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Abstract
This article deals with free and forced vibration responses of the viscoelastic parabolic arches of variable thickness. Firstly,
considering the effects of shear deformation and damping, time-dependent motion equations of in-plane loaded parabolic
arches are obtained. Subsequently, the Laplace transform is applied to the obtained equations and solved by a powerful
numerical method. Furthermore, the Kelvin viscose model is used to describe the viscoelastic material. Using an effective and
suitable inverse numerical Laplace transform method, the results were transferred back to time space. The verification of the
presented method is performed by comparing its results with the results of ANSYS. It has been shown in several examples
that the proposed method is highly accurate and efficient compared to step-by-step time integration methods.
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1 Introduction

Rods and arches are used in many man-made structures
such as bridges, roof structures, and aerospace structures.
As aspects of modern architectural design, curved rods
and arches of varying cross-sections are commonly used in
bridges. These important practical applications of arches and
curved rods have attracted the interest of researchers in deter-
mining the static and dynamic behavior of those structures.

Many researchers have studied curved beams using var-
ious methods. Among those, Haktanır [1], Bayhan [2],
Bozkurt [3] and Yildirim et al. [4] investigated the static
response of curved beams. The dynamic analysis of cylin-
drical helical rods was examined by Çalım [5]. Aktan [6]
studied the free vibration of in-plane circular beams. Çoban
[7] investigated the dynamic analysis of curved beams with
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the Gâteaux derivative. Akkurt [8] investigated the dynamic
analysis of circular beams. Karaca [9] examined the in-plane
and out-of-plane dynamic analysis of circular beams. The
longitudinal vibrations of elastic bars were investigated by
Ecer [10]. Vibration analysis of circular archeswas examined
by Rosa and Franciosi [11] and by Karami and Malekzadeh
[12]. Dynamic analysis of straight beams was examined by
Manolis and Beskos [13], Beskos and Narayanan [14] and
Huang et al. [15]. The dynamic behavior of the arches of vari-
able thickness was examined by Tong et al. [16] and Huang
et al. [17]. Dynamic analysis of arches was also studied by
Wu and Chiang [18], Tufekci and Arpaci [19] and Tüfekci
and Özdemirci [20]. Dynamic analysis of structures in the
Laplace domain was examined by Temel et al. [21], Yildirim
and Tutuncu [22], Noori et al. [23] and Aslan et al. [24].

The literature survey shows thatmany studies dealingwith
static, free vibration and transient analysis of curved rods
and arches have been made and several methods have been
investigated by researchers [1–24]. The present study is the
extension of the elastic case discussed in [21], free vibration
and viscoelastic response of the arch are also examined. The
CFM is a numerical solutionmethodwhich transforms a two-
point boundary value problem into a system of initial value
problems. In this study,Butcher’sRK5method [25] is applied
for the solution of initial value problems. The application of
Laplace transform, with respect to time, to partial differential
equations, converts them to ordinary differential equations
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in the transformed domain. Thus the numerical solution of
partial differential equations in the Laplace domain can be
done easily. A highly effective inverse Laplace transforma-
tion method has been implemented to retransfer the results
to time–space. Materials of the rods are assumed to be linear
elastic or viscoelastic. To demonstrate the efficiency of the
proposed procedure, the transient responses of a pin-ended
parabolic arch of variable thickness are presented in this arti-
cle. Current results are compared with those of ANSYS [26],
a finite element package which applies the Newmark time
integration method to solve the time dependent equations.
The advantages of the present method are high accuracy and
computational time savings.

2 Governing equations

Consider an arch (Fig. 1), having a moving reference with
the origin on the arch axis is defined by the unit vectors n
(normal), t (tangential), b (binormal) (see Sokolnikoff and
Redheffer [27]). The relationship between these vectors are
as follows:

∂t
∂z

� χn (1)

∂n
∂z

� τb − χ t (2)

∂b
∂z

� −τn (3)

where τ and χ are the curvature of the arch axis. For in-plane

loaded parabolic arches χ � 1
r(φ)

� Cos3φ
r0

and τ � 0. U is
the displacement, � is rotation, T is the internal force, M is
the internal moment of any point of the arch.

