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ABSTRACT. In this study, relations are presented between subclasses of harmonic univalent
functions via convolution operators involving Pascal and Poisson distribution series. Focus-
ing on close-to-convex harmonic functions in the open unit disk U, inclusion statements are
investigated and sufficient conditions are derived to ensure that these operators preserve
geometric properties.

1. Introduction

In the complex plane C, let U = {z € C: |z| < 1} denote the open unit disk. In
[7], a characterization of a harmonic function

f=u+m,
to be locally univalent and sense-preserving in U is given by the condition
[v'(2)] < W/ (2)],

where u and v are analytic in U, for all z € U.
In the open disk U, consider the normalization of harmonic, univalent, and sense-
preserving functions satisfying the conditions f(0) = 0 and f,(0) = 1. We denote
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this class by Sz. The functions f € Sy satisfying v/(0) = by = 0 form a subclass
denoted by 870_[. Here, v and v can be expressed as

(1) u(z) =z+ Z a,z’, wv(z)= Z b,2".
v=2 v=1

If the co-analytic component v(z) is identically zero, then any function f € Sy
coincides with a function in the class S of normalized univalent analytic functions
defined on U. Clearly, the inclusions

SC8)cSu

hold.

The subclasses K and &* of S consist of functions that map U onto convex and
starlike domains, respectively. Similarly, the subclasses ICQ_L and 8%’* of harmonic
functions in &Y, correspond to convex and starlike harmonic mappings, respectively.
For further details, see [15, 3].

Before presenting the main results, we state some useful lemmas that will be used
frequently in the sequel.

Lemma 1.1 ([7]). Let f = u+7v € KY,, where u and v have the form given in (1)
with by = 0. Then, for v > 2,
v+1 v—1
lay| < 5 by| < 5

Lemma 1.2 ([7]). Let u and v be given by (1) with the condition by = 0. If f =
u+7TE S,?_L’*, then for v > 2 we have

lay| < v+ 1)(v+ 1)’ by| < 2v—1)(v— 1).
6 6
Building on previous work on harmonic functions, in this paper we consider the
class of harmonic close-to-convex functions defined by Cakmak et al. in [6]. The aim

of this paper is to bring together the inclusion relations of A, (o, 7, &) using Poisson
and Pascal distribution series, respectively.

2. The Class AY,(o,7,&)

In this section, we introduce the class A, (o, 7,€) of harmonic functions defined
by an inequality involving parameters o, 7, and £. We review some of the standard
facts on this special class, including important lemmas regarding coefficient bounds
and inclusion criteria that will be useful in our subsequent analysis.

Definition 2.1 ([0]). Denote by A3J, (o, 7,&) the class of functions f = u+7v € H°
providing

(2) Re[ou'(z) + T2u" (2) — €] > |ov/(2) + 720" (2)],

where ¢ > € >0 and 7 > 0.
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Lemma 2.2 (Theorem 2.2, [0]). The functions in the class AY/(c,7,£) are close-to-
conver in U.

Lemma 2.3 (Theorem 2.3, [0]). Let f =u+7v € AY(0,7,£). Then for v > 2,

o—¢
s e )
In the case ¢
1@ =24 e =

the equality holds.
Lemma 2.4 (Theorem 2.4, [0]). Let f =u+7v € AY(0,7,&). Then for v > 2,

. 2(0 =€)

(i) |ay|+|bulﬁm’
(i) lav| = lbul] < (m
(#@1) lay| < vio+7(v—1)]

All these results are sharp and we obtain that the equality holds when

_Z+Z U+T V—l)]z

Lemma 2.5 (Theorem 2.5, [6]). Let f =u+7v € H satisfy

oo

> vio+ 7w = D](lav| + [b]) <o -
v=2
Then, f € A} (0, 7,§).

3. Applications to Poisson Distribution Series

The Poisson distribution series has recently attracted considerable attention in
Geometric Function Theory due to its effectiveness in describing various subclasses
of analytic and harmonic univalent functions (see, e.g., [1, 2, 13, 11, 14, 12]). Moti-
vated by earlier studies utilizing hypergeometric or special function based convolution
operators to derive inclusion relations, we establish several new results concerning the
class A% (0,7,€) by applying a convolution operator associated with the Poisson dis-
tribution series. Our main results provide inclusion relations involving the classes
KY,. S%’*, and AY, (0, 7,€), based on the coefficient bounds obtained in the previous
section.

