") Check for updates

Mathematical Methods in the Applied Sciences

WILEY

| RESEARCH ARTICLE

Exploration of Soliton Solutions for the Kaup-Newell Model
Using Two Integration Schemes in Mathematical Physics

Bahadir Kopgasiz! (2 | Fatma Nur Kaya Saglam?

!Department of Computer Engineering, Faculty of Engineering and Architecture, Istanbul Gelisim University, Istanbul, Turkey | 2Department of Mathematics,
Faculty of Arts and Science, Tekirdag Nam:k Kemal University, Tekirdag, Turkey

Correspondence: Bahad:r Kopcasiz (bkopcasiz@gelisim.edu.tr)
Received: 14 July 2024 | Revised: 18 November 2024 | Accepted: 10 December 2024

Funding: The authors received no specific funding for this work.

Keywords: Kaup-Newell model | nGERFM | (g-;)-expansion function method | modulation instability (MI) | soliton solutions

ABSTRACT

This research deals with the Kaup—Newell model, a class of nonlinear Schrédinger equations with important applications in
plasma physics and nonlinear optics. Soliton solutions are essential for analyzing nonlinear wave behaviors in different physical
systems, and the Kaup-Newell model is also significant in this context. The model’s ability to represent subpicosecond pulses
makes it a significant tool for the research of nonlinear optics and plasma physics. Overall, the Kaup-Newell model is an important
research domain in these areas, with ongoing efforts focused on understanding its various solutions and potential applications.
A new version of the generalized exponential rational function method and (g—;)—expansion function method are utilized to
discover diverse soliton solutions. The generalized exponential rational function method facilitates the generation of multiple
solution types, including singular, shock, singular periodic, exponential, combo trigonometric, and hyperbolic solutions in mixed
forms. Thanks to (g—; )-expansion function method, we obtain trigonometric, hyperbolic, and rational solutions. The modulation
instability of the proposed model is examined, with numerical simulations complementing the analytical results to provide a better
understanding of the solutions’ dynamic behavior. These results offer a foundation for future research, making the solutions
effective, manageable, and reliable for tackling complex nonlinear problems. The methodologies used in this study are robust,
influential, and practicable for diverse nonlinear partial differential equations; to our knowledge, for this equation, these methods
of investigation have not been explored before. The accuracy of each solution has been verified using the Maple software program.
MSC2020 Classification: 35-00, 47J35, 35C07, 35C08, 78A60

1 | Introduction Initially emerging in the study of fluid dynamics, heat trans-

fer, and wave propagation, these equations have since found

The advancement of many scientific and engineering fields has
been greatly supported by nonlinear partial differential equations
(NLPDESs), which provide valuable insights into the complexi-
ties of physical and biological processes. The historical devel-
opment of NLPDEs dates back to the 18th and 19th cen-
turies, when mathematicians and physicists first began to for-
mulate mathematical models to describe natural phenomena.

applications in a wide array of disciplines, including electri-
cal engineering, magnetism, quantum mechanics, and biolog-
ical systems. Over time, the study and solution of NLPDEs
have evolved, driven by both theoretical advancements and
the increasing power of computational methods, leading to a
deeper understanding and more accurate modeling of intricate
systems [1-11] .
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In the 19th century, Scottish engineer John Scott Russell first
observed solitons, which are extraordinary nonlinear wave phe-
nomena that sustain their shape while propagating at a uni-
form speed. He noticed a solitary wave that traveled long dis-
tances without dissipating, a phenomenon that intrigued scien-
tists for decades. The mathematical foundation of solitons was
later developed in the 1960s with the advent of the Korteweg—de
Vries (KdV) equation, which describes shallow water waves.
Solitons have since found applications across various fields,
including fiber optic communications, where they enable stable,
long-distance data transmission; plasma physics, where they help
explain phenomena in magnetic fields; and even in biological sys-
tems, such as in the propagation of nerve impulses. The study
of solitons has not only deepened our understanding of nonlin-
ear wave dynamics but also spurred technological innovations in
multiple domains [12-16].

