudes of ¢,,"
and @2 of inhomogeneous orthotropic shallow spherical shells
reduce, while magnitudes of @[5 increase to the maximum values
and then decrease depending on the A, for the fixed value of g,.

The values of ¢/ decrease to the minimum values and then increase,

while ¢4 and w5’ increasing regularly for inhomogeneous shallow

hypar shells. It is observed that this rate of increase (or decrease) is
greater in the inhomogeneous shallow spherical shells compared to
inhomogeneous shallow hypar shells for large values of q,. Addition-
ally, ¢/ and ¢[%** increase for both inhomogeneous shallow spheri-
cal and hypar shells depending on the increase of g, for fixed Ax.
This rate of increase becomes more significant at lower A,. Although
the effect of the IH; profile on ¢}> and ¢} for both inhomogeneous
shalow shells decreases with increasing A,, it also increases with
increasing q,. In addition, when inhomogeneous shallow spherical

and hypar shells are compared with each other, the influence of the

IH; profile on ¢}, and ¢}, is greater with the inhomogeneous shal-

low hypar shell, and the difference of the inhomogeneity effect
between the two shallow shells is increment due to the increase of
excitation amplitude, g,. For example, if q, increases from 2 x 10°
to 4 x 10°, the difference of the inhomogeneity effect between inho-
mogeneous shallow spherical and hypar shells increases from about
(4.7%) to about (6.1%) for the IH; profile, at Ay = 0.06 (se, Table 6).

The variation of ¢} /wy, (pr‘XCZ /oy, and wh™ /@, ratios for inhomo-
geneous shallow spherical and hypar shells, consisting of IH,, depend-
ing on the A, with Ry/a; =1,3,5, a;/ax=1, a;/h= 20 and
(m,n) = (1,1) are plotted in Fig. 6 and Table 7. As can be seen from
Fig. 6 and Table 7, the ¢} /w, ratio for inhomogeneous shallow
spherical and hypar shells reduces, taking on a minimum value, and
then increase, while the ¢ /w, and @ /w, ratios continuously
increase depending on the increase of A,, as the R;/a; > 1. The
@ Jw, ratio decreases to a minimum value and then increases, while
the @)% /w;, and wht™ /w,, ratios decrease continuously for both inho-
mogeneous shallow spherical and hypar shells, at R /a; = 1. In addi-

tion, from Fig. 6 and Table 7, there is an increase of ¢;}"/wy,

(pr‘Zcz /o, and wP" /w; due to an increase in R; /a;. When the inhomo-
geneous shallow spherical and hypar shells are compared with each
other, the highest ratio of nonlinear to linear frequencies occur in
inhomogeneous hypar shells for R;/a; > 1 and in inhomogeneous
spherical shells for Ry /a; = 1.

Composite Structures 271 (2021) 114157

The variations of @2 /w;, ¢/%% /@y, and @B /w, of inhomoge-
neous shallow spherical and inhomogeneous shallow hypar shells
made of [H, depending on the A, for different wave numbers (m,n)
and with a; /a; = 1.5; Ry /a; = 1; a; /h = 30 are presented in Figs. 7
and 8. As can be seen from Figs. 7 and 8, when inhomogeneous shal-
low spherical and hypar shells are compared among themselves, the
frequency ratio for the inhomogeneous shallow hypar shell is greater
than the frequency ratio for the inhomogeneous shallow spherical
shell. In addition, it is seen that the ratios of ¢[%® /ey, ¢/% /w; and
wrhone /gy, increase, as the wave numbers (m, n) increase, and it should
be emphasized that the frequency ratios are more pronounced atn = 1
and as m increases. The ratios q/L‘X“z /o, and @™ /@, for both inhomo-
geneous shallow spherical and hypar shells increase, while the ratio
(//L'Xcl /o, decreases and take its minimum value, then increases again
depending on the increase of A, ratio.

