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The main objective of this study is to investigate the buckling analysis of CCSs reinforced by CNTs
subjected to combined loading of hydrostatic pressure and axial compression resting on the two-
parameter elastic foundation (T-P-EF). It is one of the first attempts to derive the governing equations
of the CCSs reinforced with CNTs, based on a generalized first-order shear deformation shell theory
(FSDST) which includes shell-foundation interaction. By adopting the extended mixing rule, the effective
material properties of CCSs reinforced by CNTs with linear distributions are approximated by introducing
some efficiency parameters. Three carbon nanotube distribution in the matrix, i.e. uniform distribution
(U) and V and X-types linear distribution are taken into account. The stability equations are solved by
using the Galerkin procedure to determine the combined buckling loads (CBLs) of the structure selected
here. The numerical illustrations cover CBLs characteristics of CCSs reinforced by CNTs in the presence of
the T-P-EF. Finally, a parametric study is carried out to study the influences of the foundation parameters,
the volume fraction of carbon nanotubes and the types of reinforcement on the CBLs.
© 2021 China Ordnance Society. Publishing services by Elsevier B.V. on behalf of KeAi Communications

Co. Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).
1. Introduction

The importance of shell theories in modern science and tech-
nology is growing every day. While the theory of plates and shells
solves the rational tasks of designing engineering structures, which
consisted mainly of finished materials, at the present time, the
optimal design and production of the materials that make up the
structures play a more active role. Recently, using new technolog-
ical methods, developing the properties of the various materials
that make up the structural elements, designs are createdwith high
performance and low cost [1,2].

Due to its high aspect ratio, large surface area, rich surface
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chemical functionality and nanoscale dimensional stability, CNTs
have various applications such as electromagnetic interference
protection, membranes and structural reinforcement. CNTs have
the simplest chemical composition and atomic bonding configu-
ration, adding extraordinary variety and richness in the properties
of the structures. The CNTs were discovered by Sumio Iijima in
1991, shortly after the laboratory synthesis of fuller in the instal-
lation of the arc discharge apparatus [3].

In modern technology, there is a need for lightweight, flexible
and durable alternatives to replace hard and brittle materials.
Instead of traditional materials that have been used for thousands
of years, synthetic materials today can be produced at the scale of
atoms, including CNTs. The nanotubes are a structural element
made by bending graphene, which consists of one row of carbon
atoms, into a cylinder. Even though it has such a simple shape, it
becomes more effective as its physical and chemical properties
change as the length and diameter change. The carbon nanotubes,
which can reach a diameter of millions of times, are more beneficial
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than other materials due to their properties such as strength,
electrical conductivity, and thermal conductivity [4,5].

The superior properties of CNTs open up exciting possibilities for
new composites. NASA has invested heavily in the development of
carbon nanotube-based composites for applications such as a
mission to Mars. Recently, polymer/CNT composites have received
great attention due to their unique mechanical, surface and
multifunctional properties, as well as their strong interaction with
the matrix due to their nanoscale microstructure and extremely
large interfaces [6]. Determination of thermal, electrical and me-
chanical properties of composites reinforced with carbon nano-
tubes reveals the extraordinary advantages of nanocomposites.
Velasco-Santos et al. [7] investigated the effect of multi-walled
carbon nanotubes (MWCNTs) and processing methods on the
morphological, dynamic, mechanical, mechanical, thermal and
electrical properties of MWCNT/nylon 6 (PA6) composites. Monir-
uzzaman and Winey [8] summarized various nanotube/polymer
composite manufacturing methods, including solution mixing,
melt mixing, and in-situ polymerization, with special emphasis on
evaluating the dispersion state of nanotubes. In addition, me-
chanical, electrical, rheological, thermal, and flammability are
specifically discussed, and the variation of these physical properties
depending on the size, aspect ratio, loading, distribution status and
alignment of nanotubes in polymer nanocomposites is discussed.
Alizada and Sofiyev [9] created modified Young’s moduli of nano-
materials taking into account the scale effects and vacancies.
Díez-Pascual et al. [10] presented research on the production of
single-walled carbon nanotube buckypaper reinforced poly (phe-
nylene sulphide) and poly (ether-ether ketone) composite lami-
nates by hot press process using transmission electron
microscopes.

The advent and widespread use of carbon nanotubes led to the
development of new generation heterogeneous composite struc-
tures based on polymers. The defense industry is undoubtedly one
of the earliest manufacturers of advanced composites, in particular
CNT-reinforced composites. This is due to the fact that the defense
industry requires materials with low weight, high strength and
stiffness. The composite circular shells reinforced by CNTs,
combining lightness with high strength are widely used in many
branches of the modern defense industry, such as submarines,
aircraft and spaceships, rockets, pressure vessels, for military
drones, armored military vehicles, etc., and are subjected to various
combined loads. It is of great technical importance to clarify the
buckling behavior of heterogeneous composite shells under com-
bined loadings. Although not many, there are some remarkable
studies on this problem. The buckling problem of heterogenous
composite cylindrical shells reinforced with carbon nanotubes
under combined loads was first mathematically modeled and
solved in the study of Shen and Xiang [11]. After this study, the
stability problems of rotating cylindrical shells reinforced by CNTs
and nano-shells under combined loadings were solved in various
formulations [12,13]. Later Sofiyev et al. [14] presented a solution to
the problem of stability of composite conical shells reinforced with
carbon nanotubes under combined loads.

