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CONVEXITY IN TERMS OF CAPUTO FRACTIONAL DERIVATIVES

BOUAFIA MOUSAABM2, YASSINE ADNAN? AND THABET ABDELJAWAD®*

Abstract. The first criterion of convexity states that a differentiable function defined on an open
interval is convex if and only if its first derivative is increasing. The second criterion of convexity
states that a twice differential function is convex if and only if its second derivative is positive. In this
work, by using a change of variable transforming the interval [a, ] into [0, 1], we are able to get a new
formulation of Caputo derivative. Then, we use this new version of Caputo derivative to investigate
convexity and obtain generalizations to the first and second criteria of convexity depending on fractional
orders 0 < a < 1 and 1 < a < 2, respectively. As a further application of the new representation of the
Caputo derivative (Dg f)(z) of a function f defined on an interval [a,b] and of order n — 1 < a < n for
some n € {1,2,...}, we obtain the estimation, for all z € [a;b]:

FO V(@) < f V(@) + (@ — a)* " TIT(n — a) DS f(x),

provided that f(™(z) > 0 for all z € [a, b]. From which some geometric interpretations can follow. For
the sake of better clarification to our results, we give several illustrative examples.
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1. INTRODUCTION

The fractional analysis is a branch of mathematical analysis that studies the possibility of defining non-
integer powers of the derivation and integration operators. It was invented, independently by Isaac Newton
and Gottfried Leibniz, and it was understood that the notion of the derivative of nth order, that is, applying
the differentiation operation n times in succession, was meaningful. It was introduced after 1695 as a simply
academic generalization of integer derivative [6,7,13,15,17].

A fractional derivative generalizes the order of differentiation from set of natural numbers N to Set of real
numbers R [5,6]. One of the axiomatical questions that appears in Mathematical is how to generalize certain
geometrical concepts from ordinary calculus to fractional calculus. Convexity plays an important role in math-
ematical analysis and optimization. Our aim in this work is characterize convexity by means of the so-called
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Caputo fractional derivatives. Up to our knowledge very few works have discussed about convexity in fractional
calculus. Most of the works care about generalizing certain inequalities of convex functions to the fractional
case (see [10,18]). For the analysis of convexity geometrically in fractional calculus we mention [3], where the
author considered it in a minor way. A discussion and a comparison to this reference is to be given in the
conclusion section. This article is organised as follows. In Section 2 some preliminary results about fractional
calculus and convexity will be given. In Section 3 we have our main results, in which we start it by an interesting
tool representation to Caputo derivatives with some clarification examples. We then divide Section 3 into three
subsections. The first subsection is devoted to the characterization of convexity by means of Caputo fractional
derivatives of order 1 < a < 2 (generalization of the second convexity criterion to the fractional case). In the
second subsection, we discuss the generalization of the first convexity principle on open intervals to the fractional
case. In the third section, as an application of the new proven representation of Caputo fractional derivatives,
we shall prove a useful inequality, by which we prove some useful geometrical results. Finally, in Section 4 we
have our concluding remarks where we propose an open problem and make a comparison to reference [3]. In
fact, the sufficient condition for convexity depends on the starting point r € [a,b] which is different from what
was proven in [3]. For a recent work on convexity in the fractional calculus we refer to [4] as well.

2. PRELIMINARIES
In this section, we present some useful definitions and lemmas [6-9, 16].

Definition 1. A function f: I — R is said to be convex on an interval I , if
fltz+ (1 =t)y) <tf(x)+ (1 —-1)f(y) (1)
holds for all z,y € T and all ¢ € [0, 1].

Lemma 1 (First criterion of convexity [16]). Let I be an open interval and let f : I — R be a differentiable
function. Then f(t) is convez if and only if the first derivative f()(t) is increasing on I.

Lemma 2 (Second criterion of convexity [16]). Let I be an open interval and let f : I — R be a function.
Suppose f(t) is twice differentiable on I . Then f(t) is convez if and only if the second derivative f3)(t) > 0
foralltel.

Definition 2. A function f: I — R is said to be midpoint convexity on I where I is an real interval , if

f<ﬂc42ry> < f(x);f(y)

holds for all z,y € I.