The variations of ¢/5° /w., ¢%% /w, and @ /@, of inhomoge-
neous shallow spherical and hypar shells made of IH; depending on
the A, for different Y% /Y4, = 10,20,50 and with a;/ay = 1;
Ri/a; = 3; a;/h = 30 and (m,n) = (1,1) are presented in Fig. 9 and

Table 8. The ¢/ /w; and wP™ /e, ratios for inhomogeneous shallow

spherical shell decrease, while the ratio ¢{%* /w, decreases by taking

its minimum value and then increases depending on the increase of
Ax. The (pr‘ZCZ/wL and @™ /@, ratios increase, while ¢3! /o, ratio
first reduces and then increments after taking its lowest value for the
inhomogeneous shallow hypar shell depending on the increase of
A,. This kind of change (increase or decrease) is faster for the inhomo-
geneous orthotropic shallow spherical shell at the small values of the
Y% /Y%, ratio. The frequency ratio for the inhomogeneous orthotropic
shallow spherical shell increases, while those decreases for the inho-
mogeneous orthotropic hypar shallow shell with the increasing of
the Y%, /Y%,.

5. Conclusions

In this work, the large amplitude forced vibration of inhomoge-
neous orthotropic shallow spherical and hypar shells under external
excitations is investigated. The mathematical model of inhomoge-
neous orthotropic double-curved shallow shells is built using the
Hamilton principle and von Karman-type nonlinearity. Basic differen-
tial equations are reduced to ordinary differential equations using the
Galerkin procedure. The frequency-amplitude relations of inhomoge-
neous orthotropic double-curved shallow shells and the nonlinear fre-
quency response of forced vibrations are obtained using the multiscale
method.

Numerical analysis reveals the following generalized results:

a) The values of large amplitude forced vibration frequency exhi-
bit different manners for inhomogeneous shallow spherical
and hypar shells depending on the increasing of nondimen-
sional amplitude.

b) The

spherical shell decrease, while the curve of ¢}, first increases
and then decreases due to the increase of nondimensional
amplitude with all a; /h ratio and for all inhomogeneity profiles.

c) The values of large amplitude forced vibration frequency for
inhomogeneous shallow spherical and hypar shells consisting
of IH;3 profile are higher than those in homogenous-shallow
shells, while those values for IH; profile are lower than those
in the homogenous shells.

d) The values of large amplitude forced vibration frequency for
inhomogeneous shallow spherical and hypar shells consisting
of IH, and IH, profiles are very close to those in the homoge-
nous shells.

S and wPeme values for the inhomogeneous shallow
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0.56 -

0.46 4
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forc; -
Pra ’><103(]—1,2)
R,/a, forc, fore, Bbone forc, Jore, Bbone
1 —=—HO —*HO —™ HO +IH| ——]H, =% IH,

3 —+—HO —+—HO -+ HO —*IH, —>*IH, —*IH,
5 —8-HO —€-HO -B-HO —*"IH, —<* H, -°oH,

(b) 056

0.46

0.36

AA [l]/h=30,(11/02=1,
026 (m,n) = (2,1)
0.16
0.06 - T —EH =y iy \
11.6 12.6 13.6 15.6

@l x 103 (j = 1,2)

R,/a, forc, forc, Bbone forc;  forc, Bbone
1 - HO = HO -= HO —¢IH, — H, —-* IH,
3 —— HO —+—HO -+ HO —*-1H, —%1IH, =% TH,
5 —8-HO & HO -5 HO ——IH, —IH, —°IH

Fig. 4. Distribution of large amplitude forced vibration frequency of (a) inhomogenous spherical and (b) hypar shells depending on A, for different R; /a;
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Table 5
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Variation of large amplitude forced vibration frequency of in homogenous spherical and hypar shells according to A, for different R; /a;.

o) x10° (j=1,2)

