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ABSTRACT
This paper employs Chelyshkov wavelets neural network method for solving nonlinear fractal–fractional optimal
control problems (FFOCPs) in the Atangana–Riemann–Liouville sense. The described neural network is comprised
of three layers: the input layer, the hidden layer, and the output layer. This three-layer structure allows the neural net-
work to learn complex relationships between input and output by applying Chelyshkov wavelets in the hidden layer
and nonlinear scaling in the output layer. Initially, the problem under investigation is transformed into an equiva-
lent variational problem by applying the definition of the fractal–fractional integral. Subsequently, by utilizing the
Chelyshkov wavelets, the neural network method, and the Gauss–Legendre integration, the problem is reformulated
as a system of algebraic equations. Finally, this system is solved using Newton’s iterative method. Additionally, we
show the convergence of the proposed approach within the Hilbert space framework. To assess the applicability and
efficacy of the proposed scheme, four examples are given.
MSC2020 Classification: 26A33, 33F05, 92B20

1 | Introduction

Recently, fractional differential equations (FDEs) and fractional calculus (FC) have attracted considerable attention in
science and engineering. The development of FC and FDEs has a long history, dating back to the seminal works of
G.W. Leibniz (1695) and L. Euler (1730) in the seventeenth century. FC and FDEs have been used to study a wide range of
applied sciences, industrial, and engineering problems in recent decades. For example, viscoelasticity [1], bioengineering
[2], econometrics [3], statistical mechanics [4], and solid mechanics [5].
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Several definitions of the fractional derivative have been introduced, such as, Caputo fractional derivative,
Riemann–Liouville fractional derivative, and Hadamard fractional derivative [6, 7]. Meanwhile, a new derivative oper-
ator known as the fractal–fractional (FF) derivative was developed by combining the ideas of the fractal derivative and
fractional derivative [8]. The formulation of FF ordering problems can be found in [9, 10]. These sources show that the FF
operator order models perform better than the integer order, and [9] shows that these operators are very suitable for solv-
ing problems in the actual world. Numerous scientific fields, including banking and finance [11], chaotic diverse problems
[12] and Ebola virus simulation [13], have examined FF operators. It is noteworthy that, thus far, a variety of numerical
methods have been developed and applied to solve diverse classes of FF differential equations. For instance, Hosseininia
et al. [14] solved the FF two-dimensional Emden–Fowler equation via the 2D Chelyshkov polynomials method. Araz [15]
proposed a numerical method for FF Volterra integro-differential equation. Rahimkhani et al. [16] applied the Chelyshkov
polynomials and the Legendre–Gauss quadrature rule for FF 2D integro-differential equations. Rayal and Verma [17]
solved pantograph differential equation of the stretched type associated with FF derivatives via the fractional order Legen-
dre wavelets. Rahimkhani et al. [18] introduced a method based on the Vieta-Fibonacci polynomials FF integral operators
for solving FF differential equations system.

A field of mathematics known as “optimal control theory” is concerned with maximizing or minimizing a specified cost
function in particular dynamical systems. The fractional optimal control problem (FOCP) is an optimal control problem
in which the criterion function or the differential equations governing the dynamics of the system or both contains at
least one fractional order derivative term. At present, FOCPs have gained importance due to their many applications in
engineering, science, economics, geometry, and many other fields. To mention a few, FOCPs have been used in the mate-
rials with memory and hereditary effects, dynamical processes including gas diffusion and heat conduction in fractal
porous media [19], fractional-order controller in temperature and motor control applications [20], lateral control of an
autonomous guided vehicle [21], and fractional-order HIV-immune system with memory [22]. So, these new types of prob-
lems should be well studied and analyzed, and approximate methods for them should be developed effectively [23]. The
fractal–fractional optimal control problems (FFOCPs) are a generalization of the FOCPs. Some computational techniques
have employed to solve FFOCPs, such as Dehestani and Ordokhani [24] offered a numerical method for resolving FF opti-
mal control and variational problems that is based on the Pell–Lucas polynomials and the pseudo-operational matrix of FF
derivative. Heydari et al. [25] used the Legendre polynomials method to numerically solve nonlinear FFOCPs. A numeri-
cal method for the FFOCP of a novel malaria mathematical model was proposed by Sweilam et al. [26]. Sabermahani et al.
[27] proposed a method based on the generalized Lucas wavelets method for solving nonlinear FFOCPs. Rahimkhani
et al. [28] investigated the numerical treatment of 2D FFOCPs by the Müntz–Legendre polynomials method. Liu
et al. [29] applied the control parametrization technique for numerically solving FFOCPs involving Caputo-Fabrizio
derivatives.