The Poisson distribution with parameter o > 0 leads to the power series

(3) o (z) = z—&—Z%ZV,
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which was introduced by Porwal [11]. Later, Porwal and Srivastava [14] defined the
corresponding convolution operator
(4) o p(f)(2) = Ma(2) * u(z) + s(2) * v(2) = U(z) + V(2),
where
> e~ qv—1
$(2) Z+Z O] ayz”,
v=2
(5) Sl 7561/ 1
€ v
B(2) = byz + ,,Z:Q oo b,z

The next theorem expresses the inclusion of class of A}, (o, 7, &) and the image of the
class K3, under the function given in (3).

Theorem 3.1. Let 0 < a,5<1,0>& >0, and 7 > 0. If the inequality
(6) Ta®+(67+0)a?+(67+40)a+20(1—e~ ) +183+(47+0) B2 4+2(T+0)B < 2(0—&)
is satisfied, then 11, 5(KY,) C AY (0, T,€).

Proof. Assume u and v are of the form (1) with by = 0 and f = u+7 € K3,. It
suffices to show that I, g(f) = U+ T € A}, (0,7,&), where 4 and U are analytic
functions in U defined as in (5) with b3 = 0.

In light of Lemma 2.5, first we need to verify that ®; < o — £, where

00 —a,v—1 0 e—ﬁﬁV_l
(7) = ;y[a +7(v—1)] ‘O/—l)!ay + ;V{O’ +7(v—1)] mby .
Using Lemma 1.1, we get
) < ;{;[aww— Div(v+1)- %
o] e—ﬂﬁy—l
+ ;[a +rv =Dy —1)- (vl)'}
= ;{;[T”S”VQHU—T)V] ' %
> 9 efﬁﬂufl
+ ;[71/3 + (o =210 — (0 —T)v] - (u—l)'}
- ;{ S [rv = 1) —2)(v = 3) + (67 + o) (v — (v — 2)
v=2

e« v—1

+ (67 +40)(v — 1) + 20] ORI
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+§: v—1D)r—-2)v-3)+{@r+o)(v-1)(r-2)

efﬂ v—1
+2(r+0)(r-1)]- (1/—61)'}

Applying the shift of index and the exponential series expansion,
(I) —a 3 6 —a 2
) DT T ) phr

v—1

+ (67 +4o)e Z Pt 20e™¢ Z h
843 ﬂufél B a2 > 51/73
+Te ﬂ;(y_4)!+(47+0)e ’B;(u—

e 51/72
+2(r+0)e "B = 2)!}

1
= 2{7a3 + (67 + 0)a? + (67 + 40)a +20(1 — e~ )

+ 783+ (At +0)B* +2(1 + U)ﬂ}.

The last expression is bounded above by o — £ according to (6). Therefore, the
desired result follows. O

In the following, the inclusion between the class of A3, (o, 7,€) and the image of
the class S%’* under the function given in (3), is presented.

Theorem 3.2. Let 0 < a,8<1,0>&>0 and T > 0. If the inequality

2ra’ + (217 + 20)0® + (547 + 150)a” + (307 + 240)ox
+60(1—e ) + 278" + (157 + 20)8° + (247 + 90) 5% + 6( +0)8
(8) <6(c—¢)

is satisfied, then Ha”@(S%’*) c A (o,7,8).

Proof. Assume u and v are of the form (1) with by =0 and f =u+7 € S;){’*. It
suffices to show that I, g(f) = U+ T € A}, (0,7,&), where 4 and U are analytic
functions in U defined as in (5) with b; = 0.
By Lemma 2.5, we need to verify that ®; < o — ¢, where ®; is given in (7).
Using Lemma 1.2, we have
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b, é{;[a +7(v—=Dv@v+ 1) (v + 1)%
[e%e) e—ﬁ v—1
+Y o+ (v =2y —1)(r - 1)(1/_51)!}
1 . ) 67040[1/71
= 6{;[27# + (20 +7)v° + (30 — 27)v* + (0 — T)V] w1
B—B v—1
+Z [2rv* + (20 — 57)1° + (47 — 30)1? "‘(U_T)V](V_Bl)!}'

Expanding the binomial terms:

(13{2[271/ D)(v—2)(v—3)(v—4) + (217 + 20) (v —1) (v—2)(v—3)

e

+ (547 + 150) (v—1)(v—2) + (3OT+240><V*1>+60}‘W

+ Z {27(1/71)(1/72)(1173)(1/—4) + (157 4+ 20)(v—1)(r—2)(r—3)

v=2

e ,851/ 1
+ (247 + 90) (v—1)(v— 2)+6(T+")(”*1)} (-1

Rearranging sums via exponential generating functions:

1 —a 4 - o —a 3 - a”
<I>1§6{276 o I;};+(21T+20)6 a Zj
—a 2 o
30 240)
0> 0 07 200 0 Y 0

+ (547 4+ 150) €
v=0

v=0

o0 v

+60e“ g —a|
v!
v=1

+276_ﬁﬁ4zﬂu (157 + 20) _ﬁﬂ?’z

+ (24T+9O’)67ﬁ,82z% +6(7’—|—0’)6ﬁ52€l‘,}
v=0 "' v=0 "~
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1
= 6{27044 + (217 + 20)a® + (547 + 150)a? + (307 + 240)a + 60

278 + (157 + 20) 8% + (247 + 90) 52 + 6(r + a)ﬂ}.

Using inequality (8), this quantity is bounded above by o — &, and the proof is
complete. 0

Theorem 3.3. Let 0 < «a,8<1,0>&£>0, and T > 0. If the inequality
(9) 2e™* 4¢P >2
is satisfied then Iy (A3, (0, 7,€)) C AY(0,7,€).

Proof. Assume u and v are of the form (1) with by =0 and f =u+7 € A}, (0, 7,§).
It suffices to show that I, 5(f) = U+ T € A}, (0,7, &), where 4l and U are analytic
functions in U defined as in (5) with b; = 0.

By Lemma 2.5, it is enough to verify that ®; < o — £, where ®; is given by (7).

Using Lemma and Lemma 2.4, we estimate
oo efaoéufl e efﬁﬁufl
P, §2(0*5)2m+(0*5)2m
v=2 ’ v=2 :

=200-&§(1-e)+(c—-91 —e_ﬂ).
By inequality (9), we have
20l —e ™) +(1—eP) <1,

which implies
(I)l S g — 5
Therefore, I1, 5(f) € A}, (0,7, &), completing the proof. a

4. Applications to Pascal Distribution Series

The Pascal distribution series, as well as its effect on various subclasses of analytic
and harmonic single-valued functions such as the Poisson distribution series, has
given rise to some important work in Geometric Function Theory (see, e.g., [4, 5, 8,

, 10, 17, 16]). In this section, we apply a convolution operator associated with the
Pascal distribution series to obtain inclusion relations and, drawing inspiration from
previous works using hypergeometric or special function based convolution operators,
derive several new results concerning the class A9, (o, 7, £). The theorems given below
provide inclusion relations involving the classes IC%, S%’*, and A% (o,7,€), based on
the coefficient bounds obtained in the previous section.

The Pascal distribution with parameters x > 1 and 0 < 6 < 1 has the probability
mass function,

(10) P(X =v) = (":“I1>9”(1—0)”, ve{0,1,2,...}.
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This yields the power series,

(11) Pi(z) =2+ (”:“;2)9%1(1—0)%”,

which has an infinite radius of convergence. Based on this series, Yasar et al. [1(]
defined the convolution operator,

(12) Pois (1)(2) = PG (2) x u(z) + Py(2) x v(2) = U(2) + B(2),

where

(13) =2

m(z) _ blz + Z (Z/ :ﬁ; 2) (bu_l(l _ ¢)ltbyzy,
v=2

and “+” denotes the convolution (Hadamard product) of power series.

Lemma 4.1. For integer k > 1 and 0 < 0 < 1, the following generating function

identities hold:
—~ (v+k—1 g 1
k—1 (1= 0)F’

v=0

— (v+k—2 o _ 1
k-2 (1= g)k1

v=0
i v+k o 1
k B (1 —@)k+1’

(]2 L1V

v=0
i<u+k+1>m_ 1
-,
2\ k1 (1— g)k+2
i<u+k+2>91, 1
=
2\ k2 (1—g)~+3

The theorem below determines the inclusion between the class of A3y, (o, 7,£) and
the image of the class K, under the function given in (11).

