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ARTICLE INFO ABSTRACT

Keywords: We develop a five-class fractional mathematical model to investigate HIV transmission using the Caputo-Fabrizio
HIV transmission dynamics (CF) derivative. The population is divided into susceptible, acute, chronic, treated and AIDS classes to capture
CF derivative the key stages of HIV progression and the effects of antiretroviral therapy. Existence and uniqueness of solutions

Nonlinear least squares method
Banach fixed point theorem
Adams-bashforth method

are established using the fixed point theorem, a bounded invariant region is identified, and the basic repro-
duction threshold R, is derived using the next-generation matrix. Analytical results demonstrate the local and
global stability of both the infection-free equilibrium and the endemic equilibrium. Lower fractional orders are
shown to slow convergence to equilibrium, reflecting the memory effects inherent in fractional dynamics. The
CF operator therefore provides a flexible and realistic framework for understanding HIV transmission and assess-
ing the influence of treatment, disease progression, and memory effects on long-term epidemic outcomes. The
Ulam-Hyers (UH) stability of the considered HIV model under CF derivative is proved. In addition, numerical
solutions are obtained by using the Adams-Bashforth method corresponding to the CF derivative. Simulations
show that early initiation of antiretroviral therapy, reduced treatment dropout, and improved viral suppression
substantially decrease HIV prevalence.

1. Introduction infections and 630,000 AIDS-related deaths in that year. In 2023, an es-
timated 37.7 million people were living with HIV/AIDS worldwide, with
roughly 1.5 million new infections each year. Sub-Saharan Africa con-
tinues to bear the greatest impact, accounting for about 67% of global
cases (we refer to [3]). Data from the Chinese Center for Disease Control
and Prevention indicate that China recorded 1.223 million people liv-
ing with HIV and 418,000 cumulative deaths by the end of 2022. These
figures continue to grow, highlighting the pressing public health threat
of AIDS in China [4].

HIV is transmitted mainly through mother-to-child contact, blood
exposure, and sexual activity. According to a 2018 report from China’s
National Health Commission, blood and mother-to-child transmission
are now well controlled, making sexual transmission, both heterosexual
and homosexual, the dominant route [5]. Data from the Data Center for

Over the past decades, HIV/AIDS has continued to pose one of
the most persistent global health challenges, with millions of individ-
uals affected worldwide despite remarkable advances in prevention and
treatment. The epidemiology of HIV is shaped by a complex interplay
between biological, behavioral, and therapeutic factors, which makes its
control particularly difficult [1]. HIV attacks and destroys CD4 T cells in
the human immune system, leading to severe immune suppression and
greater vulnerability to infections and diseases. Mortality remains high,
and no effective cure for HIV/AIDS has been developed to date. Since
its first recognition by the Centers for Disease Control and Prevention
in 1981, AIDS has become a global pandemic [2]. The World Health
Organization reported that by the end of 2022, approximately 39 million
people were living with HIV worldwide, with around 1.3 million new
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Public Health Sciences show that in 2022, sexual transmission accounted
for 97.6% of new infections, with heterosexual contact responsible for
72.0% and homosexual contact for 25.6% (see [6]). A notable shift is
the rising proportion of HIV/AIDS cases among older adults. In 2005,
people aged 60 and above made up only 6.3% of cases, but by 2020
this share had climbed to 44% [7]. Investigating the role of the el-
derly in HIV/AIDS transmission is therefore increasingly important. To
strengthen prevention and control, researchers have concentrated on
three key areas [8]. Experimental studies explore cellular structures that
affect disease progression. Descriptive studies analyze data to identify
underlying drivers [9].

Mathematical modeling has become an indispensable tool for dissect-
ing the dynamics of HIV infection and evaluating control strategies [10].
In modern society, mathematical modeling plays an important role in
analyzing disease dynamics, transmission patterns, testing interventions
and evaluating treatment effects [11,12]. The long-term consequences
of public health policies are forecasted using models that incorporate
transmission rates, medication adherence and behavioral modifications.
Rihan [13] studied numerical analysis of biological modeling. Eaton
et al. [14] studied antiviral therapy for HIV incidence in South Africa.
Hyman and Stanley [15] constructed a mathematical model of AIDS. The
traditional epidemic model, however, often fails to capture real-world
dynamics, as it fails to take into account critical factors such as the ef-
fect of previous disease spread on new infections and regional variations
in transmission. For instance, Odebiyi et al. [16] studied screening of
HIV/AIDS by using mathematical models. Zanib et al. [17] conducted
comprehensive analysis of HIV/AIDS. Also, Meetei et al. [18] studied
and analyzed simulations of HIV/AIDS by using real cases. Recent stud-
ies have applied fractional order derivatives for investigating HIV and
other infectious diseases by using mathematical model. The mentioned
tools have highlighted the role of memory and nonlocal effects in disease
persistence. Yang et al. [19] studied Chlamydia psittaci and KPC produc-
ing gram negative bacteria infection using mathematical model. Xu et al.
[20] investigated SARS-CoV-2 omicron variant infection during preg-
nancy in women. Ullah et al. [21] studied a new co-infection model for
HBV and HIV with vaccination. Shi et al. [22] investigated hypergraph-
based model for modeling multi-agent g-learning dynamics in public
goods games. Authors [23] established a new sepsis screening tool based
on lymphocyte count mathematical model. Researchers [24] studied a
bacteria infection through mathematical model. Shukla and Sukavanam
[25] studied controllability results for a system. Authors [26] deduced
the existence and controllability results for a problem under Atangana-
Baleanu derivative. Chauhan [27] analyzed memory based dynamical
system of coffee berry disease. Researchers [28] studied fractional or-
der HIV/AIDS model. Almuallem et al. [29] used fractional order model
to study effects of quarantine and vaccination on the transmission of
Lumpy skin disease. Chauhan et al. [30] used CF fractional order deriva-
tive to study financial mathematical model. Kumar et al. [31] studied
TB model under fractional derivative. Boulaaras et al. [32] investigated
stability results for an autonomous system. Authors [33] studied liver
transplantation in HIV-AIDS through mathematical model. Selvam et al.
[34] studied stability analysis of financial mathematical model. In ad-
dition, an Ebola mathematical model under fractional derivative was
studied by Selvam and his coauthors [35]. UH stability was investigated
for tuberculosis disease model using fractional derivative [36].

In such scenarios, fractional-order models demonstrate consider-
able benefits. Authors [37] studied nonlinear wave dynamics by using
fractional derivative. Deterministic fractional compartmental models il-
lustrate these long-term dependencies and allow for more accurate and
comprehensive analysis than classical models. For instance Boulaaras
et al. [38] studied UH stability for Chen system. Fractional mathematical
modeling has emerged as a crucial tool in epidemiology to address these
complexities [39,40]. It also provides a valuable framework for evaluat-
ing the dynamics of infection, transmission patterns, and the potential
impact of interventions. Numerous scientific disciplines have gained in-
terest in FDEs [41]. By employing fractional-order derivatives, complex
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systems can be demonstrated as more accurate systems in comparison
to using traditional integer-order derivatives, providing significant in-
sights for healthcare providers and policymakers attempting to limit
morbidity and mortality from HIV (we refer to [42]). Provide a sys-
tematic approach to represent population-level dynamics by partitioning
individuals into epidemiologically relevant classes and describing their
transitions among the compartments. In this regard, for some useful
results, we refer readers to [43,44].