The wavelets have gained popularity in science and engineering as a result of its effective applications in optimal con-
trol, signal analysis, numerical analysis, and more. Wavelet techniques offer excellent computational features, including
uniform approximation with no accumulative error, handling of singularities, flexibility in managing different boundary
conditions of differential equations, and adaptive and iterative techniques for nonlinear systems. The wavelets technique
outperforms other methods for solving differential equations numerically. For the benefits of wavelets numerical schemes,
see Reference [30]. Many researchers worked on several wavelets for the solutions of FDEs. Some of these wavelets include
Haar wavelets [31], Chebyshev wavelets [32], Pell wavelets [33], Bernoulli wavelets [34], Vieta–Fibonacci wavelets [35],
Genocchi wavelets [36, 37], and many others.

The Chelyshkov wavelets represent a family of orthonormal wavelet bases derived from the Chelyshkov polynomials.
They have demonstrated considerable effectiveness in the numerical resolution of both differential and integral equations.
Owing to their inherent orthogonality, structural simplicity, and computational efficiency, the Chelyshkov wavelets are
particularly well-suited for a wide range of applications in applied mathematics, scientific computing, and engineer-
ing analysis. The Chelyshkov wavelets were previously utilized to solve fractional delay differential equations [38],
delay FOCPs [39], distributed-order fractional differential equations [40], and a nonlinear system of ordinary differential
equations [41].

In this paper, we incorporate the Chelyshkov wavelets and neural network method for solving the following FFOCPs:

min 𝐽 = ∫
𝑇

0
(𝑡,(𝑡), (𝑡))𝑑𝑡, (1)
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constrained by the nonlinear FF dynamical system

𝐷
𝛾,𝜂

𝑡
(𝑡) =  (𝑡,(𝑡), (𝑡)), (2)

and the initial condition
(0) = 0. (3)

In this context,  and  are given continuous operator, (𝑡) and  (𝑡) are state and control variables, respectively, 𝑇 ∈
ℝ+,0 ∈ ℝ, and 𝐷𝛾,𝜂(𝑡) represents the Atangana–Riemann–Liouville FF derivative of order (𝛾, 𝜂).

It is worth noting that FOCPs may also involve state and control constraints as well as terminal cost terms. Several
well-established approaches have been developed to address such problems, including gradient-based optimization meth-
ods and control parameterization techniques (see, for example, [42–44]). In the present work, however, we restrict our
attention to unconstrained formulations in order to focus on the numerical treatment of nonlocal memory effects and
fractal dynamics.

In fact, in this study, a wavelet-based neural network framework is developed to efficiently solve nonlinear FFOCPs in
Equations (1–3). The proposed approach combines the approximation capability of the Chelyshkov wavelets with the flex-
ibility of neural networks to capture the inherent nonlocal memory and fractal characteristics of the underlying dynamical
systems. By transforming the original problem into an equivalent variational formulation and employing Gauss–Legendre
quadrature, the resulting model is reduced to a system of nonlinear algebraic equations. This system is then solved using
Newton’s iterative method, providing an accurate and computationally efficient numerical scheme. In general, the advan-
tages of integrating neural networks with the Chelyshkov wavelets are as follows:

• Efficient representation of complex dynamics: The Chelyshkov wavelets offer a compact and accurate basis for repre-
senting functions, while the neural network learns nonlinear residuals and complex patterns beyond the wavelets
approximation, enabling accurate modeling of nonlinear FFOCPs.

