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1  Introduction

Stochastic partial differential equations (SPDEs) are mathe-
matical models that can be used to explain the development 
of systems that exhibit randomness. These mathematical 
equations have been developed for numerous applications 
in a wide range of fields, such as engineering, finance, and 
physics, among others [1–3]. Deterministic models do not 
take into account the substantial influence of random factors 
on the system’s behavior. As a result, the system’s dynam-
ics are more accurately and completely depicted. SPDE 
research has received a lot of interest because of its exten-
sive application in a variety of fields, such as turbulence, 
climate modeling, financial engineering, materials technol-
ogy, biology, and neurology [4–6]. During recent years, the 
use of analytical techniques in treating nonlinear evolution 
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Abstract
In this paper, we research the stochastic Davey–Stewartson (SDS) mathematical model, which is crucial in modeling a 
broad variety of physical processes such as surface and internal wave propagation in hydrodynamics, transmission of 
light in nonlinear optical materials, and wave dynamics in plasma media. The SDS system represents an extension of the 
standard Davey–Stewartson equations by introducing stochastic perturbations to discuss the dynamics of waves subjected 
to random influences. In order to analyze this model, we begin by decomposing the governing complex-valued equation 
into real and imaginary parts, obtaining a coupled system of nonlinear partial differential equations. The separation enables 
us to build an associated linear system whose solutions are polynomials parameterized with the physical constants of the 
model. Using a wave transformation and choosing suitable ansatz functions, we derive a class of exact stochastic optical 
soliton solutions by the Kumar-Malik method, which is a robust analytical approach well known for its competence in 
handling nonlinear structures. We give our solutions in various functional forms like trigonometric, hyperbolic, exponen-
tial, and Jacobi elliptic functions, and thus show the generality of the method. Furthermore, we provide a classification of 
these solutions into distinct categories such as bright solitons, dark solitons, singular and periodic structures, and noise-
modulated waveforms. For the bright soliton solutions, we study the stability and dynamical behavior by conducting 
numerical simulations for different intensities of noise. The graphical representation of solutions in 3D, contour, and 2D 
plots contains rich dynamic features like amplitude modulation, deformation of wave profiles, and stochastic bifurcation 
onset. A comparative study with the existing literature is provided that emphasizes the novelty of the solutions presented 
and the universal utility of the stochastic DS framework to model real-world nonlinear systems. This work not only 
provides new exact solutions but also provides a deeper understanding of the effect of randomness on the propagation 
of solitons, making it a significant contribution to the analytic and physical knowledge of Stochastic partial differential 
equations in multidimensional models of waves.
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equations has attracted increased attention as it has pro-
found applications in actual phenomena such as oceanog-
raphy, fluid dynamics, and plasma physics. For instance, 
Kumar and Rani [7] examined a (2+1)-dimensional dissi-
pative long wave system, where they employed invariance 
analysis and optimal systems in order to obtain closed-form 
solutions that describe the dynamics of dissipative wave 
structures-vital for the description of energy loss in shal-
low water wave propagation. In another research work, the 
authors also explored the Boussinesq-Burgers model of rel-
evance to ocean waves and derived various wave profiles 
and their significance in the depiction of the character of 
nonlinear and dispersive waves in viscous fluid media [8]. 
Besides, Rani and Kumar [9] examined the Jaulent–Miodek 
and Zakharov–Kuznetsov equations with a higher-order 
generalized method to expose the evolution and interaction 
of soliton solutions that are of crucial importance in describ-
ing nonlinear wave patterns in atmospheric and marine 
systems. Such investigations demonstrate the applicative 
relevance of analytical methods in describing multifaceted 
wave behavior in such a manner as to enable them to serve 
as effective tools for modeling and predicting natural phe-
nomena in applied science.

Analyzing the SPDEs both analytically and numeri-
cally is one of their main difficulties. Numerous scholars 
have been working on SPDEs recently in an effort to find 
both approximate and exact solutions, including Li and Liu 
made investigations for the perturbed stochastic nonlinear 
Schrödinger equation [10]. For the modified Korteweg-de 
Vries equation with stochastic terms, Mohammed and Askar 
obtained some new analytical solutions [11]. Luo’s research 
found new stochastic solutions to the fractional stochastic 
Kraenkel-Manna-Merle equation in ferromagnetic materi-
als [12].

The retrieval of solitary wave solutions for nonlinear 
dynamical systems has become very important due to its 
applications in various disciplines. Soliton waves, a fas-
cinating class of nonlinear wave solutions, maintain their 
structure and energy as they propagate through a medium. 
These solitary waves, also referred to as solitons, are com-
monly utilized in multiple fields. Their unique properties 
have made them a subject of intense study, particularly in 
relation to their response to noise. Understanding this behav-
ior is crucial, as solitary waves play a key role in nonlinear 
dynamics. Investigating the interactions of these waves 
and their reactions to disturbances is essential for compre-
hending the overall system behavior. Nonlinear systems 
can show a range of responses to external perturbations or 
noise. The remarkable ability of solitary wave solutions to 
preserve their form and energy, despite such disturbances, 
highlights their significance in the presence of noise. To 
effectively utilize solitary waves in real-world applications 

and deepen our understanding of complex systems, it is 
crucial to investigate how they interact within noisy envi-
ronments. To obtain solutions to mathematical models, 
many scientists have developed different methods. Some 
of them are the improved Adomian decomposition method 
[13], the modified extended direct algebraic method [14], 
the new mapping method [15], the extended F-expansion 
method [16, 17], the Riccati–Bernoulli sub-ODE method 
[18, 19], improved tan( Φ(ξ)

2 )-expansion method [20], and 

the (ψ − φ)−expansion method [21], the generalized 
(

G′

G

)

-expansion approach [22, 23].

Recent research has extensively investigated nonlinear 
wave equations using a variety of analytical approaches to 
construct soliton solutions and study their behavior. Rahman 
et al. studied the Westervelt equation’s soliton solutions and 
dynamics using Matlab Symbolic Math Toolbox and Maple 
software, resulting in complex wave interactions suitable 
for acoustic modeling [24]. Arafat et al. explained wave 
profiles of (2+1)-dimensional Konopelchenko–Dubrovsky 
model by promoting mathematical physics using exact 
solutions [25]. Dey et al. explained soliton dynamics for a 
(3+1)-dimensional shallow water-like equation using the 
(ϕ′/ϕ, 1/ϕ)−expansion method and provided insight into 
hydrodynamic systems [26]. Islam et al. analyzed the effect 
of stretch coordinates and conducted bifurcation and stabil-
ity analysis of the Hamiltonian amplitude equation, enrich-
ing nonlinear stability theory phenomena [27]. Arafat et 
al. studied the mKdV-ZK model and unveiled rich soliton 
wave profiles and bifurcation structures [28]. Yiasir et al. 
also studied traveling wave solutions of the Boiti-Leon-
Manna-Pempinelli equation, enriching the theoretical study 
of (2+1)-dimensional systems [29].

In addition, Arafat and Islam studied bifurcation and soli-
ton solutions of the truncated M-fractional Kuralay-II equa-
tion [30], and Islam studied elastic inhomogeneous media 
solitons for doubly dispersive Murnaghan’s rod model [31]. 
Islam also studied long wave-short wave resonance inter-
action equation soliton dynamics with nonlinear resonance 
phenomena [32]. Rayhanul Islam et al. showed novel results 
on stochastic chiral nonlinear Schrödinger equations, e.g., 
stability analysis of optical solitons [33]. Islam general-
ized to nano-ionic current equations and paraxial nonlinear 
Schrödinger models and demonstrated exact solutions and 
bifurcation analysis [34, 35].