Analytical solutions to NLPDEs provide profound insights into
the behavior of complex systems governed by these equations.
Unlike their linear counterparts, NLPDESs often exhibit intricate
and diverse phenomena such as shock waves, solitons, and tur-
bulence, making their solutions highly valuable but challeng-
ing to obtain. Analytical methods aim to find the exact solu-
tions or simplifications that reveal the underlying structure and
dynamics of the problem. Techniques such as the separation
of variables, similarity transformations, the method of charac-
teristics, and the inverse scattering transform have been devel-
oped to tackle specific types of NLPDEs. These methods not
only help in understanding the fundamental properties of the
solutions but also serve as benchmarks for validating numerical
and approximate solutions. Despite their complexity, analytical
solutions remain a cornerstone in the study of NLPDEs, offer-
ing clarity and depth to the exploration of nonlinear systems in
physics, engineering, and beyond. In the present day, there are
numerous trustworthy and well-developed techniques for find-
ing both analytic and numerical solutions to NLPDESs, includ-
ing the well-regarded modified auxiliary equation method [17],
extended sinh-Gordon expansion technique [18], improved tanh
approach [19], extended % -expansion method [20], improved
F-expansion method [21], polynomial expansion technique [22],
Sumudu transform homotopy perturbation method (STHPM)
[23], Painlevé analysis [24], Lie group analysis, group invariant
solutions, and conservation laws [25], Hirota bilinear method
[26], <%>—expansion method [27], multiwaves solutions [28],
semi-inverse variational principle (SIVP) schemes [29], Bernoulli
(%)—expansion method [30], complex method [31] and so on
[32-42].

In this work, we will examine the Kaup-Newell model (KNM),
which is described by [43] the following:

2
l_ar(x, 1) +06 I'(x,1) +i
ot 0x2

— ip (1P )T 1) = 0,

9 2
a— (ITCx, HI°T(x,1))
ox )

in which i2 = -1, T' =I'(x, f) represents a complex-valued wave
function. The specific meanings of the nonzero real coefficients
0, a, and p represent coefficient of group velocity dispersion,
coefficient of self-steepening term, and coefficient of nonlinear

dispersion, respectively. The renowned KNM, a complex-valued
NLPDE, was initially introduced by David Kaup and Alan Newell
while researching the situation of subpicosecond pulse propa-
gation. This equation is useful to describe patterns in plasma
physics and optical fiber, especially in Alfven waves. Equation (1)
is a powerful mathematical model for understanding and predict-
ing the behavior of ultrashort optical pulses optical fiber systems
and other nonlinear dispersive media. Its solutions yield impor-
tant insights into the propagation of optical solitons and other
nonlinear wave phenomena.

The nonlinear KNM is a crucial mathematical model in the field
of optics, utilized to characterize the propagation of subpicosec-
ond pulses through single mode optical fibers. In [44], Qarni dis-
covered some dispersive solitons of the nonlinear Kaup-Newell
system using the Riccati equation approach. In [45], Biswas et al.
explored the solutions of Equation (1) via the trial equation
scheme and modifed simple equation method. Jawad and col-
leagues, in Jawad et al. [46], determined some bright and sin-
gular soliton solutions of Equation (1) using the csch-function
approach.

This work highlights the need for novel approaches to
problem-solving to identify the underlying mathematical
structures that underpin physical systems in the actual world.
We introduce effective analytical methods utilizing finite series
expansion to produce novel and precise wave solutions for
the KNM, unveiling previously unpublished findings. These
methods are effective resources for scientists working on difficult
mathematical problems in a variety of scientific domains. The
presented methods overcome the limitations of existing methods
by providing effective solutions, especially for complex and
high-dimensional systems. In this way, it provides practical and
feasible solutions to solution challenges frequently encountered
in the literature. They also add depth to existing theories and
enable researchers to develop new hypotheses.

The principal aim of this study is to investigate different and
novel optical soliton solutions for Equation (1). In this sense,
the new version of the generalized exponential rational function
method (nGERFM) and the g—; -expansion function method
will be used. It can be easily concluded that these analytical solu-
tion methods are very effective and successful in finding exact
solutions to NLPDEs.

The paper is structured as follows: Section 2 describes the tech-
niques, specifically the nGERFM and %) -expansion func-

tion method. Analytical solutions for the model are discussed
in Section 3. Modulation instability (MI) analysis is presented in
Section 4. Section 5 offers comparisons, Section 6 presents graph-
ical explanations, and Section 7 explains the conclusions.