• Separation of global behavior and fine details: The wavelets basis effectively captures the overall smooth structure of
the solution, whereas the neural network adapts to localized variations, discontinuities, and multiscale effects. This
separation enhances accuracy without compromising stability.

• Improved accuracy with moderate computational cost: Using wavelets alone may require a large number of basis func-
tions to achieve high accuracy. Incorporating the neural network allows further improvement in precision without
excessively increasing computational cost.

• Balance between interpretability and learning capability: The Chelyshkov wavelets provide a mathematically grounded
and interpretable framework, while the neural network contributes the ability to learn complex patterns. Their com-
bination yields a method that is both theoretically analyzable and practically powerful.

To provide an overview of the work, the paper’s outline is as follows: some essential definitions, properties, and notations
of the FF calculus, the Chelyshkov wavelets and neural network method are presented in Section 2. In Section 3, a novel
approach for solving nonlinear FFOCPs has been developed, based on the neural network algorithm and the Chelyshkov
wavelets. The convergence of the proposed method is investigated in Section 4. Section 5 provides numerical results that
demonstrate the precision and potency of the recently suggested numerical system. Finally, Section 6 consists of a brief
summary.

2 | Principles

This section provides essential definitions, properties, and notations of fractal-FC, Chelyshkov wavelets and neural net-
work method that are fundamental to this study.

2.1 | FF Operator

Definition 1 ([18]). Let (𝑡) is the continuous and fractal differentiable of order 𝜂, the FF derivative in the
Atangana–Riemann–Liouville sense of order (𝛾, 𝜂) is defined as follows:

Mathematical Methods in the Applied Sciences, 2026 3
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𝐷
𝛾,𝜂

𝑡
(𝑡) = 𝐵(𝛾)

1 − 𝛾

𝑑

𝑑𝑡𝜂 ∫
𝑡

0
𝐸𝛾

(
−𝛾(𝑡 − 𝑠)𝛾

1 − 𝛾

)
(𝑠)𝑑𝑠, (4)

where 0 < 𝛾, 𝜂 < 1.

Definition 2 ([18]). Let (𝑡) is continuous function, the FF integral in the Atangana–Riemann–Liouville sense of
order (𝛾, 𝜂) is defined as follows:

𝐼
𝛾,𝜂

𝑡
(𝑡) = 𝛾𝜂

𝐵(𝛾)Γ(𝛾)∫
𝑡

0
(𝑡 − 𝑠)𝛾−1𝑠𝜂−1(𝑠)𝑑𝑠 + 𝜂(1 − 𝛾)𝑡𝜂−1(𝑡)

𝐵(𝛾)
, (5)

where 𝐵(𝛾) = 1 − 𝛾 + 𝛾

Γ(𝛾)
and 0 < 𝛾, 𝜂 < 1.

The one-and two-parameter Mittag–Leffler functions are identified respectively as follows [16]

𝐸𝛾 (𝑡) =
∞∑
𝑗=0

𝑡𝑗

Γ(𝑗𝛾 + 1)
, 𝛾 ∈ 𝑅+, 𝑡 ∈ 𝑅,

and

𝐸𝛾,𝜈(𝑡) =
∞∑
𝑗=0

𝑡𝑗

Γ(𝑗𝛾 + 𝜈)
, 𝛾, 𝜈 ∈ 𝑅+, 𝑡 ∈ 𝑅.

Property 1 ([17]). For FF derivative and integral in the Atangana–Riemann–Liouville sense, we have

𝐼
𝛾,𝜂

𝑡
𝐷

𝛾,𝜂

𝑡
(𝑡) = (𝑡) − (0).