Due to structural elements reinforced by CNTs are used in a
variety of environments, the influence of elastic media on their
behavior is crucial for safety. One of the more frequently used
models that better define the structure of elastic foundations is the
two-parameter elastic foundation model or Pasternak model [15].
The special case of the Pasternak model is the one-parameter
elastic foundation model or Winkler elastic foundation model
(W-EF), which is defined as a system of parallel springs that do not
touch each other [16]. In addition to these models, basic informa-
tion about other foundation models and their interactions with
structural members are also presented in Ref. [17]. The interaction
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of the homogeneous conical shells with the two-parameter elastic
foundation (T-P-EF) and the solution of bending problems sug-
gested by Sun and Huang [18].

The use of advanced composites in unmanned aerial vehicles,
armor of tanks and aircraft, wing and empennage elements of
aircraft and runways, especially on ships, submarines and oil
transportation, makes a significant contribution to the develop-
ment of various industries, including the defense industry. Since
2014, research has been conducted on the stability and vibrational
characteristics of structural elements reinforced with CNTs resting
on the EFs. For example, the influence of the two-parameter elastic
foundation on the buckling or vibration behaviors of the composite
plates and panels reinforced with carbon nanotubes has been
studied in various formulations and theories. Zhang et al. [19]
studied vibration for functionally graded carbon nanotube-
reinforced composite thick plates resting on elastic foundations
using the element-free IMLS-Ritz method. Fu et al. [20] analyzed
the nonlinear dynamic stability of carbon nanotube-reinforced
composite plates resting on elastic foundations. Bani’c et al. [21]
examined influence of Winkler-Pasternak foundation on the
vibrational behavior of plates and shells reinforced by agglomer-
ated carbon nanotubes. Tounsi and coauthors [22e25] investigated
the buckling and vibration behaviors of FGM and FG-CNTmono and
sandwich plates made of new generation materials on the elastic
foundations using different boundary conditions and theories. Shen
and Xiang [26e29] investigated nonlinear vibration and post-
buckling of nanotube-reinforced composite cylindrical panels un-
der axial and external pressures resting on elastic foundations in
thermal environments. Mohammadi et al. [30] studied higher-
order thermo-elastic analysis of FG-CNTRC cylindrical vessels sur-
rounded by a Pasternak foundation. Duc et al. [31] presented
thermal and mechanical stability of functionally graded carbon
nanotubes (FG CNT)-reinforced composite truncated conical shells
surrounded by the elastic foundations.

It is known that the influences of shear strains are very impor-
tant for the buckling behavior of composite shells in different en-
vironments. The use of shear deformation shell theories (SDSTs) in
the calculation of the critical parameters of composite shells allows
one to overcome the disadvantages of the critical parameters when
using CST [31e35]. In recent years, various methods have been
developed for studying the problems of stability and vibration of
heterogeneous composite shells in different environments based
on the SDSTs. Bousahla et al. [36] studied buckling and dynamic
behavior of the simply supported CNT-RC beams using an integral-
first shear deformation theory. Babaei et al. [37] reported thermal
buckling and post-buckling analysis of geometrically imperfect
FGM clamped tubes on nonlinear elastic foundation. Sobhy and
Zenkour [38,39] studied vibration and hygrothermal analysis of
functionally graded graphene platelet-reinforced composite
doubly-curved shallow shells and microplates on elastic
foundations.

As can be seen from the literature review, no scientific studies
have been carried out regarding the problem of loss of stability of
CCSs reinforced with CNTs under combined loads, taking into ac-
count the influence of T-P-EF in the framework of the FSDST. The
main purpose of this study is to examine the solution of this
problem in detail. The study consists of the following sections: the
first section is an introduction that evaluates the literature studies
relevant to this study and presents the original features of the
article. In sections 2 and 3, taking into account the T-P-EF effect, the
problem is formulated and the basic equations are derived. In
section 4, the basic differential equations are solved for specific
boundary conditions, and a new and original expression for the
combined buckling loads is obtained. After proving the correctness
of the formulas obtained by comparison in Section 5, an original
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numerical analysis was carried out in the presence of elastic
foundations and, finally, the comments are discussed in Section 6.
2. Formulation of the problem

2.1. Geometry and material properties

Consider composite conical shell reinforced by CNTs and resting
on the two-parameter elastic foundation under a combined loading
(Fig. 1). The symbols characterizing the CCS are presented below:
The thickness is h, the large and small radii are a and b, the length of
the truncated cone is L, the semi-vertex angle is g, the distance from
the top of the cone to the small and large bases are s1 and s2. The
origin of the coordinate system is at the top of the cone and located
on the middle surface, the x axis is directed along the generator, the
q axis is in the circumferential direction, and the z axis is perpen-
dicular to the plane of these two axes and directed inward. The
displacement components of any point on the reference surface in
the x; y and zdirections are shown as u, v and w, respectively. The
two-parameter elastic foundation is used as the elastic foundation
model and its mathematical expression is as follows [18]:

N0 ¼ k1w� k2
s22e

2x

 
v2w
vx2

þ v2w

vq21

!
(1)

where q1 ¼ q sing, x ¼ lnðs =s2Þ, k1 denotes the stiffness of the
spring layer (in Pa/m), k2 denotes the shearing layer stiffness of the
foundation (Pa$m), N0 is the reaction force of the T-P-EF per unit
E11z ¼
E11z

1� n12n21
; E22z ¼

E22z
1� n12n21

; E12z ¼
n21E11z

1� n12n21
¼ n12E22z

1� n12n21
¼ E21z;

E44z ¼ G23z; E55z ¼ G13z; E66z ¼ G12z

(6)
area on the shell reinforced by CNTs, and a coma is indicated partial
differentiation versus the coordinates.