2 | Methodology

Consider the NLPDE as follows:

Y |I (X 1) I (X l) a F(X l) _a F(x t) _a F(X l) =0
T 0t T 5x o ()lz e axz B ’
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By implementing the complex wave transformation shown below
[(x,1) = D& exp(it(x, 1)), &=x—wl, T(x,1)=—sx+ct + ¢,

(3)
then, Equation (2) is transferred to

Y,[®, @, ", d", ...]=0. 4)

In Equation (3), o, s, and ¢ are the nonzero real constants.

2.1 | The Details of the nGERFM

Step 1. Let us set up the solution of Equation (4) as [47] follows:
7OV, v, (YO
0] k k L= ., 5
©° °+Z (36) 2u(zg) - ©
in which
61 €xp(j1€) + 6, exp(),¢)

I = . 6
) = expUs0) T 25 expUD) ©

In the pre-assumed structures Equations (6) and (5), ¢;,; (i €
[1,4]) and k¢, k,,1, (n € [1,ny]) are unknown coefficients. In
addition, to determine the value of the positive integer n,, we can
make use of various balancing rules documented in the literature.

Step 2. Substituting the expression from Equation (5) into
Equation (4) produces a polynomial equation I1(g,, 0, 05, 04) = 0
in terms of g, = e0+¥ forv = 1,2, 3, 4.

Step 3. At last, we obtain analytical solutions for Equation (2) by

substituting the results derived from solving this system into the
general expression of Equation (5).

G .
2.2 | The Summary of (E) - Expansion
Function Method

Step 1. Consider the solution of Equation (4) is characterized by
the expression in <g ) expansion method as follows [48]:

®(:)=po+;<pn(%) +an(%> ) %)
in which G = G(¢) holds
GI 4 Gl 2
(&) -#e(&)- ©

where 4 # 0, u # 1 are integers. To complete the process, it is
necessary to find the constants py, p,, 0, (n =1,2,3, ... ,n).

Step 2. As a result, < ) provides the following three types of
solutions:

Scenario I, Trigonometric family: If 44 > 0, then

©

<g> ~ \/E ©®, cos (\/ﬂ§>+®2sin <\/ﬂ§)
) Va 0, cos (@f)—@lsin«/ﬁ:).

Scenario II, Hyperbolic family: When y A < 0, then

()
G2

JIi| @:sinh (zM&) +©, cosh (2\/Wz;) +0,
B @, sinh <2m§) + @, cosh <2m§> -

Scenario II1, Rational family: When x4 = 0, 4 # 0, then

GN_ (&
<G2)_< /1(®1§+®2)>’ (11)

in which ®, and ©, are constants.

(10)

Step 3. To find the n,, the homogeneous balance rule is applied.

Step 4. By inserting from Equations (7) and ( 8) into Equation (4),
we get a set of algebraic equations.

Step 5. By investigating the specific terms, we found the neces-
sary set of parameters.
3 | Extraction of the Soliton Solutions

The real and imaginary parts of Equation (1) can be obtained by
adopting Equation (3) as follows:

0D" — (¢ + 05D + as®® =0, (12)

and
(—w = 205)®" + Ba — 20)D*D’ = 0. (13)

From Equation (13), we can establish the following constraint
conditions:

2
== 14
a=2p. (14)
with the speed of soliton:
= —20s. (15)

Utilizing Equation (14) into Equation (12) yields
0" — (¢ + 051D + %sﬁdﬁ =0. (16)
3n, = n, + 2 is obtained by using certain standard balancing prin-

ciples in Equation (16) between ®> and ®”. Hence, one should
take ny = 1.