Our research presents a five class HIV model under the CF fractional
derivative, which captures the nonlocal temporal influence of past in-
fection history without the singular kernel characteristic of classical
fractional operators, and introduces distinct relative infectiousness pa-
rameters that reflect differences in viral load and behavioral patterns
across these stages. This formulation enables a more accurate representa-
tion of how treatment and disease progression jointly affect transmission
potential. Mathematically, we provide a rigorous analysis of the exis-
tence and uniqueness of solutions via the fixed’point theorem, identify a
positively invariant bounded region to ensure biological feasibility, and
derive the R, using the next-generation matrix approach. The equilibria
points of local stability are established via the Jacobian approach, and
global stability through the Lyapunov function approach is established
and the UH stability of the fractional system is proven, guaranteeing that
the CF system is well-posed and that small perturbations or numerical
errors do not lead to large deviations in the solution. Numerical simu-
lations using the Adams-Bashforth scheme for the CF derivative further
reveal the influence of memory order and treatment control on epidemic
dynamics.

The rest of the manuscript is organized as follows. In Section 1.1, we
review the fundamental concepts of fractional derivatives used in this
work. The proposed HIV model, including variable definitions and the
full model formulation, estimation, and data fitting, appears in Section 2.
Mathematical properties, positivity, and boundedness are established in
Section 2.2. In Section 2.3, we derive equilibria and the basic repro-
duction threshold. Section 3 addresses the existence and uniqueness of
solutions as well as their UH stability. Section 4 provides a detailed sta-
bility analysis. The numerical scheme is described in Section 5, followed
by numerical simulations and discussion in Section 6. We conclude with
a summary of the main findings in Section 7.

1.1. Definitions and preliminary concepts

We employ the CF fractional derivative [45,46]. For a function s €
H'(a, b), the CF derivative of order ¢ € (0, 1) is defined as

rois =1L [ e exp(—“l%;)) dx, &)

where U(¢) is a normalization function satisfying U(0) = U(1) = 1. An
equivalent form can be obtained by setting « = 1%, which yields

t
oir0 =" [ e~ ) an MO =M@ =1 @

demonstrating the exponential, non-singular kernel structure. In the
limit « — 0, the kernel reduces to a Dirac distribution:

im L _t—_x)_ _
m)aexp< ) = 5(1 - x).

The associated CF fractional integral of order ¢ € (0, 1) for a function g
is given by

2(1—¢) 26 / !
CFI§ — d , 3
0= vt amove Jy BN ®
with the normalization condition
20-9) 2
=1 4
2-9U@) 2-9U() @
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2. Model formulation

To describe the transmission dynamics of HIV, we developed a com-
partmental model that stratifies the human population into five mutually
exclusive epidemiological classes. At any time ¢, the total population
N (¢) is expressed as

NO=SO+IO+CH+T)+ A@®),

where S(¢) denotes susceptible individuals, I(¢) represents individuals
in the acute infection stage, C(f) corresponds to those in the long-term
chronic stage, 7'(r) denotes individuals receiving antiretroviral therapy
(ART), and A(7) represents individuals with advanced HIV infection or
AIDS. The model assumptions and transitions between compartments
are illustrated in Fig. 1.

Transmission of HIV occurs through effective contact between sus-
ceptible individuals and those who are infectious. The force of infection,
which quantifies the per capita rate at which susceptible individuals
acquire infection, is given by

W(t)=NL(t)(511+5CC+5TT+5AA)= 5)

where f is the effective contact rate, and ¢; (j € {I,C,T, A}) are weight-
ing parameters that represent the relative infectiousness of individuals in
the acute, chronic, treatment, and AIDS stages, respectively. The inclu-
sion of the relative infectiousness coefficients ¢, e, £, and € , accounts
for known biological heterogeneity in HIV transmission potential across
stages of infection. Individuals in the acute infection stage (I) exhibit
extremely high viral loads and are thus the most infectious; those in the
chronic stage (C) maintain a lower but sustained infectiousness. Persons
undergoing ART (T) have strong viral suppression, leading to signif-
icantly reduced transmissibility (e; <« 1), while individuals with AIDS
(A) may remain infectious but often experience reduced contact activity.
Hence, the expected qualitative relationship is

£ > Ec > E > E.

This stratification allows the model to capture stage-specific transmis-
sion dynamics and to assess the contribution of treatment and disease
progression to the overall epidemic. The susceptible population in-
creases through recruitment at rate A and decreases due to infection

a1

Fig. 1. Schematic diagram of HIV transmission and progression between epi-
demiological classes.
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and natural death at rate u:

dsS

— =A-yS—uS. 6
i wS —pu (6)
Here, y is the force of infection defined in (5).

Susceptible individuals become acutely infected following exposure.
Acutely infected individuals may progress to the chronic stage at rate
v1c» initiate ART at rate z;, or die due to natural and disease-induced
causes at rates u and a;, respectively:

dl
E=x//S—(/4+y,C+r,+a,)I. )

Individuals enter the chronic stage from the acute stage at rate y;.
They may progress to AIDS at rate y.,, initiate ART at rate 7, revert
from treatment at rate p, or die naturally or from disease at rates y and
ac, respectively:
dc
a5 = vl = rca+ e +ac)C+ T (C))

Treatment may be initiated during any infection stage at respective
rates 7;, 7¢, and 7,. Treated individuals may discontinue therapy or
experience treatment failure at rate p, progress to AIDS at rate 6, or die
at rate u:
dT
ar =1l +17.C+ 1A= (u+p+67)T. )

AIDS cases arise from chronic progression and treatment failure.
Individuals with AIDS may initiate ART at rate 74, die from AIDS-related
causes at rate §, or experience natural mortality at rate u:
dA
E=yCAC+9TT—(/4+5+rA+aA)A. (10)
The set of Egs. (6)-(10) together with (5) constitutes the proposed
fractional order model describing the transmission dynamics of HIV
(Fig. 2).