Hypar shells Spherical shells
(11,12) = (0,0) or HO (m,12) = (~1,0) or IH, (m,n2) = (0,0) or HO (11,12) = (=1,0) or IH;
Ri/a Ap forcy forcy Bbone forc, forcy Bbone foreq forcy Bbone fore, forcy Bbone
1 0.06 14.726 13.777 14.251 11.467 10.728 11.098 16.604 15.534 16.069 12.989 12.151 12.570
0.16 14.499 14.143 14.321 11.293 11.016 11.155 16.332 15.930 16.131 12.777 12.463 12.620
0.26 14.564 14.345 14.455 11.348 11.178 11.263 16.373 16.126 16.250 12.812 12.619 12.716
0.36 14.731 14.573 14.652 11.485 11.362 11.423 16.514 16.335 16.424 12.927 12.787 12.857
0.46 14.975 14.851 14.913 11.683 11.587 11.635 16.725 16.586 16.656 13.099 12.989 13.044
0.56 15.288 15.186 15.237 11.938 11.858 11.898 17.001 16.886 16.943 13.321 13.231 13.276
3 0.06 13.690 12.808 13.249 10.626 9.941 10.283 13.927 13.029 13.478 10.818 10.121 10.470
0.16 13.490 13.159 13.324 10.473 10.216 10.344 13.721 13.384 13.552 10.661 10.399 10.530
0.26 13.570 13.366 13.468 10.540 10.382 10.461 13.797 13.590 13.694 10.725 10.564 10.645
0.36 13.754 13.607 13.680 10.691 10.577 10.634 13.977 13.827 13.902 10.873 10.756 10.814
0.46 14.018 13.903 13.961 10.907 10.818 10.863 14.236 14.119 14.178 11.084 10.993 11.039
0.56 14.357 14.262 14.310 11.183 11.110 11.147 14.569 14.473 14.521 11.355 11.281 11.318
5 0.06 13.604 12.727 13.166 10.555 9.875 10.215 13.690 12.808 13.249 10.626 9.941 10.283
0.16 13.406 13.077 13.241 10.404 10.149 10.277 13.490 13.159 13.324 10.473 10.216 10.344
0.26 13.487 13.285 13.386 10.473 10.316 10.395 13.570 13.366 13.468 10.540 10.382 10.461
0.36 13.673 13.526 13.599 10.625 10.512 10.569 13.754 13.607 13.680 10.691 10.577 10.634
0.46 13.939 13.825 13.882 10.843 10.754 10.798 14.018 13.903 13.961 10.907 10.818 10.863
0.56 14.280 14.186 14.233 11.121 11.048 11.085 14.357 14.262 14.310 11.183 11.110 11.147
0.96 1
R,/a,=3,a,/ h=20,
086 {1 a1/ a=1, (mn)=(1,1)
0.76 4
0.66 4
0.56 4
AA
046 4
0.36 4
0.26 4
0.16 4
0.06 N
5.0 6.0 7.0 8.0 9.0 10.0 11.0 12.0 13.0 14.0 15.0
forc; 3/
] —
(PLA X 10 (] 1:2 )
Rz(Rl:-l Rz{RIZI
g T ] - ) f )
qo(x 10%) fore,  forc, forey  forc,  fore, fore, fore,  forc,
2 w4 HO = HO —*IH; *IH; * HO -+« HO —*IH; —*IH,
3 +—HO ——HO —*IH; —*IH; ><HO - HO —*IH; —*IH,
4 5 HO =HO —=IH; —<IH; - HO - HO -eIH; —o-TH,

Fig. 5. Distributions of large amplitude forced vibration frequency of homogenous and inhomogenous-spherical and hypar shells depending on A, for different

excitation amplitude, q,.

e) The influence of inhomogeneity profiles on the large amplitude
forced vibration frequency values of inhomogeneous shallow
spherical and hypar shells increases for the IH; profile, whereas
decreases for IH; profile.

f) Due to the increase of a; /h, the values of large amplitude forced
vibration frequency for inhomogeneous shallow spherical and
hypar shells decrease for all inhomogenety profiles except the
IH; profile.
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Table 6
Variations of large amplitude forced vibration frequency of homogenous and inhomogenous spherical and hypar shells according to A, withdifferent gq,.

oy x10° (j=1,2)

