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A B S T R A C T   

In this study, the nonlinear forced vibration of composite structural systems such as plates, panels 
and shells reinforced with advanced materials in the presence of linear viscous damping is 
investigated. Hamilton principle and von Kármán-type nonlinear theory are used to obtain the 
theoretical model of double-curved shells reinforced by carbon nanotubes (CNTs). The nonlinear 
partial differential equations are reduced to ordinary differential equations using Galerkin 
method. By using the multiscale method, the frequency-amplitude relation and nonlinear forced 
vibration frequency of structural systems are obtained for the first time. Since double-curved 
shells can be transformed into other structural systems such as spherical and hyperbolic- 
paraboloid shells, rectangular plate and cylindrical panel in special cases, the expressions for 
nonlinear frequencies can also be used for them. In additional, the backbone curve and the 
nonlinear frequency/linear frequency ratio are determined as a function of the amplitude in 
primary resonance for the first time. The results are verified by comparing the reliability and 
accuracy of the proposed formulation with those in the literature. Finally, a systematic study is 
aimed at controlling the influence of nonlinearity and types of distribution of CNTs on the fre
quencies and their quantitative and qualitative variation in the presence of external excitation 
and viscous damping.   

1. Introduction 

In most aerospace applications, structural systems such as plates, panels, and shells serve as coating elements in a rocket system and 
are also used as part of a sealed fuel tank. The many stringent requirements for structural systems have led to the rapid development of 
two areas: new materials technologies and more sophisticated analytical methods. Recent developments in materials technology have 
moved away from traditional materials, and new composite materials reinforced with carbon nanotubes are preferred to meet the 
stringent requirements of more efficient and lighter vehicles. In this sense, the discovery of carbon nanotubes (CNT) by Iijima in 1991 
became a turning point in many practical areas of nanotechnology and led to their wide application [1]. Single-walled carbon 
nanotubes (SWNTs) in the form of hollow long cylindrical pipes consist of an atomic carbon layer in the honeycomb cage, and when its 
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diameter is in the nanometer range, its length can even exceed centimeters. More details about CNT features are included in the work of 
Shaffer and Windle [2]. Ajayan et al. [3] provided a simple method to produce aligned carbon nanotube arrays in its study, allowing 
composites reinforced by CNTs to be applied to various engineering disciplines. SWCNTs are often used as reinforcing particles in the 
production of CNTRCs. The composites reinforced by CNTs are widely used in many fields, including mechanical, aerospace, civil and 
biomedical, as forming materials for beams, plates and shell-like structures [4]. There are notable studies in the literature on structural 
modeling, the production of composites reinforced by CNTs, and the determination of material properties of polymer matrix reinforced 
by CNTs using MD simulations [5–10]. 

The forced vibrations are not damped, unlike natural vibrations. Under certain conditions, such vibrations can be very dangerous 
for real structural elements, since the amplitude of the vibrations, as well as the stresses and strains in the shells, increase dramatically. 
Even when stresses are within elastic limits, the forced vibrations can cause fatigue cracks to form, leaving the structure unusable. The 
problem of studying steady-state forced vibrations is relevant for structures used for various purposes, due to the wide application in 
practice of loading modes, which cause intense resonant vibrations in them. The study of forced vibration of structural systems in the 
finite deflections is very important for the design of aviation structures, as shown in references [11–30]. 

The idea of functionally graded materials (FGMs) was proposed in the study of Suresh and Mortensen [31] to alleviate the problem 
of weak interfacial bonding between CNTs and polymers, so that CNT-based composite structures have a smooth and continuous 
variation in an isotropic matrix in the desired direction and this idea was realized in the study of Shen [32]. The use of structural 
elements made of carbon nanotube reinforced polymer composites in various engineering fields has led to the realization of many 
researches on the vibration problems in the finite deflections. The vast majority of these publications are dedicated to the solution of 
free vibration problems the finite deflections [33–52]. Among these studies, attention is drawn to the extensive studies by Shen et. al. 
[33,34,37,43,44] and Duc and co-authors [35,37–39,45,46] on the linear and nonlinear free vibrations and post-buckling problems of 
structural systems reinforced by carbon nanotubes in various media. 

Previous research on the mechanics of CNT-based structural systems can be used as useful information for further development and 
validation of structural systems reinforced by CNTs. The mathematical complexity and lack of technology faced by dynamic shell 
analysis until recent years have made it difficult to achieve numerous new results for design applications. The literature review reveals 
that the nonlinear forced vibrations of CNT-patterned structural systems have not been adequately investigated. In this article, the 
authors try to solve this issue. Hamilton principle and von Karman-type nonlinear theory are used to obtain the theoretical model of 
structural systems reinforced by CNTs. The main goal of this study is to solve the problem of forced vibrations of structural systems 
reinforced by CNTs in the finite deflection using Galerkin and multi-scales methods, as well as to create a dependence of the nonlinear 
frequency on the amplitude of forced vibrations in the presence of viscous damping. This study is one of the first to use these ap
proaches to investigate the nonlinear forced vibration behavior of structural systems reinforced by CNTs in the presence of viscous 
damping at primary resonance. Since double-curved shells can be transformed into other structural systems such as spherical shell, 
hyperbolic-paraboloid shell, rectangular plate and cylindrical panel in special cases, the expressions for nonlinear frequencies can also 
be used for them. The secondary goal is to obtain an analytical ratio of the nonlinear frequency of the forced vibration to the linear 
frequency, although perhaps not secondary to those interested in using the results. Finally, a systematic study is aimed at controlling 
the influence of nonlinearity and types of distribution of CNTs on the dependence of frequency on the amplitude of nonlinear forced 
vibrations and their quantitative and qualitative change in the presence of external excitation and viscous damping. 