Lemma 3 (Third criterion: midpoint convexity and continuous [16]). Let I be an open interval and let f : I — R
be continuous. Then f(t) is convex if and only if for all x,y € I

(25Y) < f s @

Definition 3. Euler’s Gamma function is defined by the following integral:

+o0
I'(z) = /0 exp(—t)t" tdt =z eR,. (4)
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The important property of the Gamma function I'(z) is the following recurrence relation:
IMNz+1)=al'(z) zeR;. (5)
As a consequence of this property, we have if x € N then:
Nx+1) =ua! (6)

This allows us to say that the Gamma function generalizes the notion of factorial. We have

(1) =1,T(04) =400, I'(3) = /7.
Definition 4 (The Riemann-Liouville fractional integral). Let « be a positive real and f : [a;0] — R a
continuous function. The Riemann-Liouville fractional integral of order a of f is defined by integral:

15 f(x) =

C (o pla=D
g ACRUAIICED 7)

For any continuous function f, we have:

I @) = I f @) 0,6>0 0
@) = 15 @), 0

There are several definitions of fractional derivatives, unfortunately they are not all equivalent. In this work,
we shall use on Capotu type derivatives

Definition 5 (The Caputo fractional derivative [7]). Let n — 1 < o < n with n € N and f a function of class
AC™([a;b]). The derivative of order « in Caputo’s sense of order « of the function f on the interval [a;b] is
defined by
D) = (S @) = ps [ w0 ar (10)
@ @ dan 'n—a) /, ’
where AC"([a,b]) = {f : [a;b] — R : f(*=1(x) is absolutely continuous}.

A function f(z) is absolutely continuous (f(z) € AC[a,b)) if and only if f(z) = c+ [ I(t)dt, (I(z) € L(a,b)).
For the properties of Caputo fractional derivatives, we refer to [6,7]. Notice that since an absolutely continuous
function has an integrable derivative, then C™([a;b]) C AC™([a;b]). The book [6] deals with Caputo derivatives
in C™([a;b]) = {f : [a;b] — R : f()(x) is continuous}.

3. MAIN RESULTS

We start by proposing the following tool lemma, which gives a new equivalent definition of Caputo derivatives
by using a change of variable leading to the interval [0, 1]. Hence, this equivalent form will be useful in convex
analysis.

Lemma 4. Letn—1 < a <n withn € N and f be a function of class C™([a;b]). Then, the derivative of order
a in Caputo’s sense of the function f can be represented by
(x —a)™@

1
Dg f(x) = m/@ (1—0) =2V (g 4 (z — a)f)df; for all = € [a;b].
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Proof. Let t = a+ (x —a)f;0 < § <1 in Definition 5. Then,

D2 f(x) = gy [ (& — Yo 4 <t> dt
y(n—a=1)

= gt D 1 ) f) (0 + (2 - a)f) (x — a) dO
:%fo (1—)(n—a-D) ”)(a+( a)) df
= (“E(S ) = fy (1= 0)n=e=D £ (g 4 (2 — a)f) O,
This completes the proof. O

Below, we discuss some illustrative examples for Lemma 4.

Example 6. By substituting f(z) = 22 in the Lemma 4, we obtain for all z,a € R with > a

2l L M1 0)(a+ (z—a)f)dd O<a<l

a)
Dife) = 280" f1(1 — )t~ g if1<a<?2
0 ifn—1<a<nandn>3.

Then, by the help of Beta function 3(x,y) = fol 6==1(1 — 0)¥~1, and the identity:

[(@)T(y)

B(z,y) = m7

we reach at

2(zx—a)? ™™ 2a(2—a)(z—a)'~

T'(3—a) + T(3—a) fo<ax<l1
D f(x) = % if1<a<?
0 ifn—1<a<mnandn>3.

Remark 1. The change of variable above was before used in [14] to calculate the Riemann—Liouville fractional
derivatives of power functions of the form (z — a)". In fact, the following formula was proved:
For 0<m<a<m+1,r>m)or (a<0,r>—1) we have
I(r+1)

D3 =) = g g (11)

Example 7. By substituting f(x) = e” in the Lemma 4, we obtain for all z,a € R with as z > a

Do f(x) = &2 11— g)(n—a=D) () (¢ + (2 — a)f) df

na)

(’t (L)” @ fo 1_ (7L—(l—1)ea+(x_a)0 dé

_ (w a)" e fo (1-6 (n—a—l)e(;ﬂ—a)(G—l) 46
— (wFEln a) j‘ gn—o— 167(1 a)0d9
Hence, for 0 < a < 1, we have
Dg f(x) = “%"(1“2) Jo (1= 0)7e=2 g 12
_ (z—a)! e u,)l e fO ae—(m—a)@ de7
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and forn =2 or 1 < a < 2 we have
Dg f(w) = gt fy (1= 0) e dg

z—a)? " %e® _
:%1’0 gl-ae—(z—a)0 49

(13)