Concurrently, Khan et al. studied the Shynaray-IIa equa-
tion and demonstrated soliton propagation dynamics [36]. 
They also investigated solitary solutions of the improved 
mKdV equation using advanced schemes [37]. Khan et al. 
have also found bifurcation and chaotic oscillations of the 
Kuralay-II equation with the use of conformable derivatives 
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and Jacobi elliptic expansions [38], and Farooq et al. have 
provided exact solutions of the same equation with M-frac-
tional derivatives [39]. Collectively, these studies consider-
ably advance the theoretical and computational position of 
soliton dynamics for high-dimensional nonlinear systems 
to new heights. The Davey–Stewartson equation (DSE), 
introduced by Davey and Stewartson in 1974, provides a 
framework for examining the time evolution of a three-
dimensional wave packet in shallow water. It comprises 
a set of interrelated partial differential equations for the 
real field (mean flow) and the complex field (wave ampli-
tude) [40]. The Davey–Stewartson (DS) system, originally 
derived to simulate the development of weakly nonlinear 
wave packets on water surfaces, has been further devel-
oped and applied in many fields of physics, including fluid 
dynamics, plasma physics, and nonlinear optics. The clas-
sic DS equations have been renowned for their capability 
to simulate multi-dimensional wave interactions, especially 
the modulation and stability of two-dimensional wave pack-
ets. To better capture more realistic real-world phenomena 
with uncertainty and environmental variations, the model is 
extended further to incorporate stochastic perturbations to 
yield stochastic Davey–Stewartson (SDS) equations. These 
stochastic extensions cover random effects like turbulent 
media, thermal noise, or external forcing, which are critical 
in real systems like optical fibers and Bose-Einstein conden-
sates. Many studies have investigated the deterministic DS 
system through analytical and numerical methods; its sto-
chastic counterparts, however, are fairly less investigated. 
The primary purpose of this study is to examine the stochas-
tic Davey–Stewartson mathematical model (SDSMM) [41]:

iΓt + 1
2

a2 (
Γxx + a2Γyy

)
+ ζ |Γ|2 Γ

− ΛxΓ + ivΓWt = 0,
� (1.1)

Λxx − a2Λyy − 2ζ
(

|Λ|2
)

x
= 0, � (1.2)

in which W = ±1 and a2 = ±1. For the cubic nonlinearity, 
the constant ζ is used. We are taking into account multi-
plicative noise, which is managed via the Borel function v 
and Wt is Brownian motion. There are two cases for the 
SDSM model. When a = 1, the equation is DSE-I; when 
a = i, it is DSE-II. The higher-dimensional equations, 
DSE-I and DSE-II, are integrable extensions of the nonlin-
ear Schrödinger equation, and they have multiple applica-
tions, including the modeling of gravity-capillarity surface 
wave packets in shallow water. The SDS equation describes 
the evolution of weakly nonlinear, dispersive wave packets 
in a two-dimensional medium, often in the context of shal-
low water waves, plasma waves, or nonlinear optics, taking 

into account random fluctuations or noise present in realis-
tic contexts. Applications of the solutions to the SDSMM 
include hydrodynamics, nonlinear optics, and plasma phys-
ics. For example, why microwaves and spatio-temporal 
optics work so well together can be explained by the out-
comes of the SDSMMs.

Many researchers have used a variety of methodolo-
gies to study this model over the past few decades, some of 
which include the following: Askar et al. obtained different 
types of soliton solutions using the mapping method [42]. 
Using the 

(
G′

G2

)
-approximation, Tarıq et al. achieved kink, 

periodic, and rational solutions for the SDSM model [43]. 
In their study, Qi et al. used the improved modified extended 
tanh function method to gain new stochastic solutions [44].

1.1  Motivation of the Study

The primary goal of the current study is to solve the 
SDSM model using the Kumar-Malik method. We utilize 
this method, which yields four families of solutions. The 
Kumar-Malik method is a reliable approach to derive exact 
solutions for nonlinear systems. This method yields various 
types of soliton solutions, including bright, dark, and peri-
odic wave solutions. Consequently, it is considered more 
efficient than other approaches, providing more accurate 
results. One limitation of this study is that the Kumar-Malik 
method is only applicable to certain types of ODEs. Further-
more, these outcomes are especially helpful for studying the 
SDSM model at the micro level since they provide informa-
tion about how the nonlinear system responds to noise. In 
the case of zero noise strength, these solutions are equiva-
lent to traditional soliton solutions. The bifurcation analysis 
has been applied to this model in [45].

This paper is divided into the following sections: An 
introduction to the SDSM model is given in Sect. 1. Sec-
tion 2 describes the Wiener process. The basic principles of 
the Kumar-Malik method are described in Sect. 3. The given 
method is applied in Sect. 4. The graphical representation of 
some solutions is discussed in Sect. 5. Some comparisons 
with other research papers from the literature are presented 
in Sect. 6 . The results of the study are presented in Sect. 7.

2  Description of the Wiener Process

Take into consideration a non-differentiable Wiener process 
W(t) with the next properties [41]:
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[Θ′ (ξ)]2

=
[
κ1Θ (ξ)4 + κ2Θ (ξ)3 + κ3Θ (ξ)2 + κ4Θ (ξ) + κ5

]

, κ1 ̸= 0,

� (3.6)

where κj  (j = 1, 2, ..., 5) are real constants.
Phase (2). The balancing rule is used to find the value of 

n in Eq.(3.5).
Phase (3). By substituting Eq.(3.5) and its derivatives 

with Eq.(3.6) into Eq.(3.4), a polynomial in Θ (ξ) Θ′ (ξ) is 
obtained. By collecting the coefficients of the various pow-
ers and setting them to zero, we obtain an algebraic sys-
tem of equations involving the unknown parameters k2, Υj  
(j = 1, 2, ..., n) , and κj  (j = 1, 2, ..., 5) . The soliton solu-
tions for Eq.(3.4) are found by solving this system.

Phase (4). From the solutions of EqS.(3.4) and (3.2 ), 
several analytical solutions to the Eq.(3.1) are derived.

The Eq.(3.6) solution is given below:

Condition (1). Assuming κ4 = κ2(4κ1κ3−κ2
2)

8κ2
1

, κ5 = 0, 
the Jacobi elliptic solutions take the following form:

Sub-condition (1.1). When κ1 < 0, and 
(4κ1κ3 − κ2

2) > 0, then

Θ1 (ξ) = − κ2

4κ1
+ κ2

4κ1
cn

[√
−κ1(4κ1κ3 − κ2

2)ξ
2κ1

,
κ2

2
√

(4κ1κ3 − κ2
2)

]
,
� (3.7)

Θ2 (ξ) = − κ2

4κ1
+ κ2

4κ1
dn

[
κ2ξ

4
√

−κ1
,

2
√

(4κ1κ3 − κ2
2)

κ2

]
. � (3.8)

Sub-condition (1.2). When κ1 < 0, (4κ1κ3 − κ2
2) < 0, 

and (16κ1κ3 − 5κ2
2) < 0, then

Θ3 (ξ) = − κ2

4κ1
+

√
−(16κ1κ3 − 5κ2

2)
4κ1

cn
[√

(4κ1κ3 − κ2
2)κ1ξ

2κ1
,

2
√

(4κ1κ3 − κ2
2)(16κ1κ3 − 5κ2

2)
2(4κ1κ3 − κ2

2)

]
,

� (3.9)

Θ4 (ξ) = − κ2

4κ1
+

√
−(16κ1κ3 − 5κ2

2)
4κ1

dn
[√

(4κ1κ3 − κ2
2)κ2ξ

4κ1
,

2
√

(4κ1κ3 − κ2
2)(16κ1κ3 − 5κ2

2)
(16κ1κ3 − 5κ2

2)

]
.

� (3.10)

Sub-condition (1.3). When κ1 < 0, (4κ1κ3 − κ2
2) > 0, 

and (16κ1κ3 − 5κ2
2) < 0, then

lim
δt→0

δWt =0,

lim
δt→0

[δWt]M

δt
=

{
1, M = 2
0, M = 3, 4, . . .

Definition 1  When the subsequent conditions are satisfied, 
a motion is considered to be Brownian for the stochastic 
process [Wt]t≤0: 

(1).	When t ≤ 0, Wt is the continues function.
(2).	When t1 < t2, Wt2 − Wt1  is independent.
(3).	Wt2 − Wt1  has a normal distribution k (0, t2 − t1) .