The composite conical shells reinforced by CNTs are subjected to
a combined axial load and uniform hydrostatic pressure, as follows
[14]:

T0x ¼ � Tax � 1
2

xP
cot g

; T0q ¼ � xP
cot g

; T0xq ¼ 0 (2)

where T0x ; T
0
q ; T

0
xq are the membrane forces for null initial mo-

ments, Tax is the axial load, andPH stands for the uniform hydro-
static pressure.

For convenience and simplicity, the extended mixing rule is
used to express the effective material properties of CCSs reinforced
by CNTs as follows [11,23]:
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where the Young’s modulus and shear modulus, Poisson’s ratio and
density of matrix and CNTs are denoted Em;Gm; rm; nm and ECNi ;

GCN
12 ; r

CN; nCN12 ði ¼ 1;2Þ, respectively, the efficiency parameters are
h1; h2 and h3. Additionally, the volume fractions of CNTs and matrix
satisfies the following relationship: VCN ¼ 1� Vm. Here VCN

* de-
pends on density andmass functions of matrix and CNTand defined
as [23,26e29]:

VCN
* ¼ wCN

wCN þ �rCN�rm�� �rCN�rm�wCN (4)

where wCN denotes the mass fraction of nanotubes.

3. Governing relations and equations

The constitutive equations of CCSs reinforced by CNTs with
linear distributions in the framework of the FSDST are built as [14]:

2
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where sijði¼ 1;2; j¼ 1;2;3Þ and εii, gijði¼ 1;2; j¼ 2;3Þ are the
stresses and strains of conical shells reinforced by CNTs, respec-
tively and the material constants Eijz are given by:
In the framework of the generalized first order shear deforma-
tion shell theory [14,32] in association with the modified Donnell
shell theory, the governing equations for the CCSs reinforced by
CNTs with linear distribution under combined loading and resting
on the T-P-EF can be derived and expressed by

L11ðFÞ þ L12ðwÞ þ L13ðJsÞ þ L14ðJqÞ ¼ 0

L21ðFÞ þ L22ðwÞ þ L23ðJsÞ þ L24ðJqÞ ¼ 0

L31ðFÞ þ L32ðwÞ þ L33ðJsÞ þ L34ðJqÞ ¼ 0

L41ðFÞ þ L42EPðwÞ þ L42TPEFðwÞ þ L43ðJsÞ þ L44ðJqÞ ¼ 0

(7)

whereJs andJq are the rotations of the normal to the mid-surface



Fig. 1. Composite shell reinforced by CNTs resting on the two-parameter elastic
foundation and notations.
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with respect to the q- and s-axes, and F is the stress function
defined by Refs. [32,40,41].

ðTs; Tq; TsqÞ¼
h

s22e
2x

 
v2F

vq
2 þ vF

vx
;
v2F

vx2
� vF

vx
; � v2F

vxvq
þ vF

vq

!
(8)

In the set of Eq. (7), Lij ði; j¼ 1;2;…;4Þ are differential operators
and are defined in Appendix A.

The set of Eq. (7) is the governing equations of carbon nanotube-
based heterogeneous CCSs under combined loads and resting on
the two-parameter elastic foundation within the FSDST.
4. Solution of governing equations

In this sectionwe present the procedure to solve the eigen value
problem, which includes the solution of partially differential
equation for freely-supported boundary conditions. The approxi-
mation function is sought as follows [14]:

F ¼ Fs2e
ðlþ1Þxsin ðm1xÞ cosðm2qÞ; w ¼ welxsinðm1xÞ cosðm2qÞ

Js ¼ Jselxcosðm1xÞ cosðm2qÞ; Jq ¼ Jqe
lxsinðm1xÞ sinðm2qÞ

(9)

where F; w; Js; Jq are unknown functions, l is a parameter that
will be determined from the minimum conditions of buckling
loads, m1 ¼ mp

s0
; s0 ¼ ln s2

s1
; m2 ¼ n

sin g, in which (m, n) are the vi-

bration mode.
Introducing (9) into the system of Eq. (8), then applying the

Galerkin procedure to the obtained equations, and using integra-
tion and somemanipulations, we obtain algebraic equations, which
for their non-trivial solution, the determinant of the matrix, con-
sisting of the coefficients of the unknown, equals to zero:
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q11 q12 q13 q14

q21 q22 q23 q24

q31 q32 q33 q34

q41 q42 q43 q44

��������������
¼0 (10)

where qijði; j¼ 1;2;…;4Þ are the coefficients depending on the CCSs
reinforced by CNTs, q42 ¼ �qTTax � qPHPH � qk1k1 � qk2k2 in which
qT and qPH denote coefficients axial compression and hydrostatic
pressure, respectively, qk1 and qk2 denote coefficients of the T-P-EF,
and are defined in Appendix B.

In order to find the expression for the combined load, we first
find the analytical expressions for the axial buckling load and hy-
drostatic buckling pressure from the extended form of the deter-
minant of Eq. (10).