Hypar shells Spherical shells
(m1,12) = (0,0) or HO (m1.m2) = (1,0) or IHs (m,n2) = (0,0) or HO (m,m2) = (1,0) or IH;
qo Axn forc, forcy Bbone forc, forcy Bbone foreq forcy Bbone foreq forcy Bbone
2x10° 0.06 9.656 6.698 8.177 11.615 9.302 10.458 11.136 8.699 9.918 13.731 11.841 12.786
0.16 8.761 7.652 8.207 10.931 10.063 10.497 10.380 9.466 9.923 13.147 12.438 12.792
0.26 8.604 7.922 8.263 10.838 10.305 10.572 10.215 9.652 9.933 13.022 12.585 12.804
0.36 8.593 8.100 8.347 10.874 10.489 10.681 10.152 9.746 9.949 12.978 12.663 12.820
0.46 8.650 8.264 8.457 10.977 10.676 10.827 10.128 9.810 9.969 12.966 12.719 12.843
0.56 8.752 8.435 8.594 11.131 10.883 11.007 10.125 9.864 9.994 12.972 12.769 12.871
0.66 8.892 8.623 8.758 11.329 11.118 11.223 10.136 9.914 10.025 12.990 12.818 12.904
0.76 9.066 8.832 8.949 11.566 11.384 11.475 10.156 9.964 10.060 13.017 12.868 12.943
0.86 9.270 9.063 9.167 11.843 11.681 11.762 10.185 10.015 10.100 13.053 12.921 12.987
0.96 9.504 9.319 9.411 12.157 12.012 12.084 10.221 10.069 10.145 13.096 12.977 13.037
3x10° 0.06 10.395 5.959 8.177 12.193 8.724 10.458 11.746 8.089 9.918 14.204 11.368 12.786
0.16 9.039 7.375 8.207 11.148 9.847 10.497 10.609 9.237 9.923 13.324 12.260 12.792
0.26 8.775 7.751 8.263 10.972 10.171 10.572 10.355 9.512 9.933 13.131 12.476 12.804
0.36 8.716 7.977 8.347 10.970 10.392 10.681 10.253 9.644 9.949 13.057 12.584 12.820
0.46 8.746 8.167 8.457 11.053 10.600 10.827 10.208 9.731 9.969 13.028 12.658 12.843
0.56 8.832 8.356 8.594 11.193 10.821 11.007 10.190 9.799 9.994 13.023 12.719 12.871
0.66 8.960 8.556 8.758 11.381 11.066 11.223 10.191 9.859 10.025 13.033 12.775 12.904
0.76 9.124 8.774 8.949 11.612 11.338 11.475 10.204 9.916 10.060 13.055 12.831 12.943
0.86 9.321 9.012 9.167 11.883 11.641 11.762 10.228 9.973 10.100 13.086 12.888 12.987
0.96 9.550 9.273 9.411 12.193 11.976 12.084 10.260 10.031 10.145 13.125 12.948 13.037
4%10° 0.06 11.135 5.219 8.177 12.771 8.145 10.458 12.355 7.480 9.918 14.677 10.895 12.786
0.16 9.316 7.098 8.207 11.364 9.630 10.497 10.837 9.009 9.923 13.501 12.083 12.792
0.26 8.946 7.581 8.263 11.105 10.038 10.572 10.496 9.371 9.933 13.240 12.367 12.804
0.36 8.839 7.854 8.347 11.067 10.296 10.681 10.355 9.543 9.949 13.136 12.505 12.820
0.46 8.843 8.071 8.457 11.128 10.525 10.827 10.287 9.651 9.969 13.089 12.596 12.843
0.56 8.911 8.277 8.594 11.255 10.759 11.007 10.256 9.733 9.994 13.073 12.668 12.871
0.66 9.027 8.489 8.758 11.434 11.013 11.223 10.246 9.803 10.025 13.076 12.732 12.904
0.76 9.182 8.715 8.949 11.658 11.292 11.475 10.252 9.868 10.060 13.092 12.793 12.943
0.86 9.373 8.960 9.167 11.923 11.601 11.762 10.270 9.930 10.100 13.119 12.855 12.987
0.96 9.596 9.226 9.411 12.229 11.940 12.084 10.298 9.993 10.145 13.155 12.918 13.037
0.66 -

056 4 a,/h=20,
a,/a,=1, (mn)=(1,1)

0.46

AA 0-36 1 Ro/R fore, forc,  Bbone FRi/ai
| —e1IH, —*—IH, -+ IH,
1 ——IH, ——1IH, —o—-IHz}
026 1 —*—1IH, ——1IH, -x IH,
1 —=—IH, —=—1IH, —I—-IHZ} 3
-1 —— IH2 —— IH2 —O—-IHz
0161 1 o IH, —e—1IH, —o—-IHz} 3

0.06 T T T T T T T T T ]
0.750 0.780 0.810 0.840 0.870 0.900 0.930 0.960 0.990 1.020 1.050 1.080 1.110

ol oy (j=1,2)

Fig. 6. Distributions of cpf:f’ Jor, (j = 1,2) of in homogenous spherical and hypar shells depending on A, for different R /a;

10



A.H. Sofiyev et al.