The components of the vectors for the in-plane loaded
arches can be written as follows:

U � Ut t +Unn (4)

� � �bb (5)

T � Tt t + Tnn (6)

M � Mbb (7)

where Tt is the internal force in the axial direction, Tn is the
shear force, Mb is the flexural moment, Ut is the tangential
component of displacement, Un is the normal component of
displacement, �b describes the rotation. Displacements and
rotations are considered to be infinitesimal and the following
equations can be obtained.

∂U
∂z

+ t × � − CT � 0 (8)

∂�

∂z
− DM � 0 (9)

∂T
∂z

+ q − ρA
∂2U
∂t2

� 0 (10)

∂M
∂z

+ t × T +m − ρ I
∂2�

∂t2
� 0 (11)

In the above equations, ρ is the mass density of the struc-
ture, I is the moment of inertia, A is the area of cross-section
of the arch, q is the distributed load and m is the distributed
moment. C and D are the stiffness matrices of the structure.
The infinitesimal length of the parabolic arch can be written
by the curvature as below:

r � r0
Cos3φ

(12)

where r0 is the radius of curvature in the midpoint of the
arch. The assumptions and related formulations of this kind
of planar arches are discussed in detail byKıral and Ertepınar
[28]. By employing the above-mentioned assumptions, the
governing equations of the dynamic response of parabolic
arches with variable cross-section are obtained and the set of
6 partial differential equations are given below:

∂Ut

∂φ
� Un +

r0
Cos3φ

Tt
E A(φ)

(13)

∂Un

∂φ
� −Ut +

r0
Cos3φ

�b +
r0

Cos3φ

Tnαn

GA(φ)
(14)

∂�b

∂φ
� Mb

E Ib(φ)

r0
Cos3φ

(15)

∂Tt
∂φ

� r0
Cos3φ

ρA(φ)
∂2Ut

∂t2
+ Tn − pt

r0
Cos3φ

(16)

∂Tn
∂φ

� r0
Cos3φ

ρA(φ)
∂2Un

∂t2
− Tt − pn

r0
Cos3φ

(17)

∂Mb

∂φ
� r0

Cos3φ
ρ Ib(φ)

∂2�b

∂t2
− Tn

r0
Cos3φ

− mb
r0

Cos3φ
(18)

In the above equations, φ is independent variable, E is
the modulus of elasticity, h(φ) is the thickness of the arch,
A(φ) is the area of cross-section of the arch, Ib(φ) is area
moment of inertia, αn is the shear correction factor for first
order shear deformation theory, pt is the external axial load,
pn is the external normal load and mb is the external bending
moment.

The column matrix of unknowns,
{Y(φ, t)}, can be written as follows:

{Y(φ, t)} � {Ut ,Un,�b, Tt , Tn, Mb}T (19)
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Fig. 1 Geometry of the arch

In this study, the Kelvin damping model is used for the
analysis of viscoelastic status (See Boley and Weiner [29]).
When performing damped forced vibration analysis, Laplace
transformation of material constants E and G will be as fol-
lows:

Ev � E(1 + gs), Gv � G(1 + gs) (20)

where Ev and Gv are viscoelastic constants of material, and
s is the Laplace transform parameter (see Temel et al. [30]).
By using the Laplace transform, Eqs. (13–18) can be con-
verted to ordinary differential Eqs. (21–26), which govern
the viscoelastic response of considered structures.

dUt

dφ
� Un +

r0
Cos3φ

T t

EvA(φ)
(21)

dUn

dφ
� −Ut + �b

r0
Cos3φ

+
r0

Cos3φ

T nαn

GvA(φ)
(22)

d�b

dφ
� r0

Cos3φ

Mb

Ev Ib(φ)
(23)

dT t

dφ
� r0

Cos3φ
s2ρA(φ)Ut + T n − pt

r0
Cos3φ

(24)

dT n

dφ
� r0

Cos3φ
s2ρA(φ)Un − T t − pn

r0
Cos3φ

(25)

dMb

dφ
� r0

Cos3φ
s2ρ Ib(φ)�b − T n

r0
Cos3φ

− mb
r0

Cos3φ

where the terms shown by (•) indicate the Laplace transform
of the related quantities.

