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Abstract: This work presents the development of a two-
species prey and predator model in the context of global
warming. Studies indicate prey’s growth rate and preda-
tor anxiety are inversely correlated. Furthermore, evi-
dence supports as global warming increases, prey’s carrying
capacity may decline. Predators are thought to be able to
work together to pursue prey. Furthermore, current think-
ing holds that the direction of the wind may affect how
much prey the predator consumes. Scholars propose that
when global warming increases, predator growth rates may
decline. Additionally, experts argue that the intraspecies
competition among predators, which is reliant on the den-
sity of the current prey, may result in a decline in the num-
ber of predators. It is widely accepted that the rate of global
warming is constant. Furthermore, the prevailing view is
that both predator and prey species may be involved in
the rise in global warming. It is commonly understood that
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several industrial and ecological measures could reduce
global warming. The model’s solution’s positivity and
boundedness have been examined. Various equilibrium
points are assessed, and the system’s stability is examined
around these places. The Hopf bifurcation around the pos-
itive equilibrium point is investigated. Via numerical simu-
lation and testing on a virtual data set, all theoretical results
are experimentally validated.

Keywords: prey; wind effects; hunting cooperation; global
warming; stability; bifurcation

1 Introduction

The prey-predator models are vital to understanding
the relationship between biological populations and have
drawn a lot of interest in mathematical biology. The dynam-
ics of population models are affected by many different
natural phenomena, including population size and age dis-
tribution. Prey-predator models with chaotic and limit
cycle dynamics have received the majority of attention in
the study on particular interactions [1]. Although many
researchers have employed time as a continuous function
in models [2, 3], discrete-time models [4, 5] have received
less attention. These discrete-time models may be used
to represent the nonlinear dynamics and chaotic behav-
ior of populations of non-overlapping organisms, such as
annual plants or insect populations with a single gener-
ation every year. To better understand the dynamics of
the predator—prey system, several publications have been
published [6, 7]. Mondal et al. [8] scrutinised the dynamic
behaviour of a predator—prey model that incorporated the
impacts of both fear and increased food. They investigated
the stability characteristics of various equilibrium points
and the presence of a Hopf bifurcation. In a predator—prey
model where predation follows the Beddington-DeAngelis
functional response, Pal et al. [9] discussed the effect of fear.
They studied bifurcation, stability, and persistence. Ghosh
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et al. [10] investigated the memory impact in the ecological
system using a fractional-order, eco-epidemiological model
that included the effects of fear, treatment, and hunting
cooperation. Deriving the infinitesimal generators of the Lie
group symmetries is the first step in the analysis. Next, the
algebraic structure of the equation’s symmetries in [11] is
examined by building a commutator table and an adjoint
table. In [12], the authors present a new pollinator model
that includes two pollinator species (Vespa orientalis and
honey bees) and flowering plants. The densities of flower-
ing plants were thought to be influenced by the rates at
which V. orientalis and honey bees visited the flowers. An
effective technique for determining symmetry in nonlinear
equations, Lie group theory, is used by the authors in [13]
to investigate the simplified Ostrovsky equation. Finding
infinitesimal generators is the first step in the process, after
which adjoint and commutator tables are built to inves-
tigate the connections between the generators. A preda-
tor—prey model that takes into account memory effects, fear
of predators, and the consequences of climate change is
presented in the paper [14]. The effects of climate change
are depicted using an exponential decay function. The non-
dissipative instance of the strain wave equation’s struc-
ture, which takes into consideration numerous dimensions
within microcrystalline structures, determines how waves
are transmitted in microcrystalline materials, according to
the research [15]. The dynamics of a discrete-time preda-
tor-prey model that was developed from a continuous
framework are examined by the authors in [16], incorporat-
ing elements like moonlight, water resources, refuge avail-
ability, and prey alertness. The authors of the paper [17]
investigate the nonlinear Helmholtz equation using a vari-
ety of techniques. First, they use bifurcation analysis, which
is illustrated by phase portraits, to examine the system’s
dynamic behavior. A mathematical model for the effects of
dust pollution and climate change on plant biomass dynam-
ics is presented in the Hakeem and et al. [18] paper. The sug-
gested model is explained in detail. A mathematical model
for the impact of dust storms on plant biomass dynamics
is presented in Ahmed and his colleagues’ [10] work. The
existence, uniqueness, and boundedness of the system’s
solution are examined in Majeed and colleagues’ [19] anal-
ysis and proposal of the Omnivore—predator—prey model,
which includes the II-Holling functional response to the
interaction between Predator—Prey and the Nonlinear func-
tional response to the interaction between Omnivore—Prey.
The intended model is explained in detail. Assuming that
certain beneficial bacteria undergo deleterious mutations
as aresult of antibiotic exposure, the study’s publication [20]
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offers a mathematical model explaining how gut microor-
ganisms interact with probiotics and antibiotics. Al Nuaimi
and Jawad [21] The dynamics of interactions between four
species are examined in this research. Two predators and
two competitive prey make up the system; the first predator
preys on the first prey. A three-species food chain model that
takes into account interactions between small fish, remora
fish, and giant fish has been created for the study [22]. The
Holling type II functional response is thought to be the
mechanism via which huge fish eat little fish.