3.1. Convex characterization by Caputo fractional derivatives of order 1 < o« < 2

In this section we prove Caputo-type fractional second criterion for convexity without further restrictions.
Theorem 8. Assume that f is a function of class C?([a;b]). Then,

(1) If f is convex, then the Caputo derivative (D& f)(x) of any order 1 < o < 2 of the function f, starting at
any r € [a,b), is positive on [r,b] and for all x,y € [a;b] with x >y we have

D3 f(x) = D3 f(y) < Dy f(x).
(2) If for some a € (1,2) and all r € [a,b) the Caputo derivative (D f)(z) is positive on [r;d], then f is convex.

Proof. Proof of (1): The Caputo derivative of order « starting at r satisfies

2 T
D2f0) =12 (1270 = gy [ 0= 00 @ warz0, (1)

since f is a convex function of class C?([a;b]) if only if f()(¢) > 0 for all ¢ € [a;b].
Further, let 2,y € [a;b] and z > y, then we have

D f(x) = DY f () = ray L (& — )0 “)f(”(t) fy<y— 1)) £ (1) ]

< r(21 ) [P (@ =)0 () dt — [Y(x — )= fO)(¢) dt]
= ﬁ S, (@~ t)(l_a)f@)(t)
= Dy f(x).

Proof of (2): We prove this part by contradiction. Suppose for any r € [a,b) the Caputo derivative (D2 f)(x)
is positive on [r;b] and f is not a convex function. Then, from second criteria of convexity,

Tty € [a;b] such that f(2)(t0) < 0.

Since f is a function of class C2([a;b]) then f(*)(¢) is continuous function, and hence there exists a subinterval
[r;d] C [a;b] and r < d such that

to € [r,d] and f@(t) <0 for all t € [r;d].
Then, M = max;cpq f@(t) < 0, and hence for every = € [r,d] C [r,b], we have

1

DEF@) = gy | (@ 00 £0) (15)

M r
e (-
< 2 ] /T (x —1) dt

M [ (z— t)<2a>]j

CT(2-a) (2-a)
_ M [(x - r)(QO‘)}
rc—a)| 2-a

< 0.

Which is a contradiction. This completes the proof. (I
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In the next examples, we discuss the applications of Theorem 8 for some specific functions.

2

Example 9. The function f(z) = z* is convex on any interval [a,b], a € R. From Example 6, we recall that

for all x > a and 1 < a < 2, we have

20— (16)

Dy f(z) = m >

Example 10. The function f(z) = e” is convex on any interval [a,b], a,b € R. From Example 7, we recall that
for any > a and 1 < a < 2, we have

D2 f(2) = “Hgihy o (1= 0)' ez~ dg

I'(2—a) (17)
fo pl—p— (x— a)Gde

_(:E a)20<.1_

= TTe-w
Upon Theorem 8, we must have D% f(x) > 0 for all > a, which can be clearly verified from above.

Theorem 11. Assume f:R"™ — R is a convex function of class C*(R"™). Let a € R and 1 < a < 2. Then, the
function ¢ : R — R defined by:

1

Y(B) = T2—a)

B
[ 3=00 T bl = o)y - )~ ) (1)
is positive for all B € [a,+o0]
Proof. The function ¢ : R — R defined by:

o) = fz +t(y —x)) (19)

is convex of class C%(R") since f is convex of class C%(R").
By applying Theorem 8 to the convex function ¢, for 1 < a < 2, we conclude that

D0(8) = waty J; (8 = D)0V f w4ty = )y — ), (y — ) ot (20)
= w(ﬁ)
is increasing for all 5 € [a, +o00[. This completes the proof. O

In the next example, we discuss the application of Theorem 11 for a specific function.

Example 12. Applying Theorem 11 to the convex function f(z) = > I, 27 of class C*(R"), for 8 > a, we
must have

V(B) = rzay J2 (8 —wHwWﬂww@ﬂm@—m@—th

_ 2Hy2 ﬂil) fﬁ (1-a) gt

_ 2fly—a|l? [_ ([H)w “T

= T(=a) 2—a |,

_ 2ly—a|? [(ﬁ—aﬂ?f“}
r'2—a) 2—«

= zlﬂﬁys—cll) (B—a)?=®) >0.
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3.2. Convex characterization by Caputo fractional derivatives of order 0 < o < 1

The following example shows that the first criterion of convexity can not be generalized fractionally for
0 < a < 1 without further restrictions.