(4).	W0 = 0.

In this case, the Wiener process W(t) time derivative is writ-
ten as Wt = dW

dt .

3  Kumar-Malik Approach

3.1  Formulation of the Proposed Method

The Kumar-Malik approach is briefly described in this sec-
tion [46].

Phase (1). Let us consider the following NLPDE:

℘1 (Γ, Γx, Γy, Γt, Γxx, ...) = 0,� (3.1)

in which Γ = Γ(x, y, t) is a polynomial function.
By applying the following wave transformation,

Γ (x, y, t) =ℓ (ξ) × expη, ξ = ρ1x + ρ2y − ρ3t,

η = iϖ − vW (t) − v2t,
� (3.2)

Λ (x, y, t) =ℏ (ϖ) × expκ, ϖ = k1x + k2y + k3t,

κ = −2vW (t) − 2v2t,
� (3.3)

Equation(3.1) is reduced as

℘2

(
ℓ, ℓ

′
, ℓ

′′
, ...

)
= 0.� (3.4)

At this stage, all constants of integration are taken to be zero, 
and the reached ODE should be integrated as far as possible. 
In Eqs.(3.2)-(3.3), ρl and kl (l = 1, 2, 3) are constants.

Let the following solution form satisfies the Eq.(3.4):

ℓ (ξ) = Υ0 +
n∑

j=1
ΥjΘ (ξ)j

, Υn ̸= 0.� (3.5)

Here, Υj  (j = 1, 2, 3, ..., n) are undefined constants and the 
function Θ (ξ) fulfills the first-order ODE:
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Remark 3.1  In this context, the elliptic modulus is repre-
sented by the second term in the Jacobi elliptic functions, 
where m stands as the modulus in sn [ξ, m] .

Condition (2). Assuming κ4 = κ2(4κ1κ3−κ2
2)

8κ2
1

, 

κ5 = (4κ1κ3−κ2
2)2

64κ3
1

, the solutions for the trigonometric and 
hyperbolic functions are shown below:

Sub-condition (2.1). When κ1 > 0, and 
(8κ1κ3 − 3κ2

2) < 0, then

Θ13 (ξ) = − κ2

4κ1
+

√
−(8κ1κ3 − 3κ2

2)
4κ1

tanh
[√

−κ1(8κ1κ3 − 3κ2
2)ξ

4κ1

]
,

� (3.19)

Θ14 (η) = − κ2

4κ1
+

√
−(8κ1κ3 − 3κ2

2)
4κ1

coth
[√

−κ1(8κ1κ3 − 3κ2
2)ξ

4κ1

]
.

� (3.20)

Sub-condition (2.2). When κ1 > 0, and 
(8κ1κ3 − 3κ2

2) > 0, then

Θ15 (ξ) = − κ2

4κ1
+

√
(8κ1κ3 − 3κ2

2)
4κ1

tan
[√

κ1(8κ1κ3 − 3κ2
2)ξ

4κ1

]
,

� (3.21)

Θ16 (ξ) = − κ2

4κ1
+

√
(8κ1κ3 − 3κ2

2)
4κ1

cot
[√

−κ1(8κ1κ3 − 3κ2
2)ξ

4κ1

]
.

� (3.22)

Condition (3). Assuming κ4 = κ2(4κ1κ3−κ2
2)

8κ2
1

, 

and κ5 = κ2
2(16κ1κ3−5κ2

2)2

256κ3
1

, the hyperbolic and trigonomet-
ric solutions are given as follows:

Sub-condition (3.1). When κ1 < 0, and 
(8κ1κ3 − 3κ2

2) < 0, then

Θ17 (ξ) = − κ2

4κ1
+

√
−2(8κ1κ3 − 3κ2

2)
4κ1

sech
[√

2κ1(8κ1κ3 − 3κ2
2)ξ

4κ1

]
.

� (3.23)

Θ5 (ξ) = − κ2

4κ1
+

√
−(16κ1κ3 − 5κ2

2)
4κ1

nc
[√

−(4κ1κ3 − κ2
2)κ1ξ

2κ1
,

κ2

2
√

(4κ1κ3 − κ2
2)

]
,

� (3.11)

Θ6 (ξ) = − κ2

4κ1
+

√
−(16κ1κ3 − 5κ2

2)
4κ1

nd
[

κ2ξ

4
√

−κ1
,

2
√

(4κ1κ3 − κ2
2)

κ2

]
.

� (3.12)

Sub-condition (1.4). When κ1(4κ1κ3 − κ2
2) > 0, and 

(4κ1κ3 − κ2
2)(16κ1κ3 − 5κ2

2) > 0, then

Θ7 (ξ) = − κ2

4κ1
+ (16κ1κ3 − 5κ2

2)
4κ1

nc
[√

κ1(4κ1κ3 − κ2
2)ξ

2κ1
,

√
(4κ1κ3 − κ2

2)(16κ1κ3 − 5κ2
2)

κ1

]
,
� (3.13)

Θ8 (ξ) = − κ2

4κ1
+ (16κ1κ3 − 5κ2

2)
4κ1

nd
[√

κ1(16κ1κ3 − 5κ2
2)ξ

4κ1
,

2
√

(4κ1κ3 − κ2
2)(16κ1κ3 − 5κ2

2)
κ2

]
.
� (3.14)

Sub-condition (1.5). When κ1 > 0, and 
(16κ1κ3 − 5κ2

2) < 0, then

Θ9 (ξ) = − κ2

4κ1
+ (16κ1κ3 − 5κ2

2)
4κ1

ns
[

κ2ξ

4√
κ1

,

√
−(16κ1κ3 − 5κ2

2)
κ2

]
,

� (3.15)

Θ10 (ξ) = − κ2

4κ1
+

√
−(16κ1κ3 − 5κ2

2)
4κ1

ns
[√

−κ1(16κ1κ3 − 5κ2
2)ξ

4κ1
,

κ2√
−(16κ1κ3 − 5κ2

2)

]
,

� (3.16)

Θ11 (ξ) = − κ2

4κ1
+

√
−(16κ1κ3 − 5κ2

2)
4κ1

sn
[

κ2ξ

4√
κ1

,

√
−(16κ1κ3 − 5κ2

2)
κ2

]
,

� (3.17)

Θ12 (ξ) = − κ2

4κ1
+ (16κ1κ3 − 5κ2

2)
4κ1

sn
[√

−κ1(16κ1κ3 − 5κ2
2)ξ

4κ1
,

κ2√
−(16κ1κ3 − 5κ2

2)

]
.

� (3.18)
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in bilinear form, it becomes algebraically cumbersome and 
less effective when stochastic perturbations or variable coef-
ficients are involved. The Lie symmetry approach, though 
systematic and geometrically insightful, has a tendency to 
lead to similarity reductions rather than necessarily produc-
ing closed-form solutions for higher dimensions. Similarly, 
the Darboux transformation is powerful for integrable sys-
tems but is only generally applicable to rational or exponen-
tial soliton solutions.

For comparison, the Kumar-Malik approach, when 
applied to the stochastic Davey–Stewartson (SDS) model, 
sufficiently generates a wide range of exact solutions like 
bright, dark, singular, breather, periodic, Jacobi elliptic, and 
exponential ones with one general framework. Above all, 
it can handle the presence of the random effects as noise 
terms, allowing one to model wave behaviors more realisti-
cally. The approach also embodies the bifurcation among 
various dynamical behaviors (e.g., collision, bifurcation) 
through controllable parameters, which are harder to explore 
with conventional methods. Hence, from the viewpoint of 
solution diversity, adaptability to stochasticity, and physi-
cal interpretability, the Kumar-Malik method enjoys an 
unparalleled advantage in handling nonlinear, noise-driven, 
multi-dimensional wave equations.