Table 7

forc;

Composite Structures 271 (2021) 114157

Variations of ¢, /o (j = 1, 2) for inhomogenous orthotropic hypar and spherical shells according to A, with different R; /a; ratio.

oo o (G=1,2)

Hypar shells
(msn2) = (~1,-1) or IH,

Spherical shells

Ri/a Ay foreq forcy Bbone forcq forcy Bbone
1 0.06 1.051 0.946 0.999 1.053 0.947 1.000
0.16 1.010 0.970 0.990 1.019 0.979 0.999
0.26 0.986 0.962 0.974 1.009 0.984 0.997
0.36 0.959 0.941 0.950 1.002 0.985 0.994
0.46 0.925 0.911 0.918 0.996 0.983 0.990
0.56 0.884 0.873 0.879 0.990 0.979 0.984
0.66 0.836 0.827 0.831 0.983 0.974 0.978
3 0.06 1.053 0.948 1.001 1.053 0.947 1.000
0.16 1.024 0.985 1.004 1.020 0.981 1.001
0.26 1.024 0.999 1.011 1.014 0.989 1.001
0.36 1.031 1.013 1.022 1.012 0.994 1.003
0.46 1.043 1.029 1.036 1.011 0.998 1.005
0.56 1.059 1.047 1.053 1.012 1.001 1.007
0.66 1.079 1.069 1.074 1.014 1.005 1.009
5 0.06 1.054 0.948 1.001 1.053 0.948 1.000
0.16 1.025 0.986 1.005 1.023 0.983 1.003
0.26 1.027 1.002 1.014 1.020 0.996 1.008
0.36 1.037 1.019 1.028 1.025 1.007 1.016
0.46 1.052 1.038 1.045 1.033 1.019 1.026
0.56 1.073 1.061 1.067 1.044 1.033 1.038
0.66 1.098 1.088 1.093 1.058 1.049 1.053
0.66 1 * o K ] 50800
s 7
0.56 4
046 1 Ry/a;=1,a,/h=30,
a, / a,= 15
AA 036 A
Jore, Jorc,  Bbone R,/R,
(m n) — (1 2) {+ ]H4 —— IH4 —— I.I_I4 1
, ,
026 A —e— [H, —o— IH, —e IH, _|
(m,n) = (1,3).[+ IH, —* IH, —x IH, |
—=— 4, —= IH, -= IH, -|
— —— —— ——
0.16 1 (m,n) _(1,4){ IH, I, H, 1
© IH, © IH, —o- IH, -1
0.06 T

0.980

0.990

1.000

1.010

forc

PLa

1.020

1.030 1.040 1.050 1.060 1.070

o, (G =12)

Fig. 7. Distributions of frequency ratio of in homogenous spherical and hypar shells depending on A, for different modes (1,n).

g) For a fixed nondimensional amplitude, the values of ¢}

forcy

o

and w? decrease for both spherical and hypar shells, and this
decrease rate turns out to be greater for the inhomogeneous ortho-
tropic shallow spherical shell depending on the increase of R; /a; .
h) Depending on the increase of R /a;, the change of the influence
of the IH; profile is less than 1% for both shallow shells.
i) The difference of the inhomogeneity effect between the two
shallow shells is increment due to the increase of excitation

amplitude.

11

j) The values of large amplitude forced vibration frequency
increase for both inhomogeneous shallow spherical and hypar
shells depending on the increase of excitation amplitude for
fixed nondimensional amplitude.

k) When the inhomogeneous shallow spherical and hypar shells
are compared with each other, the highest ratio of nonlinear
to linear frequencies occur in inhomogeneous hypar shells
for Ry/a; >1 and in inhomogeneous spherical shells for
R] / a = 1.
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Fig. 8. Distributions of frequency ratio of in homogenous spherical and hypar shells depending on A, for different modes (m,1).
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Fig. 9. Distrubitions of frequency ratio of in homogenous spherical and hypar shells depending on A, for different Y%, /Y%,

) The ratios of ¢/3" /wr, ¢4 /w; and w25 /wy, increase, as the
wave numbers (m7 n)i mcrease, and it should be emphasized that
the frequency ratios are more pronounced for n=1, as m
increases.

m) The ratios (pf 2 Jwy, and wP°™ /ey, for both inhomogeneous shal-
low spherical and hypar shells increase, while the ratio ¢}, /&y,
decreases and take its minimum value, then increases again
depending on the increase of nondimensional amplitude.