CF NS¢ _
D;S=A-yS—usS,
CFDfI:u/S—(y+y,C+rl +ap)l,
CFDEC = ypel — (p+ e + 70 +ac)C + pT, an
CEDST = 7,0 + 1cC + 14A— (u+p+07)T,

CEDEA=yo C+ 00T — (u+5+74 + ay)A,

The system is considered with nonnegative initial conditions:

S0) =S, 10)=1, C0O)=C, TO)=T, A0 =A.
x10°
® Observed Data
=6 Model fit
e
35
S
> 4
I
- 3
£
o2
Q
[0}
o1
0
0 20 40 60 80 100

Time in days

Fig. 2. Model fit to observed infection of HIV and solid line represents model-
predicted infections, and the dots represent observed reported cases when
c=1.
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2.1. Parameter estimation using nonlinear least squares (NLS)

Estimation of the epidemiological parameters governing the model
(11), we employed an NLS approach using the observed data provided
by Cai et al. [47]. Furthermore, we solve the following optimization
problem (Fig. 2):

509= 3 o) - rce o (12)
J=1

= Simulate the model using an initial guess of the parameters k
to generate the state variables x(t), and compute the observable
outputs Ak, x(1))).

= Compute the discrepancy between the observed data y(7,) and the
model predictions 7n(k, x(t)), then form the objective (cost) function
S (k).

= Minimize the cost function J(k) using nonlinear optimization
techniques to obtain the best-fit parameters k, which are then
used to perform curve fitting and validate the model. We fit the
parameters shown in Table 1.

2.2. Positivity and feasible region
In this section, we discuss positivity and feasible region.

Theorem 2.1. Let the initial data satisfy

5(0) >0, 1(0) > 0, C(0) 20, T0) =0, A(0) > 0,
and denote the positive orthant

_ 5
Q={(5.1,C.T,A) eR}}.

Then the solution of system (11) satisfies the following properties for all t > 0:

(i) Positivity: the solution remains in Q.

Table 1
Description of model parameters in the five-class HIV transmission framework.
Parameter Biological meaning Value (per day) Source
A Recruitment rate 537915 x % [48]
. 1

" Natural mortality rate T [49]

p Baseline transmission rate 0.005 Fitted

£ Relative infectiousness of acute 0.038 Fitted
stage

£c Relative infectiousness of chronic 0.3 Fitted
stage

er Relative infectiousness under ART 0.04 Fitted

€4 Relative infectiousness of AIDS 0.500 Fitted
stage

Yic Progression rate from acute to 0.100 Fitted
chronic stage

Yea Progression rate from chronic to 0.030 Fitted
AIDS stage

7 ART initiation rate for acute stage 0.052 Fitted

Tc ART initiation rate for chronic 0.020 Fitted
stage

T, ART initiation rate for AIDS stage 0.030 Fitted

p ART discontinuation or treatment 0.003 Fitted
failure rate

0r Progression rate from ART to AIDS 0.020 Fitted

a; Disease-induced mortality in acute 0.010 Fitted
stage

ac Disease-induced mortality in 0.031 Fitted
chronic stage

ay, Disease-induced mortality in AIDS 0.045 Fitted
stage

8 Additional AIDS-related mortality 0.0005945 [50]
rate
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(ii) Uniform boundedness: there exists a finite constant

K= A >0,

U
depending only on the recruitment rate A and the natural removal rate
u, such that the total population N(t) = S@)+ 1)+ C(@)+T()+ A(?)
satisfies N(t) < K for all t > 0. Consequently, each compartment is
uniformly bounded by K.

Hence the region Qg := {(S,I,C,T,A)eQ: S+I1+C+T+A<K}is
positively invariant for system (11).

Proof. let N(t) denote the total population. Summing the model in (11)
yields a fractional differential inequality of the form

6 DN (M) < A= uN @),

implying that A (¢) is ultimately bounded above by A/u. More precisely,
N < (J\/<O> - %) Eou) + 5.

where E_ denotes the Mittag-Leffler function. This guarantees that
the total population approaches the feasible region asymptotically and
remains within it thereafter.

We therefore define the biologically feasible region as

Q= {(S,I,C,T,A)eRi T0S N < é}_
Y7

Within €, the model dynamics are well posed and biologically meaning-

ful. Furthermore, since Q is positively invariant, any trajectory of the

system that starts and remains in Q. Consequently, each compartment is

also bounded by K, and the set Q is positively invariant.

§Tois|, =azo,
§=0

CF ¢ —

¢ D,I|S=O_u/s>0,
CF ¢

§TDic|,_ =vicl +oT 20,

CF ¢

¢ DIT|S=O=TII+TCC+TAAZO,

CF n¢ —
CF s A|S=O =7caC+ 07T 20.

2.3. Equilibria and threshold reproduction

In this section, we discuss equilibria and threshold reproduction (Ry).
The infection-free equilibrium point is the steady state at which no in-
fection is present in the population, all infected compartments are zero
while persistent-infection is the steady state at which the disease per-
sists at constant positive levels in one or more infected compartments.
Threshold reproduction is the expected number of secondary infec-
tions produced by a single infectious individual in a fully susceptible
population.

Theorem 2.2. The system (11) admits a unique infection-free equilibrium
point for Ry < 1 and a unique persistent-infection equilibrium point for
Ry > L

Proof. To compute the infection-free equilibrium point, we set all
infected compartments equal to zero:

“Dis =1 = D C = “'DIT = “"DjA =0 (13)

Solving (13) gives the infection-free equilibrium point, denoted E,,
for which the following expressions hold:

Ey= (Qo,o,o,o) (14)
U
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We now proceed to derive the persistent-infection equilibrium point,
where all compartments are nonzero:

CFD5s # DT + €' C # CPDIT # TDiA £ 0 (15)

The persistent-infection equilibrium point is calculated using back
substitution, yielding E*, with the components given by:

s A
W™+ p)
o+ = POl — 030, yey + 740 Myey
pTaTC = pO,Tc — 0,030, + O,7,0r
T* = Tatcl ver = Outcl™yer — 030,47, 17
pTaTc — PO4Tc — ©,0:0, + O,7,01
A = tatcd ver = Oyt yer — 00,7, 1™

pTATC = PO4Tc — ©,030, + ©y7,40;
By substituting C*, T*, and A* into Eq. (5), we obtain

I YN (ptpTc — pOytc — 0,050, + Oy7,07)

Bler +ec(pOy7r — O3047c; + T40r7¢)
t+er(taTe — Ostccr — ©2047) + €4(TuTecr — OsTecr — ©20471))

Here, S*,I*,C*,T*, A*, ensure the existence of a biologically feasible
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2.4. Threshold reproduction (R,)

To compute the threshold reproduction, denoted by R, using the
next-generation matrix method [51]. This approach expresses R, as the
spectral radius of the matrix product FV~!, that is,