2.2 | Chelyshkov Wavelets

The Chelyshkov wavelets are specified on 𝐿2[0, 1) as follows [40]

𝜑𝑛,𝑚(𝑡) =

{√
2𝑚 + 12

𝑘−1
2 𝑚,𝑚̂(2𝑘−1𝑡 − 𝑛̂), 𝑛̂

2𝑘−1 ≤ 𝑡 <
𝑛̂+1
2𝑘−1 ,

0, otherwise,
(6)

where 𝑚 = 0, 1,… , 𝑚̂; and 𝑛̂ = 𝑛 − 1; 𝑛 = 1, 2,… , 2𝑘−1. Furthermore, the Chelyshkov polynomials, denoted by 𝑚,𝑚̂(𝑡) are
defined as follows over the interval [0, 1] [40]:

𝑚,𝑚̂(𝑡) =
𝑚̂∑

𝑟=𝑚

(−1)𝑟−𝑚

(
𝑚̂ − 𝑚

𝑟 − 𝑚

)(
𝑚̂ + 𝑟 + 1
𝑚̂ − 𝑚

)
𝑡𝑟, 𝑚 = 0, 1,… , 𝑚̂. (7)

The following formulation provides the orthogonality criterion for the Chelyshkov polynomials, which are orthogonal
over [0, 1] [40]:

∫
1

0
𝑚,𝑚̂(𝑡)𝑛,𝑚̂(𝑡)𝑑𝑡 =

𝛿𝑚,𝑛

𝑚 + 𝑛 + 1
,

where 𝛿𝑚,𝑛 is the Kronecker delta.

2.3 | Neural Network Method

In this work, to solve the nonlinear FFOCPs, we present an orthonormal Chelyshkov wavelets neural network (ChWNN).
The proposed neural network consists of three layers as follows:

• Input layer: this layer consists of a single input node, denoted as 𝑡, which processes 𝜄 input data points given by
{𝑡1, 𝑡2,… , 𝑡𝜄}.

4 Mathematical Methods in the Applied Sciences, 2026
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• Hidden layer: A collection of orthogonal functions is chosen to serve as activation functions in this layer. In partic-
ular, we increase the representational capacity of the network by using the orthonormal Chelyshkov wavelets as the
activation functions.

• Output layer: The orthonormal Chelyshkov wavelets from the hidden layer are combined linearly to form the input
to this layer. This linear combination is subjected to an activation function to produce the final output. Consequently,
the ChWNN’s output for an input 𝑡 with parameter set 𝐶 is written as

ℕ(𝑡, ., 𝐶) = 𝐴𝐶𝑇 (Φ(𝑡))),

where 𝐴𝐶𝑇 (.) is activation function, and Φ(𝑡) is given by the following linear combination:

Φ(𝑡) =
2𝑘−1∑
𝑛=1

𝑚̂∑
𝑚=0

𝑐𝑛,𝑚𝜑𝑛,𝑚(𝑡).

The vector 𝐶 is structured as:

𝐶 = [𝑐1,0, 𝑐1,1,… , 𝑐1,𝑚̂, 𝑐2,0,… , 𝑐2,𝑚̂,… , 𝑐2𝑘−1,𝑚̂]𝑇 .

Remark 1. The training data set can be picked using many methodologies, such as equidistant points or the roots of
the Legendre polynomial. In this study, the training data set is constructed using the Legendre polynomial’s roots.

3 | The Established Strategy

In this part, we create a novel approach to solve the nonlinear FFOCP in Equations (1–3), based on the ChWNN. We
apply the operator 𝐼

𝛾,𝜂

𝑡
from Definition 2 to both sides of Equation (2) to solve problems (1–3), yielding:

(𝑡) = 0 + 𝐼
𝛾,𝜂

𝑡
( (𝑡,(𝑡), (𝑡))). (8)

By using the Atangana–Riemann–Liouville FF integral operator formulation, we obtain

(𝑡) = 0 +
𝛾𝜂

𝐵(𝛾)Γ(𝛾)∫
𝑡

0
(𝑡 − 𝑠)𝛾−1𝑠𝜂−1 (𝑠,(𝑠), (𝑠))𝑑𝑠

+ 𝜂(1 − 𝛾)𝑡𝜂−1

𝐵(𝛾)
 (𝑡,(𝑡), (𝑡)). (9)

Using the Legendre–Gauss quadrature rule [45] for the integral in Equation (9), we derive

(𝑡,(𝑡)) = 0 +
𝑡𝛾𝜂

2𝐵(𝛾)Γ(𝛾)