4  Extraction of Soliton Solutions

By implementing Eq.(3.2), the real and imaginary compo-
nents of Eq.(1.1) can be achieved as follows:
(

1
2

ρ2
1a2 + 1

2
ρ2

2a4
)

ℓ
′′

−
(

k3 + 1
2

ρ2
1k2

1 + 1
2

ρ2
2a4

)
ℓ

+
(

ζℓ3 − ρ1ℓℏ
′
)

e[−vW (t)−v2t] = 0,

� (4.1)

(
ρ2

1 − ρ2
2a2)

ℏ′′ − 2ρ1ζ
(
ℓ2)′

= 0, � (4.2)

and

(−ρ3 + 2ρ2k1 + 2ρ2k2) ℓ
′

= 0.� (4.3)

From Eq.(4.3), the constraint condition is derived as:

ρ3 = 2ρ2k1 + 2ρ2k2.� (4.4)

After integrating Eq.(4.2) once and setting the integrating 
constants to zero, we obtain

Sub-condition (3.2). When κ1 > 0, and 
(8κ1κ3 − 3κ2

2) > 0, then

Θ18 (ξ) = − κ2

4κ1
+

√
2(8κ1κ3 − 3κ2

2)
4κ1

csch
[√

2κ1(8κ1κ3 − 3κ2
2)ξ

4κ1

]
.

� (3.24)

Sub-condition (3.3). When κ1 > 0, and 
(8κ1κ3 − 3κ2

2) < 0, then

Θ19 (ξ) = − κ2

4κ1

+

√
−2(8κ1κ3 − 3κ2

2) sec
[√

−2κ1(8κ1κ3−3κ2
2)ξ

4κ1

]

4κ1
,

� (3.25)

Θ20 (ξ) = − κ2

4κ1

+

√
−2(8κ1κ3 − 3κ2

2) csc
[√

−2κ1(8κ1κ3−3κ2
2)ξ

4κ1

]

4κ1
.

� (3.26)

Condition (4). Assuming κ2 = 0, κ4 = 0, κ5 = 0, 
κ3 > 0, the exponential solutions are expressed as:

Θ21 (ξ)

= 4ϱκ3

4ϱ2 exp
[√

κ3ξ
]

− κ1κ3 exp
[
−√

κ3ξ
] .

� (3.27)

Sub-condition (4.1). If κ1 = − 4ϱ2

κ3
, Eq.(3.27 ) simplifies 

to:

Θ22 (ξ) = κ3

2ϱ
sech [−

√
κ3ξ] .� (3.28)

Sub-condition (4.2). If κ1 = 4ϱ2

κ3
, Eq.(3.27 ) simplifies 

to:

Θ23 (ξ) = κ3

2ϱ
csch [−

√
κ3ξ] .� (3.29)

3.2  Novelty of the Method

In contrast to other classical methods such as Hirota’s bilin-
ear approach [47], Lie symmetry analysis [48], and the 
Darboux transformation [49], the Kumar-Malik method 
demonstrates a greater capacity for generating diversified 
and complicated solution profiles. For instance, whereas 
Hirota’s technique tends to generate multi-soliton solutions 
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By applying the phases of the method, we get the following 
Cluster for Conditions (1)-(3).

Cluster:

k2 = 1
4a2√

16κ1 (κ3ρ2
2a4 + (κ3ρ2

1 − k2
1) a2 − 2k3) − 6a2κ2

2 (a2ρ2
2 + ρ2

1)
κ1

,

Υ0 = aκ2

4

√
−−a2ρ2

2 + ρ2
1

ζκ1
, Υ1

= aκ1

√
−−a2ρ2

2 + ρ2
1

ζκ1
.

� (4.10)

If the phases of the method are applied:

Condition (1). When κ4 = κ2(4κ1κ3−κ2
2)

8κ2
1

, κ5 = 0, then 
we have Jacobi elliptic solutions as:

Inserting Eq.(4.10) into Eq.(4.9) gives the comprehen-
sive solutions to Eq.(1.1):

Sub-condition (1.1). For κ1 < 0, and (4κ1κ3 − κ2
2) > 0, 

then we get

Γ1 (x, y, t)

=




aκ2
4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×cn

(√
−(4κ1κ3−κ2

2)κ1

2κ1
(ρ1x + ρ2y − ρ3t) , κ2

2
√

(4κ1κ3−κ2
2)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.11)

ℏ′ = 2ρ1ζ

(ρ2
1 − ρ2

2a2)
(
ℓ2)

.� (4.5)

Inserting Eq.(4.5) into Eq.(4.1) gives us:

ℓ
′′

−
(
2k3 + k2

1a2 + k2
2a4)

a2 (ρ2
1 + ρ2

2a2)
ℓ

+
(

2ζ

a2 (ρ2
1 − ρ2

2a2)

)
ℓ3e[−vW (t)−v2t] = 0.

� (4.6)

Taking the expectation of E on Eq. (12) gives us:

ℓ
′′

−
(
2k3 + k2

1a2 + k2
2a4)

a2 (ρ2
1 + ρ2

2a2)
ℓ

+
(

2ζ

a2 (ρ2
1 − ρ2

2a2)

)
ℓ3E

[
e(−vW (t))

]
= 0,

� (4.7)

in which Wiener process is represented by W(t), thus 
E

[
e(−vW (t))] = e(v2t). Therefore, Eq.(4.7) turns into:

ℓ
′′

−
(
2k3 + k2

1a2 + k2
2a4)

a2 (ρ2
1 + ρ2

2a2)
ℓ

+
(

2ζ

a2 (ρ2
1 − ρ2

2a2)

)
ℓ3 = 0.

� (4.8)

From applying the balancing rule to Eq.(4.8), we obtain 
n = 1. Hence, Eq.(3.5) becomes

ℓ(ξ) = Υ0 + Υ1Θ (ξ) .� (4.9)

Λ1 (x, y, t)

=







E

(
sn

(√
−κ1(4κ1κ3−κ2

2) (k3t+k1x+k2y)
2κ1

, κ2

2
√

4κ1κ3−κ2
2

)
, κ2

2
√

4κ1κ3−κ2
2

)

−

(
1−

κ2
2

16κ1κ3−4κ2
2

)√
−κ1(4κ1κ3−κ2

2) (k3t+k1x+k2y)

2κ1




× ρ1(aρ2−ρ1)(aρ2+ρ1)a(4κ1κ3−κ2
2)2

(−a2ρ2
2+ρ2

1)
√

−κ1(4κ1κ3−κ2
2)

× exp
[
−2vW (t) − 2v2t

]




,

� (4.12)
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Γ2 (x, y, t)

=





aκ2
4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×dn

(
κ2

4
√

−κ1
(ρ1x + ρ2y − ρ3t) ,

2
√

(4κ1κ3−κ2
2)

κ2

)




× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.13)

Λ2 (x, y, t)

=




E

(
sn

(
κ2(k3t+xk1+yk2)

4
√

−κ1
,

2
√

4κ1κ3−κ2
2

κ2

)
,

2
√

4κ1κ3−κ2
2

κ2

)

× ρ1(aρ2−ρ1)(aρ2+ρ1)a2κ2
√

−κ1

2(−a2ρ2
2+ρ2

1)κ1

× exp
[
−2vW (t) − 2v2t

]




.
� (4.14)

Sub-condition (1.2). For κ1 < 0, (4κ1κ3 − κ2
2) < 0, 

and (16κ1κ3 − 5κ2
2) < 0, then we reach

Γ3 (x, y, t)

=





a
√

(−16κ1κ3+5κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×cn

(√
(4κ1κ3−κ2

2)κ1

2κ1
(ρ1x + ρ2y − ρ3t) ,

√
(4κ1κ3−κ2

2)(16κ1κ3−5κ2
2)

2(4κ1κ3−κ2
2)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.15)

Λ3 (x, y, t)

=







E

(
sn

(√
κ1(4κ1κ3−κ2

2) (tk3+xk1+yk2)
2κ1

,

√
16κ1κ3−5κ2

2

2
√

4κ1κ3−κ2
2

)
,

√
16κ1κ3−5κ2

2

2
√

4κ1κ3−κ2
2

)