2. Formulation of the problem 

The double-curved shell with the thickness h, the length a, the width b, and the mean radii of curvature r1 and r2, respectively, is 
subjected to external excitation loading, which depends on the time is shown in Fig. 1. The double-curved shells are transformed into 
spherical shells r1 = r2 plates and panels in special cases. For example, the double-curved shell transforms into a spherical shell, when 
r1 = r2, a hyperbolic paraboloid shell, when r1 = − r2, a panel, when r1 → ∞, and a rectangular plate, when r1 = r2 → ∞. The 
orthogonal coordinate system (x, y, z) is located on the mid-surface of the double-curved shell, and the x, y and z coordinates are 
oriented in the direction of length, width, and thickness, respectively. The displacement components of the double-curved shell in the 

Fig. 1. The double-curved shell reinforced by CNTs.  
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x, y and z directions are denoted as u, v and w, respectively. 

2.1. Material properties 

According to the rule of mixture model, the effective material properties of the nanocomposites can be approximated as [32]: 

E
z
11 = η1V

z
cntE

cnt
11 +VmEm, E

z
22 =

η2EmEcnt
22

Ecnt
22 Vm +EmV

z
cnt

, G
z
12 =

η3GmGcnt
12

Gcnt
12 Vm +GmV

z
cnt

ν12 =V*
cntνcnt

12 +Vmνm , ρ1 =V
z
cntρcnt +Vmρm, z= z/h

(1)  

where Em,Gm, ρm, νm are, respectively, the Young’s modulus, shear modulus, density and Poisson’s ratio for the matrix, and Ecnt
ij , Gcnt

ij ,

ρcnt , νcnt
12 (i, j = 1, 2) are their corresponding properties for the reinforcing CNT phase, ηi(i = 1, 2,3) are the efficiency parameters, that 

define scale-dependent material properties. Here V
z
cnt and Vm are the volume fraction of CNTs and matrix that obey the rule of V

z
cnt +

Vm = 1. Here V*
cnt is the total volume fraction of CNTs associated with the mass fraction (Mcnt) of CNTs and the densities of the 

constituents, which can be represented as: 

V*
cnt =

Mcnt

Mcnt + (ρcnt/ρm)(1 − Mcnt)
(2) 

The distribution of the volume fraction of CNTs over the polymer matrix thickness as uniform (UD) and three types of linear 
functions is shown in Fig. 2 [32]: 
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(3)  

2.2. Constitutive relations and basic equations 

The constitutive relations of structural systems reinforced by CNTs in the scope of the classical shell theory can be expressed as 
follows [33,51]: 
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where σij and εij, γij(i, j = 1,2) are the stress and strains of structural systems reinforced by CNTs, respectively and the parameters A
z
ij 

are defined as 
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The stress resultants and couples for structural systems reinforced by CNTs are defined by [52,53]: 

Fig. 2. Distribution of the volume fraction of CNTs over the matrix thickness.  

A.H. Sofiyev et al.                                                                                                                                                                                                     



Mechanical Systems and Signal Processing 161 (2021) 107991

4

(
Tij,mij

)
=

∫ h/2

− h/2

(
σij, zσij

)
dz, (i, j = 1, 2) (6) 

The relations between force components and Airy stress function ϕ are defined by: 

(T11,T22,T12) = h
(
ϕ,yy, ϕ,xx, − ϕ,xy

)
(7) 

In the presence of linear viscous damping, the nonlinear dynamic stability and compatibility equations of structural systems 
reinforced by CNTs are derived using the Hamilton principle, as follows [52,53]: 

m11,xx + 2m11,xy +m22,yy +T11/r1 + T22/r2 +T11w,xx + 2T12w,xy +T22w,yy + p(t) = ρw∙∙+ 2ξ ρw∙ (8)  

e11,yy + e22,xx − γ0,xy = w2
,xy − w,xxw,yy − w,xx/r2 − w,yy/r1 (9)  

where (, ) and (∙) denote the partial differentiations with respect to coordinates and time, respectively, t is a time, ξ is the viscous 
damping coefficient, p(t) is a periodically changing external excitation, its concrete expression is explained in the next step, ρ =
∫ h/2
− h/2 V

z
cntρcntdz + Vmρmh, and e11, e22, γ are strains on the mid-surface of structural systems reinforced by CNTs and include the 

following nonlinear terms [52]: 
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By using relations (4) and (6)-(9), the nonlinear forced vibration equations of double-curved shells reinforced by CNTs in the 
presence of linear viscous damping may be written as, 
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(12)  

where cij and bij(i, j = 1, 2, ...,4) are defined as: 
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3. Methods of solution 