As the PH ¼ 0, from Eq. (10), we obtain expression for nondi-

mensional axial buckling load (Twpbuc
1sdt ) for CCSs reinforced by CNTs

with linear distributions on the T-P-EF as follows:

Twpbuc
1sdt ¼ q41A1 þ q43A3 þ q44A4

A2EmhqT
þ qk1k1 þ qk2k2

EmhqT
(11)

where Ajðj¼ 1;2;3;4Þ are defined as

A1 ¼ �
������
q12 q13 q14
q22 q23 q24
q32 q33 q34

������; A2 ¼
������
q11 q13 q14
q21 q23 q24
q31 q33 q34

������; A3

¼ �
������
q11 q12 q14
q21 q22 q24
q31 q32 q34

������; A4 ¼
������
q11 q12 q13
q21 q22 q23
q31 q32 q33

������
(12)

As the PH ¼ 0, from Eq. (10), we obtain expression for nondi-

mensional hydrostatic buckling pressure (Pwpbuc
1sdt ) of CCSs rein-

forced by CNTs with linear distributions on T-P-EF, as follows:

Pwpbuc
1sdt ¼ q41A1 þ q43A3 þ q44A4

A2EmqPH
þ qk1k1 þ qk2k2

EmqPH
(13)

The critical combined axial load/hydrostatic pressure for CCSs
reinforced by CNTs with linear distributions resting on the T-P-EF
based on the FSDST, are obtained from the following relation [40]:

T1
Twpbuc
1sdt

þ P1
Pwpbuc
1sdt

¼ 1 (14)

where T1 ¼ T=Emh and. P1 ¼ PH=Em

Under the assumptions T1 ¼ mP1, in Eq. (14), we get the
following expressions for combined (axial/hydrostatic) buckling
load:

Pwpcb
1sdt ¼ Twpbuc

1sdt Pwpbuc
1sdt

mPwpbuc
1sdt þ Twpbuc

1sdt

(15)

Here m � 0 is the dimensionless load-proportional parameter.
By neglecting the shear strains from Eqs. (11), (13) and (15), we



Table 1
The parameters used in numerical analysis and their changes.

Parameters Changes

Geometrical properties of SWCNT L ¼ 9:26 nm, r ¼ 0:68 nm h ¼ 0:067 nm
Material properties of SWCNT ECN11 ¼ 5:6466 TPa; ECN22 ¼ 7:0800 TPa;

GCN
12 ¼ 1:9445 TPa; nCN12 ¼ 0:175; rCN ¼ 1400 kg,m�3

Material properties of PMMA Em ¼ 2:5 Pa; mm ¼ 0:34;
rm ¼ 1150 kg,m�3

Efficiency parameter of CNT h1 ¼ 0:137; h2 ¼ 1:022; h3 ¼ 0:715 at V*
CN ¼ 0:12;

h1 ¼ 0:142; h2 ¼ 1:626; h3 ¼ 1:138 at V*
CN ¼ 0:17;

h1 ¼ 0:141; h2 ¼ 1:585; h3 ¼ 1:109 at V*
CN ¼ 0:28.

Types of profile UD, VD, XD
One- or two-parameter foundation stiffness ðk1;k2Þ ¼ ð5 � 108;3 � 104Þ; ðk1;0Þ ¼ ð5 � 108;0Þ

ðk1;k2Þ ¼ ð2:6 � 109;3:5 � 104Þ
Shear shape functions fiðzÞ ¼ z� 4z3=3h2(i ¼ 1,2)
g 15o, 30o, 45o, 60�

a=h 25, 30, 35, 40
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obtain the expressions for the buckling loads Twpbuc
1cst ; Pwpbuc

1cst and

Pwpcb
1cst , while neglecting the shear strains. The CBLs for CCSs resting

on the one-parameter elastic foundation or Winkler elastic foun-
dation (W-EF) corresponding to ðk1;0Þ. The CBLs for unconstrained
shells corresponding to ðk1; k2Þ ¼ ð0;0Þwill be shown Pcb1sdt and

Pcb1cst.
Table 2
Comparative response of buckling loads for shear deformable cylinders reinforced
5. Results and discussion

5.1. Parameters used in numerical calculations

The numerical analyzes are carried out by changing eight pa-
rameters: volume fraction of SWCNT, CNT distribution, effective
material properties methyl methacrylate (PMMA) and (10,10)
armchair single walled CNTs (SWCNTs), foundation stiffness, shear
strains shape functions, semi-vertex angle, g, a=h and L= a ratios
(see, Table 1). The values of the combined load for conical shells
reinforced by CNTs are determined for different magnitudes ofl,
within a coupled stress theory context, in order to check for the
effect of the FSDST on the critical loading condition. After a sys-
tematic numerical computation, it is found that for freely-
supported CCSs reinforced by CNTs with linear distributions and
resting on the T-P-EF, the critical combined hydrostatic/axial load is
reached for l ¼ 2:4. The shear strain functions vary parabolically
trough the thickness of the cones and given in Table 1, also.

The concept of functionally graded carbon nanotube-reinforced
composites (FG-CNTRCs) was defined by Shen [42] to better utilize
a low percentage of CNTs in CNTRCs. It is believed that the volume
fraction of CNTs varies linearly in the direction of thickness, and
such an arrangement of CNTs is easily realized in practice. The
distribution of the volume fraction of carbon nanotubes in the
thickness direction of the matrix is mathematically expressed by
the uniform distribution (UD) and two types of linear function (see,
Fig. 2. Different distribution patterns of CNTs in the matrix: (a) UD, (b) VD and (c) XD.
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Fig. 2) [11,22]:

Vz
CN

VCN
*

¼

8>>>><
>>>>:

1 at UD

1� 2z at VD

4jzj at XD

(16)

5.2. Comparison

In this subsection, the values of the separate buckling loads and
combined lateral/axial load of unconstrained cylindrical shells
reinforced by CNTs with X-type distribution is compared with the
results of [11]. The particular case of Eqs. (11), (13) and (15) are used
in the comparison. The conical shells revert to the cylindrical shells,
if g tends to zero. The cylinder has radius a and length L1 with the
following geometrical properties: L1=h ¼ 30

ffiffiffiffiffiffi
10

p
; L1=a ¼

ffiffiffiffiffiffi
10

p
,

h ¼ 0:002 m and ðk1;k2Þ ¼ ð0; 0Þ, whereas the material properties
of CNTs and matrix are assumed as in Table 1 [11]. Based on Table 2,
a good agreement between our results and predictions by Shen and
Xiang [11] is observable for the separate buckling loads and com-
bined buckling load.