The Laplace transformation of axial, flexural and mass
moment of inertia are given as:

L

[
ρA(φ)

∂2Ut

∂t2

]
� ρA(φ)

[
s2Ut − sUt (φ, 0) − ∂Ut (φ, 0)

∂t

]

L

[
ρA(φ)

∂2Un

∂t2

]
� ρA(φ)

[
s2Un − sUn(φ, 0) − ∂Un(φ, 0)

∂t

]

L

[
ρ Ib(φ)

∂2�b

∂t2

]
� ρ Ib(φ)

[
s2�b − s�b(φ, 0) − ∂�b(φ, 0)

∂t

]
(27)

The last two terms on the right-hand side of Eq. (27) are
initial conditions and are taken as 0 in this study. Matrix
notation of Eqs. (21–26) can be written as follows:

d
{
Y(φ, s)

}
dφ

� [
A(φ, s)

]{
Y(φ, s)

}
+

{
F(φ, s)

}
(28)

The RK5 algorithm is used for the solution of the initial-
value problem based on the CFM (see Temel et al. [21] and
Temel and Noori [31]).

3 Numerical examples and discussion

Program code has been prepared with the aid of FORTRAN
in order to examine the free and damped forced vibration
of variable thickness parabolic arches with the proposed
method. CFM and Laplace transform are used together to
solve the equations that govern the dynamic behavior of the
arch. In order to retransfer the results obtained by the Laplace
transform to the time space, the modified Durbin inverse
transfer method, which is a very effective inverse Laplace
transform, has been applied (see Durbin [32] and Temel and
Şahan [33]). By virtue of the fact that there is a lack of results
in the available literature for the present class problems, anal-
ysis results are compared with those of ANSYS.

At first, the natural frequencies of a pin-ended isotropic
parabolic arch with a variable cross section, shown in Fig. 2a,
are obtained and compared with the results of ANSYS. In
order to achieve consistent results with finite elements, it is
necessary to define approximately variable cross-sectional
properties along the arch axis. Therefore, it is necessary to
divide the problem into a sufficient number of elements. In
the presented study the natural frequencies of the consid-
ered structure are listed in Table 1 for a various number of
tapered sections. It can be clearly seen that at least 50 tapered
beam Sects. (100 elements of BEAM54) must be defined
in ANSYS to describe an approximately continuous vari-
able thickness along the axis. Whereas by using the current
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Fig. 2 (a) Pin-ended parabolic
arch; (b) Dynamic loads

method, cross-sectional area of the arch varies with the cur-
vature of the arch. Comparisons given in Table 1 show that
current results are in good agreement with the results of the
finite element method.

After the free vibration analysis, the forced vibration
analysis of the structure discussed will now be examined

for a point dynamic load applied to its crown point. Mate-
rial properties are: Poisson’s ratio, ν � 0.3, mass density,
ρ � 7850 × 10−6 kg/cm3, and modulus of elasticity,
E � 2.1 × 106 kgf/cm2. Four functions of dynamic loads,
shown in Fig. 2b, with the amplitude P0 � 1 kgf, are applied
on the midpoint of the structure. Equation of the axis line of
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Table 1 First ten natural
frequencies of the pin-ended
parabolic arch of variable
thickness (Hz)