Global warming is the term used to describe the steady
rise in the planet’s average temperature. Although there
has been a warming trend for some time, it has acceler-
ated significantly in the last century due to the use of fos-
sil fuels. The number of people on the planet has grown
together with the amount of fossil fuels burned [23-25].
The “greenhouse effect” is the outcome of burning fossil
fuels like coal, oil, and natural gas in Earth’s atmosphere
[26]. The greenhouse effect is the result of solar radiation
entering the atmosphere and reflecting off objects, keeping
heat from escaping back into space. Gases released during
the combustion of fossil fuels prevent heat from exiting the
atmosphere [27]. Among these greenhouse gases are carbon
dioxide, water vapor, methane, nitrous oxide, and chloroflu-
orocarbons. As the name suggests, world warming is the
gradualrise in global average temperature brought on by an
excess of heat in the atmosphere [28]. A new issue brought
on by global warming is climate change. Despite their some-
times synonyms, these phrases have distinct meanings. The
phrase “climate change” refers to changes in the weather
and growth seasons around the world. It also discusses how
warmer oceans and the melting of glaciers and ice sheets
cause sea levels to increase. Global warming-related climate
change poses a threat to life as we know it by bringing
with it extreme weather patterns and widespread flooding.
The implications of global warming on Earth are still being
studied [29].

About 9 % of all CO, emissions come from the animal
agriculture industry. These emissions are mostly caused
by the production of fertilizer for feed crops, energy costs
on farms, the transportation of feed, the processing and
transportation of animal products, and changes in land use.
As per [30], the combustion of fossil fuels to produce fer-
tilisers for feed crops has the potential to emit 41 million
metric tonnes of CO, every year. Animal feed on farms
is grown using massive amounts of artificial nitrogenous
fertilizer, mostly made of corn and soybeans. Most of this
fertiliser is produced in companies that use fossil fuels for
energy production. Every year, 100 million metric tons of
artificial fertilizer for feed crops are produced using the
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Haber-Bosch process, which yields ammonia and then turns
it into nitrogen-based fertilizer. Fossil fuels used for intense
confinement operations may release an extra 90 million
metric tons of CO, annually. Compared to larger, more
expansive, or pasture-based farms, these industrial enter-
prises utilize a lot less energy. While heating, cooling, and
ventilation systems consume a significant amount of energy
during intensive confinement operations, feed crop produc-
tion accounts for over half of the energy used. This includes
the production of seed, pesticides, and herbicides, as well

as the fossil fuels required to run farm machinery [30].

Here is a group of effects that global warming may cause,

which negatively affects the ecosystem. Perhaps the most

important of these effects is the following [31]:

— Tracking the Earth’s sea level rise brought on by the
melting of Antarctic and Arctic ice. It should be men-
tioned that this raises the sea and ocean levels, which
could result in low-lying islands and coastal cities
drowning [32].

- In addition to causing many species to go extinct, the
phenomena of global warming also causes many other
species to migrate. This is because some organisms
migrated and went extinct since they were unable to
adapt to the harsh climate factors [33].

— In addition to the loss of crops due to storms, hurri-
canes, and increased rainfall in some areas, numerous
calamities that affect agriculture can result in the loss
of numerous forests.

— Due to exposure to periods of extreme heat and
drought, the phenomenon of desertification has spread
over wide areas in numerous places.

— Increased likelihood of forest fires as a result of drought
in some areas and a lack of precipitation in others [34].

Very few research articles have addressed the green-
house effect as a mathematical model describing ecosystem
dynamics. In [35], the authors used an exponential fear
function with a Holling-type II function to study the mem-
ory effect as measured by the Caputo fractional derivative
on predator—prey interaction in the context of the global
warming effect on prey and predator species. The eco-
epidemiological model presented in the paper [36] exam-
ines the intricate dynamics of a predator-prey system
while accounting for the impacts of memory effects, hunt-
ing cooperation, global warming, stress brought on by fear,
and stress on interactions between species. The paper [37]
explores the two-species model’s dynamic behavior in rela-
tion to the effects of global warming on interactions between
phytoplankton and zooplankton. The article [38] examined
an ecological model that explains how prey and preda-
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tors interact as well as how global warming affects prey
carrying capacity. Furthermore, after creating the function
that characterizes it, wind speed was thought to have an
impact on the predation process. In [39], Thirthar et al. cre-
ated a model that explains the interactions between crop
raiders like baboons, warthogs, and deer, top predators
like tigers and hyenas, and prey like deer in southwest
Ethiopia’s coffee forests. There are several possible equilib-
rium points. Furthermore, the stability of the model around
these equilibrium points is investigated. The Hopf bifur-
cation of the model is examined in relation to a number
of important factors. It has been discovered that, in the
absence of human interference with the carrying capacity
of prey, lower growth rates and intake by top predators may
lead to the extinction of prey species.

The structure of the paper is as follows: In Section 2,
the mathematical model is developed. In Section 3, the
positivity and boundedness of the model solutions have
been examined. The equilibrium points of the model are
determined in Section 4. Section 5 contains the equilibrium
points where the model’s stability has been verified. In
Section 6, the topic of Hopf bifurcation was examined. In
Section 7, some results of numerical simulation are shown.
The final portion contains the model analysis results.

2 Model formulation

We have built a model of how prey and predators interact

in the context of wind and global warming in this research.

This concept is derived from actual life. The densities of

global warming, prey, and predator at time t are denoted

by N(t), P(¢), and g(¢), respectively. To build the model, we
have made the following assumptions:

— In the absence of predators and global warming, prey
is assumed to grow logistically. It is considered that the
predator’s fear has a detrimental effect on the prey’s
rate of growth [40]. Global warming is also considered
to reduce the carrying capacity of prey species [41, 42].

