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« This paper focuses on the theories of dual-generalized and hyperbolic-generalized complex numbers.
« The algebraic structures of dual-generalized and hyperbolic-generalized complex numbers are given.
« Dual-generalized complex and hyperbolic-generalized complex valued functions are defined.
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« An efficient classification includes complex-generalized complex numbers is examined.
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1. INTRODUCTION

The set of complex numbers is denoted by C and defined as

C:{z:(xl,xz):x1+x2i|x1,x2eR,iZ:—l}.

As it is well known that the set of complex numbers is a field, an associative and commutative algebra with
unity. The complex numbers are applied to many aspects of real life, especially in applied mathematics,
physics, quantum mechanics and electronics. The detailed information related to complex numbers can be
found in [1].

Besides, different definitions of the complex unit “i > conduce to new special number systems. Hence

complex numbers are the building blocks of the other two dimensional number systems, such as hyperbolic
numbers (double, split complex, perplex) [2,3], dual numbers [4, 5] and multicomponent number systems

[6].
As a generalization of complex numbers, the set of generalized complex numbers is denoted by C  and
defined as:
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(Cp:{z:(xl,xz):x1+x2J X, %, €R, JZ:p,—oo<p<oo}.

The generalized complex numbers analogous with the set of complex numbers C for p=—1, hyperbolic

numbers T for p=1, dual numbers ID for p=0. Also, C, is a vector space over real numbers R and

{1, J } is basis C,, . The further information about generalized complex numbers can be found in [7].

The idea of investigating the number systems by writing the coefficients as elements of the sets C, H and
ID is a remarkable area for the researchers. Therefore, hyperbolic numbers with complex coefficients
(complex-hyperbolic numbers or hyperbolic-complex numbers) are introduced by [8] and examined in [9,
10]. n-dimensional hyperbolic-complex numbers are examined in [11]. Moreover, bicomplex numbers are
investigated in [12-14] . Dual numbers with complex coefficients (complex-dual numbers or dual-complex
numbers) are presented in [15, 16]. In [17], the concept of dual-complex numbers and their holomorphic
functions are investigated. Moreover, the algebraic properties, functions and matrix representations of dual-
hyperbolic numbers and complex-hyperbolic numbers are presented in [18]. Also, as an extension of dual
numbers, hyperdual numbers are studied in [19-24]. Bihyperbolic numbers are examined in [25-28]. There
exist quite studies in the literature related to types of numbers which consist of different combination of the
coefficients, [29, 30].

The main point of this paper is to develop the theory of dual-generalized complex and hyperbolic-
generalized complex numbers by using generalized complex number theory. So, the paper is organized as
3 main sections and conclusions section. Section 2 is devoted to the construction of the concept of dual-
generalized complex numbers. In this section, we firstly introduce algebraic structures of dual-generalized
complex numbers such as the conjugations and the modules. Then, dual-generalized complex valued
functions are concerned. Besides, the real and generalized matrix representations of dual-generalized
complex numbers and the real and dual matrix representations of generalized complex-dual numbers are
stated. In Section 3, the concept of hyperbolic-generalized complex numbers are given. The algebraic
structures, hyperbolic-generalized complex valued functions, and matrix representations of these numbers
are concerned. In conclusions, a notable classification that includes complex-generalized complex numbers
are addressed by considering special cases.

2. DUAL-GENERALIZED COMPLEX NUMBERS

In this original section, we construct the theory of dual-generalized complex numbers.
Definition 1. A dual-generalized complex number W is an ordered pair of generalized complex numbers
(z,,2,) and denoted in the form

W=(2,2,) =2+ 2,6, 1)

where 2, =x,+x,JeC,, z,=y,+Yy,J €C,, J?=p,—o<p<ow and & =0, £#0. This special
number is a dual number with generalized complex coefficients. The set of these numbers is denoted by
DC, and defined as

DC, ={W= 2,+2,¢12,2,€C,, & =O,g¢0}.
If X,#0,Xx,#0 and Yy, =Y, =0, then X, +X,J is called proper generalized-complex number. If all

values are non-zero, W is called a proper dual-generalized complex number.