Ry =p(FV7),

where p denotes the spectral radius, and the matrices F and V are
defined as

Per  Pec  Per  Pey
0 0 0 0
F =
0 0 0 ol
0 0 0 0
HU+YictTrta; 0 0 0
V= ~Yic HtrYcatTctoac -p 0
-1 —Tc u+p+6r —Ty
0 ~Yca —0r HE+Oo+T4+ay

persistent-infection equilibrium point. O The inverse of V is given by
J
R — 0 0 0
utypctrrtay
Ay (u+p+0r) (u+o+T4+a4) -7 207 p(u+o+ry+ay) A
Ay As As As
yl=
Ay Tarac+(utd+T +ay)Tc (u+rcatrctac)(u+o+ra+ay) (u+rcatrctac)ty ’
Ay As As As
Ay (prac+8rutbrrca+brc+brac) (u+p+07)vac+7cOT pract(utrcatictac)ér (utrcatrctac) (utptbr)—pic
AS(Mer]CJrT[Jra,)(pyAC+y9T+9TyCA+9TTC+aCGT) As As As

where,

Ay =140ryc; —p(u+S+T+a )t — (+p+0r) (W+8+14+ay)7c

A= (u+ric+r+a)(u+rcat+retac) (u+p+0r) (n+d+14+0ay)
—prAyAC—p(y+6+rA+aA)rC— (;4+yCA+TC+aC)TA0T),

Ay =tacrer +(H+vea+Totac)t + D (H+8+1,0+a,) Tercs

By =pryrac+ (u+p+0r) vacver + (W +7ea +7c +ac) 0r7) +7c0rrcy,

As=(u+veattcrac) (u+p+6r) (u+6+7,+0a,) = ptarac
—p(n+d+ti+ay)te— (H+7cs+1c+ac) 0.

After computing the product FV~!, the dominant eigenvalue (spectral
radius) is obtained as

_ P Asec + AsAsep) (i +yic + Ty ap) + By Agfes + By AsPey

R
0 A As(u+yic+1r+ap)

After substituting the parameter values from Table 1, the threshold
reproduction is R, = 0.0017, indicating that the infection cannot sustain
itself in the population.

3. Existence and uniqueness of solutions

By applying the fixed-point method to the equivalent integral system,
we rigorously demonstrate that the model (11) admits a unique solution
under appropriate conditions.

S(t) =Sy + FIS (A —wS —uS),

10 = I+ I WS = (u+yic + 1, +apD),

C(t)=Co+ FI (rred — (u+vep + 7c +ae)C + pT), (16)
T()=Ty+ FIF () T+ 10C+ 1A= (u+ p+ 67)T),

At) = Ay + FI (e s C + 07T — (u+ 6 + 74 + ay)A).

Applying Eq. (3) to Egs. (16) yields

2(1-9¢)
SO =SS0+ ——>"  (A—yS—uS
=50+ G= o= (A=yS = uS)
2—§/IA_ S —uS)d
T oM@ Jo ATYS TR
I(t):I(O)+M(y/S—(;4+y + 1+ ap))
Q2= oM(o) fem T

2 t
v /0 WS = (u+yic+7 +apDay,

2(1-¢)

CitH=C(@0 _—
O=CO+ 575MO

rel = (u+7rca+7c+ac)C +pT) a7)

2 /’
+—————— [ (rjcl —(u+vycs+71c+ac)C+pT)dy,
Q—oM(g) Jo 1€ carrerre

2(1-9)

T =T _—
O=TO+ 5" 5M©

(rrl +7cC+14A=(u+p+06p)T)

2 /’
+ (I +7,CH+14A—(u+p+0,)T)dy,
C-9M() Jo 1T T A ’

2(1-¢)

A(t) = A0 _—
O=A0+ 55 M@

YcaC+O0rT —(u+ 6+ 14 +ay)A)
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L%
(2 = )M(g)
We define the kernels as

'
/ YcaC+0rT —(p+o6+714+ay)A)dy,
0

Y, (0,8 =(A-wS — usS),

Yo, )=wS—(u+yic+r+apl,

Y3(,C)=yic] —(p+ycy +7c +ac)C + pT, (18)
Y, ¢, T) =711 +17cC+10A—(u+p+67)T,

Ys(t,A) =yc C+0;T —(u+6+ 714 +ay)A.

Theorem 3.1. Let the kernels

Y, Y, Y3, Yy, X

each satisfy the Lipschitz condition. Then, every kernel is a contraction if
0<A+M+u<l.

Proof. To establish the desired result, take .S and S, and consider the
operator Y, in the form

Y, (8 = Y,(t,.8) ==-A (SO = 5,(0)) —w (SO = S,(0) — u (SO - S,().
19)

Simplifying (19) yields
[Y16,.8) =Y, )| < “A (St) - S, (z))”
~[lv (s = s10) || - |1 (500 = $10)]
<IAl (5@ - 5,0) | - 1wl | (50 - 510)
~llull||(s®) = $10) . (20)
< IAl]| (50 = $,0) | - 181l | (50 = 5,0) |
~llull||(s®) = $10) .
<A+ M+ (s0-50)|.
Set 4y = A+ M + pu. Then
Y1(28) = Y16 S| < py || S0 = S, - 1)
Thus Y, satisfies the Lipschitz condition, and if
O<M+pu+y<l,

the mapping is a contraction as required in the CF derivative.
By the same reasoning, the remaining operators satisfy

20, 1) = Yot I)|| < o 1T@) = L@,
[Y3(2,.C) = Y30, C| < p3 lICO) - C O,
[ Y4, T) = Y40, T)|| < g IT@) = Ty,
Y5t A) = Y5, AD|| < us 1A — A OI. (22)

Each constant y;, i = 2,...,5, satisfies y; < 1. Using these bounds and
applying the CF integral operator to Eq. (17) gives

S@1) = S0) + %m;, S)+ ﬁ /OI Y, (. 8)dy.

1) = 10) + %Yz(u D+ (2_2% /OI Y, (. ) dy,

C(t) = C(0) + %n(z, o)+ ﬁ /0 Y0.0dn. 23
T(t) = T(0) + %n(z, T)+ (Z_Zg%(g) /Ot Y, (0. T)dy.

A() = A®O) + %YS(I, A+ #ﬁZ(g) /0, Y50, A)dy.

where the initial data are S°(r) = S(0), I°() = 1(0), CO(r) = C(0), T(t) =
T(0), A°(r) = A(0).
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The corresponding iterative scheme is

t

I,(t) = (;Elg—;;()g)n (t0,y) + ﬁ OIYl (9. 1,-1) dy,
C.(h = (;Elg—;zg()g)n (t,Cn_l)+ﬁ OIY1 (Cot)dy.  (24)
T, = %n (. Tt) + ﬁ OIYl (».T,_1) dy.
A, () = %Yl (t, A,y) + (Z—Zg%(g) OtYI (v Auer) dy,
and analogous formulas hold for 7,,,C,, T,, A,. Because the Lipschitz con-

stants y; satisfy p; < 1, the Banach fixed point theorem guarantees
the existence of a unique solution for the considered system with CF
derivative.