12

n) The frequency ratio for inhomogeneous shallow spherical shells
increases, while those decreases for inhomogeneous hypar shal-
low shells with the increasing of Y, /Y4,
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Table 8
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Variations of frequency ratio of inhomogenous spherical and hypar shells according to A, for different Y%, /Y%,.

oo o (G=1,2)

Hypar shells
(m,n2) = (1,0) or IH,

Spherical shells

v /Yy An foreq forcy Bbone forcy forcy Bbone
10 0.06 1.053 0.947 1.000 1.053 0.948 1.000
0.16 1.019 0.979 0.999 1.022 0.983 1.003
0.26 1.009 0.985 0.997 1.019 0.995 1.007
0.36 1.003 0.985 0.994 1.022 1.005 1.013
0.46 0.997 0.983 0.990 1.029 1.015 1.022
0.56 0.991 0.980 0.985 1.038 1.027 1.032
0.66 0.984 0.975 0.979 1.050 1.040 1.045
0.76 0.977 0.969 0.973 1.064 1.055 1.060
0.86 0.969 0.961 0.965 1.080 1.073 1.076
0.96 0.960 0.953 0.957 1.098 1.092 1.095
1.06 0.950 0.944 0.947 1.119 1.113 1.116
20 0.06 1.053 0.947 1.000 1.053 0.947 1.000
0.16 1.019 0.979 0.999 1.021 0.982 1.002
0.26 1.010 0.986 0.998 1.016 0.992 1.004
0.36 1.004 0.987 0.996 1.017 0.999 1.008
0.46 1.000 0.986 0.993 1.020 1.006 1.013
0.56 0.995 0.984 0.989 1.025 1.014 1.019
0.66 0.990 0.980 0.985 1.032 1.022 1.027
0.76 0.984 0.976 0.980 1.040 1.031 1.036
0.86 0.978 0.971 0.975 1.049 1.042 1.046
0.96 0.972 0.965 0.968 1.060 1.054 1.057
1.06 0.964 0.958 0.961 1.072 1.066 1.069
50 0.06 1.053 0.947 1.000 1.053 0.947 1.000
0.16 1.019 0.980 0.999 1.020 0.981 1.001
0.26 1.011 0.986 0.998 1.014 0.989 1.001
0.36 1.006 0.988 0.997 1.012 0.994 1.003
0.46 1.002 0.988 0.995 1.011 0.998 1.005
0.56 0.999 0.987 0.993 1.012 1.001 1.007
0.66 0.995 0.985 0.990 1.014 1.005 1.009
0.76 0.991 0.983 0.987 1.017 1.008 1.013
0.86 0.987 0.980 0.983 1.020 1.012 1.016
0.96 0.983 0.976 0.979 1.023 1.017 1.020
1.06 0.978 0.972 0.975 1.027 1.021 1.024
Appendix A [7] Ootao Y, Tanigawa Y. Three-dimensional solution for transient thermal stresses of
an orthotropic functionally graded rectangular plate. Compos Struct 2007;80
(1):10-20.
The symbols contained in the Egs. (6) and (7) are defined as follows: [8] Awrejcewicz J, Krysko VA. Theory of non-homogeneous shells. Chaos in structural
mechanics. Berlin: Springer 2008:15-40.
G = AmBu 4+ AmBar, Ciz = ABiz + Awibir, Cis = AunBig + AsziBas + Ana, [9] Grigorenko YM, Gri%oregnko AY. Static and dynamic problems for anisotropic

C14 = A111B14 + AIZIBZ4 + A1221 C21 = A211 Bll + A221B211 C22 = A211B12 + A221B22!
Ca3 = Az11B13 + A221B2s + Aziz, Cas = Ao11Bis + AaaiBas + Asaa,
Cs1 = Aee1Bss, Ca2 = Aes1Baz + 2Ae62

(A1)

in which
By =42, B, =—f B, =fwhnhuim g, Awmtm_hats
Ay _A _ A1 Agg-Agy A _ Ao Ay A — 1
By =~ By =8, By —Awhuchwdne B _ Ambnomdue B _ 1

2 2
By = — 21V = Aj10Azo — A120A20, Ak = ﬂl;l/z ¢ xkdxs Aqg = ﬂl;,/z va @i dxs,

Age0

h, X rh, X ch, X
Atk = [, viaqsixidxs, Asu = ["7, gsihdxs, ok = [")7, qiaxidxs, k=0,1,2.

(A2)
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