Mod ANSYS (50 elements) ANSYS (100 elements) ANSYS (200 elements) Present study

1 1.375 1.373 1.373 1.371

2 3.968 3.965 3.965 3.959

3 7.856 7.853 7.854 7.836

4 13.032 13.026 13.026 12.983

5 18.850 18.773 18.772 18.748

6 19.682 19.672 19.673 19.631

7 27.312 27.289 27.289 27.132

8 36.426 36.323 36.324 36.046

9 46.745 46.641 46.641 46.189

10 58.431 58.232 58.233 57.534

Fig. 3 Deflection of the arch Crown Point

Fig. 4 Moment of bending of the arch Crown Point
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the parabolic arch in the x, y coordinate system and its radius
of curvature or “r” along the axis are as follows:

y � 4 f x2

L2 , r � r0
Cos3φ

where r � r0Cos3φ is the radius of curvature of themidpoint
of the arch (point O).

r0 � L2

8 f

The cross-section of the arch is assumed to have a constant
width and a variable thickness, given as below.

b(φ) � b(0); h(φ) � h(0)

cosφ

Here the flexural rigidity and cross sectional area of arch
are variable.

E Ib(φ) � E
bh3(φ)

12
; A(φ) � bh(φ)

The boundary conditions are as follows:

φ � 0 →
⎧⎨
⎩

Ut � 0
�b � 0

Tn � −P/2
φ � φ0 →

⎧⎨
⎩

Ut � 0
Un � 0
Mb � 0

The Eqs. (21–26) are solved numerically by the CFM
in the Laplace domain. Current results are compared with
those of finite element software, which uses the conven-
tional step by stepNewmark time integrationmethod to solve
the equations of motion. Comparisons are demonstrated in
the graphics. Shear deformation is considered in this prob-
lem. The geometric properties of the parabolic arch are given
below:

b � 1 cm; h(0) � 1 cm; A(0)

� 1 cm2; Ib(0) � 0.0833cm4;

L � 200 cm; r0 � 100 cm; f � 50 cm

P0 � 1 kg f ; φ0 � 45◦; αn � 1.2

Closed-form of the Laplace transforms of the considered
dynamic loads are available in the literature. Comparison of
the vertical displacement and bending moment of the crown
point of the considered structure for step load function is
given in Figs. 3 and 4. The material of the parabolic arch is
considered to be isotropic-elastic.

The problem has been solved for various time increments
as transform parameters (N � 64, dt � 0.08 s.), (N � 128,
dt � 0.04 s.), (N � 256, dt � 0.02 s.) and (N � 512, dt �
0.01 s.). As is evident in the comparisons, the results obtained

for fewer Laplace parameters and more Laplace parameters
overlap. This comparison shows that the proposed method is
highly effective and efficient. The parabolic arch is divided
into 100 uniaxial elements in ANSYSwhile the cross section
of the arch is considered to be variable.

Figures 5 and 6 show the vertical displacement and Mb

bending moment results at the mid span of the parabolic arch
obtained via ANSYS.

The comparisons of the current results and those of the
Newmark method for various time steps given in Figs. 7 and
8 show the Un deflection and Mb bending moment at the
midpoint of the arch for a step load.

For this example, the time increment must be at least
0.005 s to achieve consistent results in the ANSYS pack-
age program. However, with the proposed approach, results
with the same precision can be achieved using a coarse time
increment of 0.08 s. This leads to considerable savings in
computation time (see Temel and Şahan [33]).

Viscoelastic analysis is now performed for various
damping-ratios. Comparisons of vertical displacement Un

and bending moment Mb versus time at the arch midpoint
for step load are given in Figs. 9 and 10. In the figures given,
a comparison of the results obtained with the approach pre-
sented and ANSYS is given. In this example, it is seen that
the results obtained by taking the dt � 0.08 s with the pro-
posed method coincide with the results obtained using a finer
time increment dt � 0.005 s in ANSYS.

Vertical displacement Un and bending moment Mb ver-
sus time at the arch midpoint under the sinusoidal load and
arbitrary load shown in Fig. 2b are shown in Figs. 11, 12, 13
and 14 respectively. The Laplace transform of the arbitrary
load is performed using a piecewise linear approach given
by Narayanan [34].