Theorem 4.2. Let 0< 0,0 <1, 0 >&>0 and T > 0. If the inequality
Th(k + 1)(k + 2)63 n (67 + o)k(k + 1)6? n (67 + 4o)kb

+20[1—(1-6)"]

ay  OC0 e e
mp(nt D+ 2)¢0 | (Ur+oulp D AT o oo
(1-9)? (1-¢) l-¢ |

then Pyl (KY,) C A3, (0, 7,8).
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Proof. Assume u and v are of the form (1) while by = 0 and f = u+7v € KY,. It
is enough to show that Pyl (f) = U + T € AY(0,7,£), where U and U are analytic
functions on U defined as in (5) when by = 0. In light of Lemma 2.5, first we will see
that &5 < 0 — &, where

By = iy[a—FT(V— 1] ‘(”"f)a”u o

2 R
(15) o
2
+Z U+w1>]‘(”+“ )¢" 1= 9)b,
Considering Lemma and Lemma 4.1, we get
1 v+ Kk—2 1
< - — v _ f)~
@2_2{;[0—#7@ 1)]u(1/+1)( .1 )6‘ (1-0)

+3 o +7(v - Dy - 1) (” :ﬁ; 2) ¢’ M1 — W}

= ;{Z [TV + o1 + (0 — )] (V:iz 2)9”_1(1 —6)"

v=2
S V34 (o =202 — (6 —T)v VERT2) g gy
N G Ol QU Ealt ¢)}

- 1{2 [T(V* (v =2)(v=3)+ (61 +0)(v—-1)(v—2)

+ (67 +40)(v — 1) + 20} (V :f; 2)9”—1(1 — g

+Z[ (v—1)(v—2)(v—3)+ (@r + o) (v —1)(v — 2)

+2(T+a)(u_1)}(y+“ 2)¢” a ¢>)“}

_ ;{m(ﬁ F1)(k+2)(1 - 6)563 i <”:i; 2) g4

v=4

+ (67 + o)k + 1)(1 e)ﬁe2z(”::2>ev—3

v=3

+ (67 +40)k GZ<V+K )9”_2
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+20(1-0)Y (”:fI 2)9“

v=1

(et Dt 21— @)Y (” et 2) g

v=4 ’u_'_Q
v+u—2
+ (47 4+ o)p(p + 1) (1 — ¢)H¢? Z( il ) -3
v=3 K

+2(7 + o)u “(bZ(VJr“ ) }

= ;{m(m D(r+2)(1 _9)“93; (”:i;‘Q)ev

+ (67 4+ 0)k(k + 1)(1 — 6)"6? f: (

v=0

+ (67 +40)x(1 — 0)°0 Vi (" : “) 6"

+20(1 —9)“53 (”"‘ 1)0” —20(1— )"

k—1
v=0

v+r+1 o
k41

Frute D)1= oty (Vo
v=0

a2 V+,LL+1 v
F (47 oy + 11— 96 Z( )

-+%r+®uﬂ—¢ﬁ¢§;(”:“)w}

T2

1) (s + 1) (k+2)0% (67 +0)s(k+1)0? (67 +40)K0
(1= 0) i—67 T 1-9¢

90— 20(1— gy - THE D208 (U ap(ut DS 2 0)u¢}

A—0p ' (1-op 1o

<og-E¢&

O

Finally, the last inclusion appears between the class of A3, (0, 7,€) and the image
of the class Sy;* under the function given in (11), by the next theorem.
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Theorem 4.3. Let 0< 0,0 <1, 0 >& >0 and T > 0. If the inequality
27k(k + 1)(k + 2)(k + 3)6* n (217 + 20) k(K + 1) (K + 2)03

(1-0)* (1-20)3
(547 + 150) k(K + 1)0% (307 + 240)K0 .
" e a-0 + 60 —60(1—0)
2rp(p + 1) (p+2)(u +3)¢* | (157 + 20)u(p + 1) (1 + 2)¢°
(1—¢)* (1-9)?
(247 + 90)u(p + 1)¢?  6(1 + o)ud B
(1) T-g =209

is satisfied, then PZ:Z(S%*) c A (o, 7,%).