The difference terms are derived as:

2(1-¢)

Kiy(0) = S8,(0 = 5,10 =
® =S, = 5,0 = ==

(Y1t Spep) = Y1 5,.S,5))

b2
2-92@© Jo

K () =1,(0) -1, ,(t) =

t
(Y] 3 S—) = Y1, Sn_z)) dy,

2(1-¢)
2-¢)2()
2¢ !
Te-ozo b

Y, (1, ) = Ya(t.1,))

(Yz(y, L) — Yy, In_z)) dy,

K= €)= Ca(§ = 0= (X0.6,) = Y50, )
+ _x__ [ (Y30,.Com) = Y30, C,0)) dy,
2-0Z© Jo
Kan®) = T,(0) = Ty (0 = ==L (v, T, L) = Y40, T, )
2-92Z(
+ _x__ [ (Y40 Tom) = Y40 To0)) dy,
2-02© Jo
Ksp0) = 4,(0) = A, (1) = % (Yot Ay )= Yot A, o))

L%
2-92@) Jo

Then we can write that

(Ys(y, An) — Y50, An_z)) dy.

S, =Y Ky, L= Ky@®), C,)=Y Ky(t),
i=1 i=1 i=1

T, = ) Ky(0, A1) =) Ks(0),
i=1 i=1

and using the Lipschitz property of Y, we obtain

1K, Ol = 15,() = S, Ol

201 -
= ﬁ (Y (1,.S,) = Y1, S,y))
2¢ 4
T2-0z0 0 (Y128, = Y1(0.S,0)) dy
201 -
= %ﬂl [18,-1() = S, 2Ol
2¢ !
-0z /O 15,210 = S,2 M), (25)

where p; < 1 is the Lipschitz constant from (21). Analogous estimates
hold for K,,, K3,, K4,, and Ks,:

2(1-¢)

K < —
K01 S 550

ol () = 1, Ol
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2¢ !
% I .y dy,
+ g [ 1,000 = Lol

2(1 -¢)
I1K5, @I < m#3||cn_1(f) = C,OIl
P - /tnc @)= Calld
@-0z@" Jo "t IR
2(1 -¢)
1Ky, DI < mM”Tn_](ﬂ =T,_,®ll
_ 2% /t T, ) -T, d 26
* a0z, 171 ) = T2y, (26)
2(1-¢)
I1Ks, I < mﬂs”An_l(t) - A,
_ 2% /t A A d 27
* a0z ), 14,21 () = A, W)lldy, 27)
Hence, the model (11) has a solution O

Theorem 3.2. The HIV model (11) with the CF operator admits a unique
solution if

< 2(1=¢) . 2t
2-92() 2-9Z()

where y; are the Lipschitz constants of the nonlinear functions Y.

)M,»Sl, i=1,2,3,4,5,

Proof. Suppose, contrary to our claim, that there is another solution
S*(®), I*(1), C*(1), T*(1), A*(1)

having the same initial values. Then, by the integral form of the CF
derivative,

. 21 -0 . x I .
S =50 Y, S _ Y, (y,S")dy,
0=S0+ a5z S oz J, NS
21— )

. . 26 /’ .
I*(t) = 10 Y, I+ ——=——— | Y,(.1%dy,
@) =10) + 2t )+(2—g)Z(g) A 2, 1) dy.

2-92(©

, 2(1-¢)
C')=C00)+ ———
0=cO+ 2-92(©

. 2(1-¢) . 2 / .
T =T — Y, T _— Y,(», T")dy,
O=TO+ 55z T ooz J, W&

. 26 /’ .
Y,0,.CH+ —== [ Y,0,CHay,
O Tz f, B

. 2(1-¢) ; 2 /’ .
A*() = A — Y. (t,A P Y:(y,A%)dy.
O=A0+ G5z T ooz f, BV
Subtracting the two solutions and using the Lipschitz property
o= [ 2d=9) _ *
IS - 8% = H PRI (Y108 = Y,(1.8M)
S N [(Y 5,8) = Y,(3,5) dy
2-92©) Jo * t
2(1-¢) .
—_— Y&, S) - Y, S
< (Z—g)Z(g)“ 15S) NG I
N 2—g/tur( $)=Y,0n Sl d
2-0Z@© Jo "1 e ey
2(1-¢) . 2 / .
< — 22 S-5 _— S —-S5%|d
< Z-oze"! I+ a=ozo" J, ! I
2(1-¢) 2¢ "
= S —=S7.
<<2 oz T z-ozo" ”) 15 =57
Thus,

2(1-¢) 26 > > -
1- + t §-8%<0.
( <(2 —oz@ te-oze') M) I
As aresult, ||S —S*|| =0 = S = S*. In a similar manner, we can
demonstrate

I=I*, C=C* T=T* A=A*"

Hence, the model (11) has a unique solution. O
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3.1. UH stability

The concept originates from Ulam of question on the stability of
group homomorphisms, which was answered by Hyers through the study
of additive mappings on Banach spaces using the contraction mapping
theorem [46,52,53]. In differential equations, UH stability ensures that
approximate solutions remain close to exact ones under small pertur-
bations. Establishing UH stability therefore complements existence and
uniqueness by confirming that the system under CF derivative is robust
and well-posed, even when the dynamics or numerical approximations
are slightly altered. To establish the UH stability of the model (11) under
the CF derivative. The HIV model is said to be UH stable if, for any ¢; > 0
(i = 1,...,5), there exists a true solution (S*(t), I*(¢), C*(t), T*(t), A*(¢))
such that the approximate solutions (S, I,C, T, A) satisfy

IS = 8% <mep, M= T*|| <mey,

lA — A%|| < nses,

IC = C*|l < 363,
IT = T*|| < nyeq,

for some bounded constants #; > 0.

Remark 3.1. If S satisfies
| D s - 10.9)|| < er.

then there exists a continuous perturbation A, (¢) with |h,(7)| < ¢, such
that

CEDES@t) =Y, (t,S) + hy(1).

Similar perturbations h;(r) exist for I,C, T, and A.

Theorem 3.3. Assume the nonlinearities Y; (i = 1, ...,5) satisfy a Lipschitz
condition with constants ;. Then, the model (11) is UH stable provided

<2<1—g) L 2 >u,-<1.
2-OME) " 2-9M©

Proof. Suppose S is an approximate solution with perturbation #4,, so
that

CEDES(t) =Y, (t, S) + hy (D).
Then

2(1-9)

Sit) =S _—
0=50+5"5z0

2¢ !
Y,(t,S)+m/0 Y, (», S(y)dy
20-9 ,

% /th d
te—ozo Ot ooz J, MO

The exact solution S*(r) satisfies the same relation without the
perturbation terms. Taking the difference yields

" 2(1-¢) 2¢ "
NGOER S-S
IS0 =Sl ((2 oz T g)Z(g)) mlls =57l
2(1-¢) 2¢
* ((2 020 T @a- g)Z(g)) ‘-

Hence,

(2<1—g> 4% )
0-0z@ | 0-0Z©
_(_20-9 2% '
! ((2—;)2(;) t ozo ) #

Analogous estimates hold for V, E, I, and R, yielding

IS —S*Il <mey, m =

11 = TI*|| < myer,

lA — A%|| < nses.