Since the double-curved shell reinforced by CNTs obeys simply-supported boundary conditions, its mathematical model is 
expressed as follows [52–54]: 

w= 0, w,yy= 0, as x= 0 and x = a
w= 0, w,xx= 0 as y= 0 and y = b (14) 

The solution of basic equations will be sought in the form, which w(x, y, t) satisfies the simply-supported boundary conditions [54]: 

w(x, y, t) =
∑∞

m,n
wmn(t) sin(m1x) sin(m2y)

ϕ(x, y, t) =
∑∞

m=1
Bmn(t)cos(2m1x) +

∑∞

n=1
Cmn(t)cos(2m2y) +

∑∞

m=1

∑∞

n=1
Dmn(t)sin(m1x)sin(i2y)

(15)  

were m1 = mπ
a , and m2 = nπ

b in which (m, n) denote vibration modes, wmn(t), Bmn(t), Cmn(t) and Dmn(t) are time dependent unknown 
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functions, in which Bmn(t), Cmn(t) and Dmn(t) are found from the particular solutions of the inhomogeneous differential Eq. (8). Also, 
Bmn(t) and Cmn(t) are quadratic functions, and Dmn(t) is the first order function of wmn(t). 

The functions w(x, y, t) and ϕ(x, y, t), which are sought in the above form, satisfy the deformation compatibility Eq. (9). The ex
amples of determining these functions under various boundary conditions are presented in Pekerman and Galimov [54]. Based on the 
studies [52,54], the following expression can be used for w(x, y, t), since the fundamental mode is more important in the primary 
resonance: 

w = w(t) sin(m1x) sin(m2y) (16) 

Letting (16) into Eq. (12), the Airy stress function is found from the particular solutions of the inhomogeneous differential equation 
as follows: 

ϕ = p1w2(t)cos(2m1x)+ p2w2(t)cos(2m2y)+ p3w(t)sin(m1x)sin(m2y) (17)  

where 

p1 =
m2

2

32m2
1b22h
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m2

1
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2b11h
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b23m4
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1m2

2 + b14m4
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2/r1

b11hm4
2+(b12 + b21 + b31)hm2

1m2
2 + b22hm4

1
(18) 

By applying Galerkin method to the Eq. (11) in the ranges of 0⩽x⩽a and 0⩽y⩽b, and introducing (16) and (17) into the nonlinear 
motion equation (11), we obtain the following ordinary nonlinear differential equation: 

w
⋅⋅
+ 2ξw

⋅
+Ω2

0w+ δ12w2 + δ13w3 − δ14p(t) = 0 (19)  

where Ω0 is the natural frequency of double-curved structural systems reinforced by CNTs and expressed as: 

Ω0 =
̅̅̅̅̅̅
δ11

√
(20)  

in which 

δ11 = ρ− 1{[m2
1/r2 + m2

2/r1 − c12m4
1 − (c11 − 2c31 + c22)m2

1m2
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2

]
hp3
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1 + (c14 + 2c32 + c24)m2

1m2
2 + c24m4

2

}
,

δ12 = 64hρ− 1a− 1b− 1[1 − (− 1)m
− (− 1)n

+ (− 1)m+n
]×

×
(
c12m3

1p1/m2 + c21m3
2p2/m1 − 0.125m1m2p3 − 0.25p1m1/r2m2 − 0.25p2m2/r1m1

)/
3

δ13 = 2hm2
1m2

2(p1 + p2)ρ− 1, δ14 = 4ρ− 1m− 1n− 1π− 2[1 − (− 1)m
− (− 1)n

+ (− 1)m+n
]

(21) 

The initial conditions are given as: w|t=0 = wmax,
dw
dt

⃒
⃒
⃒
⃒
t=0

= 0. 

Suppose that the external excitation, p(t), changes harmonically [55]: 

p(t) = P0cos(ϑt) (22)  

where ∂ and P0 are the frequency and amplitude of the time-depending harmonic excitation, respectively. 
Introducing (22) into the Eq. (19), the differential equation of the nonlinear forced vibration for structural systems reinforced by 

CNTs in the presence of linear viscous damping is obtained as follows: 

w
∙∙
+ 2ξw

∙
+Ω2

0w+ δ12w2 + δ13w3 − δ14P0cos(ϑt) = 0 (23) 

For the occurrence of primary resonance, must be provided ϑ ≈ Ω0, and damping, nonlinearity and excitation must be included at 
the same time in the disturbance circuit to analyze this case. The nonlinearity produces a term proportional to cos(Ω0t) for O(ε3). Here ε 

is a perturbation small parameter. We need order 2ξw(t)
⋅

, as the 2ε2ξw(t)
⋅

, and δ14P0cos(ϑt), as the ε2δ14cos(ϑt), so that we can form the 
basic equation as follows: 

w(t)
⋅⋅

+Ω2
0w(t) = − 2ε2ξw(t)