−

(
1−

16κ1κ3−5κ2
2

16κ1κ3−4κ2
2

)√
κ1(4κ1κ3−κ2

2) (tk3+xk1+yk2)

2κ1




×
ρ1(aρ2−ρ1)(aρ2+ρ1)a2

(
(−16κ1κ3+5κ2)(4κ1κ3−κ2

2)2)
(−a2ρ2

2+ρ2
1)(16κ1κ3−5κ2

2)
√

κ1(4κ1κ3−κ2
2)

× exp
[
−2vW (t) − 2v2t

]




,

� (4.16)

Γ4 (x, y, t)

=




a
√

(−16κ1κ3+5κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×dn

(√
(16κ1κ3−5κ2

2)κ1
4κ1

(ρ1x + ρ2y − ρ3t) ,
2
√

(4κ1κ3−κ2
2)(16κ1κ3−5κ2

2)
(16κ1κ3−5κ2

2)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.17)

Λ4 (x, y, t)

=




E

(
sn

(√
κ1(16κ1κ3−5κ2

2) (tk3+xk1+yk2)
4κ1

,
2
√

4κ1κ3−κ2
2√

16κ1κ3−5κ2
2

)
,

2
√

4κ1κ3−κ2
2√

16κ1κ3−5κ2
2

)

× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(−16κ1κ3+5κ2
2)

2(−a2ρ2
2+ρ2

1)
√

κ1(16κ1κ3−5κ2
2)

× exp
[
−2vW (t) − 2v2t

]




.
� (4.18)

Sub-condition (1.3). For κ1 < 0, (4κ1κ3 − κ2
2) > 0, 

and (16κ1κ3 − 5κ2
2) < 0, then we find

Γ5 (x, y, t)

=




a
√

(−16κ1κ3+5κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×nc

(√
−(4κ1κ3−κ2

2)κ1

2κ1
(ρ1x + ρ2y − ρ3t) , κ2

2
√

(4κ1κ3−κ2
2)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.19)
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Λ5 (x, y, t)

=








(
1−

κ2
2

16κ1κ3−4κ2
2

)√
−κ1(4κ1κ3−κ2

2) (tk3+xk1+yk2)

2κ1

−E

(
sn

(√
−κ1(4κ1κ3−κ2

2) (tk3+xk1+yk2)
2κ1

, κ2

2
√

4κ1κ3−κ2
2

)
, κ2

2
√

4κ1κ3−κ2
2

)

+
dc

(√
−κ1(4κ1κ3−κ2

2) (tk3+xk1+yk2)

2κ1
,

κ2
2
√

4κ1κ3−κ2
2

)
sc

(√
−κ1(4κ1κ3−κ2

2) (tk3+xk1+yk2)

2κ1
,

κ2
2
√

4κ1κ3−κ2
2

)

nc

(√
−κ1(4κ1κ3−κ2

2) (tk3+xk1+yk2)

2κ1
,

κ2
2
√

4κ1κ3−κ2
2

)




× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(−16κ1κ3+5κ2
2)

4(−a2ρ2
2+ρ2

1)
(

1−
κ2

2
16κ1κ3−4κ2

2

)√
−κ1(4κ1κ3−κ2

2)
× exp

[
−2vW (t) − 2v2t

]




,

�(4.20)

Γ6 (x, y, t)

=




a
√

(−16κ1κ3+5κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×nd

(
κ2

4
√

−κ1
(ρ1x + ρ2y − ρ3t) ,

2
√

(4κ1κ3−κ2
2)

κ2

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
.

� (4.21)

Λ6 (x, y, t)

=







E

(
sn

(
κ2(k3t+k1x+k2y)

4
√

−κ1
,

2
√

4κ1κ3−κ2
2

κ2

)
,

2
√

4κ1κ3−κ2
2

κ2

)

−
4(4κ1κ3−κ2

2)sd
(

κ2(k3t+k1x+k2y)
4
√

−κ1
,

2
√

4κ1κ3−κ2
2

κ2

)
cd

(
κ2(k3t+k1x+k2y)

4
√

−κ1
,

2
√

4κ1κ3−κ2
2

κ2

)

κ2
2nd

(
κ2(k3t+k1x+k2y)

4
√

−κ1
,

2
√

4κ1κ3−κ2
2

κ2

)




× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(−16κ1κ3+5κ2
2)√

−κ1

2(−a2ρ2
2+ρ2

1)κ1

(
1−

4(4κ1κ3−κ2
2)

κ2
2

)
κ2

× exp
[
−2vW (t) − 2v2t

]




,

� (4.22)
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Γ7 (x, y, t)

=




aκ2
4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×nc

(√
(4κ1κ3−κ2

2)κ1

2κ1
(ρ1x + ρ2y − ρ3t) ,

√
(4κ1κ3−κ2

2)(16κ1κ3−5κ2
2)

2(4κ1κ3−κ2
2)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.23)

Λ7 (x, y, t)

=







(
1−

16η1η3−5η2
2

16η1η3−4η2
2

)√
η1(4η1η3−η2

2) (k3t+k1x+k2y)

2η1

−E

(
sn

(√
η1(4η1η3−η2

2) (k3t+k1x+k2y)
2η1

,

√
16η1η3−5η2

2

2
√

4η1η3−η2
2

)
,

√
16η1η3−5η2

2

2
√

4η1η3−η2
2

)

+
dc

(√
η1(4η1η3−η2

2) (k3t+k1x+k2y)

2η1
,

√
16η1η3−5η2

2

2
√

4η1η3−η2
2

)
sc

(√
η1(4η1η3−η2

2) (k3t+k1x+k2y)

2η1
,

√
16η1η3−5η2

2

2
√

4η1η3−η2
2

)

nc

(√
η1(4η1η3−η2

2) (k3t+k1x+k2y)

2η1
,

√
16η1η3−5η2

2

2
√

4η1η3−η2
2

)




× ρ1(aρ2−ρ1)(aρ2+ρ1)a2η2
2

4(−a2ρ2
2+ρ2

1)
(

1−
16η1η3−5η2

2
16η1η3−4η2

2

)√
η1(4η1η3−η2

2)
× exp

[
−2vW (t) − 2v2t

]





,

� (4.24)

Γ8 (x, y, t)

=




aκ2
4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×nd

(√
(16κ1κ3−5κ2

2)κ1

4κ1
(ρ1x + ρ2y − ρ3t) ,

2
√

(4κ1κ3−κ2
2)(16κ1κ3−5κ2

2)
(16κ1κ3−5κ2

2)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
.

� (4.25)

Λ8 (x, y, t)

=







E

(
sn

(√
κ1(16κ1κ3−5κ2

2) (tk3+xk1+yk2)
4κ1

,
2
√

4κ1κ3−κ2
2√

16κ1κ3−5κ2
2

)
,

2
√

4κ1κ3−κ2
2√

16κ1κ3−5κ2
2

)

−

4
(
4κ1κ3 − κ2

2
)
sd

(√
κ1(16κ1κ3−5κ2

2) (tk3+xk1+yk2)
4κ1

,
2
√

4κ1κ3−κ2
2√

16κ1κ3−5κ2
2

)

×cd
(√

κ1(16κ1κ3−5κ2
2) (tk3+xk1+yk2)

4κ1
,

2
√

4κ1κ3−κ2
2√

16κ1κ3−5κ2
2

)

(16κ1κ3−5κ2
2)nd

(√
κ1(16κ1κ3−5κ2

2) (tk3+xk1+yk2)

4κ1
,

2
√

4κ1κ3−κ2
2√

16κ1κ3−5κ2
2

)




2

× κ2ρ1(aρ2−ρ1)(aρ2+ρ1)a2

2(−a2ρ2
2+ρ2

1)
(

1−
4(4κ1κ3−κ2

2)
16κ1κ3−5κ2

2

)√
κ1(16κ1κ3−5κ2

2)

× exp
[
−2vW (t) − 2v2t

]




.