𝑛⋆∑
𝑗=1

𝜔𝑗

(
𝑡 −

(
𝑡

2
𝜏𝑗 +

𝑡

2

))𝛾−1( 𝑡

2
𝜏𝑗 +

𝑡

2

)𝜂−1

× (
𝑡

2
𝜏𝑗 +

𝑡

2
,(

𝑡

2
𝜏𝑗 +

𝑡

2

)
, (

𝑡

2
𝜏𝑗 +

𝑡

2

))
+ 𝜂(1 − 𝛾)𝑡𝜂−1

𝐵(𝛾)
 (𝑡,(𝑡), (𝑡)). (10)

Substituting Equation (10) into Equation (1), yields:

min 𝐽 = ∫
𝑇

0
(𝑡,(𝑡,(𝑡)), (𝑡))𝑑𝑡. (11)

Now, we approximate the functions (𝑡) and  (𝑡) using the ChWNN as

(𝑡) ≃ 𝐴𝐶𝑇1

⎛⎜⎜⎝
2𝑘−1∑
𝑛=1

𝑚̂∑
𝑚=0

𝑐𝑛,𝑚𝜑𝑛,𝑚(𝑡)
⎞⎟⎟⎠ = ℕ1(𝑡, , 𝐶), (12)

Mathematical Methods in the Applied Sciences, 2026 5
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and

 (𝑡) ≃ 𝐴𝐶𝑇2

⎛⎜⎜⎝
2𝑘′−1∑
𝑛′=1

𝑚̂′∑
𝑚′=0

𝑐′
𝑛′,𝑚′𝜑𝑛′,𝑚′ (𝑡)

⎞⎟⎟⎠ = ℕ2(𝑡, , 𝐶 ′), (13)

where 𝐴𝐶𝑇1(𝑡) and 𝐴𝐶𝑇2(𝑡) denote the activation functions in neural network, and 𝑐𝑛,𝑚 and 𝑐′
𝑛′,𝑚′ represent the unknown

coefficients. Substituting Equations (12) and (13) in Equation (11), we obtain

min 𝐽 = ∫
𝑇

0
(𝑡,(𝑡,ℕ1(𝑡, , 𝐶)),ℕ2(𝑡, , 𝐶 ′))𝑑𝑡. (14)

We use the Legendre–Gauss quadrature rule [45] as

𝐽 ≃ 𝑇

2

𝑛⋆∑
𝑗=1

𝜛𝑗
(
𝑇

2
𝜁𝑗 +

𝑇

2
,(

𝑇

2
𝜁𝑗 +

𝑇

2
,ℕ1

(
𝑇

2
𝜁𝑗 +

𝑇

2
, , 𝐶

))
,ℕ2

(
𝑇

2
𝜁𝑗 +

𝑇

2
, , 𝐶 ′

))
, (15)

where
{
𝜛𝑗

}𝑛⋆

𝑗=1 and
{
𝜁𝑗
}𝑛⋆

𝑗=1 are weights and Legendre–Gauss quadrature nodes, respectively.

Lastly, we use the following prerequisites to determine the optimal values of the problem’s unknown components:

𝜕

𝜕𝑐𝑛,𝑚
𝐽 = 0, 𝑛 = 1, 2,… , 2𝑘−1;𝑚 = 0, 1,… , 𝑚̂, (16)

and
𝜕

𝜕𝑐′
𝑛′,𝑚′

𝐽 = 0, 𝑛′ = 1, 2,… , 2𝑘′−1;′𝑚 = 0, 1,… , 𝑚̂′. (17)

Finally, we obtain a system of 2𝑘−1𝑚̂ + 2𝑘′−1𝑚̂′ algebraic equations with 2𝑘−1𝑚̂ + 2𝑘′−1𝑚̂′ unknowns. The above system
should be solved to determine 𝑐𝑛,𝑚 and 𝑐′

𝑛′,𝑚′ . To this end, Newton’s iterative scheme is employed, and the FindRoot package
in Mathematica software is utilized for its implementation. Therefore, the approximate solutions for (𝑡), (𝑡) and 𝐽 are
obtained by determining the unknown coefficients.