5.3. Specific analysis for CBLs

In what follows, we analyze the sensitivity of the combined
buckling loading to heterogeneous profiles, foundation stiffness,
volume fractions of CNT, and FSDST formulation, by considering the

ratios, 100%� Pwpcb
HT �Pcb

HT

Pcb
HT

, 100%� Pcb
HT�Pcb

UD

Pcb
UD

and 100%� Pcb
1cst�Pcb

1sdt

Pcb
1cst

. Eqs. (11),
by CNTs with X-type linear distribution.

Taxbucsdt /MPa PLbucsdt /MPa Pcbsdt/MPa

m ¼ 140 m ¼ 750

VCN
*

Shen and Xiang [11]

0.12 118.848 0.285 0.218 0.112
0.17 196.376 0.484 0.37 0.190
0.28 247.781 0.616 0.47 0.242

Present study

0.12 117.840 0.281 0.218 0.111
0.17 197.515 0.479 0.371 0.188
0.28 247.062 0.613 0.476 0.2414



Table 3
Variation the CBL for CCSs reinforced by CNTs resting on the T-P-EF within the various shell theories versus the m for various VCN

* and types of CNT distribution.

Pwpcb
1sdt � 106; ðncrÞ Pwpcb

1cst � 106; ðncrÞ

UD VD XD UD VD XD

VCN
*

m ðk1;k2Þ ¼ ð0;0Þ

0.12 200 356.163(10) 307.668(9) 420.672(11) 556.866(10) 413.773(8) 775.405(11)
400 208.748(8) 175.593(7) 251.524(9) 321.301(7) 231.720(6) 461.369(8)
600 146.280(7) 121.907(6) 177.384(8) 222.898(6) 159.586(5) 322.219(7)
800 112.156(7) 93.134(6) 136.551(8) 170.290(6) 121.543(5) 246.576(6)
1000 90.942(7) 75.350(6) 111.000(8) 137.701(5) 98.146(5) 199.492(6)

0.17 200 561.006(9) 478.233(8) 669.354(10) 831.351(9) 614.305(7) 1171.850(10)
400 325.422(8) 271.034(7) 395.496(9) 475.144(7) 341.942(6) 685.250(8)
600 227.169(7) 187.420(6) 277.500(8) 328.821(6) 234.986(5) 476.345(6)
800 174.176(7) 143.185(6) 213.490(7) 251.213(6) 178.968(5) 363.918(6)
1000 141.230(7) 115.844(6) 173.108(7) 202.911(5) 144.516(5) 294.428(6)

0.28 200 746.947(11) 649.088(9) 855.618(11) 1258.390(11) 930.595(9) 1811.154(12)
400 443.166(9) 375.549(8) 510.448(9) 741.632(8) 527.047(6) 1085.662(9)
600 311.451(8) 261.398(7) 360.058(8) 517.077(7) 364.225(6) 759.200(7)
800 239.758(8) 200.412(6) 277.175(8) 395.330(6) 277.411(5) 581.356(6)
1000 194.424(7) 162.143(6) 225.311(8) 319.841(6) 224.009(5) 470.345(6)

VCN
*

m ðk1;k2Þ ¼ ð5 � 108;3 � 104Þ
0.12 200 445.078(9) 391.908(8) 513.226(10) 644.292(9) 495.282(7) 868.937(11)

400 255.636(7) 219.381(6) 301.092(8) 365.520(6) 273.152(5) 508.514(7)
600 177.387(6) 150.968(5) 210.224(7) 251.970(5) 187.295(4) 352.453(6)
800 135.520(6) 114.979(5) 161.183(7) 191.903(5) 142.275(4) 268.780(5)
1000 109.642(6) 92.845(5) 130.420(6) 154.962(5) 114.704(4) 217.040(5)

0.17 200 648.009(9) 562.010(8) 759.626(10) 918.239(8) 694.964(7) 1262.122(10)
400 371.898(7) 314.182(6) 443.916(8) 518.795(6) 382.905(5) 730.649(7)
600 258.463(6) 216.568(5) 310.023(7) 358.003(5) 263.053(5) 506.046(6)
800 197.461(6) 164.940(5) 237.701(7) 272.658(5) 199.866(4) 386.027(5)
1000 159.755(6) 133.189(5) 192.618(6) 220.172(5) 161.135(4) 311.717(5)

0.28 200 838.321(10) 736.091(9) 949.151(11) 1351.298(10) 1014.391(8) 1906.831(11)
400 492.351(8) 421.095(7) 561.339(9) 788.585(7) 570.025(6) 1133.788(8)
600 344.310(7) 292.027(6) 393.732(8) 547.162(6) 392.309(5) 790.657(6)
800 263.990(7) 223.103(6) 302.473(7) 417.995(5) 298.787(5) 604.047(6)
1000 214.055(7) 180.501(6) 245.259(7) 337.531(5) 241.270(5) 488.300(5)
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(13) and (15) are used in numerical calculations.
The variation of CBLs for composite conical shells reinforced by

CNTs resting on the T-P-EF within the various shell theory
depending on the dimensionless load-proportional parameter, m, is
presented in Table 3 and Fig. 3 for various volume fractions and
types of CNT distribution. The following data are used in the cre-
ation of tables and graphics: L=a ¼ 0:5; a=h ¼ 25; g ¼ 30+; ðk1;k2Þ
¼ ð0; 0Þ; ðk1; k2Þ ¼ ð5 � 108; 3 � 104Þ, VCN

* ¼ 0:12; 0:17; 0:28.
Fig. 3. Variation the values of the CBL for CCSs reinforced by CNTs on the T-P-EF within
the various shell theories versus the m for VCN

* ¼ 0.12 and various types of CNT
distribution.