Example 13. If we differentiate in Example 6, we have

d Na _ 2(2—a)(xz—a)t™™ 2a(2—a)(1—a)(x—a) ™~ .

4 D8 f(a) = M | Moo g oo
_ 2(2—a)(z—a)t ™ 2(2—a)(1—a)(xz—a) ™ .
= TG—a) + TG—a) fo<ax<l1
:((w—a)—l—a(l—a))% ifo<ax<l

:((x—a)+a(1—a))W<0 if0<a<landa<z<0.

Therefore, f(z) = x? is a convex function with D¢ f(x) is not increasing when a < z < 0. But clearly f(z)
is decreasing on (—o0,0).

The proof of following lemma which we shall use is straightforward.

Lemma 5. Assume h(z) and g(z) are differentiable functions on an interval I = [a,b] such that g/ (z) < 0

and both h, hVY) are positive on I. If g(x) < %g((:)(m), for all z € I, then the function T'(z) = h(z)g(x) is

strictly decreasing on I. In particular, if g(x) < 0 for all x € I, then T(x) is strictly decreasing.

Theorem 14. For a real valued function f defined on an interval [a,b], we have

(i) If f is an increasing convex function in C1([a;b]) , then for each o € (0,1) the Caputo fractional derivative
(D2 f)(x), starting at any c € [a,b), is increasing on [c,b).

(ii) If for some a € (0,1) and for all v € [a,b) the Caputo fractional derivative (D2 f)(x) , starting at r, is
increasing on (c,b], and if f € C?([a;b]) is strictly decreasing, then f is conver.

Proof. (=) Since f(x) is convex and increasing then f()(x) is increasing and positive. Let =,y € [a;b] and
x > y. Then, Upon the Caputo representation in Lemma 4 , we have

D f(x) ~ D f(y) = CAl S 1 (1= 0) D[ (a+ (z — a)f) — FO(a+ (y — a)6)] db
lamao-Ge a)“ 2 =)D (a4 (y - a)6)] do
> 0.

Above, we subtracted and added the term

(z —a)t=e) /1 _
Sl 1 — @)~ () —a)o).
i [ =0t =)

(<) We use the proof by absurd. Suppose that the derivative of order « in Caputo’s sense of order « of the
function f(z) is increasing in any subinterval [c;d] C [a;b], and f(z) is not a convex function of class C?([a;b]).
Then, f®(x) < 0 for some x¢ € [a,b]. By continuity of f() there exists a subinterval [c;d] with =z €
[c,d] such that

f@(z) <0 or fU(x) is strictly decreasing on [c; d].
Let 21,23 € [¢;d] and 2y < ;. Then, by applying Lemma 5 with h(z) = (z—¢)'=® and g(z) = f0(c+ (z —c)h),
we have 1
Dg f(z1) = D2 f(22) = rrmay Jo (1= ) (z1 = )= fW (e + (21 = €))
—(29 — &)= fD(c 4 (29 — ¢)0)] db
<0.

Which is a contradiction. This completes the proof. (I
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Remark 2. Positivity of f(!) can not be dropped from necessity of Theorem 14 as Example 13 shows. However,
if we consider the function f(x) = 22 in Example 13 on the interval (0, 00), then f is increase, convex and hence
it is clear that its fractional derivative on any subinterval is increasing and hence this verifies the necessity in
Theorem 14.

Example 15. In Example 2 the function f(z) = e* is convex and increasing. It can be also easily verified that
the Caputo derivative of f is positive and hence is increasing. This verifies the necessity of Theorem 14.

3.3. A fractional inequality and some geometric consequences

In this section as an application of Lemma 4, we further prove an inequality with a fractional Caputo derivative
as an upper bound.

Theorem 16. Let n —1 < a < n withn € N, f a function of class C"([a;b]) and ™ (x) >0 for all x € [a;b].
The derivative of order o in Caputo’s sense of order a of the function f on the interval [a;b] verification

f(n_l)(lb) < f(n—l)(a) + (gg — a)o‘_("_l)l—‘(n — a)Dgf(:v) for all x € [a; b}.