— The predator consumes prey using a modified Holling
type II functional response [43], and it is assumed that
the wind flow affects [44] how frequently the predator
attacks prey. Predator collaboration while hunting is
assumed to have an impact on the predation process as
a whole [45].

— Moreover, the predator growth model also accounts for
the global warming effect, which results in decreased
predator growth [46]. So, itis considered that a constant
amount of additional food [47] is provided to the preda-
tor, denoted by the biomass L.
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For more details, r; is the growth rate of prey, a is the level
of fear, k is the caring capacity of prey, and &, is the rate
at which global warming transforms carrying capacity into
unlivable spaces. So, the growth rate of prey may became
the following form

rN 1— N
1+ aP k—-¢&¢g

For their existence, predators are dependent on less
dynamic prey. To model the interaction between prey and
predator, a generalized Holling type II interaction is used.
Our hypothesis states that as the density of the preda-
tor population rises, so does the encounter rate hetween
the predator population and the prey. So, by changing the
encounter rate to w(P) = a + PP, where « is the attack
rate of prey and g is the measure of the level of predator
cooperation while hunting. By including the effects of wind
flow in the consumption of prey by predator with hunting
cooperation among predators, the functional form becomes
(1 + w)(@ + PP)NP, which represents the effective hunt-
ing success rate. Again, the term1 + h(1 + w)(@ + PN
accounts for the additional handling time or difficulty fac-
tor h. Then we can construct the following new modified
Holling type II functional response

(1+ w)(a + BP)NP
1+ h(1+ w)(a + pP)N

Currently, the following modified Leslie-Gower type func-
tional form is taken into consideration for the change in
predator species density over time:

P P
1+&g eN+L

where r,, £,, and L are the growth rate of predator, global
warming effect on the growth of predator and the alternate
food source for predator respectively.

Next, it is assumed that environmental pollution and
gas emissions from factories, laboratories, and others con-
tribute to expanding global warming at arate a;, where prey
and predators contribute to global warming at a rate a, and
a; respectively. It is assumed that it is possible to reduce
the rate of global warming by implementing natural and
industrial policies at a rate u. Then the change of global
warming with respect to time may become the following
form:

a,+a,N+a;P—ug

As per the above mentioned assumptions, we have devel-
oped the model as follows:
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N _ o 1 (- N \_ (+wla+pPP
dt 1+ aP ki—&g) 1+h(1+w)a+ PN
d—P—P r, p
dt = " \1+&g eN+L
%:al+azN+a3P—yg

@
with initial conditions

N(0) =Ny > 0,P(0) =P, > 0,8(0) =g, >0 W)
The description of the model parameters are given in
Table 1.
Remark 1. The Modified Holling Type II Functional
Response: The functional form of interest is:

(1+ w)(a + pP)NP
1+ h(1+ w)(a + fP)N

— Biological Rationale: This is a predator functional
response where the consumption of the prey is a func-
tion of the prey’s existence N as well the predator
encounters N. Holling Type II functional response cap-
tures the phenomenon where the predator’s consump-
tion of prey reaches a maximum: as the prey’s abun-
dance increases, a predator’s consumption of the prey
increases, but is constrained to a maximum by other
limiting factors.

1.  «a: Represents the maximum level and initial
increase of an attack of the predator. It captures
the interaction of a predator and prey in absence
of other influences.

2. p: This is the effect that the capacity of the prey
to be eaten has on the predator attack. It captures
the interaction of a predator and prey in absence
of other influences.

Table 1: The biological descriptions of the parameters in model (1).

Parameter Physical explanation

r Birth rate of susceptible prey

r, Rate of intrinsic growth of the predator

k Caring capacity of prey

w Wind flow effect

a Attack rate of the predator on the prey

p Measure of the level of predator cooperation while
hunting predator cooperation is captured

h A parameter describing predator cooperation in hunting

e Conversion efficiency

L Alternative prey concentration

o Environmental contribution to expanding global warming

a, Prey contribution to expanding global warming

a3 Predator contribution to expanding global warming

U Decay rate of global warming
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3. P: This is the predator population density. This
defines the rate of the encounters and thus the
consumption level.

4. h: Alters how prey density affects predator behav-
ior, possibly taking into consideration extra han-
dling or saturation time that restricts the maximal
rate of predation.

5. w: A wind flow factor that alters the functional
response is reflected in this word. It might have
to do with things like resource preference, preda-
tor satiation, or environmental factors that impact
predation efficiency.

Why this form of addition of variables like as environmental
variability or predators’ adaptive behaviors is made pos-
sible by the term (1 + w), which modifies the conven-
tional Holling Type II function. Given that (¢ + pfP) is
present, itis possible that the predator’s functional response
to prey density is nonlinear and that its own density also
affects how well it captures prey. Predation saturation
effects are taken into consideration by the denominator
1 + h(1 + w)@ + PP)N, which represents the slowing
growth in predation as the prey density N rises as a result
of handling time, prey defense mechanisms, or predator
energy limitations. Based on empirical discoveries that pre-
dation rates depend on predator behaviors and other envi-
ronmental conditions in addition to prey availability, the
typical functional response has been modified.

" js the

Remark 2. 2. The term for the prey growth rate: T

term in question.

— Biological Rationale: This term denotes the rate at
which the prey population is growing. As predator
density P rises, the functional form shows a density-
dependent decrease in growth rate. Assuming no preda-
tion pressure or other limiting factors, r; is the intrinsic
growth rate of the prey population. The influence of
predator density on the growth rate of the prey pop-
ulation is represented by the constant a. The denom-
inator term 1 + aP reflects the decline in the prey’s
growth rate as predator density P rises. This encapsu-
lates the notion that rising predator abundance slows
the expansion of the prey population by raising preda-
tion mortality.