� (4.26)

Sub-condition (1.4). For κ1(4κ1κ3 − κ2
2) > 0, and 

(4κ1κ3 − κ2
2)(16κ1κ3 − 5κ2

2) > 0, then we get
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Γ11 (x, y, t)

=




a
√

(−16κ1κ3+5κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×sn

(
κ2

4√
κ1

(ρ1x + ρ2y − ρ3t) ,

√
−(16κ1κ3−5κ2

2)
κ2

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.31)

Sub-condition (1.5). For κ1 > 0, and 
(16κ1κ3 − 5κ2

2) < 0, then we obtain

Γ9 (x, y, t)

=




aκ2
4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×ns

(
κ2

4√
κ1

(ρ1x + ρ2y − ρ3t) ,

√
−(16κ1κ3−5κ2

2)
κ2

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.27)

Λ9 (x, y, t)

=







κ2(tk3+xk1+yk2)
4√

κ1
− E

(
sn

(
κ2(tk3+xk1+yk2)

4√
κ1

,

√
−16κ1κ3+5κ2

2
κ2

)
,

√
−16κ1κ3+5κ2

2
κ2

)

−
ds

(
κ2(tk3+xk1+yk2)

4√
κ1

,

√
−16κ1κ3+5κ2

2
κ2

)
cs

(
κ2(tk3+xk1+yk2)

4√
κ1

,

√
−16κ1κ3+5κ2

2
κ2

)

ns

(
κ2(tk3+xk1+yk2)

4√
κ1

,

√
−16κ1κ3+5κ2

2
κ2

)




× ρ1(aρ2−ρ1)(aρ2+ρ1)a2κ2

2(−a2ρ2
2+ρ2

1)√
κ1

× exp
[
−2vW (t) − 2v2t

]





,

� (4.28)

Γ10 (x, y, t)

=




a
√

(−16κ1κ3+5κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×ns

(√
−κ1(16κ1κ3−5κ2

2)
4κ1

(ρ1x + ρ2y − ρ3t) , κ2√
−(16κ1κ3−5κ2

2)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.29)

Λ10 (x, y, t)

=







√
−κ1(16κ1κ3−5κ2

2) (tk3+xk1+yk2)
4κ1

−E

(
sn

(√
−κ1(16κ1κ3−5κ2

2) (tk3+xk1+yk2)
4κ1

, Iκ2√
16κ1κ3−5κ2

2

)
, Iκ2√

16κ1κ3−5κ2
2

)

−

ds
(√

−κ1(16κ1κ3−5κ2
2) (tk3+xk1+yk2)

4κ1
, Iκ2√

16κ1κ3−5κ2
2

)

×cs
(√

−κ1(16κ1κ3−5κ2
2) (tk3+xk1+yk2)

4κ1
, Iκ2√

16κ1κ3−5κ2
2

)

ns

(√
−κ1(16κ1κ3−5κ2

2) (tk3+xk1+yk2)

4κ1
,

Iκ2√
16κ1κ3−5κ2

2

)




× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(−16κ1κ3+5κ2
2)

2(−a2ρ2
2+ρ2

1)
√

−κ1(16κ1κ3−5κ2
2)

× exp
[
−2vW (t) − 2v2t

]




,

� (4.30)
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Fig. 1  The 3D, contour, and 2D plots for the real part of the periodic wave solution, Γ1(x, y, t) in Eq.(4.11) when κ1 = −1.1,κ2 = 2,κ3 = −3,
k1 = 4,k3 = 5,ζ = 0.1,y = 2,a = 0.5,ρ1 = 1,ρ2 = 6,ρ3 = 5
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Fig. 2  The 3D, contour, and 2D plots for the real part of the dark soliton solution, Γ13(x, y, t) in Eq.(4.35) with κ1 = 2,κ2 = 1,κ3 = −4,k1 = 3,
k3 = 5,ζ = 7,y = 2,a = 1.5,ρ1 = 1,ρ2 = 6,ρ3 = 5
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Fig. 3  The 3D, contour, and 2D plots for the real part of the bright soliton solution, Γ17(x, y, t) in Eq.(4.43) when κ1 = −3,κ2 = 2,κ3 = 5,
k1 = 1.1,k3 = 0.5,ζ = 0.2,y = 2,a = 3,ρ1 = 4,ρ2 = 0.7,ρ3 = 5
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Γ14 (x, y, t)

=




a
√

(−8κ1κ3+3κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

× coth
(√

−κ1(8κ1κ3−3κ2
2)

4κ1
(ρ1x + ρ2y − ρ3t)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.37)

Condition (2). When κ4 = κ2(4κ1κ3−κ2
2)

8κ2
1

, 

κ5 = (4κ1κ3−κ2
2)2

64κ3
1

, then we acquire the next trigonometric 
and hyperbolic solutions:

Inserting Eq.(4.10) into Eq.(4.9) yields the desired solu-
tion to Eq.(1.1):

Sub-condition (2.1). For κ1 > 0, and (8κ1κ3 − 3κ2
2) < 0, 

then we discover

Γ13 (x, y, t)

=




a
√

−8κ1κ3+3κ2
2

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

× tanh
(√

−κ1(8κ1κ3−3κ2
2)

4κ1
(ρ1x + ρ2y − ρ3t)

)




× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.35)

Λ11 (x, y, t)

=




(
κ2(k3t+k1x+k2y)

4√
κ1

− E

(
sn

(
κ2(k3t+k1x+k2y)

4√
κ1

,

√
−16κ1κ3+5κ2

2
κ2

)
,

√
−16κ1κ3+5κ2

2
κ2

))

× ρ1(aρ2−ρ1)(aρ2+ρ1)a2κ2

2(−ρ2
2a2+ρ2

1)√
κ1

× exp
[
−2vW (t) − 2v2t

]




,
� (4.32)

Γ12 (x, y, t)

=




aκ2
4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

×sn

(√
−κ1(16κ1κ3−5κ2

2)
4κ1

(ρ1x + ρ2y − ρ3t) , κ2√
−(16κ1κ3−5κ2

2)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.33)

Λ12 (x, y, t)

=





−




√
−κ1(16κ1κ3−5κ2

2) (tk3+xk1+yk2)
4κ1

−E

(
sn

(√
−κ1(16κ1κ3−5κ2

2) (tk3+xk1+yk2)
4κ1

, Iκ2√
16κ1κ3−5κ2

2

)
, Iκ2√

16κ1κ3−5κ2
2

)



× (16κ1κ3−5κ2
2)ρ1(aρ2−ρ1)(aρ2+ρ1)a2

2(−a2ρ2
2+ρ2

1)
√

−κ1(16κ1κ3−5κ2
2)

× exp
[
−2vW (t) − 2v2t

]





.

� (4.34)

Λ13 (x, y, t)

=




−




tanh
(√

−κ1(8κ1κ3−3κ2
2) (k3t+k1x+k2y)

4κ1

)

+
ln

(
tanh

(√
−κ1(8κ1κ3−3κ2

2) (k3t+k1x+k2y)

4κ1

)
−1

)

2 −
ln

(
tanh

(√
−κ1(8κ1κ3−3κ2

2) (k3t+k1x+k2y)

4κ1

)
+1

)

2




× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(−8κ1κ3+3κ2
2)

2(−a2ρ2
2+ρ2

1)
√

−κ1(8κ1κ3−3κ2
2)

× exp
[
−2vW (t) − 2v2t

]




,

� (4.36)

1 3



F. N. K. Sağlam et al.

Γ17 (x, y, t)

=




a
√

−2(8κ1κ3−3κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

× sech
(√

2κ1(8κ1κ3−3κ2
2)

4κ1
(ρ1x + ρ2y − ρ3t)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.43)

Sub-condition (2.2). For κ1 > 0, and (8κ1κ3 − 3κ2
2) > 0, 

then we yield

Γ15 (x, y, t)

=





a
√

(8κ1κ3−3κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

× tan
(√

κ1(8κ1κ3−3κ2
2)

4κ1
(ρ1x + ρ2y − ρ3t)

)




× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.39)

Λ14 (x, y, t)

=





−




coth
(√

−κ1(8κ1κ3−3κ2
2) (k3t+k1x+k2y)

4κ1

)

+
ln

(
coth

(√
−κ1(8κ1κ3−3κ2

2) (k3t+k1x+k2y)

4κ1

)
−1

)

2 −
ln

(
coth

(√
−κ1(8κ1κ3−3κ2

2) (k3t+k1x+k2y)

4κ1

)
+1

)

2




× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(−8κ1κ3+3κ2
2)

2(−a2ρ2
2+ρ2

1)
√

−κ1(8κ1κ3−3κ2
2)

× exp
[
−2vW (t) − 2v2t

]





.