Proof. Using the Lemma 4 and let n — 1 < a < n with n € N, f a function of class C™([a;b]) and f(™(z) > 0
for all z € [a;b]. We have
(1—0)"*"1 >1for all 6 € [0;1]

S0
Do f(z) = %fo (1—g)=a=D) £ (g 4 (2 — a)f) A6
> @ ;; - S M (a+ (@ —a)0) do
= 7(9; a) fo x—a)” 1df(” D(a+ (z — a)d)
z—a)? "t n—
= Crma Vet (@~ a)f)}
z—a)? "t n— n—
= BV (@) - 0D ()]
then
FO (@) < fO D (a) 4+ (2 — a)* " IT(n — a) D2 f(z) for all z € [a;b].
This completes the proof. O

Corollary 17. Assume 0 < a < 1 and f is a function of class C*([a;b]) and fO(x) > 0 for all x € [a;b].
Then,

(1) The slope of the secant line connecting the point (a, f(a)) and (x, f(x)) for any x > a is bounded above by
(x —a)* T(1 — ) DY f(z).

(2) For all x > a, there exists a < ¢ < x such that the of the tangent line of f at (¢, f(c)) is bounded above by
fle)+(z—a)*T(1 — a)Dg f(z).

Proof. (1) Applying Theorem 16 with n = 1 leads to
f(@) = fla) < (z —a)*T(1 —a)Dg f(z). (21)

Then, the assertion follows by dividing the above inequality by (z — a).
(2) Assume z > a. By applying the mean-value theorem to f on an interval [a,z] , we find a < ¢ < x such that
f®(e)(z — a) = f(x) — f(a). Then, by substituting this in (21), it follows that

F) (@ —e) < fD ()& —a) < (& —a)*T(1 - @)D f(2). (22)

Then, the assertion follows by adding f(c) to both of the outer sides of the inequality (22).
([l
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4. CONCLUSION
We summarize our concluding points as follow:

— We have used a change of variable transforming the interval domain of the Caputo derivative to the interval
[0,1] to get a proper representation for the investigation of convexity through Caputo derivatives of orders
in (0,1)U (1,2).

— We have characterized convexity by means of Caputo derivatives of order 1 < o < 2 and for functions of class
C?. This generalize the second criteria of convexity to the fractional case. WE have shown that a function
of class C? is convex if and only if its Caputo fractional derivative of order 1 < o < 2 is positive of any
subinterval.

— Regarding the generalization of the first convexity criteria we have shown that the Caputo derivative of
order 0 < o < 1 of an increasing function of class C" is increasing on each subinterval. However, conversely
we have shown that if the Caputo derivative of a C? decreasing function is increasing on each subinterval
then this function is convex. Unfortunately, it was not enough to guarantee the convexity by considering a
C'! function. In this regard we present the following open problem: Which kind of C! functions of which
their Caputo fractional derivatives of order 0 < a < 1 are increasing on each subinterval, can be convex?
Are increasing functions of class C' of which their Caputo fractional derivatives of order 0 < a < 1 are
increasing on each subinterval, convex? Is it possible to find an increasing ( or decreasing) C'* function which
is not C? of which its Caputo fractional derivative is increasing on each subinterval but it is not convex?

— The (0, 1) interval representation of the Caputo derivative has been used to get some geometric facts as well
(see Sect. 3.3).

— We have given several examples, depending the (0,1) Caputo representation, to illustrate our findings. For
instance, we have shown that the Caputo derivative of order 0 < o < 1 of the convex function f(z) = 22 of
class C'! is not increasing on in each subinterval. This is due to the fact that f(z) = 22 is not increasing on
the negative part of the real line. We also have given examples confirming our theorems.

— A general version of the fractional second convexity criterion has been proven for the R™ domains.

— Using the fact that for 1 < a < 2 we have lim,_y- D2 f(x) = f®)(x) [14], the author in [3] proved a one
side different convexity result. He worked on functions in the space of twice weighted continuously functions
C%(a,b] = {f : fP(x) € C.}, where C,, = {f : (z—a)" f(x)is continuous},. For general function spaces valid
to prove existence and uniqueness theorems of fractional Cauchy problems we refer to [7]. Our convexity
results in this article are different. However, it is to be noted that our results in article can be done in spaces
C}L and Cf“ 0 < p < 1. This is obvious since if a function f € C}, is negative at a point o then it is negative
on an interval containing ¢g.

— The discrete analysis for convexity of different fractional difference operators and their investigation theo-
retically and numerically has been recently extensively studied [1,2,11,12]. We believe that this work will
be useful to continue investigation in the discrete counterpart case.
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