3.1 | Main Results of Solving Model
Equation (1) Using Technique I

Equation (5) can be expressed as

5/ e\
womnn(38)(38)" o

(&) is specified by Equation (6).
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Class 1:
Taking (¢, 65, 63,641 = [1,1,1,0] and [}1,75,/3,J4] = [0,1,2,0] in
Equation (6) yields
1+ exp(¢)
J(E) = ——=. 18
¢ exp(2¢) (18)

To obtain the parameter values, we solve the algebraic equations
with Maple (or Mathematica). The collection of responses gener-
ated might be given as follows:

Type 1.1:

_5 /.38 -4, /30
+2 ﬂs - ps’

By plugging the aforementioned values of k,, k;, /; into
Equation (17), we get

. \f exp(é) — 1
*O= ﬂs X (exp(:) 1 ) (19)

We find the following exponential function solution for
Equation (1) using Equation (19)

s ey = X3 \/_ y exp(x —wt) — 1
1 ﬁS

exp(x —wt) +1 (20)

xexp (i{-sx+ct+cy}).

Type 1.2:
0,2
=—=(25"+1),
e=-20s+1)
5 36 36
ko=F=1/—=>—, k=0, [, =464/——.
0 +2 Bs 1 1 Bs

By inserting the aforementioned values of k,, k;, /; into
Equation (17), we get

. \f 3exp(é) -2
T = ﬂs x <3 exp(¢é) + 2 > @D

The exponential function solution for Equation (1) is found using
Equation (21) in the following manner:

n= \/_ 3exp(x —wt) — 2
aten === _ﬁx<3exp(x—wt)+z> (22)

X exp (i{—sx+ct+ CO}).

Class 2: When we pick [¢.6.63.6,]=1[1,-1,2i,0] and
[J15J2J3J4] = i, —i,1,0] in Equation (6), we reach
sin (&)
(&) = . (23)
¢ exp(&)

To acquire parameter values, we use package programs to solve
algebraic equations; the collection of solutions that result can be
stated as follows:

Type 2.1:

These values are entered into Equation (17), yielding

D5 = V34 /-

5 24

sin (&) + cos (&)
cos (§) —sin(¢) /°

By employing Equation (24), we derive the following combo
trigonometric soliton solution for Equation (1):

+ 30 cos (x — wt) + sin (x — wt)
D =4/-=— < - )
’ fs cos (x — wt) — sin (x — wt) (25)
X exp (i{—sx +ct+ co}).
Type 2.2:
c=—0(s*>-2),

These values are entered into Equation (17), yielding

%) =3 —% x cot (£). (26)

By substituting Equation (26), we derive the singular periodic
solution for Equation (1) as follows:

Fiz(x,t) = \/5 —% X cot (x — wt) X exp (i{—sx+ct+c0}).

(27)
Class 3: For [¢1.6;,65.6]=11,-1,2,0] and [j1./5./3./4] =
[1,-1,-1,0] in Equation (6) provides

sinh (&)
&) = . (28)
exp(=¢)
By implementing the nGERFM procedure, we obtain
c= —9(32 + 2),
= ¢L7 kl = i\[_z_os
30 S
Bsy/ =5
These values are entered into Equation (17), yielding
0vV3
OF(E) = V3 x tanh(é&). (29)

0
Bs\[ =%
By using Equation (29), we reach the next shock solution for
Equation (1)

03

ps\J-2

0,0 = X tanh (x — wt) X exp (i{—sx+cz+co}).

(30)
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Class 4: In Equation (6), picking [¢;,¢,. 63,641 = [2,0,1,1] and
U1.725J3-Ja] = [1,0, i, —i] produces
exp(¢)
76 = : 31
© 0s@) (31)
‘We also achieve
Type 4.1:
c= —9(s2 - 2),
30 30
ko=+4/—->. k; =0, 1, =7F2 35

These findings combined with Equation (17) produce

N 2cos(é)sin(é) —1
@50 = Vi - x (Z2OIO1) o
2 cos (5) -1
As a result of our findings, the following combo trigonometric
soliton solution is achieved:

r+ (x,l):\/g —ix 2cos (x —wt)sin (x —wt) — 1
1 V. Bs 2¢cos (x —wt)? — 1

X exp (i{—sx+ct+co}).