Definition 2. Let w,,w, e]D)(Cp and AeR. Then, the addition, substraction, multiplication, scalar

multiplication and equality of dual-generalized complex numbers are defined respectively as in the
following Table:
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Table 1. Operations for dual-generalized complex numbers

Addition ®:DC,xDC, - DC, W, ®w, =

Zyy + 2,6 ) © (2, + 2,56 )

(

(Wl’WZ)_)WlG_)WZ :(211+221) (212+222)
(
(2

Substraction ©:DC,xDC, —»DC, W, OW, =(Z,; +2,6) O(2,, + 2,5¢)
(W, W, ) > W, OW, = 2, )+(2, -2 ) €
Multiplication a:DC,xDC, - DC, W aW, =(Z;, + ZIZE)A(221 +2,¢)
(Wl’ WZ) — W, aW, = (211221) + (211222 + 212221)‘9
Scalar Multiplication | ¢ : RxDC, - DC, AOW, =4 O(Zn + 2128)
(Aw)—>10w, =(Az,)+(A2,)e
Equality W, =W, <> 2y, + 2,6 = 2y + 2,6 <> 2, = Zyy ALy, = Zy,.

Proposition 1. The algebraic properties of DC, are given as follows:

i)

(]D)(CP,C'B,A) is a commutative ring with unity under addition and multiplication as defined in
Definition 2. The additive and multiplicative identities of this ring are (0,0)=0+Og and
(1, O) =1+0c¢ , respectively. But, ]D)(Cp is not a field, because of the fact that the elements of the
form w=0+2Z,& are not invertible. All elements of this form are called zero divisors.

{]D)Cp,@, R,+,, O} is a vector space over R with addition and scalar multiplication defined in

Definition 2.
The set {1,J,&,J&} (or {L&,J,£3}) is abasis for DC,, i.e. DC, =span{l,J,&,J&}. Then,

dimDC, =4.
The elements of the basis {1, J, &, Jg} satisfy the properties of the commutative multiplication

scheme given in Table 2.

Table 2. Multiplication scheme of dual-generalized complex numbers

A 1 J & Je
1 1 J g Je
J J p Je | pe
£ € Je | O 0
Je | Je | P€ | O 0

A dual-generalized complex number can be given in terms of its basis elements {1, J,e&, Jg} (or
{Le,J,£J}) by using Table 2 as W=X +X,J +Y,6+Y,J&, where J indicates the pure

generalized complex unit, & is the pure dual unit and J¢ is the dual-generalized complex unit.
Moreover, X, is called the real part, X, is called the generalized complex part, Y, is called the dual

partand Y, is called the dual-generalized complex part of W.
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vi) {]IDCp,@,R,+, Y @,A} is an algebra with operations defined in Definition 2.
Remark 1. Yw e ]D)(Cp, it can be written that
W=12+2,6 = (X + %) +(Y, + V0 ) e = (X + y,&) +(X, + Y,¢) I =d, +d,J,

where d,,d, €. Hence the set of generalized complex-dual numbers is denoted by C, D and defined
as:

C,D={w=d,+d,J|d,,d, €D, J* =p,—c0<p<oo}.
So, there is no difference between dual-generalized complex numbers and generalized complex-dual
numbers.

Conjugation of a number plays a significant role for its algebraic and geometric properties. For dual-
generalized complex numbers, there are five different conjugations and four modulus in DC_ are as

follows:

Definition 3. Forany w=z, +2,6 e DC,, the conjugations and modules of w are defined as in Table 3.
(Note that, for z=x,+x,J €C_, X and X, are called real and imaginary part of z and denoted by
Re(z)=x and Im(z)=x,, respectively. Z=X —X,J indicates conjugate and |Z|2 indicates the
module of ze C, [7])

Table 3. Conjugations and modules of dual-generalized complex numbers

Generalized complex conjugation wh =7 +7Z,¢
Generalized complex module |W|:1 = Waw't = |21|2 + 2Re(2172)g =)
Dual conjugation w? =2 -2,
Dual module |W|_i2 —waw'z =72 € C,
Coupled conjugation wh =7 -7,
Coupled module W =waw® =|z[" —2Im(2,7,)Jz e DC,
Dual-generalized complex conjugation
(W is not a zero divisor) wh =7 (1—2—ng
1
Dual-generalized complex module |W|§4 — Waw' = |Zl| cR

Anti-dual conjugation wh =z — 2,6
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Proposition 2. Let W;,W, and w=2, +z,& € DC, . Then, the following assertions hold:

wk )Tk =w, k=1,2,3,4,(z #0 for w*),

s )TS =—W

w, @®w,)" =w' ®w’, k=1235,

=
~_~ o~~~
=

w,ow,)"  =w ow,, k=12,35,
V) (waw,)™ =wlaw, (2, #0 for wi),

1\ 1
vi) —j =——, k=2,4,(z,#0 for w),
W W'k

vii)  w@®w" =2Re(z)+2Re(z,)seD,

viiy  wew?=2z¢eC,

ix) wew®=2Re(z)+2Im(z,)JeeDC,,
x) z,-W"=7Z-w"”eDC,, where -:C,xDC, - DC,,
xi) 7= W@(W’Ms), z, =w" ®(wae).