⋅
− εδ12w2(t) − ε2δ13w3(t)+ ε2δ14cos(ϑt) (24)  

where the following definitions apply: 

ξ =
ξ
ε2, δ12 =

δ12

ε , δ13 =
δ13

ε2 , δ14 =
δ14P0

ε2 (25) 

An approximate solution to the problem can be obtained by a series of perturbation techniques. Since the multi-scale method is used 
here, the solution is expressed in different time scales as follows [55]: 

w(t, ε) = w0(τ0, τ1, τ2)+ εw1(τ0, τ1, τ2)+ ε2w2(τ0, τ1, τ2)+ ... (26)  

where τ0 = t, τ1 = εt and τ2 = ε2t. We also express the excitation in terms of τ0 and τ2 as δ14cos(Ω0τ0 + στ2). Since the excitation is O 
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(ε2), ∂-Ω0 is assumed to be O(ε2) for consistency. Hence, we put 

∂ = Ω0 + ε2σ (27) 

Substituting expressions (26) and (27) into Eq. (24) and equating the coefficients of ε0, ε and ε2 on the both sides, we obtain, 

D2
0w0 +Ω2

0w0 = 0 (28)  

D2
0w1 +Ω2

0w1 = − 2D0D1w0 − δ12w2
0 (29)  

D2
0w2 + Ω2

0w2 = − 2D0D1w1 − 2D0D2w0 − D2
1w0 − 2ξD0w0

− 2δ12w0w1 − δ13w3
0 + δ14cos(Ω0τ0 + στ2)

(30)  

where Dn = ∂
∂τn

(n = 0,1,2). The general solution of the Eq. (28) is obtained as follows: 

w0 = A(τ1, τ2)eiΩ0τ0 +A(τ1, τ2)e− iΩ0τ0 (31)  

where A(τ1, τ2) and A(τ1, τ2) are unknown functions. Substituting expression (31) into Eq. (29) yields, 

D2
0w1 +Ω2

0w1 = − 2iΩ0D1AeiΩ0τ0 − δ12

[
A2e2iΩ0τ0 + AA

]
+C1 (32) 

Eliminating the terms in Eq. (32) that procedure secular terms in w1 gives D1A = 0, or A = A(τ2). Therefore, the solution of Eq. (32) 
is as follows: 

w1 =
δ12

Ω2
0

(

− 2AA +
1
3
A2e2iΩ0τ0 +

1
3

A2e− 2iΩ0τ0

)

(33) 

Substituting expressions (31) and (33) into Eq. (30), yields 

D2
0w2 +Ω2

0w2 = −

[

2iΩ0(A
′

+ ξA) +

(

3δ13 −
10δ2

12

3Ω2
0

)

A2A −
1
2
δ14eiστ2

]

eiΩ0τ0 +C1 +NST (34)  

where A′

= ∂A
∂τ2
, C1 is stands for the complex conjugate of the preceding terms, the prime denotes the derivatives with respect to τ2 and 

NST stands for terms proportional to e±3iΩ0τ0 [55]. Secular terms will be eliminated form (34) if 

2iΩ0(A
′

+ ξA)+

(

3δ13 −
10δ2

12

3Ω2
0

)

A2A −
1
2
δ14eiστ2 = 0 (35) 

To solve the Eq. (35), we write parameter A in the polar form as, 

A =
1
2

αeiβ (36)  

where α and β are the amplitude and phase. Then substituting expression (36) into Eq. (35), we separate the result into its real and 
imaginary parts and obtain 

α′

= − ξα+
δ14

2Ω0
sinγ (37)  

αβ
′

=
9δ13Ω2

0 − 10δ2
12

24Ω3
0

α3 −
δ14

2Ω0
cosγ (38)  

where α′

= ∂α
∂τ2
, β

′

=
∂β
∂τ2 

and γ is the new phase angle and defined as: 

γ = στ2 − β (39) 

Eliminating β from Eqs. (38) and (39), yields 

αγ′

= ασ −
9δ13Ω2

0 − 10δ2
12

24Ω3
0

α3 +
δ14

2Ω0
cosγ (40) 

Steady-state motions occur when γ′

= α′

= 0, which corresponds to the singular points of Eqs. (37) and (38), that is they correspond 
to the solutions, 
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0 = − ξα +
δ14

2Ω0
sinγ

0 = ασ −
9δ13Ω2

0 − 10δ2
12

24Ω3
0

α3 +
δ14

2Ω0
cosγ

(41) 

The Eq. (41) is an implicit equation for the amplitude of the response α as a function of the detuning parameter σ (i.e., the frequency 
of the excitation) and the amplitude of the excitation δ14; it is called the frequency–response equation. This solution method is called 
multi-scale method. 