4 | Convergence Analysis

The convergence of the suggested method inside the Hilbert space framework is examined in this section. We demon-
strate that as the number of the Chelyshkov wavelets basis (𝑚⋆ = 2𝑘−1(𝑚̂ + 1) = 2𝑘′−1(𝑚̂′ + 1)) and number of the
Gauss–Legendaire iterations (𝑛⋆) increases, the approximate optimal value converges to the exact value. Also, in this
work, we consider 𝑚̂ = 𝑚̂′, and 𝑘 = 𝑘′.

Lemma 1 ([46]). Assuming that (𝑡), (𝑡) ∈ ℂ𝑚̂+1[0, 1] are expanded in terms of the Chelyshkov wavelets, denoted by
⋆

𝑚⋆ (𝑡), ⋆
𝑚⋆(𝑡), it follows that

lim
𝑚⋆→∞

||(.) − ⋆
𝑚⋆ (.)||2 = 0, lim

𝑚⋆→∞
|| (.) − ⋆

𝑚⋆(.)||2 = 0. (18)

Lemma 2. Let ⋆
𝑚⋆ (𝑡) is the best approximation to (𝑡) in the set spanned by the Chelyshkov wavelets, it follows that

||𝐼𝛾,𝜂

𝑡
(.) − 𝐼

𝛾,𝜂

𝑡
⋆

𝑚⋆ (.)||2 ≤ 𝜅||(.) − ⋆
𝑚⋆ (.)||2, (19)

where 𝜅 = 𝛾𝜂

𝐵(𝛾)Γ(𝛾)

√
Γ(2𝛾−1)Γ(2𝜂−1)

Γ(2𝛾+2𝜂−2)(2𝛾+2𝜂−2)
+ (1−𝛾)𝜂

𝐵(𝛾)
.

Proof. From Equation (2), and the Schwarz’s inequality, we acquire

|𝐼𝛾,𝜂

𝑡
((𝑡) − ⋆

𝑚⋆ (𝑡))|
≤ 𝛾𝜂

𝐵(𝛾)Γ(𝛾)∫
𝑡

0
(𝑡 − 𝑠)𝛾−1𝑠𝜂−1|(𝑠) − ⋆

𝑚⋆ (𝑠)|𝑑𝑠
6 Mathematical Methods in the Applied Sciences, 2026
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+ (1 − 𝛾)𝜂
𝐵(𝛾)

𝑡𝜂−1|(𝑡) − ⋆
𝑚⋆(𝑡)|

≤ 𝛾𝜂

𝐵(𝛾)Γ(𝛾)

(
∫

𝑡

0
(𝑡 − 𝑠)2𝛾−2𝑠2𝜂−2𝑑𝑠

) 1
2
(
∫

𝑡

0
((𝑠) − ⋆

𝑚⋆ (𝑠))2𝑑𝑠

) 1
2

+ (1 − 𝛾)𝜂
𝐵(𝛾)

|(𝑡) − ⋆
𝑚⋆ (𝑡)|

≤ 𝛾𝜂

𝐵(𝛾)Γ(𝛾)

√
Γ(2𝛾 − 1)Γ(2𝜂 − 1)
Γ(2𝛾 + 2𝛽 − 2)

𝑡
𝛾+𝜂− 3

2 ||(.) − ⋆
𝑚⋆ (.)||2

+ (1 − 𝛾)𝜂
𝐵(𝛾)

|(𝑡) − ⋆
𝑚⋆ (𝑡)|. (20)

Taking 𝐿2−norm on both side of Equation (20), we achieve

||𝐼𝛾,𝜂

𝑡
((.) − ⋆

𝑚⋆ (.))||2
≤ 𝛾𝜂

𝐵(𝛾)Γ(𝛾)

√
Γ(2𝛾 − 1)Γ(2𝜂 − 1)
Γ(2𝛾 + 2𝜂 − 2)

||𝑡𝛾+𝜂− 3
2 ||2||(.) − ⋆

𝑚⋆(.)||2
+ (1 − 𝛾)𝜂

𝐵(𝛾)
||(.) − ⋆

𝑚⋆ (.)||2
≤
⎛⎜⎜⎝

𝛾𝜂

𝐵(𝛾)Γ(𝛾)