210
Some data is available in the figures or in the table. Although the
magnitudes of the CBL increase, its values decrease with increasing
of them in the presence of T-P-EF. The number of waves corre-
sponding to the CBL reduces with the increase of m, and this reduce
becomes more evident in the presence of the T-P-EF. The composite
conical shells reinforced by CNTs with VD and XD-distributions are
compared with conical shells reinforced by CNTs with the UD-
distribution, the highest and lowest influences of heterogeneity
arise for XD-distribution, and vary between (þ17.22%) and
(þ20.57%), and (þ13.22%) and (þ14.58%) with VCN

* ¼ 0.17 and 0.28,
respectively, as the m changes between 200 and 1000.

The influence of VD and XD-distributions on the CBL is weak-
ened, in the presence of T-P-EF. In addition, the use of shear
deformation theory significantly reduces the heterogeneity effect
on the combined buckling load compared to the classical theory
(see, Fig. 3). It is observed that the influence of the T-P-EF on the CBL
decreased due to the increase of the m. It has been determined that
the influence of the T-P-EF on the CBL within the framework of
FSDST is more pronounced than the classical shell theory. In the
presence of the T-P-EF, the influence of shear strains on the CBL
decreases with the increase of m, although it is slow, the highest
effect is observed in the CCSs reinforced by CNTs with
XDedistribution.

The variation of CBLs of composite conical shells reinforced by
the linear distribution of types VD and XD with and without EFs in
the context of SDT and CST depending on the ratio a=hand
compared to the CBL of conical shells reinforced by UD distribution,
are plotted in Figs. 4 and 5. The following data are used in the
creation of Fig. 4: L=a ¼ 0:5; g ¼ 30+; ðk1; k2Þ ¼ ð0; 0Þ; ðk1; k2Þ ¼



Fig. 5. Variation of Pwpcb
1sdt and Pwpcb

1cst for CCSs reinforced by CNTs with UD and VD-types
distribution with and without T-P-EF versus R1=h for a different VCN

* .

Fig. 6. Variation of CBLs for UD, VD and XD-CCSs with and without T-P-EF within two

Fig. 4. Variation of CBLs for CCSs reinforced by CNTs with UD- and XD-types distri-
bution with and without EFs versus a=h for VCN

* ¼ 0.28.
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ð5 � 108; 0Þ; ðk1; k2Þ ¼ ð5 � 108; 3 � 104Þ, VCN
* ¼ 0:28 and m ¼

500. In Fig. 5, VCN
* ¼ 0:12; 0:17; 0:28 and other data are given in

Fig. 4. In addition, graphs are drawn in Figs. 4 and 5 using different
soil stiffness coefficients. As can be seen from Figs. 4 and 5, the
values of CBLs for CCSs reinforced by CNTs with the distribution of
UD, VD and XD-shapes, with and without elastic foundations
decrease depending on the increase of the ratio a= h, at VCN

* ¼ 0.12,
0.17 and 0.28. While the influence of heterogeneity on the CBL for
unconstrained CCs based on the FSDST increases from (þ8.82%) to
(þ23.86%), these influences increase from (þ8.6%) to (þ21.6%) and
from (þ8.7%) to (þ20.6%), in the presence of the one-parameter EF
i.e., ðk1;0Þ and T-P-EF, respectively, as the ratio a= hincreases from
25 to 40. While the influence of shear strains on the CBL of the
unconstrained CCS of XD-type, decreases from (þ63.61%) to
(þ36.48%), in the presence of the one- or two-parameter EFs
decrease from (þ63.1%) to (þ34.6%) and from (þ50.36%) to (þ33%),
respectively, as the ratio a=h increases from 25 to 40. As can be seen
that the influence of heterogeneity and shear strains on the CBL is
less pronounced on the T-P-EF compared to the one-parameter EF
orW-EF (see, Fig. 4). The analysis reveals that the influences of one-
or two-parameter EFs on the CBLs are more pronounced in the
framework of FSDST compared to the classical shell theory.
Considering the two-parameter elastic foundation, the influences

of heterogeneity on the values of Pwpcb
1sdt increase from (�14.43%) to
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(�15.26%) and from (�12.56%) to (�16.04%) for VCN
* ¼ 0.17 and 0.28,

respectively, as the a=hincreases from 25 to 40. It is observed that

the influences of heterogeneity on the Pwpcb
1sdt reduces by 1e2% in the

presence of the T-P-EF compared to unconstrained conical shells
(see, Fig. 5).