From Eq. (41), the second order approach of the frequency–response curve for the desired (m, n) mode for structural systems 
reinforced by CNTs is obtained as follows: 

σ1,2 = Γh2θ2
±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

δ2
14

4Ω2
0h2θ2 − ξ2

√
√
√
√ (42)  

where the θ = α/h is the dimensionless vibration amplitude, Γ defines the nonlinear vibration behavior of structural systems reinforced 
by CNTs and is found in the following expression: 

Γ =
1

8Ω0

(

3δ13 −
10δ2

12

3Ω2
0

)

(43) 

The dimensionless nonlinear forced vibration frequencies structural systems reinforced by CNTs for the primary resonance are 
expressed as: 

ϑ(i)
Forc =

(
Ω0 + ε2σi

)
h
̅̅̅̅̅̅̅̅̅̅̅̅̅
ρm/Em

√
(i = 1, 2) (44) 

The nonlinear forced vibration frequency to the linear forced vibration frequency ratio of structural systems reinforced by CNTs is 
defined as 

ϑ(i)
Forc/Ω0 = 1+ ε2σi/Ω0 (i = 1, 2) (45) 

In the absence of external excitation, that is, when P0 = 0 and damping is zero, that is, ξ = 0, the backbone curve of structural 
systems reinforced by CNTs is obtained. 

The expressions (42), (44) and (45) for double-curved shells reinforced by CNTs also apply to other structural systems such as 
spherical shells, hyperbolic paraboloidal shells, cylindrical panels and plates reinforced by CNTs, as r1 = r2, r1 = − r2, r1 → ∞ and 
r1 = r2 → ∞, respectively. 

4. Numerical applications 

4.1. Material properties of CNTs and matrix 

In this subsection, the material point of view, polymethyl methacrylate (PMMA) is considered as a matrix with the properties: Em =

2.5 GPa, νm = 0.34, ρm = 1150 kg/m3. In addition, SWCNTs as reinforcement with (10, 10) armchair structure with the material 

Table 1 
The efficiency parameters and total volume fraction of CNTs.  

V*
cnt  η1  η2  η3   

0.12  0.137  1.022  0.715  
0.17  0.142  1.626  1.138  
0.28  0.141  1.585  1.109  

Table 2 
Comparison of the nonlinear to linear frequency ratio (ΩNL/Ω0) for homogeneous of 
orthotropic cylindrical shell with (m = 1,n = 4)

θ  Sheng and Wang [25] Present  

0.5  1.0017  1.00185  
1.0  1.0066  1.00738  
1.5  1.0149  1.01554  
2.0  1.0265  1.02723  
2.5  1.0414  1.04531  
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properties: r = 9.26 nm, a = 0.68 nm, h = 0.067 nm, and Ecnt
11 = 5.6466 TPa, Ecnt

22 = 7.08 TPa, Gcnt
12 = 1.9445 TPa, νcnt

12 = 0.175, ρcnt =

1400 kg/m3 at room temperature (T = 300 K). The efficiency parameters and total volume fraction of CNTs are presented in Table 1 
[32]. 

4.2. Examples for validation 

In order to verify the present results, ΩNL/Ω0 for homogeneous orthotropic shells are compared with the results of Sheng and Wang 
[25] and given Table 2. The nonlinear free vibration frequency ΩNL is defined as ΩNL = Ω0 + ε2σ1, in which the detuning parameter σ1 

is obtained by setting ξ1 = 0 (without damping), δ14 = 0 (without excitation) V
z
cnt = 0 in the Eq. (42). The orthotropic material 

properties and shell parameters are as follows: b = 1.5748r2, r1 → ∞, r2 = 100h, Em
11 = 200 GPa, Em

22 = Gm
12 = 10 GPa, ν12 = 0.2, ρm =

7800 kg/m3. It can be seen from Table 2 that the results are in agreement. 
In a second example, our results are compared with the study in Ref. [56] which gives the dimensionless frequency parameter of 

linear free vibration of composite plates with different CNT patterns and for different modes. To transform double-curved shells into 
rectangular plates, r1 → ∞, r2 → ∞ is taken into account in the Eq. (20). For comparison, are used the data V*

cnt = 0.17, a/b = 1, b/
h = 50, which were taken from ref. [56]. The dimensionless frequency parameter is calculated using the formula Ω1s =

Ω0

(
b2/h

) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρm/Em

√
. Table 3 shows that the dimensionless frequency parameters for all modes and the patterns of CNTs are in good 

agreement. 

4.3. Unique examples of nonlinear forced vibration 

The specific analyzes on the dimensionless nonlinear forced vibration frequency (DNFVF) of structural systems reinforced by CNTs 
are made based on Eqs. (44) and (45). In the all calculations the following data are used: ε = 0.01, a/h = 20 and (m,n) = (1,1). The 
linear viscous damping effect is taken into account in Fig. 10. The shell geometries and other data are presented in each figure or in the 
comments section. In all calculations, except Figs. 7, 8 and 10 use the following expression for the external excitation: P0 = Ap0 h2ρmΩ2

0 

Table 3 
Comparison of non-dimensional natural frequency parameters for composite plates with different CNT patterns and modes   

Selim et al. [56] Present study Selim et al. [56] Present study Selim et al. [56] Present study Selim et al. [56] Present study 