√
Γ(2𝛾 − 1)Γ(2𝜂 − 1)

Γ(2𝛾 + 2𝜂 − 2)(2𝛾 + 2𝜂 − 2)
+ (1 − 𝛾)𝜂

𝐵(𝛾)

⎞⎟⎟⎠||(.) − ⋆
𝑚⋆(.)||2. (21)

◽

Theorem 1. Let ⋆
𝑚⋆ and  ⋆

𝑚⋆ be the approximate optimal solutions to (𝑡) and  (𝑡) in the space spanned by the
Chelyshkov wavelets. Assume that  and  satisfy the Lipschitz condition with constants 𝓁1 and 𝓁2, respectively, then we
conclude

𝐽 = lim
𝑚⋆,𝑛⋆→∞

𝐺𝑛⋆(⋆
𝑚⋆, ⋆

𝑚⋆ ), (22)

where

𝐺𝑛⋆(⋆
𝑚⋆, ⋆

𝑚⋆) =
𝑇

2

𝑛⋆∑
𝑗=1

𝜛𝑗(𝑡𝑗 ,0 + 𝐼𝛾,𝜂( (𝑡𝑗 ,⋆
𝑚⋆(𝑡𝑗), ⋆

𝑚⋆(𝑡𝑗))), ⋆
𝑚⋆(𝑡𝑗)),

and 𝑡𝑗 =
𝑇

2
𝜁𝑗 +

𝑇

2
.

Proof. Since  and  satisfy the Lipschitz condition with constants 𝓁1 and 𝓁2, we obtain

||(.,0 + 𝐼𝛾,𝜂( (.,(.), (.))), (.)) − (.,0 + 𝐼𝛾,𝜂( (.,⋆
𝑚⋆ (.), ⋆

𝑚⋆(.))), ⋆
𝑚⋆(.))||2

≤ 𝓁1||𝐼𝛾,𝜂 (.,(.), (.)) − 𝐼𝛾,𝜂 (.,⋆
𝑚⋆ (.), ⋆

𝑚⋆(.))||2 + 𝓁1|| (.) − ⋆
𝑚⋆ (.)||2

≤ 𝓁1𝜅|| (.,(.), (.)) −  (.,⋆
𝑚⋆ (.), ⋆

𝑚⋆ (.))||2 + 𝓁1|| (.) − ⋆
𝑚⋆ (.)||2

≤ 𝓁1𝓁2𝜅(||(.) − ⋆
𝑚⋆ (.)||2 + || (.) − ⋆

𝑚⋆ (.)||2) + 𝓁1|| (.) − ⋆
𝑚⋆ (.)||2

≤ 𝓁1𝓁2𝜅||(.) − ⋆
𝑚⋆ (.)||2 + 𝓁1(𝓁2𝜅 + 1)|| (.) − ⋆

𝑚⋆(.)||2. (23)

Moreover, since  is a continuous function, it follows that [47]

∫
𝑇

0
(𝑡,0 + 𝐼𝛾,𝜂( (𝑡,(𝑡), (𝑡))), (𝑡))𝑑𝑡 = lim

𝑛⋆→∞

𝑇

2

𝑛⋆∑
𝑗=1

𝜛𝑗(𝑡𝑗 ,0 + 𝐼𝛾,𝜂( (𝑡𝑗 ,(𝑡𝑗), (𝑡𝑗))), (𝑡𝑗)). (24)

Mathematical Methods in the Applied Sciences, 2026 7
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This implies that

∫
𝑇

0
(𝑡,0 + 𝐼𝛾,𝜂( (𝑡,(𝑡), (𝑡))), (𝑡))𝑑𝑡

= lim
𝑚⋆,𝑛⋆→∞

𝑇

2

(
𝑛⋆∑
𝑗=1

𝜛𝑗(𝑡𝑗 ,0 + 𝐼𝛾,𝜂( (𝑡𝑗 ,⋆
𝑚⋆ (𝑡𝑗), ⋆

𝑚⋆ (𝑡𝑗))), ⋆
𝑚⋆ (𝑡𝑗))