The variation of the values of the CBL for CCSs reinforced by
CNTs (UD, VD and XD) resting on the T-P-EF in the framework of
FSDST versus the half-peak angle g, with the two different volume
fractions (VCN

* ¼ 0:12 and VCN
* ¼ 0:17) are plotted in Fig. 6. The

following data are used in the creation of graphics:
L=a ¼ 0:5; a=h ¼ 25; g ¼ 30+; ðk1; k2Þ ¼ ð2:6�109; 3:5�104Þ and
m ¼ 500. As can be seen from Fig. 6, the magnitudes of the CBL
decrease with the increasing of half-peak angle g in the presence of
T-P-EF and unconstrained CCSs. This decrease is faster for XD dis-
tribution shape at VCN

* ¼ 0:17 in the presence of the T-P-EF. When
combined buckling loads are examined among themselves for
VCN
* ¼ 0:12 and VCN

* ¼ 0:17, it is observed that the magnitudes of

the CBL are higher for XD distribution shape at VCN
* ¼ 0:17. In

addition, the wave number corresponding to CBLs for CCSs with
and without P-E-EF increases due to the increase of the half-peak
angle g in all CNT distribution shapes. It is observed that the in-
fluence of the T-P-EF on the values of the CBL in the framework of
the FSDST is different in all CNTs reinforcement shapes and volume
fractions, and increases with the increase of the half-peak angle g. It
is seen also that the influence of T-P-EF on the combined buckling
load is greater than that of others for VD dispersion shape at VCN

* ¼
0:12. For instance, the influence of P-T-EF increases from (þ42.67%)
to (þ54.64%) and from (þ27.49%) to (þ34.33%) for VD type distri-
bution of CNTs in the matrix at VCN

* ¼ 0:12 and VCN
* ¼ 0:17,

respectively. Additionally, the influence of the T-P-EF on the CBLs
increases from (þ37.35%) to (þ48.94%) and from (þ32.29%) to
(þ44.93%) for UD and XD distribution shapes, respectively at VCN

* ¼
0:12.

The influence of distribution shapes of CNTs on the values of the
CBL of CCSs is different and decreases for both with and without
ground due to the increase of half-peak angle g. Furthermore, the
influence of the heterogeneity on the CBL of CCSs is smaller in the
presence of T-P-EF compared to the groundless case, and the effect
of distribution shapes of CNTs at VCN

* ¼ 0:17is greater than the case

of VCN
* ¼ 0:12. For example, for VD type CNT distributions at VCN

* ¼
0:17, the influences of distribution shapes of CNTs on the CBL for
CCSs with and without T-P-EF decrease from (�14.71%) to
(�12.11%) and from (�11.40%) to (�7.74%), respectively. Besides, the
different shell theories versus the semi-vertex angle, g, for the different VCN
* .



Fig. 7. Variation of CBLs for UD and VD-CCSs with and without T-P-EF in the frame-
work of two different shell theories versus the semi-vertex angle, g, for the different
VCN
* .
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effect of distribution shapes of CNTs on the CBL decreases from
(þ13.19%) to (þ7.51%) and from (þ14.94%) to (þ8.85%), respectively,
when the cases VCN

* ¼ 0:12 and VCN
* ¼ 0:17 are compared among

themselves for the XD distribution shape in the presence of the T-P-
EF.

The variation of CBLs of CCSs reinforced by the linear distribu-
tion of type VD with and without T-P-EF in the context of two shell
theory depending on the semi-vertex angle, g, and compared to the
CBL of composite conical shells reinforced by UD-distribution
shape, are illustrated in Fig. 7. The following data are used in the
creation of graphics: L=a ¼ 0:5; a=h ¼ 25; g ¼ 30+; ðk1; k2Þ ¼
ð2:6 � 109; 3:5 � 104Þand m ¼ 500. It is seen that the values of the
CBL decrease depending on the increase of half-peak angle g with
and without T-P-EF. When the combined buckling loads for VCN

* ¼
0:12 and VCN

* ¼ 0:17 are compared with each other, it is observed
that the magnitudes of the CBLs of CCSs are smaller for the VD
distribution shape of CNTs in the matrix at VCN

* ¼ 0:12. The influ-
ence of soil on the values of CBLs for CNT-based CCSs is more
pronounced when using FSDST. Also, the difference between effect
of the soil on the CBLs for CNT-based CCSs in the framework FSDST
and CST increases with increasing half-peak angle g. The difference
between the combined buckling loads is greater for UD distribution
shape at VCN

* ¼ 0:12. For example, in the presence of the elastic
foundation, the difference between the combined buckling loads
increases from (þ16.85%) to (þ25.46%) and (þ9.87%) to (þ14.53%)
for UD distribution shape of CNTs in the matrix at VCN

* ¼ 0:12 and

VCN
* ¼ 0:17, respectively. Additionally, the difference of the ground

effect on the CBLs for UD and VD distribution types of CNTs is
(þ11.45%) and (þ9.49%) at VCN

* ¼ 0:17and g ¼ 30+, respectively. It
is determined that the influence of shear strains on the values of
CBL for CNT-based CCSs with and without T-P-EF increases
depending on the increase of half-peak angle g. Besides, it is
revealed that the effect of shear strains on the combined buckling
load is greater in the groundless case than the presence of the T-P-
EF, and the effect of shear strains is smaller for VCN

* ¼ 0:17 than for

VCN
* ¼ 0:12. For example, for UD shape of CNTs and at VCN

* ¼ 0:12,
the influence of shear strains on the combined buckling load for
CCSs increases from (þ43.68%) to (þ49.41%) and (þ35.80%) to
(þ38.98%), respectively, in conditions with and without elastic
212
foundations. Moreover, the difference between influences of shear
strains on the combined buckling loads without elastic foundation
for the VD distribution of CNTs increases from (þ3.71%) to (þ5.12%)
with the increase of half-peak angle g , as the VCN

* ¼ 0:12 and VCN
* ¼

0:17. Furthermore, the influence of the CNT distribution shapes on
the CBL values for CCSs without an elastic foundation within FSDST
and CST is more pronounced in the framework of CST at VCN

* ¼
0:12. The difference, the effect of CNT distribution shapes on the
magnitudes of the CBL within FSDST and CST increases with an
increase of the half-peak angle g, and the largest difference
(þ17.3%) appears in the CCSs without an elastic foundation for the
VD distribution shape at VCN

* ¼ 0:12 with g ¼ 60+.