The parabolic arch is now considered under a half rectified
sinusoidal-wave load shown in Fig. 2b. The vertical displace-
ment Un and bending moment Mb results versus time are
given for a period of 8 s. in Figs. 15 and 16. Solutions are
obtained for both elastic and viscoelastic cases.

For a better interpretation of the amplitude of vibration
under the periodic sinusoidal-wave loading the vertical dis-
placement and bending moment is given for 24 s. in Figs. 17
and 18.

The beating can be clearly seen in Figs. 17 and 18. The
reason for this is that the frequency of the periodic sinusoidal
wave load (1.250 Hz) is very close to the natural vibration
frequency value of the structure (1.371 Hz). When the wall
clock time is compared it can be clearly observed that using
the presented scheme leads to considerable saving in com-
putation time. The suggested unified approach completes the
related calculations approximately 208 times quicker than the
finite element software, ANSYS, for the transient response
of present class problems. In ANSYS only nodal degrees of
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Fig. 5 Deflection of the arch Crown Point

Fig. 6 Moment of bending of the arch Crown Point
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Fig. 7 Comparison of the deflection of the arch Crown Point
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Fig. 8 Comparison Moment of bending of the arch Crown Point

Fig. 9 Deflection of the arch Crown Point for various damping ratios

Fig. 10 Moment of bending of the arch Crown Point for various damping ratios
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Fig. 11 Deflection of the arch Crown Point for various damping ratios

Fig. 12 Moment of bending of the arch Crown Point for various damping ratios

Fig. 13 Deflection of the arch Crown Point for various damping ratios
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Fig. 14 Moment of bending of the arch Crown Point for various damping ratios

Fig. 15 Deflection of the arch Crown Point for various damping ratios

Fig. 16 Moment of bending of the arch Crown Point for various damping ratios
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Fig. 17 Deflection of the arch Crown Point

Fig. 18 Moment of bending of the arch Crown Point

freedomand element solutions are calculated (seeNoori et al.
[35]).

4 Conclusions

In this study, the free and forced vibrations of isotropic
parabolic arches with variable thickness made of linear elas-
tic or viscoelastic material are examined theoretically. The
proposed method is a combination of the Laplace transform
and the CFM. The first order shear deformation effect and
damping effect are considered. RK5 algorithm is used for
the numerical solution of the CFM based initial values prob-
lems. The equations governing the dynamic behavior of the
arches are obtained in the time domain based on the first order
shear deformation theory. The obtained equations are trans-
ferred to Laplace space with the help of Laplace transform.

These ordinary differential equations are solved numerically
by applying the CFM in Laplace space.

The solutions obtained are transformed into the time
domain using an appropriate inverse numerical Laplace
transform method. Owing to Laplace transform, a dynamic
problem is reduced to a static one. Furthermore, the damping
effect can be easily incorporated in the transformed domain.
In order to examine the free vibration behavior of the con-
sidered arches, all external loads are equalized to zero, then
the Laplace parameter “s” is replaced by a complex number
“iω”. Mass of the structure can be assumed to be distributed
by using this unified approach, for this reason, the natural
frequencies are much more accurate than those of the finite
element method.

Whereas, in the forced vibration analysis the accuracy of
the results of the Newmark method depends on the appropri-
ate selection of the optimum time increment. By using the
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In-plane vibration analysis of parabolic arches having a variable thickness 921

presented method, highly accurate results can be obtained,
even with a coarse time step size. The proposed unified
approach is shown to be more effective and accurate than
step-by-step integration methods.

Under the rectified sinusoidal wave load, it seems that the
frequencyof the arch is close to the frequencyof the load, thus
the beating phenomenon is observed in the related graphics.
Additionally, this type of dynamic loads causes the shifting
of oscillating periods in viscoelastic cases.

Laplace transformation gives a time-independent
boundary-value problem in spatial coordinates which is
then solved by the CFM. The numerical examples have
proved that the suggested procedure is highly accurate and
efficient, and it can be easily applied to the parabolic arches
with varying section and curvature.
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