Why this form The idea that predators can decrease prey
populations is the source of the term 1:111:' According to
this functional form, prey’s reproductive rate decreases as
predator density rises as a result of predator—prey inter-

actions. In the prey population, it can be viewed as a
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type of density-dependent feedback, whereby the impact of
predation pressure increases with predator density. Both
direct (such as increased predation) and indirect (such as
stress, decreased foraging efficiency, etc.) consequences may
be reflected in this term when predators proliferate, they
increase predation mortality, which slows the growth of the
prey population.

3 Positiveness and boundedness

In this section, we have examined the boundedness and
positivity of the solutions to the model.

Theorem 1. All solutions of system (1) that start with posi-
tive initial conditions N, > 0,P, > 0,and g, > 0arealso
positive.

Proof. By integrating system (1) for N(¢), P(¢), and g(t) > 0,
we get

t

N(6) = N(0) exp /[1:1ap<1—k fgg)
1 1

0

_ (0 +w)a+ pP)P
1+ h(1+ w)(a + ﬂP)N] ds >0,

Ty P
- dsy >0,
1+ &9 e1N+L]

t
P(t) = P(0) exp- / [
0

t
g(t)Zg(O)eXp</[—/4]ds >0
0

Solutions with positive beginning conditions will therefore
continue to exist in the future. O

Theorem 2. The set Z = {(N,P,g) ER3:N < N*,P < P*,
g < g*} attracts all the solutions N(t),P(t), g(¢) initiating
inR%.

+

av _ r _ N _ _ (+w)(a+pP)P
Proof. As, a =N ( 1+aP (1 ki—& g ) 1+h(+w)(a+pP)N )
: aN rnN _ N :
which leads i S <1 - 51g> thus, lim sup,_ N <
k, —¢&g* = N*. In the second equation, % =
r, _ P _ ry _ P 2
P(1+§2g e1N+L) - 1+§2g*P elN*+LP ’ Now define

f(py=—L_p— 1

2 . .
ez elN*+LP' After f reaches its maximum
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ry(e;N*+L) ry(e,N*+L) \ _ [ ry(e,N*+L) 2__
at P = 2(1+§g) such that f( 2(i+5g) > = ( 2i+5g) ) =

Srnaxs thus < frax: = P*. On the other hand, through the
use of the comparlson lemma on the final equation in (1),
we determine

* %
t]im suplg(t)] < a4 + aN” + azP” =g"

—00

Thus, all system (1) solutions that are initiated in Ri are
attracted to the region E. O

4 Equilibrium points

In this section, all possible equilibrium points of the model

are evaluated as follows:
_ — (k=& a+ak ) i
E, e, ,0, wiba ) which
kyu > &,a,. The inequality k;u > & a, guarantees

that the population’s growth or recruitment rate
exceeds the combined adverse impacts of mortality
and interactions (such as competition or predation)
that cause the population to shrink.

- E= (0,P1, %) where P, is a
&GP+ (u + &a)P — r,Ly = 0 which has

—(u+Ea)+\ G ba PG Ly
G Y UHEa) HAGETLL 4o Clear that

28,05

exists  when

root of

the root P, =
P, is positive real root.
- E*=(N*,P* g*), we can figure it out by solving the

system helow:
r 1— N _ (0 +w)(a+ pP)P _
1+ aP k—&g) 1+h(+w)a+ PN
r, __ P _
1+68 eN+L
a;+aN+aP—ug=0
3
From third equation of (3), we have
g =AN,P)= w 4

Substituting g* in the first and second equations of (3), we
have (N*, P*) is the positive intersection point of the follow-
ing isoclines:

AN, P) =

(1= 5 —asan)
1+ aP k, — & AN, P)
(1+w)a+pPP  _
1+ h(1+ w)(ax + fP)N
Ty _ P
1+ &AN,P) e N+L

Az(N,P)z =O

AsN — 0,wehave
51
1+ aP

A,(0,P) = —(1+ w)a+ PP =0
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Ty B:o
L

AOP)= — 2

1+ ‘):2 al-;azP

Note that Ny and N, are a roots of the following polyno-
mials respectively

appP® + (aa + p)P?

+w
&3P + (4 + &a)P —1,Lpu = 0
VvV 2-+4 L
It is clear that Ny and N, = bt ;’;fzal) sl
243

are unique due to Descartes’s rule of signs and assume that
those roots are positive. Also, we take for granted that the
next two requirements are met:

0 <Ny, <Ny, 5
dp _ aAl aAl
N / <0 (6)
P _ 6A2 0A2
i / >0 @)

So, the slope of A;(N, P) is negative.lt is clear that the two
isoclines A;(N,P) and A,(N, P) uniquely cross at a point
(N*,P*) in the positive N — P plane. Consequently, the
interior equilibrium point is real and is defined as E* =
(N*, P*, g*). The following result is obtained.

Lemma 1. Model (1) has a unique interior equilibrium point
E* = (N*, P*, g*) provided that conditions (5), (6) and (7) are
holds.