6. Conclusions

In this study the buckling analysis of CCSs reinforced with CNTs
subjected to combined loading of hydrostatic pressure and axial
compression resting on the T-P-EF. The governing equations of CCSs
reinforced by CNTs are derived in the framework of the FSDST that
includes shell-foundation interaction. The governing equations are
solved by using the Galerkin procedure to determine the combined
buckling loads of the structure selected here. The stability equa-
tions are solved by using the Galerkin procedure to determine the
CBLs of the structure selected here.

Numerical analysis led to the following generalized results:

a) The number of waves corresponding to the values of the CBL
reduces with the increase of load-proportional parameter,
and this reduce becomes more evident in the presence of the
T-P-EF.

b) The influence of VD and XD-distribution shapes on the CBL is
weakened, in the presence of T-P-EF, further the use of FSDST
significantly reduces the heterogeneity effect on the com-
bined buckling load compared to the CST.

c) Although the magnitudes of the CBL for CNT-based CCSs
increase, its values decrease with increasing of the load-
proportional parameter in the presence of T-P-EF.

d) In the presence of the T-P-EF, the influence of shear strains on
the CBL for CCSs decreases with the increasing of the load-
proportional parameter, although it is slow, the highest ef-
fect is observed in the CCSs reinforced by CNTs with
XDedistribution shape.

e) The influence of heterogeneity and shear strains on the CBL
for CCSs reinforced by CNTs is less pronounced on the T-P-EF
compared to the one-parameter EF or W-EF.

f) The influences of one- or two-parameter EFs on the CBLs for
CCSs reinforced by CNTs are more pronounced in the
framework of FSDST compared to the CST.

g) The values of the CBL of composite conical shells reinforced
by CNTs with and without T-P-EF decrease for the increasing
of the semi-vertex angle.
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Appendix A

The differential operators Lijði; j¼ 1;2;…;4Þ are defined as
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where pi are defined as:
p11 ¼ c12; p12 ¼ c11 � c31; p13 ¼ 4c31 � c21 � 4c11; p14 ¼ c11 � 5c12 � c22;
p15 ¼ 7c12 þ 4c22 � 4c11 � c21; p16 ¼ 3c21 þ 3c11 � 3c31; p17 ¼ 3c11 � 3c12 � 3c22 þ 3c21;
p18 ¼ �c13; p19 ¼ �ðc14 þ c32Þ; p110 ¼ 4c14 þ 4c32 þ c24; p111 ¼ c23 þ 5c13 � c14;
p112 ¼ 4c14 � 4c23 � 7c13 þ c24; p113 ¼ �3ðc14 þ c24 þ c32Þ; p114 ¼ 3c23 þ 3c13 � 3c14 � 3c24;
p115 ¼ c35; p116 ¼ c15; p117 ¼ �ð2c15 þ c25Þ; p118 ¼ 2c25; p119 ¼ �J3; p120 ¼ �c35; p121 ¼ c38 þ c18;
p122 ¼ �c28 � 2c18 � 2c38; p123 ¼ 2c28;p21 ¼ c21; p22 ¼ c22 � c31; p23 ¼ c31 � c22 þ c21:

p24 ¼ �c32 � c23; p25 ¼ �c24;p26 ¼ c32 þ c23 � c24; p27 ¼ c25 þ c35; p28 ¼ c35; p29 ¼ c38;
p210 ¼ c38; p211 ¼ c28; p212 ¼ �J4;p31 ¼ b11; p32 ¼ b31 þ b21 þ b12; p33 ¼ �2b31 � 3b21 � b12;
p34 ¼ b31 þ 2b21 þ 2b11; p35 ¼ b22; p36 ¼ b21 � 4b22 � b12; p37 ¼ 5b22 þ 3b12 � 3b21 � b11;
p38 ¼ 2b11 þ 2b21 � 2b22 � 2b12; p39 ¼ �b14; p310 ¼ b32 � b13 � b24; p311 ¼ b13 � 2b32 þ 3b24;
p312 ¼ b32 � 2b24 � 2b14;p313 ¼ �b23; p314 ¼ b13 � b24 þ 4b23;p315 ¼ b14 � 3b13 þ 3b24 � 5b23;
p318 ¼ 2b13 � 2b14 � 2b24 þ 2b23;p319 ¼ b35 þ b15;p320 ¼ b25; p321 ¼ �b25 � b15; p322 ¼ b15;
p323 ¼ b18; p324 ¼ b38 þ b28; p325 ¼ �b28 � b18; p326 ¼ b18:

(A2)
in which
c11 ¼ u111b11 þ u112b21; c12 ¼ u111b12 þ u112b21; c13 ¼ u111b13 þ u112b23 þ u211 ; c14 ¼ u111b14 þ u112b24 þ u212;
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c23 ¼ u121b13 þ u122b23 þ u221; c24 ¼ u121b14 þ u122b24 þ u222; c25 ¼ u121b15 þ u122b25 þ u125;

c28 ¼ u121b18 þ u122b28 þ u128; c31 ¼ u166b31; c32 ¼ u166b32 þ 2u266; c35 ¼ u135 � u166b35; c38 ¼ u138 � u166b38:
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where
ut1ij ¼
ð0:5h

�0:5h

Eijzz
t1 dz; ði; j ¼ 1;2;6; t1 ¼ 0; 1; 2Þ

ut215 ¼
ð0:5h

�0:5h

zt2 J1zE11zdz; u
t2
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ð0:5h
�0:5h

zt2 J2zE12zdz; u
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qijði; j ¼ 1;2;…;4Þ, qk1and qk2 are parameters and given as
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