� (4.38)

Λ15 (x, y, t)

=




(
tan

(√
κ1(8κ1κ3−3κ2

2) (tk3+xk1+yk2)
4κ1

)
− arctan

(
tan

(√
κ1(8κ1κ3−3κ2

2) (tk3+xk1+yk2)
4κ1

)))

× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(8κ1κ3−3κ2
2)

2(−a2ρ2
2+ρ2

1)
√

κ1(8κ1κ3−3κ2
2)

× exp
[
−2vW (t) − 2v2t

]




,

� (4.40)

Γ16 (x, y, t)

=




a
√

(8κ1κ3−3κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

× cot
(√

κ1(8κ1κ3−3κ2
2)

4κ1
(ρ1x + ρ2y − ρ3t)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.41)

Λ16 (x, y, t)

=





−




cot
(√

κ1(8κ1κ3−3κ2
2) (tk3+xk1+yk2)

4κ1

)
− π

2

+arccot
(

cot
(√

κ1(8κ1κ3−3κ2
2) (tk3+xk1+yk2)

4κ1

))




× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(8κ1κ3−3κ2
2)

2(−a2ρ2
2+ρ2

1)
√

κ1(8κ1κ3−3κ2
2)

× exp
[
−2vW (t) − 2v2t

]




.
� (4.42)

Condition (3). When κ4 = κ2(4κ1κ3−κ2
2)

8κ2
1

, 

κ5 = κ2
2(16κ1κ3−5κ2

2)2

256κ3
1

, then the following are the trigono-
metric and hyperbolic solutions:

Substituting Eq.(4.10) into Eq.(4.9), the comprehensive 
solution to Eq.(1.1) is achieved:

Sub-condition (3.1). For κ1 < 0, and (8κ1κ3 − 3κ2
2) < 0, 

then we reach

Λ17 (x, y, t)

=




tanh
( √

2
√

κ1(8κ1κ3−3κ2
2) (tk3+xk1+yk2)

4κ1

)

× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(−8κ1κ3+3κ2
2)√

2

2(−a2ρ2
2+ρ2

1)
√

κ1(8κ1κ3−3κ2
2)

× exp
[
−2vW (t) − 2v2t

]




.
� (4.44)

Sub-condition (3.2). For κ1 > 0, and (8κ1κ3 − 3κ2
2) > 0, 

then we attain

Γ18 (x, y, t)

=




a
√

2(8κ1κ3−3κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

× csch
(√

2κ1(8κ1κ3−3κ2
2)

4κ1
(ρ1x + ρ2y − ρ3t)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
.

� (4.45)

Λ18 (x, y, t)

=




− coth
( √

2
√

κ1(8κ1κ3−3κ2
2) (k3t+k1x+k2y)

4κ1

)

× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(8κ1κ3−3κ2
2)√

2

2(−a2ρ2
2+ρ2

1)
√

κ1(8κ1κ3−3κ2
2)

× exp
[
−2vW (t) − 2v2t

]




.
� (4.46)
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Λ23 (x, y, t)

=

{
− coth(√

κ3 (k3t+xk1+yk2))2ρ1(aρ2−ρ1)2√
κ3 a2

−a2ρ2
2+ρ2

1
× exp

[
−2vW (t) − 2v2t

]
}

.
� (4.57)

5  Graphical Discussion

In this part, the noise effects in the stochastic soliton solu-
tions derived from the SDSM model using the Kumar-
Malik approach are physically described. This method 
gives us exact solitary wave and soliton solutions and is a 
mathematical derivation that is efficient and simple to com-
pute. Various kinds of solitons with dark, bright, linked, 
and periodic waves have been effectively produced. Using 
various parameter values, several solutions are displayed in 
3D, contour, and 2D plots. The plots were generated using 
Mathematica software, by considering either the real part of 
the solutions. Figure 1 shows a periodic wave solution. A 
dark soliton solution is obtained in Fig. 2. A bright soliton 
solution is depicted in Fig. 3. To show the noise effect, dif-
ferent noise strengths were used. Also, the sub-figure plotted 

Γ21 (x, y, t)

=




4aϱκ3

√
κ1(aρ2−ρ1)(aρ2+ρ1)

ζ(
4ϱ2 exp

[√
κ3 (ρ1x + ρ2y − ρ3t)

]
− κ1κ3 exp

[
−√

κ3 (ρ1x + ρ2y − ρ3t)
])




× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.52)

Λ20 (x, y, t)

=




− cot
(√

−2κ1(8κ1κ3−3κ2
2) (k3t+k1x+k2y)

4κ1

)

× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(−8κ1κ3+3κ2
2)

(−a2ρ2
2+ρ2

1)
√

−2κ1(8κ1κ3−3κ2
2)

× exp
[
−2vW (t) − 2v2t

]




.
� (4.50)

By applying the phases of the method, we get the following 
Cluster for Condition (4).

Cluster:

k2 =
√

(κ3ρ2
2a4 + (κ3ρ2

1 − k2
1) a2 − 2k3)

a2 ,

Υ0 = 0, Υ1 = a

√
−−a2κ1ρ2

2 + κ1ρ2
1

ζ
.� (4.51)

Condition (4). When κ2 = 0, κ4 = 0, κ5 = 0, then we 
obtain exponential solutions as follows:

Inserting Eq.(4.51) into Eq.(4.9), the desired solution to 
Eq.(1.1) is attained:

Sub-condition (3.3). For κ1 > 0, and (8κ1κ3 − 3κ2
2) < 0, 

then we reach

Γ19 (x, y, t)

=




a
√

−2(8κ1κ3−3κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

× sec
(√

−2κ1(8κ1κ3−3κ2
2)

4κ1
(ρ1x + ρ2y − ρ3t)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.47)

Λ19 (x, y, t)

=




tan
(√

−2κ1(8κ1κ3−3κ2
2) (tk3+xk1+yk2)

4κ1

)

× ρ1(aρ2−ρ1)(aρ2+ρ1)a2(−8κ1κ3+3κ2
2)

(−a2ρ2
2+ρ2

1)
√

−2κ1(8κ1κ3−3κ2
2)

× exp
[
−2vW (t) − 2v2t

]




,
� (4.48)

Γ20 (x, y, t)

=




a
√

−2(8κ1κ3−3κ2
2)

4

√
(aρ2−ρ1)(aρ2+ρ1)

ζκ1

× csc
(√

−2κ1(8κ1κ3−3κ2
2)

4κ1
(ρ1x + ρ2y − ρ3t)

)



× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.49)

Λ21 (x, y, t)

=




− 4ρ1(aρ2−ρ1)2κ1a2κ
3
2
3

(−a2ρ2
2+ρ2

1)
(

4ϱ2(e
√

κ3 (k3t+k1x+k2y))2−κ1κ3
)

× exp
[
−2vW (t) − 2v2t

]



 .