Definition 4. Under the condition that W is not a zero divisor, the inverse of any dual-generalized complex
number W is defined as

1 WTZ W.h

= —

W |W| jz |W| Ta

2.1. Dual-Generalized Complex Valued Functions

Here, we examine the dual-generalized complex valued function. In order to give this examination, we
firstly give the following definition:

Definition 5. The following statements can be given for the set DC, :

i) Qs called a dual-generalized complex subset of DC, if there exists a subset Sc C, such that
Q~S xC, . Here S is called generator of Q.
if) € is an open dual-generalized complex subset of DC, if the generator of € is an open subset
of C,.
iii)  Q is a closed dual-generalized complex subset of DC, if its complement is an open subset of
DC, .
Definition 6. A dual-generalized complex valued function f is a mapping such that:
f:QcDC, >DC,
2+ 2,6 > f(z,+2,¢),

where € is an open dual-generalized complex subset of DC, .
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Definition 7. The dual-generalized complex valued function f is called continuous at W, = 7, +Z,¢ if

lim f (w)=f (w,). Moreover, f is called continuous in open subset Q < IDC, if it is continuous at

W—>W

every point of €.

Definition 8. The dual-generalized complex valued function f is differentiable at W, = Z,, +Z,,& if the
following limit exits:

d—(WO) is called the derivative of f at the point W, . Besides, f is differentiable in an open subset
w

Qc DC, ifitis differentiable at every point of €.

Theorem 1. Let f be an dual-generalized complex infinitely differentiable function in open subset
QcDC,. Forevery W=7, +2,& €€, it can be written as:

f(z,+2,6)=f(z,)+2,f'(z)e.
Proof. The Taylor series of f (z,+2,&) at w=0 can be written as:

’ zX +(kzf 'z
f(W)= f (0)+ f'(o)(ZlJrZZg)Jr f”(o)MJr._._F +( 1 2)5

If we rearrange the above equation, we get
ZZ Zk Zk—l
f (W):(f (0)+ f'(0)z, + f”(O)j+...+ f(k)(O)k1|+...]+ z,| £/(0)+ f"(0)z,+..+ H”(O)Wa.. P

Then, we have f(w)=f(z,)+2,f'(z)e.

Example 1. Some basic examples for the dual-generalized complex valued functions are given as follows:

7 +256

i) e
. 1
i) «/zl+zzg=ﬁ+zzmg,

z
i)  In(z,+2z,¢)=In zl+z—2<c:,
1

iv)  (z,+2,8) =2"+nz,2" e

=e" +2z,e%¢,

2. 2. Matrix Representations of Dual-Generalized Complex Numbers

Here, we first define the following transformation
f:DC, »DC,

w,—> f, (W) =waw,



186 Nurten GURSES, Gulsum Yeliz SENTURK, Salim YUCE/ GU J Sci, 34 (1): 180-194 (2021)

forevery w=2+2z,6 =% +XJ +y,6+Y,Je € DC,. A trivial computation shows that f is a linear
transformation. The real and generalized complex matrix representations of f (of W as well ) with respect
to the basis {1,J,&,J&} and {1, &} (basis for D) are respectively given as follows:

X pX, 0 0

A - X, x 0 0 ’Acp{xl+x2\] 0 }{zl 0]
i PY. X pX YitY,d X +XJd z, 1,
Yo Y1 X X

Moreover, det(ACF ) =2°= |W|: :

There is no loss of generality in assuming that w=z, + 2,6 =d, +d,J € C D Similarly, we can write the

matrices of W with respect to the basis {1,&,J,£J} and {1,J}, respectively:

¥ 0 px, O
g |V X P w | o Ixe Pl HYes)| | dopd,
VX HY,e X +YE d, d, |

folx, 0 x 0
yZ X2 yl Xl

Besides, det(B;)=d,” —pd,* =|w

2
1

Example 2. The matrix representations of the dual-generalized complex number w=-2+5J +¢—-4J¢
can be calculated with respect to basis {1,J,&,J&} and {1, &}, respectively as follows:

2 5 0 0
5 2 0 0 245] 0
A=l ap 2 sl Cv{l—u —2+5J}’
4 1 5 -2

and with respect to basis {1, &,J,&J} and {1,J}, respectively as follows:

2 0 S5 0
1 -2 -4p 5 —2 —4
- b S| g _[2+e p(5-4e)|
5 0 -2 0 5-4¢ 2+¢
-4 5 1 -2

Also, det(A. ) = (4+25p)~20J and det(B,) = (4—25p) +(~4+40p)e
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3. HYPERBOLIC-GENERALIZED COMPLEX NUMBERS

In this original section, we present the concept of hyperbolic-generalized complex numbers.
Definition 9. A hyperbolic-generalized complex number W is an ordered pair of generalized complex
numbers (z;,Z, ) and denoted in the form

W=(2,2,)=2+1,], )

where z, =x +X,J €C,, z, =y, +y,J €C,, J?=p, —o<p<oo and j?=1 j==1. This special
number is a hyperbolic number with generalized complex coefficients. The set of these numbers is denoted
by HC, and defined as

HC, { =72+12,jlz,2, eCp,j —1j¢+1}

If all values are non-zero, W is called a proper hyperbolic-generalized complex number.

Definition 10. Let W, W, e]I—]I(Cp and A €R. Then, the addition, substraction, multiplication, scalar

multiplication and equality of hyperbolic-generalized complex numbers are defined respectively as in the
following table:

Table 4. Operations for hyperbolic-generalized complex numbers

Addition ®:HC,xHC, - HC, W OW, = (2, +2,])® (2, +2,,])
(W, W, ) — W, © W, = (2, +2, )+ (2 + ) §
Substraction ©:HC, xHC, - HC, W, OW, =(z,, + lej) (Zy+2,1])
(\Tvl,Wz)—>Wl®W2 ( ) ( 222)j
Multiplication atHC, xHC, - HC, WoaW, = (2, +2,,)a(2y + 2, )
(W, W, ) — W, a W, = (2421 + 2025 )+ (2020 + 2152 )
Scalar Multiplication | ©:RxHC, — HC, AOW,=20(2y+12,])
(A4,W)—>10W, =(Azy)+(A2,) |
Equality W =W, <2, +2,] =2y +2,,] 2, =2, A2, =1,

Proposition 3. The algebraic properties of the set of hyperbolic-generalized complex numbers HC  are
given as follows:

i) (]I-]I(Cp,e'r), A) is a commutative ring with unity under addition and multiplication as defined in

Definition 10. The additive and multiplicative identities of this ring are (0,0)=O+Oj and

(1, 0) =1+0], respectively. But, ]I-]I(Cp is not a field, owing to the fact that the elements of the

form W=2,+2,] are not invertible when z7 —z7 = 0. All elements of this form are called zero
divisors.
i) {HCp,®,R,+, -,@} is a vector space over R with addition and scalar multiplication defined in

Definition 10.
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i) The set {1,J,],Jj} (or {1,j,J,}J}) is a basis for HC,, i.e. HC,=sp{L,J, j,Jj}. Then
dimHC, =4.
iv)  The elements of the basis {1,J, j,Jj} satisfy the properties of the following commutative

multiplication scheme given in Table 5.

Table 5. Multiplication scheme of hyperbolic-generalized complex numbers

A |1 T3 17 T3
TR EEE
ERERERE]

bl ]
Jj | Jj [pi |3 | P

v) A hyperbolic-generalized complex number can be given in terms of its basis elements {1, J, 1 Jj}

(or {1,j,3,jJ}) by using Table 5 as W=X +X,J +Y,j+Y,Jj, where J indicates the pure
generalized complex unit, j is the pure hyperbolic unit and Jj is the hyperbolic- generalized
complex unit. Besides, X, is called the real part, X, is called the generalized complex part, Y, is

called the hyperbolic part and Y, is called the hyperbolic-generalized complex part of W .

vi) {]I-]ICp,@,R, +,-, @,A} is an algebra with operations defined in Definition 10.
Remark 2. vwe HC,, the following equation can be written:
W=2+2,j=(X%+%d)+(V,+Iy,) i=(}+V,J)+(X,+Y,j)I =h +h,J,

where h,h, e H. Then the set of generalized complex-hyperbolic numbers is denoted by C H and
defined as:

C,H ={W=h +hJ|h,h, e H,I*=p—oo<p<oof.