IC—C*ll <mzes. NT =T|| < ey,

Thus, the model (11) is UH stable. O
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4. Local and global stability
This section describes local and global stability analysis.

Theorem 4.1. The infection-free equilibrium point E, of model (11) is
locally asymptotically stable for R, < 1, and unstable when R, > 1.

Proof. Local stability of the infection-free equilibrium E, follows
from the spectrum of the Jacobian at E,, given by:

A+ 0 0 0 0
0 A+0; 0 0 0
JE, = 0 ~rrc A+ 0 P 0 (28)
0 -1 —7c A+ 0; —Ty
0 0 —Yca -0 140,
where,

O, =u+yic+r+ay,

O, =pu+ycs+tc+ac,

O;=pu+p+0r,

Op=p+o+14+ay.

At the infection—free equilibrium E, the characteristic equation is given
by

P(}) = | AT =T, (

which, as defined in Eq. (28), follows directly from the Jacobian matrix
evaluated at E,,.

A+u 0 0 0 0
0 A+ 0 0 0 0
P =det 0 —Yrc A+0, -p 0
0 -1 —7c A+ 05 —Ty
0 0 ~Yca -0y A+0,

The associated characteristics equation of P (4 + u) (A + G)]) A+ A2+
A+ c3),
g =u+0;+0,+0;+0,
=p(0,+0,+0;+0,)+0,(0,+0;)+0,(0,+06,)
+0; (0, +0,) — (prc +1407),
3=+0,0, (1+0,)+0;0, (4+0,)+0,0, (1+03) +0,0; (u+06,)
+ 4 (0,0, +0,0;)
= p7c (01 =04) = 1407 (0, = ©,) = utp0r = p (2arac + Hic) .
¢4 = 030, (0] +0,) — pO, (t474c + Hic) — Oy7407 (1 +O;)
+0,0,0; (u+0,)
— u(PTaYac + POyt +©y7,401) + 0,0, (4O, — prc)
¢5s = H(©,0,0;0, — pO; 747 4c — 010,701 — pO,0,7¢).
According to the Routh-Hurwitz stability criterion, the equilibrium E is

locally asymptotically stable if and only if all the Hurwitz determinants
H; > 0 wherei=1,2,3,4,5.

. | cg 1 0
H =¢ >0, H,= cl c >0, Hy=|c¢3 ¢ ¢ |>0,
37 cs ¢y C3
g 1 0 O
1
H,=| S @2 A >0, Hs = csH, > 0.

6 €& G O
0 0 ¢5 ¢

Hence, Hurwitz determinants are positive, then all the eigenvalues of
J(E,) have negative real parts, ensuring that the equilibrium point E,
is locally asymptotically stable.
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Theorem 4.2. The persistent-infection equilibrium point, E* is globally
asymptotically stable when R, > 1, and unstable otherwise.

Proof. Consider the nonlinear Lyapunov function defined as:

CF e S* CF . I* CF .
DIL=11 (1—?> S{+12<1_7> It

CF CF CF
c* T* A*
+l3<1—F> Cf+[4<1_T> Tf+15<1—7> A

(29)
Using system (11) in Eq. (29), the resulting expression is
CFpsy _ s* I
DiL=1, (1 - ?>(A—1//S—;4S)+12 (1 - T)
C*
WS —(+yic+r+ap)l)+1; <1_F> (30)

(rrel —=(u+vcq +7c +ac)C +pT)

*

+1, <1 - TT) (1)1 +7¢C + 14 A — (i + p+ 0,)T))
A*

+15 <1 - 7) YcaC+ 0T —(u+06+714+0ay)A).

Noting that E* is an equilibrium of model (11), we observe that

A=y*S* + uS*,
« S
HrYictTtag :W‘F
Yicl* + pT*
C s

)

Htycatictac= (31)

T " +1,C*+1,4A"
/"+p+0T :#’
T
YcaC* + 07T

HA+o+T4+a, = e

Substituting Eq. (31) into Eq. (30) yields:

T T
+1Cc*14<%—%*—%%+1> (32)
+14A%, (%—T?*—%%+l>

+7¢4C l;(%—%—%%+l>

+0,T"I; (%—%*—%%+1>

Through algebraic manipulation, Eq. (32) reduces to:

.
CFDSL = (W*S* + uS*) <2— S S—>

S* S
pr I'T™ I I
+(relr+ 2H—)(2-=-=
(ner+5e) (-7 )
Cc* T C*pT* *
L (Yeal P Tet Pl 2_C__£ (33)
Or 7oC* c c*
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* C* 0rT*
+<2_T__£>+<M+T_ﬂ>
9T 0T

3_m_l_i + yCA—C*p
TA T+ A* 0r

Through the use of the arithmetic-geometric mean inequality, the
inequalities in Eq. (33) are established as follows:

T,
T T*
.
-L_L <y,
I* 1
C* C
- _C <, 34
c ¢ ° 34
T
T T*
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Thus, “FDSL <0 for Ry > 1,and “ DL =0at S =S*1=1*C=
C*,T = T*,A = A*. LaSalle’s invariance principle implies that when
R, > 1, the system approaches the persistent-infection equilibrium in Q
from any initial condition, indicating global asymptotic stability.

5. Numerical scheme

For the numerical simulations, we employed the Adams-Bashforth
scheme adapted to the CF fractional derivative, and convergence is out-
lined in [54]. For the kernels Y; (i = 1,2,3,4), the following integral
system is obtained:

t

Y,(z,S(r))dr,

LSy s+ =—

S0 -30r= Z() 29 Jo

0 05 1
8

(b)

Fig. 3. R, as a function of the baseline transmission rate § and the treatment initiation rate for acute infection z;.

(a)

Er

(b)

02 04 06 08
8

(b)

Fig. 5. R, as a function of the baseline transmission rate § and the ART dropout rate p.
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It)—100) = ( )Yz(z 1)+ —— 0 / Y,(z, I(r))dz, Similarly, for 7 =1, the discrete formulation is:
C(n-C) = = in(r c)+ %G )/ Y;(r, C(1)) dr, (35) -S5O = Z( ) Y@y, SEo) + Zc )/ Y@, S@) dr,

_ ~Sy s S 10) = —E (1, Ity ) + —— / Y, I()) dt,
T@)-T(0) = Z(g) Y, T®)+ Z( ) Y4(T, T(z))dr, ( ) Z()

-6 S "
A(r) — A(0) = GYS(I AD) + —— Ys(r, A(r)) dr, C,— R0) = Z( )Y3(zn 1. C)) + 7 )/ Y5(1, C(1)) dt, (37)
Z( ) Z( )
T, = T0) = —Y,(t,_1. Tty ) + —— / Y, T () dt,
Discretizing the system (35) at t = ¢, yields: Z( ) 209

A, — A©0) = %Ys(tn_l,A(I,,_l)) + %g) /0 Y (1 AQ)) dt.