Proof. Assume u and v are of the form | while by = 0 and f = u+7v € S;)_[*. It
is enough to show that PyS(f) = 4 + T € A (0,7,£), where U and U are analytic

functions in U defined in (5) when b3 = 0. In light of Lemma 2.5, first we will see
that &5 < o — &, where @5 is defined as in (15). Considering Lemma and Lemma
, we get

¢, < I{Z[U—FT(V— D]v(2v+1)(v + 1)<V+/£2>6,,1(1 e

6 = k—1

N Y e O G L O as)“}

w—1

| =

- 4 2 vtk =2\, K
{;[271/ + (20 + 7)° + (30 — 27)v —l—(O’—T)I/}( .1 )9 (1-19)

+ Z (270! + (20 — 57)1° + (47 — 30)12 + (0 — T)V/ <V : ﬁ; 2) ¢ 1 — gb)“}

v=2

S| =

{Z[%(u — D -2)v-3)(r—4)+ 217 +20)(v — 1)(v — 2)(v — 3)

v=2

+ (547 + 150) (v — 1) (v — 2) + (307 + 240) (v — 1) + 60] (”:fl 2)9”1(1 — g
+ Z[QT(V - —-2)v=3)(v—4)+ 157+ 20)(v — 1)(v — 2)(v — 3)

+ (247 +90) (v — 1) (v — 2) + 6(7 + o) (v — 1)] <”:“; 2>¢”‘1(1 - ¢>)“}
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é{%n(n+1)(/€+2)(/€+3 942(”:i; ) v=5

+ (217 +20)k(k + 1) (K + 2)(1 — 6)"6° Z (

l/-+—,‘$—2>6”,__4
v=4

K+ 2

+ (547 + 150) k(K + 1)(1 — 0)"6> i (” e 2) 63

= k41

= -2
+ (307 +240)r(1 — 0)70 > <” + § )9”—2
v=2

+60(1—0)" S (”:fl 2)9"1}
v=1

- é{mm IR IELR DY (7)o

+ (157 + 20) (e + 1)+ 2) (1 — )"0 > (u;i; 2> g

+ (247 + 90)u(p+ 1)(1 = 9)"6* Y (V Z 1 2) o
v=3

+6(7 + o)p(1 — ¢)’L¢Vi_2 (V i Z ) 2> ¢V_2}

1 o nd v+r+3\,,
:6{2mm+1)(n+2)(n+3)( —6)"0 Z( )9

= K+ 3
> +r+2
217 + 2 1 2)(1 — 6)63 v v
+ (217 4+ 20)k(k+ 1)(k+2)(1 — 0)~0 z_%( 42 )9
1
1 (547 + 150)K(k + 1)(1 “922(1’+“+ )

+ (307 + 240)(1 — 0)°6 Z <” + ”) 6"

K
v=0

+60(1 —e)ﬁi (”:f; 1)9”}

v=0
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6

u+u+3)¢y
w3

+1{%MM+UW+QXN+$O_¢W&§:(
v=0

+(w7+2ﬂuw+iﬂu+2x1_@mﬁ§:(V:i;2>w

v=0

a7 9l 1)1 = ey (VT o
v=0

+6(r + 0)pu(l ¢>*‘¢V2 (” : “) ¢”}

Finally, by the binomial series expansion, the above equals
1 { 276(k + 1) (k + 2)(k + 3)0* N (217 + 20)K(k + 1) (K + 2)6°

6 (1-6) (1-6)3
(547 + 150) k(K + 1)0% (307 + 240)K0 .
e ) + 60 —60(1—0)
2rp(p+ D(p+2)(p+3)0"0 | (157 + 20) (e + 1)(u + 2)6°
(1-¢) (1-9)?

(247 + 90) pu(p + 1)p? N 6(r + a)ugb}
(1-9¢)? (1-19)
Last algebraic expression is bounded above by 2(c — &) by (16). Hence, the proof
is complete. (I

Theorem 4.4. Let 0 < 0,0 <1, 0 > & >0 and T > 0. If the inequality

(17) 21— 0)% + (1— ¢)* > 2

is satisfied then IP’S”(’;(A%(U, 7,8)) C A (0, 7,8).

Proof. Let f = u+7v € AY(0,7,£) where u and v are of the form | with by = 0.
We need to show that Pgi(f) = 4+ 0 € AJ (0, 7,€), where U and U defined by (9)
with by = 0 are analytic functions in U. In view of Lemma 2.5, we need to prove that

by < 0 — &, where @5 is defined as in Equation (15). Considering Lemma and
Lemma we get

vsae-0 (VT e a0 e-9 3 (VT e a-or

v=2 k-1 v=2 K

=2(0 - )01 —9)“{i ("3 1)9”} ro-aa-or > (VT e

v=1 v=1

=20 - 1= (1-0)) + (0 -1~ (1 - ")
— (- B-21-0)"~ (1= )"
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The last expression is bounded above by o — ¢ by the given condition (17). Thus, the
proof of Theorem is complete. O
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