5 Stability analysis

This section looks into the local asymptotic stability of sys-
tem (1)’s equilibria. By computing the Jacobian matrix at the
equilibria, the stability of each of them is analyzed through
the roots of the characteristic equation assessed with it.
To accomplish this, let J,(N, P, g) be the Jacobian matrix
calculated at any equilibrium E(N, P, g),

Je(N,P, g)
—r,&, N
Ju J (k — £,87(1+ aP)
= e,p? r, 2P —1,E,P
(eeN+LY 1+4¢&g eN+L 1+ &,9)?
a, a, —u
= (]ij)i,j=1,2,3’ ®
where,
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_n 2N
]11_1+aP(1 k1—§1g>

1+ w)(a + pP)P
[1+ h(1 + w)(a + BP)N]*’

I = —ar,N <1_ N >
27 1+ aP)y? k — &g
_ (1+ w)(a + 2BP)N + h(1 + w)*(a + pP)*N*
[1+4 h(1+ w)(a + fP)NT? ’

then, by calculating, it can be concluded the characteristic
equation for J:(N, P, g) is formulated as

B+ 22 +T,A+1, =0, ©)

where,
Iy ==Un+ Ju + J33),

Uy = JuJo + Judss + JoJss — JoJu — JisJa
— Jo3 )32

Us = JuJosJs + JoJisJs + JssJiJu — JuJzn)ss
— JuJosts — JisJs2Ju-

Furthermore, let Ay = IJ[', — I';. Now the following
theorems are given to analyze the local stability at steady
states E*, E;, and E,,.

Theorem 3. The coexistence equilibrium point
E*(N*,P*, g*) is asymptotically stable if the next condition

holds
Iy >0,
3E (10)
Ap > 0.

Proof. Using E*(N*,P*, g*) in (8) and (9) one can have
I'jp- and Iy« are positive, further, with simple computa-
tions may show all terms in I'y;. and Ag. are positive except
one term of each one, so we can assume condition (10) holds.
Therefore, with the help of the Routh-Hurwitz criterion,
one can say E*(N*, P*, g*) is an asymptotically stable steady
state. O

Theorem 4. The boundary equilibrium point E,(0, P, g,) is
asymptotically stable when the next condition is meet
r<Zz, 1

where, 2 = (1 + w)(a + PP + aP,)P,. Otherwise, it’s
an unstable saddle point.
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Proof. The Jacobin matrix (8) at E,(0, P, g;) has the next
matrix form:

r—x 0
1+ aP,
]El(O,Pl,gl) = ilz _bp _M 12)
I? L (1+&g)
a, as —U

Obviously, the characteristic equation of (12) has three char-
acteristic roots

r—x
M= A
YT 14ap
2
ol gyl ) - B )

2
Here, 4,5 < OorRe(4,;) < 0arealways present, whereas
A, < 0 occurs when X > r;. Thus, under condition (10),
E,(0, P;, gy) is asymptotically stable state of system (1). Oth-
erwise, anytime E,(0, P, g;) exists, it is likewise a saddle
point. ]

Theorem 5. The boundary equilibrium point Ey(N, 0, g,) is
unsteady saddle point.

Proof. System (1) at Ey(N,,0, g,) has the next Jacobin
matrix:

a(1+ w)N,

— - 70 _y
' 14+ h(1+ w)N, 6
Je, 080 =] 0 b 0o | 13)
0(Ng,0,80 1+€2g0
a, as —U

From the characteristic equation, Jg (Ny,0,8,) has three
characteristic eigenvalues given hy:

__n
=—2 )}
! 1+ 6,8, 23

_ —(utr)+ \/(,u + 1) —4u(r, + a,)

= 5 )
Obviously, the first root is positive, while the other two are
negative. Therefore, Ey(N, 0, g,) is a saddle whenever it
exists. ]

Theorem 6. Model (1) is conditionally globally asymptoti-
cally stable around E*(N*, P*, g*).

Proof. Let us consider a Lyapunov function

V(N,P,g) = <N—N* —N*In Nﬁ)



8 = A A. Thirthar et al.: Global warming and wind effects on prey-predator dynamics

+(P—P*_P* ln§>+%(g_g*)z

Taking time derivative of the above function with respect to
t, we have

‘3‘; (N = N*){ fi(N, P, ) — f,(E*)} + (P — P*)
X {fy(N,P, g) — f,(E*)}
+(g— g MNay(N—N*)+as(P—P*) — u(g — g")}
(14)
_ (1+w)(a+pP).
where f,(N, P, g )= 1+aP (1 T k- élg) - 1+;(J;+w)(;+}1)11}:)N and
fz(N P, g) 1+§ g e115+L'
AWV, P, 8) — AE*) = fin(EYIN — N*) + fip(E)(P — P¥)

+ fig(E)g — &%)
F(E") = fon(OIIN — N*) + fop(E)(P — P¥)
+ fog(E)g — &%)

fo(N,P, g)—

where (§,{) € Zand fijy = ~ Aglg Ch(1+w)(a+ﬂP) fp =
ary _ c'D-CD’ , _ )
~ e ) T, =4 w)(a +2pP).D
AN
h(1+ WIPN, frg = _ﬁ <0, fav = (e N+L)2 20, fop =
¢,
9N+L <0andf2g (1+2.52g)2

Letay = fin, @y = fips i3 = fig> Q1 = fons Op = fops

a3 = [ Then from equation (14), we have

Yy ror go)

1 1
ay i(alz + ay) i(aw +a,)