� (4.53)

Sub-condition (4.1). For κ1 = − 4ϱ2

κ3
, then we discover

Γ22 (x, y, t)

=




√
− ϱ2(aρ2−ρ1)(aρ2+ρ1)

ζκ3
aκ3

ϱ
sech (

√
κ3 (ρ1x + ρ2y − ρ3t))




× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.54)

Λ22 (x, y, t)

=

{
− tanh(√

κ3 (k3t+k1x+k2y))2ρ1(aρ2−ρ1)2√
κ3 a2

−a2ρ2
2+ρ2

1
× exp

[
−2vW (t) − 2v2t

]
}

.
� (4.55)

Sub-condition (4.2). For κ1 = 4ϱ2

κ3
, then we obtain

Γ23 (x, y, t)

=



−

√
ϱ2(aρ2−ρ1)(aρ2+ρ1)

ζκ3
aκ3

ϱ
csch (

√
κ3 (ρ1x + ρ2y − ρ3t))




× exp
[
−vW (t) − v2t + i (k1x + k2y + k3t)

]
,

� (4.56)

1 3



F. N. K. Sağlam et al.

for v = 0 on the left, the sub-figure plotted for v = 0.3 in 
the middle, and the sub-figure plotted for v = 0.7 on the 
right show different behaviour for different values of noise 
strength. Fig.  1 illustrates the influence of the stochastic 
parameter v on the real part of the solution Γ1(x, y, t) in 
Eq. (4.11), merging 3D, contour, and 2D cross-section plots. 
Subfigures (a)-(c) illustrate the evolution of the wave sur-
face in 3D as v increases from 0 to 0.7, showing a clear tran-
sition from smooth, periodic (when v = 0) to increasingly 
disordered and less regular structures typical of stochastic 
disturbance. The corresponding contour plots (d)-(f) con-
firm this explanation, where contour lines become progres-
sively fragmented and complex with growing v, indicating 
the sensitivity of the model to noise. Subplots (g)-(i) show 
2D slices of the solution in specific directions, showing 
wave profile warping under noise and capturing the onset of 
instability. These plots together provide crucial information 
on how stochastic fluctuations can ruin coherent wave struc-
tures and are a useful tool for exploring real systems where 
environmental randomness affects wave propagation, like 
at fluid boundaries, in optical waves, or in plasma physics. 
Figure 2 illustrates the impact of varying stochastic inten-
sity v on the structure of the real part of Γ13(x, y, t), derived 
from Eq. (4.35), for fixed values of the parameters. The 3D 
surfaces in subfigures (a)–(c) illustrate a deformation from 
a very ordered oscillatory state at v = 0 to a more deformed 
and irregular wave structure at v = 0.3 and v = 0.7. This 
illustrates the destruction of spatial coherence by noise and 
the amplification of localized instabilities. This tendency 
is confirmed by the contour plots in (d)–(f), where nicely 
ordered wavefronts become increasingly disordered and lose 
symmetry when noise is added, reflecting the loss of regu-
larity. The 2D projections in (g)–(i) highlight steep gradients 
and phase discontinuities created by randomness, reflecting 
noise-induced modulation effects. These behaviors signify 
that the system is extremely sensitive to stochastic perturba-
tions; thus, the model is suitable for investigating wave evo-
lution under noisy environments such as electromagnetic 
wave propagation in disordered media or perturbations in 
shallow water waves under environmental influences. The 
last Fig. (3) illustrates the real part of a principal function 
or system response versus the parameter v, which indicates 
major physical or mathematical characteristics such as sta-
bility transitions, bifurcations, or phase transitions. The top 
row’s 3D plots reveal global geometry and feature changes 
in the landscape of the function as v is increased, while 
the middle contour plots depict level set change, indicat-
ing feature creation or elimination, like peaks or singulari-
ties. The bottom row’s cross-sectional views further reveal 
localized changes, giving insight into how specific features 
emerge or perish with v. Cumulatively, these images are 
valuable to understanding the system’s behavior in different 

regimes, providing both qualitative and quantitative data on 
the underlying dynamics or mathematical features as the 
parameter varies. The visualization of the solutions obtained 
from the SDSM model allows us to understand how sto-
chastic effects preserve the shape and speed of solitons in 
optical systems, while also illustrating how random effects 
influence the chaos in wave propagation.

6  Comparison with Previous Literature

In order to put the novelty and range of the equations con-
sidered in the present study into perspective, we situate our 
stochastic variant of the Davey–Stewartson (DS) model 
within the context of nearby recent developments in the 
literature.

In Madani et al. [50], the authors have considered sto-
chastic extensions of the DS system by adding white noise 
terms to the evolution equations and analyzing their effect on 
the usual bright and dark soliton solutions. This was accom-
plished by. While their treatment effectively maintained the 
classical form of the DS equations with small noisy terms, 
our model includes noise in a more generalized form, affect-
ing dispersive and nonlinear terms simultaneously, leading 
to more dynamically rich and unstable solution behavior.

Tariq et al. [43] focused on the sensitivity and chaotic 
dynamics of a DS system under random excitation. Their 
Lyapunov-based methodology gave precedence to the sta-
bility features and bifurcation points of formed waveforms. 
By comparison, our formulation offers a broader set of exact 
analytical solutions–including singular periodic waves and 
bifurcated structures–yielding explicit closed-form expres-
sions in random environments, which were not presented in 
their sensitivity-based framework.

In another direction, Mohammed et al. [52] examined 
the influence of fractional derivatives and Brownian motion 
on the DS system, namely through a stochastic fractional 
framework. Their use of Caputo-type derivatives revealed 
long-memory effects in wave profiles. Our study differs 
by remaining in the conformable stochastic domain but 
deriving new classes of exact solutions without resorting 
to fractional-order operators, thereby minimizing the math-
ematical handling while preserving complexity in solution 
form.

Al-Askar et al. [42] showed that multiplicative Brown-
ian motion has the effect of stabilizing certain stochastic DS 
solutions. While their study emphasized the role of stochas-
ticity as a control strategy, our model shows the opposite 
side–showing how stochastic effects can enhance solution 
irregularity, instability, and bifurcation, especially in com-
plex wave fields, and thus reflect chaotic evolution and dis-
persion under noise more evidently.
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Briefly, the stochastic DS model explored in this study 
introduces a structurally distinct set of governing equations 
where randomness is not limited to perturbative control but 
is mainly accountable for structuring the dynamics. The 
resulting analytical solutions are more diverse and physi-
cally rich than those reported in the earlier literature, which 
underscores the originality of our contribution.

7  Conclusion

In this paper, we analyzed the SDSM model in a random 
environment. It is a two-dimensional integrable model, 
which is a higher-dimensional generalization of the non-
linear Schrödinger equation. Numerous applications of this 
equation can be found in nonlinear optics, hydrodynamics, 
plasma theory, and other fields. In this study, we use the 
Kumar-Malik approach for the first time to obtain innova-
tive stochastic soliton solutions for the SDSM model. The 
real and imaginary parts of the complex function of the 
profile pulse are represented by the two integral equations 
we obtained for the model under consideration using the 
Kumar-Malik approach. Four various scenarios of solu-
tions to the SDSM model using the Kumar-Malik approach, 
which uses 23 soliton solutions, have been discussed. This 
novel approach produced a variety of stochastic soliton 
solutions, and they demonstrated robustness across a range 
of parameter values, including periodic, bright, singular, 
and dark solitons. We also aimed to demonstrate the poten-
tial applications of these methods in real-world applications 
by deriving further solutions expressed in terms of Jacobi 
elliptic, trigonometric, hyperbolic, and exponential func-
tions. Using 3D, contour, and 2D plots for varying noise 
strength values, we demonstrated the dynamic behaviors 
of the solutions in order to clarify the impact of Brownian 
motion on the numerous generated solutions. These illustra-
tions give a physical explanation of the behavior of solitons 
and aid in our understanding of their dynamics. The results 
show that the above-described approach is both trustworthy 
and effective. Additionally, Maple software is used to con-
firm that all results are accurate. As far as we are aware, the 
discussion and conclusions presented in this work are new, 
important, and creative in a number of scientific domains 
where the SDSM model is used to depict physical phenom-
ena. In the future, we will study stochastic-type equations 
to investigate new nonlinear models in a range of applied 
scientific fields.
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