_ 1-— S S Tntl
Sy —S0) = %Yl(tn’ S@,) + TG) /0 Y, @, S@)dr, Subtracting (37) from (36), we obtain:

1,

n+l
I, —-10)= ( )Yz(t,,,l( ))+% Y, (@, 1(1) dt, Syp1 =Sy = Z( ) [Y1(ln,5(f,,))— Y (1, S, 1))]
- ¢ +1 L Tnt1
C1 —CO) = ( )Y3(tn,C(r ) e 20 Y;5(1,C(0)) dt, (36) + Z(g),/, Y, (1, S0)dt,
+1 1-—
T,,, —T() = 0 §Y4(IH,T(t,,))+ 70 Y, (@, T(t)) dt, Ly —S,= 70 [Yz(tn,l(t N =Y,y 10, )]
¢ Tyl
A — AQ) = Z( )Ys(tn,A(t,,)>+ 0 / Y51, A())dt, + 70 / Y, (1, 1) dt,
x10°
—¢=0.70
- =¢=0.78
...... =0.88
6|=-=-1.00
-4
2
0
0 20

(b)

Time in days

@

Time in days

(e)

Fig. 6. Dynamics of the fractional-order model at ¢ = 0.70,0.78,0.88, 1.

10
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1-
Cn+1 _Cn Z( ) [Y?:(tnﬁc(t )) l(tn—l’c(tn—l))]
< [ Yy.cana 38)
—_— 13 t 1
+ 70 /t 3(t, C(1) dt,
1-
Tﬂ+] - Tn = % [Y4(tn’T(tn)) l(tn—I’T(tn—l))]
I Ny
+ %/r 4, T (1) dt,
1-
App1 — Ay = 0 [YS(tn’A(t ) =Y (t, A,y

g Thtl
+ = Ys(t, A(t)) dt,
Z(G)/r,, 5(1, A()

To approximate the integral terms in Eq. (38), we apply a piecewise
linear interpolation between 7, and ¢, ;. For each kernel Y,, the integral
is expressed as:

1, 1, _ _ —
/ " Y1(I,S(t))dt=/ " [Y‘(t"’s")(t u1) fl(t"‘l’s"“)(t ) dt
1 t

n n

3h
= T4t S~

Yy (o1 Sno1)s

It 3h h
/ Y, 1(1)dt = TYZ(In’In)_ EYZ(tn—l’In—l)’
1

n

4
10 x10
8
6
(2]
4 ———T
....... 7,=0.0530 \
A Y
2|~ - 7,=0.0540 N
~
——7,=0.0600 S
0
0 20 40 60 80 100
Time in days
(a)
10000
——7,=0.0520
8000 | ~7i=0-05%0
...... 7,=0.0540
6000 |===7,=0-0600

o
4000
2000
0
0 20
Time in days
(0
3000
—7,=0.0520
2500 |= == 0.0530
...... 7,=0.0540
20001 _. _7-0.0600
< 1500
1000
500
0
0 20 40
Time in days

(e)
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il
/ Y1, C() dt = 3—Y;(t,,,C) 2 Y3015 G, (39)
1,

n

Int1 3h h
/ Yy, T@)dt = ==Xt T,) = 5 Y4ty Tpmh),
1

n

3h

Tnyl
/ Y5, A(®) dt = —YS(I A)— hYS(In LA
t

n

Substituting Eq. (39) into the update equations, we obtain:

I-¢ 3¢h
Sn+l - Sn Z( ) ( l(tn’S ) l(tnfl’ Snfl)) + F@)Yl(tn’sn)
ch
- F()Yl(tn—l’sn—])’
1- 3¢h
In+1 _In Z( ) (YZ(tn’ n) Y2(tn—171n—1)) 22( )YZ(tn’ n)
22( )YZ(tn 1> dp-1)s
1- 3¢ch
Cn+l - Rn = % (Y3(tn’ Cn) - Y3(tn—l! Cn—l)) 22( )Y3(tn! C )
ZZ(g)Yg(t" 1 Cuz1)s (40)
3¢ch
Tn+1 _Tn Z( ) (Y4(tn’ rl) Y4(ln—l’ )) ZZ( )Y4(tn’ rl)
x10*
35 —TI=0.0520
3|~ —T|:0.0530
2.5 [ T|=0.0540
_._T|=0.0600
2
15¢
1L
0.5F
0 as
0 20
Time in days
(b)
5000 —TI=0.0520
4000~ —T|:0.0530
...... T|=0.0540
3000 —-—TI=0.0600
-
2000
1000 /
J
o PR
0 20 40 60 80 100
Time in days
@

Fig. 7. Model behavior under fractional-order dynamics for z,, with the fractional order fixed at ¢ = 0.88.
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ch
2Z(§)Y4(tn 1’ n— 1)
1- 3¢h
Ay — A, = Z( ) (Ys(’ An)_YS(tn—l’An—l)) ZZg( )Ys(’
ch
2Z(G)Y5(I" A

Finally, isolating S, |, 1,11, Cpy1> Tpy1> and A, leads to the explicit
update scheme:

1-¢ + 3¢ch
Z()  2Z(9)

ch I-¢
Y
* (23@) 20 ) 1t i)

l—¢  3ch
Iyy=1,+ <—g n L) Y,(t,.1,)

S, =S, +< )Yl(tn,S,,)

Z@)  2Z(9)
ch  1- g)
t\ oo — 5= ) ol Lim)s
(22@) 2 )
l-¢ 3¢h >
Co1=C,+ + —= ) Y;5(,,C)
n+l — (Z(C) 2Z(€) 3¢ ns n
ch  1- g)
+ | —=2—-—=—)Y;3t,_,C,_)), (41)
(22@) 2@ ) et
150 A —p=0.0030
FA - =5=0.0035
sy SN\ e p=0.0050
===p=0.0070
100
(/2]
50
0
0 20 40 60 80 100
Time in days
(a)
60
—— =0.0030
= =p=0.0035
ol A S R $=0.0050
—-—5=0.0070
40
O 30
20
10
0
0 20 40 60 80 100
Time in days
(c)
120
100
80
< 60
40
—p=0.0030
- =p=0.0035
20 iy p=0.0050
o ===p=0.0070
0 20 40 60 80 100
Time in days
(e)
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l—g 3gh
Trl+1=Tn+< > 4(n’ y,)

Z(@) ZZ(g)
+ (%ﬁ’g) - 12;—5> Y4t T,
Apr = A, + <IZ%5 + %) Ys5(t,, Ay)

Egs. (41) define a high-accuracy, two-step fractional discretization
for the model (11). Substituting the approximations and simplifying, we
obtain:

1- 3¢h
Sn+1 - Sn Z( ) ( l(tn’S ) l(tn—]’Sn—l)) + F@Yl(tn’sn)
- F()Yl(ln—l’sn—l)’
1- 3¢h
In+l -I,= Z( ) (YZ(tn’I )= Y2(tn71’lnfl)) 2Z(c )YZ(tn’I )
ZZ( )YZ(tn I’ n— 1) (42)
Cn+1 - Cn Z( ) (Y3(tnvc ) YS(tn—van—l)) ZZ( )Y3(ln7c )
50
—— =0.0030
- =5=0.0035
40r . e p=0.0050
—-=5=0.0070
30
20
10
0
0 20 40 60 80 100
Time in days
(b)
25
—— =0.0030
- =9=0.0035
20
15
-
10
5
0
0 20 40 60 80 100
Time in days
(d

Fig. 8. Model behavior under fractional-order dynamics for p, with the fractional order fixed at ¢ = 0.88.
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25’,?;)Y3(t” 15 Caet)s

Tyt =T = 2 (400 T = Yyl Ty ) + o Y, (1,0 )
2©) 22(9)
ZZ@mn LT,

A — A, = 12()(Ys<tn,A) Ys(tyo1. Apy)) + 22( )Yso,,,A)
2z<g>Y5(t“ 1o An-t)-

Rearranging Eq. (42), the explicit update scheme is:

1-¢ 3¢h
— | Y
Sn+1 S + < Z(g) + ZZ(§)> I(tn’Sn)

sh 1-¢
e B § S 1),
+<ZZ(§) z@) 12 S0)

l1-¢  3¢h >
I,.,=1,+ Y,(t,. 1,
n+1 n (Z(g) ZZ(G) 2(n )

sh 1-¢
Y A1),
+<zz<g) Z(§)> 2(tn-121y-1)

1- <, 3¢h )
Co1=C,+ Y;5(¢,.C,
! ( zo T2zt ) B

P 108

—cr = 0.0400

= =g = 0.0500
sereenep = 0.0600

1.5 |=am=cp = 0.0800

0.5

0 20 40 60 80 100

0 20 40 60 80 100
Time in days
(0
4
10 x10
——c7 = 0.0400
= =—crp = 0.0500
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Fig. 9. Model behavior under fractional-order dynamics for ¢, with the fractional order fixed at ¢ = 0.88.
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IRl < (n+ DA™z, i=1,2,3,4.

6. Numerical simulations

In this section, we perform numerical simulations of the proposed
HIV model under the fractional-order CF derivative. The initial condi-
tions are set as .S(0) = 1000000, 7(0) = 5000, C(0) = 800, T'(0) = 550
and A(0) = 100, with parameter values provided in Table 1. To eval-
uate the influence of key interventions on HIV control, we focused on
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four critical parameters: z;, p, £;, and e,. These parameters were an-
alyzed directly to correspond to intervention strategies such as early
diagnosis, adherence support, and viral suppression under antiretrovi-
ral therapy. Fig. 3 shows that increasing # increases R, whereas higher
7; reduces R, demonstrating the importance of early treatment in limit-
ing secondary infections. Fig. 4 displays that higher ¢, elevates R, while
increasing 7 reduces R, highlighting the impact of both infectiousness
and timely treatment of chronic cases. Fig. 5 illustrates that R increases
with f and also rises with higher p, indicating that poor ART adherence
can substantially undermine epidemic control.

Fig. 6 depicts the variation of the system across fractional orders
¢ = 0.70,0.78,0.88, and 1.0. The results highlight the sensitivity of
epidemic trajectories to the memory effect inherent in fractional dynam-
ics, with lower ¢ values yielding slower decay in infection prevalence.
Consequently, the recruitment rate initially exceeds the infection pres-
sure, causing a temporary increase in the susceptible population before
infection becomes dominant and S(¢) declines. Higher ¢ values behave
similarly to the classical (¢ = 1) model, where infection spreads more
rapidly and susceptible decline. Similarly, infection progression is slower
due to memory effects, and the peaks of (1), C(r), T(¢) and A(¢) occur in
smaller magnitude.

Furthermore, in the fractional model (11), we varied the treatment
initiation rate for acute infection (z;), the ART dropout rate (p), and the
relative infectiousness of both acute and treated individuals (¢; and ).
These parameters exert the strongest influence on memory-dependent
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Fig. 10. Model behavior under fractional-order dynamics for ¢, with the fractional order fixed at ¢ = 0.88.
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transmission dynamics. The impact of parameter variation on infection
prevalence is illustrated in Figs. 7-10. Fig. 7 examines the effect of in-
creasing the treatment initiation rate z; while keeping the fractional
order fixed at ¢ = 0.88. Increasing r; mitigates the epidemic peak, high-
lighting the importance of early treatment initiation in reducing HIV
transmission.

Fig. 8 demonstrates that higher values of the treatment dropout rate p
substantially diminish the benefits of therapy, as individuals who discon-
tinue ART revert to a highly infectious state, leading to a resurgence in
prevalence. Fig. 9 shows that reducing the relative infectiousness during
the acute phase, ¢;, markedly suppresses epidemic intensity, highlight-
ing the disproportionate contribution of acutely infected individuals to
sustained transmission. Fig. 10 presents the effects of decreasing &, re-
flecting improved viral suppression among treated individuals, which
further diminishes long-term prevalence levels. These results indicate
that early ART initiation, sustained retention in care, and enhanced vi-
ral suppression act synergistically to reduce onward transmission. This
result highlights the pronounced sensitivity of outcomes to these pa-
rameters, underscores their pivotal role in shaping effective HIV control
strategies, and provides a quantitative basis for prioritizing intervention
policies.

7. Conclusion

In this study, we formulated and analyzed a five class HIV transmis-
sion model incorporating the CF fractional derivative. By combining the
memory—dependent features of fractional calculus with classical com-
partmental modeling, the framework captures a richer and more realistic
description of HIV dynamics. We established the existence and unique-
ness of solutions, derived a bounded invariant region, and computed the
basic reproduction number R, to characterize the epidemic threshold.
Numerical results show that lower fractional orders slow the conver-
gence to equilibrium, reflecting the influence of past infection history.
The simulations further demonstrate that early ART initiation, strong
adherence, and reduced dropout rates markedly suppress HIV transmis-
sion. Model parameters were estimated using the nonlinear least squares
approach. The system is locally asymptotically stable when R, < 1
and globally stable when R, > 1, as shown using a suitable Lyapunov
function. Solution stability was also examined using the UH criterion.
Enhanced viral suppression among treated individuals amplifies these
positive outcomes, leading to a sustained decline in HIV prevalence.
Overall, the results highlight the joint influence of treatment strategies
and memory effects on long term epidemiological dynamics, offering a
quantitative basis for prioritizing targeted intervention strategies. Future
work may extend this framework by incorporating optimal control for-
mulations to assess cost effective prevention and treatment strategies
under memory dependent transmission dynamics.
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