Mode UD FG-V FG-O FG-X 

1 23.659 24.116 19.950 20.209 17.502 17.694 28.345 29.179 
2 28.942 29.328 26.166 26.386 23.745 23.907 33.354 34.075 
3 43.106 42.972 41.594 41.346 38.823 38.525 47.444 47.571  

Fig. 3. Distribution of ϑ(1)
Forc, ϑ

(2)
Forc and backbone curve for UD and FG patterned structural systems according to the dimensionless amplitude θ.  
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in which the amplitude of the external excitation is considered as Ap0 = 0.004 [15,25]. 
The distributions of dimensionless nonlinear forced vibration frequencies ϑ(1)

Forc, ϑ
(2)
Forc and backbone curve of UD and structural 

systems reinforced by CNTs with UD, FG-V, FG-O and FG-X profiles according to the dimensionless amplitude, θ, for the data V*
cnt =

0.12, r1/a = 1, a/h = 20, a/b = 1 are plotted in Fig. 3. The backbone curve is between ϑ(1)
Forc and ϑ(2)

Forc curves in all calculations. Based 
on the data used, the magnitudes of the ϑ(1)

Forc for spherical shells with all distribution types of CNTs throughout the thickness of the 
matrix, decreases due to the increase of the θ, while the magnitudes of ϑ(2)

Forc increase first and then decrease after a certain value of the 
θ. Although the fastest decrease of ϑ(1)

Forc and ϑ(2)
Forc occur in the FG-O profile, the attenuation of these decrease is observed for FG-V, UD 

Fig. 4. Distribution of ϑ(1)
Forc, ϑ

(2)
Forc and backbone curve for a) UD and b) FG-O patterned structural systems according to θ for different V*

cnt .  
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and FG-X patterned structural systems, respectively. The influences of FG profiles on ϑ(1)
Forc and ϑ(2)

Forc increase due to the increase of the θ. 
The highest influence of FG profiles on ϑ(1)

Forc and ϑ(2)
Forc occurs in FG-X patterned structural systems. For instance, the influence of the FG- 

X profile on the DNFVF increases from (+10.24%) to (+13.6%), as θ increases from 0.05 to 0.6. 
In Fig. 4, the distribution of ϑ(1)

Forc, ϑ
(2)
Forc and backbone curve of UD and FG-O patterned structural systems according to θ for different 

V*
cnt and with following fixed data, r1/a = 1, a/h = 20, a/b = 1 is illustrated. It is seen that the magnitudes of ϑ(1)

Forc and backbone curve 
of UD and FG-O patterned structural systems decrease due to the increase of θ, whereas the values of ϑ(2)

Forc increase up to θ = 0.15 and 
decrease in the next increment of θ. When the influences of V*

cnt = 0.12, 0.17 and 0.28 on DNFVFs are compared among themselves, it 

Fig. 5. Distribution of ϑ(1)
Forc, ϑ

(2)
Forc and backbone curve for a) UD and FG-V, and b) UD and FG-X patterned structural systems according to the θ for 

different r1/a. 
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has been determined that the greatest influence on ϑ(1)
Forc and ϑ(2)

Forc occurs at V*
cnt = 0.12, while the least influence occurs at V*

cnt = 0.17. 
Also, the influences of the FG-O profile on ϑ(1)

Forc and ϑ(2)
Forc increase depending on the increase of θ. For instance, the influences of the FG- 

O profile on DNFVFs for V*
cnt = 0.12, 0.17 and 0.28 are (− 8%), (− 7.22%) and (− 7.45%), respectively, at θ = 0.1, whereas those are 

(− 10.5%), (-9.1%) and (− 10.3%), respectively, at θ = 0.5. 
The distributions of ϑ(1)

Forc, ϑ
(2)
Forc and backbone curve of UD, FG-V and FG-X- patterned structural systems according to θ, for fixed data 

V*
cnt = 0.12, a/h = 20, a/b = 1 and with different r1/a are illustrated in Fig. 5. For considered data, the magnitudes of ϑ(1)

Forc, ϑ
(2)
Forc and 

backbone curve for UD and structural systems reinforced by CNTs decrease, as the r1/a ratio increases. The magnitudes of ϑ(1)
Forc for FG-V 

and FG-X patterned structural systems continuously decrease due to the increase of θ, while the magnitudes of ϑ(2)
Forc first increase and 

then decrease by taking the maximum value, at r1/a = 1. The magnitudes of ϑ(1)
Forc for FG-V patterned structural systems for r1/a = 2 

change similarly to those of r1/a = 1. The magnitudes of ϑ(1)
Forc for FG-V and FG-X patterned structural systems first decrease and then 

increase due to the increase of the θ, while the values of the ϑ(2)
Forc first increase and then decrease after a certain value of θ for r1/a = 3. 