X %(au + ay) ) %(‘123 + as)
%(013 +a,) %(azs + ) —H
N —N*

x| p-p* @5)
§-&

On the compact set = the above partial derivatives admits
finite bound, let

my = igf(—fw) > 0,my, = igf(—fzp) > 0,Mgg = U,
My, = sup| fipl, My = sup| fol,

My = slip|f1g|,M23 = Sgp|ﬁg|

DE GRUYTER

The symmetric matrix in equation (15) become negative
definite if the following conditions holds:

1 1

my > E(Mlz + M) + E(MB + a,)
1 1

My > 5 (Myy + My) + E(Mzs +a;)
1 1

Mgz > E(MB +a,) + Q(Mzs + a;)

Hence the theorem. O

6 Hopf bifurcation

Hopf bifurcations are helpful in detecting oscillatory behav-
ior in biological models and offer important details regard-
ing the stability of the solution near equilibrium; ecolog-
ically, a stable periodic solution suggests that the model
exhibits continuous oscillatory behavior. So, in this section,
we focus on the circumstances in which a set of periodic
solutions in system (1) bifurcates around the positive steady
state point E¥, i.e., the potential for a change in a specific
parameter to cause a qualitative shift (Hopf bifurcation) in
the dynamical behavior of system (1). In the next theorem,
we perceive that system (1) undergoes an interior equilib-
rium point-centered Hopf bifurcation at the threshold value

H = HUp

Theorem 7. System (1) near coexistence equilibrium
(N*, P*, g*) may go through a Hopf bifurcation at the decay
rate of global warming u = py, if

c<0, (16)
dl. - dl’ -
(FZE* - 3wh2) ( d:f - whz d’[lf > + 21—‘15* whz
s War g an
du

where u,,, w, and C are define in the proof.

Proof. Assumethat Ap. = Ay’ + By, + C = 0, where, y, =

(—B + VB2 — 4AC) /24, and

A=—Jn—Jn>0,
B= ]121 + ]%2 + 2[5 — JisJs — Jos Sz > 0,
C= —]121122 - ]11]222 + JuUsaJa + JisJ31)

+JUizJa + JosJs2) + JinJas Tt + JisJsa )

Then, we have, from (16), that ¢, > 0. Consequently, may
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Table 2: Interpretation of condition C < 0 in Theorem 7 (Hopf bifurcation).

A. A. Thirthar et al.: Global warming and wind effects on prey-predator dynamics == 9

Aspect Mathematical meaning

Biological interpretation

<0

imaginary axis.
Hopf bifurcation criterion

imaginary axis.

The occurrence of a negative critical determinant (in the
Hurwitz matrix or characteristic polynomial) indicates that
two complex conjugate eigenvalues are located on the

Guarantees that all other eigenvalues have nonzero real
parts when one pair of eigenvalues moves across the

The system’s feedback dynamics become sufficiently
unstable to cause the equilibrium to change from stable to
oscillatory behavior (predator-prey cycles, for example).

Indicates when, under shifting circumstances, population
densities or other ecological parameters begin to fluctuate
periodically (limit cycles).

have that the characteristic equation (9) at E* with 4 = p,,
has the next two purely imaginary zeros

Az = £iVop (4 = py) = iy,

Furthermore, with the help of (16), the transversality con-
dition can also be substantiated by differentiating (9) with
respect to u, and using A = 4, to get that

dA,
R —_—
¢ ( du >

_ o[ _ _ 2dTye 2 Ay
B (Cype — 3wy, )( a (R + 2 oy .

(v
- (Tye = 3w,2) + 4(Cop )’

H=Hp

#0.

Then, we can say that, with regard to y, system (1) has
Hopf bifurcation. O

Remark 3. Firstly, the expression for C is:

C=—J T — JuJy + TuUsJn + JisJs1)
+ JoUeJn + JosJs2) + Ji2Jos T + JisJsa S

The characteristic polynomial of the system’s Jacobian
at equilibrium contains particular coefficients that corre-
spond to this combination of Jacobian entries. Hopf bifur-
cation requirements in higher-dimensional systems fre-
quently call for one pair of complex conjugate eigenvalues
to be satisfied:

— At the bifurcation point, there are zero real parts, sug-
gesting that they are on the imaginary axis.

- Every other eigenvalue still has non-zero real com-
ponents. According to the Routh—Hurwitz criterion, a
Hopf bifurcation happens when:

1. Up to a specific sequence, all Hurwitz determi-
nants are positive.

2. One particular determinant (usually comparable
to C) changes sign or becomes zero.

3. The eigenvalues of the system meet the require-
ments for transversality.

It is specifically demonstrated in the literature that when
such a determinant turns negative (i.e., C < 0), it indicates

the point at which two complex conjugate eigenvalues over
the imaginary. Thus, this algebraic condition guarantees
that a conjugate pair becomes totally imaginary, which is
one of the mathematical requirements for a Hopf bifurca-
tion (see Table 2).

7 Numerical results

We have used the following set of fictitious parameter val-
ues in our numerical simulations:

ry=13,r, = 0.7,k = 85, = 0.25, & = 0.90,

L=01,h=025a=0.5p0=0.2,
(18)
e, =.6,w=3,a=0.5,a =018,a, =0.07,

a; = 0.05, y = 0.5.

It’s crucial to remember that no experimental real-world
data was used to determine these figures. These parameter
values are not intended to depict a particular real-world
case, even if they were influenced by references in the body
of current research [38—40]. Rather, they were selected to
illustrate and assess the theories and notions presented in
the theoretical framework.

(1.4844, 0.447, 0.6125)

0.5
1
1.5

1.5 2 5 2.52 '

Figure 1: Coexistence equilibrium point £* = (N*, P*, g*) with data set
(18) exceptr, = 0.7.