Hence, there exists no difference between hyperbolic-generalized complex numbers and generalized
complex-hyperbolic numbers.

On the other hand, every hyperbolic number can be written in terms of the basis {1, j}. Since the hyperbolic
numbers have idempotent basis (see in [2]), we can express the hyperbolic-generalized complex number in

1+ . 1-
terms of the elements of the set {L = +TJ = Tj} as follows:

W=2+2,]=(X+%Jd)+(y,+Y,J) ]
z[(xﬁV1)+(Xz+yz)ﬂ(l+7]}+[(>9—yl)+(xz—yz)J](l_Tjj
=z,),+2 ],

where z, =(x +Y;)+(%, +Y,)J and Z_ =(X1—y1)+(x2—y2)J :
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1+
2
complex numbers similar to hyperbolic numbers. Because of the fact that j° = j,,j° = j_ and they are

Definition 11. The set {L = V)= 1_2 J} is called an idempotent basis for hyperbolic-generalized

mutually annihilating because j, j =0.
Definition 12. YW=z, +z,j e HIC, the conjugations and modules of W are defined as in Table 6.

Table 6. Conjugations and modules of hyperbolic-generalized complex humbers

Generalized complex conjugation Af — Z,+7,j
Generalized complex module A = Wawh = |21|2 +|Zz|2 + 2Re(2172) jeH
1
Hyperbolic conjugation Wiz = 2,—2,]
Hyperbolic module |le|2 VAW =22 72cC
1, 1 2 p
Coupled conjugation wfs — Z,-7,j
el lizellu e W =WaW' =3[ ~|2,[ - 2Im(2,7,)Jj € HC,
Hyperbolic-generalized complex conjugation ) 7
i =712 ]
Zl
Hyperbolic-generalized complex module 2 > 7z,
|W|T =WaW'" =|z| -
4 Zl
Anti-hyperbolic conjugation Wis = Z,— 7,
Anti-hyperbolic module W2 ot — (7 2 2\ :
yp W, =WaW" =(2,°~2")jeHC,

) (W) =W k=1234,
i) (we)° =W,
i) (W OW,)" =@ ®w,", k=1234,5,
iv)  (Wow,)" =w"ow", k=1234,5,
V) (Waw, )™ =W, k=123,
vi) (1 i = Wl*k , (W is not zero divisor), k =1,2,

W
@W" =2Re(z,)+ j2Re(z,) e H,
vii)  WOW": =2z, eC,,
®W" =2Re(z)+2jJ Im(z,) e HC,,
x) z,-W" =7 -W?eHC,, where -:C, xHC, — HC,,

*aj), 22, =W ®(Waj).
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Definition 13. Under the condition that W is not a zero divisor, the inverse of W e ]I-]I(Cp is defined as

1 V~VT2

i,

=

I

o

af

1

3. 1. Hyperbolic-Generalized Complex Valued Functions

Similar to Section 2.1, here we first define hyperbolic-generalized complex open subset 2 — HC, and
the mapping as follows:

Definition 14. The following statements can be given for the set HC :

f:QcHC, —HC,
(z,+2,i) > f (2 +2,])).
Then, it can be written by using idempotent basis as follows:
f(W)=f(zj,+zj)="F(z)i.+f(z)i.

Definition 15. The hyperbolic-generalized complex valued function f is called continuous at
W, = Zy; + 25, ) if lim (W)= f(W,). Moreover, f is called continuous in open subset Q< HC, if
it is continuous at every point of Q2.

Definition 16. The hyperbolic-generalized complex valued function f is differentiable at W, = z,, + 7, ]
if the following limit exits:

o

0 —YWo

j—t(wo) is called the derivative of f at the point W,. Besides, f is differentiable in an open subset
0

Qc HC, ifitis differentiable at every point of Q.

Example 3. For W=2+7,j € HC,, some hyperbolic-generalized complex valued functions are given
as follows:

. ~ 1 1 -
1) ”W”2 =§[“21+22”2 +||21_22||2}+§[”21+ Zz||2 _”21—22”2} i,
i) et j = %(ezwzz i )+%(ezl+zz _ el ) i,
1 1 |
i) [z +2,0[= 5 (12 + 2| +a-z)+ 5 ([ + 2] -[a-2]))

iv) In(zl+22j):%ln(zf—zf)+%ln[%jj, (212_222)>O’(Zl_22)¢o’[§1t;2j>0’
1 2 1 2

V) (n+2,)) =(z,+2,) (izjj+(zl—zz)n (1_7])
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3. 2. Matrix Representations of Hyperbolic-Generalized Complex Numbers