Furthermore, the values of the ϑ(1)
Forc for FG-X profile r1/a = 2 change similarly to the r1/a = 3 ratio. Also, the influences of FG-O and 

FG-X type distributions on ϑ(1)
Forc and ϑ(2)

Forc significantly increases with the increasing of the r1/a ratio. For instance; the influences of FG- 
O and FG-X type distributions on ϑ(1)

Forc and ϑ(2)
Forc are (− 8.1%) and (+10.3%), respectively, as θ = 0.1, while those are (− 11.64%) and 

(+13.6%), respectively, as θ = 0.6 for r1/a = 1 and V*
cnt = 0.12. The influences of FG-O and FG-X profiles on ϑ(1)

Forc and ϑ(2)
Forc are 

(− 14.57%) and (+18.42%), respectively, as θ = 0.1, whereas those are (− 15.23%) and (+18.19%), respectively, as θ = 0.6 with r1/a =

3 and V*
cnt = 0.12. 

The distribution of ϑ(1)
Forc, ϑ

(2)
Forc and backbone curve of UD and FG-X profiles according to θ for fixed data V*

cnt = 0.12, r1/a = 1 and 
with different a/b is plotted in Fig. 6. The magnitudes of ϑ(1)

Forc, ϑ
(2)
Forc and backbone curve for UD and FG-X profiles increase, as a/b 

increases. At a/b = 1 and 2; while the magnitudes of ϑ(1)
Forc for UD and FG-X patterned structural systems decrease due to increase of θ, 

the magnitudes of ϑ(2)
Forc first increase and then decrease after the certain value of θ. The magnitudes of ϑ(1)

Forc and ϑ(2)
Forc for UD and FG-X 

type shells are increase due to increase of θ at a/b = 3. At a/b = 2 compared to a/b = 1, it is observed that the rate decreases of DNFVF 
for FG-X profile structural systems reduce due to increase of θ, whereas the magnitudes of DNFVFs increases, at a/b = 3. Additionally, 
the increase of a/b significantly reduces the influence of the FG-X profile on the magnitudes of DNFVFs. For instance; the influences of 
the FG-X profile on the magnitudes of DNFVFs are: (+10.24%), (+6.72%) and (+4.44%) for a/b = 1, 2 and 3, respectively, as V*

cnt =

0.12 and θ = 0.05. Furthermore, the influence of FG-X profile on ϑ(1)
Forc and ϑ(2)

Forc increases, as θ increases, but increase of a/b significantly 
weakens the influence of FG-X on ϑ(1)

Forc and ϑ(2)
Forc. 

The distribution of nonlinear forced vibration and backbone curves of UD, FG-O and FG-X- patterned structural systems according 
to θ, for fixed data V*

cnt = 0.17, r1/a = 2, a/b = 1 and with different external excitation P0 is described in Fig. 7. The magnitudes of 

Fig. 6. Distribution of ϑ(1)
Forc, ϑ

(2)
Forc and backbone curve for UD and FG-X patterned structural systems according to θ for different a/b.  
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ϑ(1)
Forc for FG-O profile decreases, while ϑ(2)

Forc increases first and then decreases due to the increase of θ, for all values of P0. The mag
nitudes of ϑ(1)

Forc for FG-X patterned structural systems first decreases and then increases due to increase of θ, while ϑ(1)
Forc increases 

continuously for all values of P0. While the increase of P0 increases the values of ϑ(1)
Forc, the values of ϑ(2)

Forc for structural systems 
reinforced by CNTs decrease. Otherwise, with the increase of external excitation P0, the influence of FG-O profile on ϑ(1)

Forc and ϑ(2)
Forc 

decreases significantly for small values of θ, while this significance disappears as the P0 increases. The effect of FG-X profile on ϑ(1)
Forc and 

ϑ(2)
Forc increases significantly for small values of θ, as P0 increases, but this significance disappears, as P0 increases. 

The distributions of ratios ϑ(i)
Forc/Ω0 (i = 1,2) and ΩNL/Ω0 for FG-V and FG-X patterned structural systems according to θ for fixed 

data V*
cnt = 0.12, r1/a = 2, a/b = 1 with various external excitation P0 are plotted in Fig. 8. Considering these data, the ratios ϑ(1)

Forc/Ω0 

and ΩNL/Ω0 of FG-V and FG-X profile increase while the ϑ(2)
Forc/Ω0 decrease with the increasing of P0 for fixed θ. The ratio ϑ(1)

Forc/Ω0 of the 

Fig. 7. Distribution of ϑ(1)
Forc, ϑ

(2)
Forc and backbone curve for a) UD and FG-O and b) UD and FG-X patterned structural systems according to θ for 

different external excitation P0. 
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FG-V profile is greater than that of FG-X profile, while ϑ(2)
Forc/Ω0 is smaller for all values of P0. The ϑ(1)

Forc/Ω0 (i = 1,2) ratio for FG-V profile 
decreases continuously, while the ϑ(2)

Forc/Ω0 ratio increases first and then decreases as a parabolic curve by taking the maximum value, 
as the θ increases. The ratios ϑ(1)

Forc/Ω0 and ϑ(2)
Forc/Ω0 for FG-X pattern increase due to increase of θ, although they are weak, for P0 =

104(Pa). The ratio ϑ(1)
Forc/Ω0 first decreases and takes the minimum value and then increases in the form of a parabolic curve, while the 

ratio ϑ(2)
Forc/Ω0 continuously increase for P0 = 5 × 104 and 8 × 104 (Pa). 