05 4
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09r

081

0.7 -

06

0.5

04 r

(N, P")=(1.4844, 0.4470)
03

0.2

0.1

3.5 4 4.5 5

Figure 2: Isocline diagram for model (1) in N — P space with data set
(18) exceptr; = 0.7.

It is difficult to determine the existence of coexistence
equilibrium E* using analytical calculations. Therefore,
we first confirm the presence of coexistence equilibrium
numerically. To do this, we plot the homogeneous model (1)
system in N — P — g space, as shown in Figure 1. The
image makes it evident that the coexistence equilibrium, or
E*,iswhere three planes join at the pink color at the positive
octant. Again, with the same parameter values utilized in
Figure1,inFigure2,in N — Pspace the twoisoclines A; and
A, have been plotted. It is found they intersect at a unique
interior point (N*,P*) = (1.4844,0.4470). After that, this

DE GRUYTER

Figure 3: Phase portrait of the model (1) for different initial values, also
with the data set (18) except r; = 0.7 converge asymptotically to the
coexistence equilibrium point (1.4844, 0.447, 0.6132).

outcome is used in equation (4), which yields g* = 0.6132.
Moreover, Figure 3 presents a graphical representation of
the phase portrait diagrams of system (1) for a number of
initial values of N*, P*, and g*. It follows that every solution
that begins at one of these initial points converges asymp-
totically to the coexistence solution (1.4844, 0.447, 0.6132).
On the other hand, three sub-figures are plotted in
Figure 4 with three data sets to show the effect of increasing
some parameter values such as Wind flow w, Conversion
efficiency e;, and Alternative prey concentration L on the
stability of prey-free steady state point. Due to the data used

0.45 . 0.45 ' 0.4
0.4 1 0.4 1 0.35
N N
0.35 el 0.35 & sl
g g
0.3 1 0.3 1
0.25F
©0.25 1 ©0.25 1 o
oS %) oS
o o o 02-
o ] o3
Z 02t {1 2 02 i Z
0.15-
0.15 1 0.15 .
0.1 1 0.1 1
0.05} 1 0.05} .
0 . 0
0 100 200 0 100 200 0
(a) t (b) t (c)

4

Figure 4: Time series for model (1) with data
set (18), exceptat (@) w = 4& e, = 0.4;
(byw = 4&L = 0.4;and (c) w = 16, show
that the solutions converge asymptotically

to prey-free steady point £,.

100

200
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Figure 5: Bifurcation diagram of model (1) with respect to a for the set
of parametric values of (18) excepte, = 1.5,a, = 0.18.

in each sub-figure the Jacobin matrix (8) has three char-
acteristic roots. First with data set used in Figure 4(a), Jg,
has 4, = —0.0974, 1, = —2.584 and A; = —0.5137. While

with data set used in Figure 4(b), Jp has 4, = —0.0149
and 4,; = —0.5432 + 0.0631i. Further, with data set used
in Figure 4(c), Jg, has A = —0.0589,4, = —0.7790 and

A3 = —0.5098 + 0.0631i. So, in this case, the solution goes
asymptotically to a prey-free steady point. Therefore, based
on this figure, it can be concluded that increasing these
parameter values might affect the model’s stability.

Figure 5 presents the bifurcation diagram of model
(1) with respect to the parameter a. The diagram
indicates that as a varies from 0.1 to 0.8, the system
undergoes a Hopf bifurcation. For 0.1 < a < 0.4763, the
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predator—prey dynamics exhibit sustained oscillations,
whereas for 0.4763 < a < 0.8, the populations tend to
settle into a stable steady state. Increasing the parameter
a, which reflects the prey’s fear of predators, appears to
enhance the system’s stability. This stabilizing effect
arises because prey individuals that are more adept at
evading predators face a reduced risk of predation,
thereby supporting the long-term persistence of the prey
population.

Figure 6 illustrates the bifurcation diagram of model (1)
with respect to the parameter f. As f increases from 0.2
to 1.2, the diagram indicates that the system may undergo
a Hopf bifurcation. Specifically, for 02 < g < 0.32
the predator-prey populations tend to exhibit a stable
steady state, whereas for 032 < f < 12, the sys-
tem displays unstable dynamics. These findings suggest
that greater cooperation among predators, represented by
higher values of f, may lead to increased instability in the
model.

Figure 7 presents the bifurcation diagram of model
(1) with respect to the parameter e;. The diagram shows
that as e, varies from 0.6 to 2.0, the system may undergo
a Hopf bifurcation. Specifically, for 0.6 < ¢ < 0.698
and 1328 < e; < 2.0, the predator-prey populations
tend to remain at a stable steady state, whereas for
0.698 < e; < 1.328, the system exhibits oscillatory dynam-
ics. These results suggest that increasing the prey’s conver-
sion efficiency enhances the stability of the model. When
prey efficiently convert resources into biomass, their pop-
ulations are less prone to dramatic fluctuations, reducing
the likelihood of boom-and-bust cycles. This stability in prey

Wl
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—
[ 9}
. lHl |
0 0
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112
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Figure 6: Bifurcation diagram of model (1) with respect to  for the set of parametric values (18) except £, = 0.9,e, = 0.7.
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Figure 7: Bifurcation diagram of model (1) with respect to e, for the set
of parametric values (18).

populations can cascade through the food web, contributing
to greater overall ecosystem stability.