(33)
Type 4.2:

c= —9(52 - 2)

TR

ky=+——=—
ﬁs\/ bs
ﬂs

These findings combined with Equation (17) yield

- 0v3
OF() = L X tan(&). (34)
Ps\/~

Therefore, one way to describe the singular periodic solution is as

03

Iy (o= - X tan (x — wf) X exp (i{—sx +ct+¢,}).
Bs\/ =5
(35)
Class 5: In Equation (6), considering [¢;, ¢,, 3. 64] = [2,0,1,1]
and [7;./5./5./4] = [0,0,1, —1] generates
) = ——. (36)
cosh(é)

We accomplish

Type 5.1:
c= —0(32 + 2),

30

ko=0. k=0, h =/

By plugging the values of k,, k;, /; into Equation (17), we gain

¥ () = V3 —% x coth(&). (37)

As a result, we can derive singular soliton solutions given by the
following:

I706n= V3 —% x coth (x — wr) x exp (i{—sx +ct+¢,}).
(38)
Type 5.2:
c= —0(32 + 8),
30

ko =0, -
0 ﬁS

ki=1, ==+

For these reasons, along with Equation (17), the following result
is most likely to be achieved:

i 2cosh (£)? —1
%) = /3 _E (W) 9

The mixed form of the hyperbolic solution is expressed as

) ~ 0 —1 + 2cosh (x — wr)?
5,060 = V3 \ 5s X (sinh (x — wt) cosh (x — a)t)) (40)

X exp (i{—sx +ct+ co}).

Class 6: In Equation (6), considering [¢;, 65, 63,641 =1[2,0,1,1]
and [j;,/5,/5.J4] = [—2,0,1, —1] generates
(GREl 4D
We reach
c= —9(s2 + 2),
ky = +2 —Z—i, k, =0, [, =43 —%.

By entering the values of k,,, k;, /; into Equation (17), one gets

oo _ |1 cosh(¢) + 2sinh (&)
o= V » % <sinh &+ 2cosh(§)>' 42)

We arrive at the combo soliton solution by using the
Equation (42)

+ _ 6 2 sinh (x — wt) + cosh(x — wt)
Tetxn = Vs V' Bs X (Zcosh(x — wf) + sinh (x — a)z)> (43)

xexp (i{-sx+ct+c}).
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Class 7:

If we take [¢y, 65, 63,641 = [1,1,2,0] and {5, 75, 73,441 = [i, =i, 0,0]
in Equation (6), it provides

(&) = cos(§). (44)

‘We have
c= —6(s2 + 4),

30
ko =0, ky =1, =z /_E'

When these results are analyzed in conjunction with
Equation (17), we get the following outcome:

e o1
OF(¢) = \/3\/; X cos@sin(@)’ @

As a result, we have the periodic solution given below:

o) = 3y -2 -
T30 = V3V = 5 X s an s —an (46)

X exp (i{—sx + ct+c0}).

3.2 | Main Results of Solving Model
Equation (1) Using Technique II

Equation (7) can be expressed as

’ 7\ L
®(5)=P0+P1(%)+‘71<%> , (47)

in which py, p;, and o, are real parameters and are deter-
mined later. The use of Equations (16) and (47) together with
Equation (8) gives the cluster of algebraic expression. By accu-
mulating and equating to zero, the power coefficient is ( % ) . The
values of py, p,,and o, are derived by handling the resulting alge-
braic system.

30

Cluster 1: ¢ = —4iu0 — 520, po=0, p==+4 o o, =
30
+u —E.
Cluster 2: ¢ = 2Au6 — 520, p, =0, p, = +i /—Z—f, o, =0.

Cluster 3: ¢ = 24460 — 5°0, py =0, p; =0, o) =u —Z_i.

For Cluster 1, the following solutions are built.

Case-1: If 44 > 0, then by using Equation (3), family of trigono-
metric solutions can be presented as follows:

Case-2: If u4 < 0, then by using Equation (3), family of hyper-
bolic solutions is written as follows:

%, (x, 1)

_;_z\/T%(G)‘ cosh <2\/—_/M(x - UJt)) + O, sinh (2\/__”’1()‘ - mt)) + 62)

_ (@1 cosh (2\/—,4/1(): - m)) +©, sinh <2\/—;M(x - an)) - @2)
4y /7% (@1 cosh (2v/=wi(x-an ) +0y sinh (2y/=pi(x-wn)-6, )
/=5 (1 cosh (2/=pitx=wn ) +0y sinh (2y/=itx-an) )+ )

X exp(i X {—sx + ¢t + ¢y }).
(49)
Case-3: If 4 =0, A # 0, then by using Equation (3), a family of
rational solutions is written as follows:

30
_E®1

IF,(x.0) =

Aty /—%(@1@« - wt)+0,)
_ o

(®l(x - ot) + ®2)

X exp(i X {—sx +ct+ co}).
(50)
For Cluster 2, the following solutions are built.