Here, we first define the transformation f:]HI(Cp—HHI(C f(V~V)=V~VAW1, for every

proW
W=2Z+2,]=X+XJ +VY,]+Y,J]. Itisobvious that f is linear. The real and generalized complex
matrix representations of f (of W aswell) with respect to the basis {1,J, j,Jj} and {1, j} (basis for TH

) can be given as below, respectively:

P, Y BY

Aol %oV ’AC{MJXZ yﬁ%}[zl 22}
Yo B2 X P | 7 [N, 4t 7, 7
y2 yl X2 Xl

2

where det(A@p ) =7~z =W, .

By writing W=2,+2,j=h +h,J € C H, the matrices of W with respect to the basis {1,j,3,j3} and

{1, J } are given respectively as follows:

XYy PX, DY,
5|V o% W wo| g :[Xﬁjyl p(xz+jyz)}{hl phz}
X Yo % Y| X+ Y, X+, h, h ]

Y. X Y1 X

where det(B,, ) = h’ —ph, = |, .

Example 4. The matrix representations of W=—-2+5J + j —4Jj with respect to the basis {1, J, 1 Jj} and

{1, j} can be given as below, respectively:

-2 5p 1 p

i - 5 -2 -4 1| . [-2+5) 1-4J
|1 -4p -2 5p v 1 1-4)  —245J |
4 1 5 =2

and with respect to the basis {1, j,J, jJ} and {1,J} respectively:

-2 1 5p —4p

5 |1 2 A Sp| o [2+] p(5-4j)
ls 4 2 1 " |s-4j -2+j |
4 5 1 =2

Moreover, det(&p)=(3+9p)—lZJ eC, and det(B, ) =(5-41p)+(-4+40p) j < H.
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4. CONCLUSIONS

In this study, inspired from the theory of the number systems constructed by writing the coefficients as
elements of the sets C, H and D, we present the theories of dual-generalized complex and hyperbolic-
generalized complex numbers for p € R . By using similar thought, the expressions given in this paper can

be given for the set of complex-generalized complex numbers:
CC, :{v:v:zl+zzi 12, =% +%J, 2,=Y,+Yy,d €C,, J? =p, i’ :—l}.
If the sets DC,, HIC, and CC, are examined for special values of p e{-1,0,1}, then the classification

in Table 7 can be given.

In the future studies, it is planned to adapt the theory undertaken in this paper to hybrid numbers created
with any combination of the complex, hyperbolic and dual numbers, [31].

Table 7. The examination of the sets DC, HIC and CC, for p{-1,0,1}

i2=-1 i?=-1 i’=1j =1 £=0,€ =0,
(==L j==£1 (¢#0,e#0,e£#0)
|
“ Dual-complex numbers W=X +X,0+Y,E+Y,ie
ﬁ % j (see in [15, 16, 17]) J=i, p=-1
J2 |4
< § e Hyperdual numbers W=X +X,€+Y,&+ Y,€€
DC, 2% |3 (see in [19, 20, 21, 22, 23, 24]) J=g, p=0
O =
?5‘ % s Dual-hyperbolic numbers W= X +X,j+ Y6+ Y, )€
oo ! (see in [18]) J=j, p=1
A Hyperbolic-complex numbers W =X + X0+ Y, J+ Y,ij
5 2 : (seein [8, 9, 10]) J=i,p=-1
< W +
é = = Hyperbolic-dual numbers W =X +XE+Y,]+Y,E&
HC % % +’ . § : 2
P S X ~, (see in [18]) J=¢, p=0
2z |7
Q 2 - Bihyperbolic numbers W=X+Xj+ Y j+ Y0
w O [
o - H -
E = (see in [25, 26, 27, 28]) J=j p=1
I ————————————— —————————————————————————————————————————————————————— S S —————-
Bicomplex numbers W = X, + X0 + Yii + Y, i
[a) = . .
§ 2 RS (seein [12, 13, 14]) J=i,p=-1
a8 |1 -
G2 = Complex-dual numbers W = X, + X,&+ Y,i + V,Ei
z +
CcC, 3 g =, (see in [15, 16, 17] J=g p=0
ﬁ | =
7 2 = Complex-hyperboli b % i i
£ 3 5 p yperbolic numbers W= X+ X,j+ Vii+ Y, ji
9 . (see in [8, 9, 10]) J=j p=1
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