Figure 8 presents the bifurcation diagram of model (1)
with respect to the parameter y. The diagram indicates
that as y varies from 0.5 to 0.7, the system may undergo
a Hopf bifurcation. Specifically, for 0.5 < u < 0.594, the
predator—prey populations exhibit oscillatory behavior,
while for 0.594 < pu < 0.7, the system tends to main-
tain a stable steady state. These findings suggest that
reducing the effects of global warming through effec-
tive natural and industrial policies may help sustain
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Figure 8: Bifurcation diagram of model (1) with respect to u for the set
of parametric values (18) excepte, = 0.7.

stability in predator—prey dynamics. Natural strategies,
such as afforestation, reforestation, and biodiversity con-
servation, can enhance carbon sequestration and ecosys-
tem resilience. Industrial measures, including the transition
to renewable energy, improvements in energy efficiency,
and the adoption of carbon capture and storage technolo-
gies, can significantly mitigate greenhouse gas emissions,
thereby promoting environmental stability.

Figure 9 illustrates the bifurcation diagram of model
(1) with respect to the parameter w. The diagram indicates
that as w varies from 3.4 to 3.9, the system may undergo
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Figure 9: Bifurcation diagram of model (1) with respect to w for the set of parametric values (18) §, = 0.9.
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Figure 10: Bifurcation diagram of model (1) with respect to &, for the set
of parametric values (18) excepte, = 0.7.

a Hopf bifurcation. Specifically, for 3.4 < w < 3.495, the
predator—prey populations tend to remain in a stable steady
state, whereas for 3495 < w < 3.9, the system exhibits
unstable or oscillatory dynamics. These results suggest that
wind direction can influence the dynamics of the ecologi-
cal system. By affecting the dispersion of scent molecules
or the spatial distribution of prey organisms, changes in
wind direction may indirectly modify predator—prey inter-
actions. Such shifts could alter the movement patterns of
both predators and prey, potentially causing fluctuations in
predation rates and impacting the overall stability of the
predator—prey system.

Figure 10 presents the bifurcation diagram of model (1)
with respect to the parameter &,. The diagram shows that for
0.6 < &, < 0.774and 0.93 < &, < 1.2, the predator—prey
populations tend to maintain a stable steady state, whereas
for0.774 < &, < 0.93,the system exhibits unstable or oscil-
latory behavior. These findings suggest that global warming
may reduce the carrying capacity of prey species, thereby
affecting ecological stability. Rising temperatures and shifts
in precipitation patterns can alter habitat suitability, reduc-
ing the availability of food and other critical resources. Addi-
tionally, increased heat stress can impair prey physiology,
lower reproductive success, and drive changes in species
distribution. Such impacts on prey populations may cascade
through the food web, influencing the overall stability of
predator—prey dynamics.
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8 Conclusions

This research paper develops a mathematical model to
study predator-prey dynamics between two interacting
species under the influence of global warming. The model
incorporates several ecological and environmental factors.

Predator fear is assumed to be inversely related to the prey

growth rate, while the carrying capacity of the prey popula-

tion is considered to decline as global warming intensifies.

Predators are assumed to cooperate in hunting prey, and

their consumption of prey is influenced by wind direction.

The predator growth rate is assumed to decrease with rising

global temperatures, and predator populations are further

reduced by intraspecific competition, which depends on
the density of available prey. Global warming is modeled
as increasing at a constant rate, with both predators and
prey contributing to its rise, while various industrial and
ecological measures are considered as potential means to
mitigate it. The study examines the positivity and bound-
edness of solutions, evaluates multiple equilibrium points,
and analyzes the system’s stability around these points.

Based on this analysis, the following conclusions have been

drawn:

— Increasing prey fear of predators enhances system sta-
bility, shifting dynamics from oscillatory to a stable
steady state.

— Greater predator cooperation increases instability,
leading to oscillatory dynamics beyond a threshold.

— Higher prey conversion efficiency stabilizes the preda-
tor—prey system by reducing population fluctuations
and preventing boom-and-bust cycles.

— Mitigating global warming through natural (e.g.,
afforestation, reforestation) and industrial (e.g.,
renewable energy, carbon capture) policies can
maintain stability in ecological interactions.

— Changes in wind direction can indirectly affect preda-
tor—prey interactions by altering movement patterns
and predation rates, potentially causing instability.

— Global warming may lower the carrying capacity of
prey species, which can destabilize the system by reduc-
ing resource availability and affecting prey survival
and reproduction.

Therefore, in order to improve model robustness and
interpretability, future research must give top priority to
parameter estimates and rigorous uncertainty quantifica-
tion utilizing techniques like ensemble simulations, sensi-
tivity analysis, and Bayesian inference.



14 = A A Thirthar et al.: Global warming and wind effects on prey-predator dynamics

(1) Only theoretical: By using fake or placeholder param-
eters, the model is not empirically calibrated, which
compromises its validity and real-world applicability.

(2) Data scarcity: Whether as a result of low resolution,
inadequate sampling, or a lack of long-term datasets,
ecological models typically suffer from a lack of data,
which makes parameterization challenging and low-
ers predicted dependability.

(3) Tractability is diminished by high complexity: While
adding higher-order variables and nonlinearities
(such modified functional responses) enhances
dynamics, it also makes analysis more difficult and
may result in equifinality, where several parameter
choices fit equally well.

(4) Uncertainty and structural sensitivity: Predictions
may spread unacknowledged uncertainty (in param-
eters or model form). There are significant haz-
ards associated with structural sensitivity, when lit-
tle modifications to the model form produce differing
results.
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