Case-1: If 44 > 0, then by using Equation (3), family of trigono-
metric solutions can be shown as follows:

/1\/—7;—?\/%(81 cos (\/ﬁ(x - wt)) + 0, sin <\/ﬁ(x - wt)))
(@2 cos (\/ﬂ(x - wt)) — 0, sin (\/ﬂ(x - wt)))
=32 (02 s (Virtx-an ) -0y sin (Viia-an)) )
V/E (01 cos (Viits—an }+0y sin (vix-on) )

I“zt_l(x, 1=

X exp(i X {—sx +ct+ co}).
(51
Case-2: If uA < 0, then by using Equation (3), family of hyper-
bolic solutions is written as follows:

l";fz(x, 1)

/1\/—7—?\/——%(@1 cosh <2\/—_;M(x - an)) +0, sinh (2\/—_;M(x - mt)) ¥ @2)

_ (91 cosh (2\/-,4/1(): - cot)) +©, sinh <2\/—;M(x - an)) - ®2>
/- % (91 cosh (2\/—_;M(x—wr))+(~)l sinh (ZVTM(x—wt))—ez)
V=B (1 cosh (2/=pitx—an )+0y sinh (2y/=itx-an) )+ )

X exp(i X {—sx +ct+¢o}).
(52)
Case-3: If 4 =0, A # 0, then by using Equation (3), a family of
rational solutions is written as follows:

360 1 .
A,/—E\/E(G)lcos (\/ﬂ(x—wr)>+®2sm (\/ﬂ(x—wz)» _%@1 Ap /—%(Gl(x—wt)+®2)
—on)) -0, si - TE,(x0) = : - -
% (x,0) = (@z cos (\/ﬁ(x a)t)) 0, sin (\/ﬁ(x cut))) 230 (@1(X —oh+ @2) 0,
/- ;—f (02 cos (ViAt-n)-6y sin (viix-on))
A cos X—0 sin x—t
Vi (01 cos (Vidtx-on 405 sin (Viui-an) X exp(i X {—sx + ¢t + ¢y }).
X exp(i X {—sx + ¢t + ¢y }). (53)
(48) For Cluster 3, the following solutions are built.
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Case-1: If 44 > 0, then by using Equation (3), family of trigono-
metric solutions can be illustrated as follows:

—%\/E(G)l cos (\/ﬁ(x - wt)) + 0, sin (\/ﬁ(x - mt)))
(@2 cos (\/ﬂ(x - (ot)) — 0, sin (\/ﬁ(x - wt)))

uy/- % (@2 cos (\/ﬁ(x—wr))—m sin (W(x—wt)))
V& (01 cos (Viits—an }+0y sin (vid-on) )

+ —
F3,1(x’ 1) =

X exp(i X {—sx +ct+ co}).
(54)
Case-2: If u4 <0, then by using (3), family of hyperbolic solu-
tions is written as follows:

[ENEN))

-2 H(@l cosh (2\/—_;4/1(x - a)t)) +©, sinh (2\/—_;M(x - a)t)) + @2)

_ (@1 cosh (2\/—;41(x - wt)) +0, sinh (z\/—,u(x - wz)) - @)2)
/- % (@1 cosh (2y/=w(x-an ) +0y sinh (2y/=pitx-wn)-6, )
B H(@l cosh (2\/—7M(x—mz))+®1 sinh (zm(x—aJt))+®2)

X exp(i X {—sx + ¢t + ¢y }).
(55)
Case-3: If 4 =0, A # 0, then by using Equation (3), a family of
rational solutions is written as follows:

Ay /—%(Gl(x —ot) + @2)
_ o

360
e T
T, (x0) =

(@1(x —wt) + 92)

X exp(i X {—sx + ¢t + ¢y }).
(56)

4 | Modulation Instability (MI) Analysis

In many nonlinear systems, the interplay between dispersive
and nonlinear effects leads to modulation instability in steady
states. Specifically, in the context of optical fibers, MI is a
well-researched phenomenon that is significant for designing
fiber optic communication systems. Here, the optical signal prop-
agates through the fiber and is represented by the wave field, with
the Kerr effect causing nonlinearity by affecting the fiber’s refrac-
tive index based on light intensity. In nonlinear wave equations,
modulation instability describes how small perturbations can
grow exponentially to form new structures or patterns. This

section focuses on investigating the MI of the equation using lin-
ear stability techniques [49].