The distribution of ϑ(i)
Forc/Ω0 and ΩNL/Ω0 for UD and FG-V- patterned structural systems according to the θ for fixed V*

cnt = 0.12, a/
h = 20, a/b = 1 and for different r1/a is presented in Fig. 9. The ϑ(1)

Forc/Ω0 ratio of UD and FG-V patterns decreases for r1/a = 1 and 2, 

Fig. 8. Distribution of ϑ(i)
Forc/Ω0 (i = 1,2) and ΩNL/Ω0 for a) FG-V and b) FG-X patterned structural systems according to θ with different external 

excitation P0. 
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while this ratio decreases first and then takes a minimum value and increase due to the increase of the θ for r1/a = 3. The ratios ϑ(2)
Forc/

Ω0 and ΩNL/Ω0 of UD and FG-V patterns first increase and then decrease for r1/a = 1 and 2, while those increase continuously for r1/

a = 3 due to the increase of the θ. 
The distribution nonlinear forced vibration frequenices of spherical shells containing CNTs depending on the dimensionless 

amplitude parameter θ with different viscous damping coefficient (ξ = 0.005, 0.03, 0.05, 0.08) are presented in Fig. 10. UD and FG-O 
patterns are considered and other parameters are as follows: V*

cnt = 0.17, r1/a = 1, a/b = 1, a/h = 20 and AP0 = 0.048. Fig. 10 shows 
that taking into account the viscous dumping leads to a decrease of ϑ(1)

Forc values, while it supports an increase of ϑ(2)
Forc values. The 

influences of viscos damping on ϑ(1)
Forc and ϑ(2)

Forc become more pronounced with increasing ξ, and also the viscos damping effect on ϑ(2)
Forc is 

more pronounced than ϑ(1)
Forc for the FG-O pattern. It is observed that the influence of viscos damping on nonlinear forced vibration 

Fig. 9. Distribution of ϑ(i)
Forc/Ω0 (i = 1,2) and ΩNL/Ω0 for a) UD and b) FG-V patterned structural systems according to θ for different r1/a.  
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frequencies becomes more pronounced with the increasing of θ for both UD and FG-O patterns. For example, the viscos damping effects 
on ϑ(1)

Forc increase from (− 0.06%) to (− 0.45%), from (− 0.18%) to (− 1.34%) and from (− 0.47%) to (− 4.26%) for ξ = 0.03, 0.05 and 
0.08, respectively, when θ increases from 0.05 to 0.25. The viscos damping effects on the ϑ(2)

Forc increase from (+0.18%) to (+0.54%), 
from (+0.50%) to (+1.62%) and from (+1.29%) to (+5.14%) for ξ = 0.03, 0.05 and 0.08, respectively, when θ increases from 0.05 to 
0.25. 

5. Conclusions 

In this study, the nonlinear forced vibration of structural systems reinforced by CNTs in the presence of linear viscous damping is 

Fig. 10. Distribution of ϑ(i)
Forc/Ω0 (i = 1,2) for UD and FG-O patterned structural systems according to θ with different viscous damping coefficient ξ  
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investigated. Hamilton principle and von Kármán-type nonlinear theory are used to obtain the nonlinear mathematical model of 
structural systems with the CNT pattern. To solve the non-linear problem of forced vibrations of structural systems reinforced by CNTs 
using Galerkin and multi-scales methods, as well as to create a dependence of nonlinear frequency on the amplitude. 

Numerical analysis led to the following generalized results:  

a) The influences of nonuniform patterns on ϑ(1)
Forc and ϑ(2)

Forc increase due to the increase of θ and the highest influence of the pattern 
occurs in FG-X patterned structural systems.  

b) The magnitudes of ϑ(1)
Forc of FG-V patterned structural systems for r1/a = 2 change similarly to those of r1/a = 1, whereas the 

magnitudes of ϑ(1)
Forc of FG-X patterned structural systems for r1/a = 2 change similarly to the r1/a = 3.  

c) The increase of a/b significantly reduces the influence of the FG-X pattern on the magnitudes of DNFVFs.  
d) With the increase of external excitation P0, the influence of FG-O pattern on ϑ(1)

Forc and ϑ(2)
Forc decreases significantly for small values of 

θ, while this significance disappears, as the P0 increases.  
e) The influence of FG-X pattern on ϑ(1)

Forc and ϑ(2)
Forc increases significantly for small values of θ, as P0 increases, but this significance 

disappears, when P0 increases.  
f) The ratio ϑ(1)

Forc/Ω0 (i = 1,2) for FG-V patterned structural systems decreases continuously, while the ratio ϑ(2)
Forc/Ω0 increases first and 

then decreases as a parabolic curve by taking the maximum value, as θ increases.  
g) The influences of viscos damping on ϑ(1)

Forc and ϑ(2)
Forc become more pronounced with increasing ξ, and also the influence of viscos 

damping on ϑ(2)
Forc is more pronounced than ϑ(1)

Forc.  
h) The influence of viscos damping on the nonlinear forced vibration frequency becomes more pronounced with the increasing of θ for 

both UD and FG-O patterns. 
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