Equation (1) provides a definition for the MI of traveling waves.
Assume that the perturbed solution is represented by

I(x, 1) = <\/? +ulx, t))e"“, (57)

in which 4 is used to denote the normalized optical power. When
we use Equation (57) in Equation (1), we obtain

i, — 0A*u+2i0u, + Ou,, = 0. (58)
Let us consider a solution to Equation (58) expressed as
u(x, 1) = [ ethxw 4 | p=ilkx—wn) (59)

Here, k is the normalized wave number and w denotes the fre-
quency. By integrating Equation (59) into Equation (58) and iso-
lating the coefficients of ¢'**~%) and e~"k*~%" g solve the deter-
minant of the coefficient matrix, we obtain the following disper-
sion relation:

(=(k = 1?0+ w) — (k+ 1)*0 —w =0. (60)

By analyzing dispersion relation Equation (60) for k, we can
derive
—0(04% + w)

k=+
0

The dispersion relation obtained provides insights into the sta-
bility of the steady state. A real component for k indicates that
the steady state is stable against small perturbations, whereas
an imaginary k signifies instability and results in an exponential
growth of perturbations.

5 | Comparisons

In this section, we compare the results of our investigation with
those from previous studies that employed different analytical
methods and are documented in the literature. Highlighting the
unique qualities and innovative contributions of our present
research is the aim of this comparative analysis. In [50], the

|10, 0] [Fra(x, )]

-1.0 -05 0.0 0.5 1.0

FIGURE1 | The3D,contour, and density plots for the solution |1“M(x, t)| in Equation (20)whenf =3, a =2, 6 =-3, s=4,0=24, ¢ =2,¢, =0,

and & = x — wt. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 2 | The 3D, contour, and density plots for the solution |F2v1(x, t)| in Equation (25)whenf =3, a =2, 0 =-3, s=4,0=24, c=2,¢,=0,

and & = x — wt. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 3 | The 3D, contour, and density plots for the solution |F3(x, t)| in Equation (30)when =3, a=2, 0 =-3, s=4,0=24, c=2,¢,=0,

and & = x — wt. [Colour figure can be viewed at wileyonlinelibrary.com]

1Faa(x, 1) 1Faa(x, 01

o

—

-02 01

t
o
o

t

00 k‘—‘bj 6.20 -0
X

0.2 T r T r
0.1H
0.0
0.1}
-0.21
.2 =01 0.0 0.1 0.
x

2 . 2

0.2
0.
-0.
0 e e
0.2 -0.1 0.0 0.1 0.
X

FIGURE4 | The 3D, contour, and density plots for the solution |F4,1(x, t)| inEquation (33)whenf =3, a =2, 0=-3, s=4,0=24, c=2,¢,=0,

and & = x — wrt. [Colour figure can be viewed at wileyonlinelibrary.com]

KNM was studied by using the Jacobian elliptic function to find
new type solutions. In [43], the authors found various kinds
of exact solutions, such as bright soliton, singular soliton, dark
soliton, and other traveling wave solutions, expressed as ratio-
nal functions, Exp functions, sin-cos functions, sinh-cosh func-
tions, hyperbolic functions (sech function and csch function),
and trigonometric functions (sec function and csc function). In
[51], the author uncovered analytical solutions, including bright,

dark, and singular solitons, and other types of solutions by using

the extended simplest equation method. To get exact-wave solu-
tions to the KNM, the authors in [52] employed the generalized
projective Riccati equations method (GPREM) together with the
new Kudryashov approach. Our work synthesizes this research
to apply the more effective technique, namely, the nGERFM and
(g—; )-expansion function method. Thus, by implementing these
two methods, we give novel soliton solutions, such as exponen-
tial function, singular periodic, shock, singular, combo trigono-
metric, hyperbolic solutions in mixed form, trigonometric, hyper-
bolic, and rational solutions.
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FIGURE 5 | The 3D, contour, and density plots for the solution |F5V1(x, t)| in Equation (38)whenf =3, a =2, 0 =-3, s=4,w=24, c=2,¢,=0,

and & = x — wt. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 6 | The 3D, contour, and density plots for the solution |I“6(x, t)| in Equation (43)when =3, a=2, 0 =-3, s=4,w=24, c=2,¢,=0,

and & = x — wt. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 7 | The3D,contour, and density plots for the solution |F6(x, t)| in Equation (46)whenf =3, a =2, 0 =-3, s=4, 0 =24, c =2, ¢, =0,

and ¢ = x — wt. [Colour figure can be viewed at wileyonlinelibrary.com]

As a result of carefully selecting the study’s parameters, it
becomes evident that many of the study’s conclusions are in line
with previous research findings. Recall that these outcomes were
originally expressed differently from ours, even though there may
have been some parallels. Despite an extensive search of rele-
vant publications, no solution identical to the one revealed in
this work could be found. The fact that the remaining results we
have obtained do not seem to have been published before high-
lights their novelty and innovation. The outcomes displayed in
this investigation were obtained by utilizing the nGERFM and

(g—; )—expansion function method.

6 | Graphical Explanation

In this section, we will describe the parameters that were used to
generate the plots. Using these parameters, we will illustrate 3D,
contour, and density plots for some of the solutions that we have
derived (Figures 1-7).

7 | Conclusion

In this study, the the Kaup-Newell models the glamorous tech-
nology of subpicosecond pulses that spread via single-mode opti-

6485

85U80]7 SUOLILLIOD BA 1810 3deoldde ayy Aq pausenob afe ssoiLe VO ‘8sn JO se|ni Joj Afeid8UlUO A8]IAA UO (SUORIPUOD-PUR-SLUIBI/LI0O" A3 | IM"Ae.q | |Bu JUO//:SdNL) SUORIPUOD PUe SWie | 8U18eS *[5202/90/62] Uo AkiqiTauljuo A8 |1 ‘S91sieAlun WSIRD INquess| AQ y890T BUIL/ZOOT '0T/I0P/LI00 A3 IM AeIq Ul |uo//Sdny WOy papeojumod ‘9 ‘G20z ‘9. T660T


http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
http://wileyonlinelibrary.com

cal fibers is investigated using two innovative methods, namely
the nGERFM and (%)-expansion function method. To begin
with, we regarded the nGERFM. The use of nGERFM enabled us
to obtain several classes of soliton solutions, such as shock, sin-
gular, singular periodic, exponential, combo trigonometric, and
hyperbolic solutions in mixed forms. Secondly, we considered the
(% ) -expansion function method. By using this method, we get
trigonometric, hyperbolic, and rational soliton solutions. A key
benefit of these techniques is their capability to predict and orga-
nize solution structures from the start. By using Mathematica to
create 3D, contour, and density plots, we were able to graphi-
cally represent the obtained soliton solutions based on selected
parameter values. The logical and lucid methodology makes it
possible for interested parties to solve their NLPDEs right away.
The outcomes of this research show that the offered methodol-
ogy is promising for uncovering a variety of soliton solutions in
nonlinear optical equations. The MI analysis performed on the

model also contributes new insights.

The soliton solutions we have achieved are original and unique
to the KNM. Furthermore, in comparison to many previous
studies, our discoveries offer a more exhaustive range of func-
tions, including hyperbolic, periodic, rational, trigonometric, and
exponential solutions. These validated solutions are applicable
for analyzing NLPDEs across fields such as applied sciences,
plasma physics, mathematical physics, nonlinear dynamics, and
engineering. The KNM is relatively straightforward, making it
easier to understand and implement in various applications. It
often allows for analytical solutions, which can be beneficial
for theoretical studies and understanding wave behavior. Also,
the model provides valuable insights into wave propagation and
interactions, which are critical in meteorological contexts. Future
research could focus on examining the long-term behavior of
these solitary wave solutions and exploring how different param-
eters affect system dynamics to discover new phenomena.
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