+
𝑛⋆∑
𝑗=1

𝜛𝑗

((𝑡𝑗 ,0 + 𝐼𝛾,𝜂( (𝑡𝑗 ,(𝑡𝑗), (𝑡𝑗))), (𝑡𝑗))

−(𝑡𝑗 ,0 + 𝐼𝛾,𝜂( (𝑡𝑗 ,⋆
𝑚⋆ (𝑡𝑗), ⋆

𝑚⋆ (𝑡𝑗))), ⋆
𝑚⋆ (𝑡𝑗))

))
. (25)

Based on the uniform convergence of (18) and (19) along with Equation (23), it follows that

lim
𝑚⋆,𝑛⋆→∞

|| 𝑛⋆∑
𝑗=1

𝜛𝑗

((𝑡𝑗 ,0 + 𝐼𝛾,𝜂( (𝑡𝑗 ,(𝑡𝑗), (𝑡𝑗))), (𝑡𝑗))

−(𝑡𝑗 ,0 + 𝐼𝛾,𝜂( (𝑡𝑗 ,⋆
𝑚⋆(𝑡𝑗), ⋆

𝑚⋆(𝑡𝑗))), ⋆
𝑚⋆ (𝑡𝑗))

)||2 ≤ 0. (26)

Therefore, we conclude

∫
𝑇

0
(𝑡,0 + 𝐼𝛾,𝜂( (𝑡,(𝑡), (𝑡))), (𝑡))𝑑𝑡

= lim
𝑚⋆,𝑛⋆→∞

𝑇

2

𝑛⋆∑
𝑗=1

𝜛𝑗(𝑡𝑗 ,0 + 𝐼𝛾,𝜂( (𝑡𝑗 ,⋆
𝑚⋆ (𝑡𝑗), ⋆

𝑚⋆ (𝑡𝑗))), ⋆
𝑚⋆(𝑡𝑗)). (27)

This complete the proof. ◽

5 | Computational Findings

To assess the accuracy and effectiveness of the developed approach, four test examples are examined. The calculations
were created in Mathematica 11 and all required numerical simulations were run on a personal computer. To evaluate the
proposed method, absolute error and residual error are used when the exact solution is available and unavailable, respec-
tively. Moreover, stability is examined via small perturbations in the initial conditions, and the value of the cost function
is reported as an indicator of solution quality. AE and NR stand for absolute error and numerical results, respectively, in
this section.

Example 1. Consider the following nonlinear FFOCP ([24, 25]):

min 𝐽 = 1
2∫

1

0
((𝑡) − sin(𝑡))2 + ( (𝑡) − tan(𝑡))2𝑑𝑡,

under the following conditions

𝐷𝛾,𝜂(𝑡) = 3𝑒6𝑡(𝑡2 + 2𝑡 + 9)2(𝑡) + cos(𝑡) 2(𝑡) − 3𝑒6𝑡 sin(𝑡)(𝑡2 + 2𝑡 + 9)2 − cos(𝑡)tan2(𝑡) + 𝐵(𝛾)𝑡2−𝜂

𝜂(1 − 𝛾)

∞∑
𝑟=0

(−1)𝑟𝑡2𝑟𝐸𝛾,2𝑟+2

(
−𝛾𝑡𝛾

1 − 𝛾

)
,

and the initial condition

(0) = 0.

The exact solution to the given problem is ((𝑡), (𝑡), 𝐽 ) = (sin(𝑡), tan(𝑡), 0).

8 Mathematical Methods in the Applied Sciences, 2026
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TABLE 1 | Comparison of the 𝐴𝐸 , 𝐴𝐸 and 𝐴𝐸𝐽 for 𝛾 = 0.60, 𝜂 = 0.35 obtained using the adopted strategy with Reference [24]
for Example 1.

Reference [24] Suggested approach

𝑴 = 6 𝒌 = 2, 𝒎̂ = 5 𝒌 = 1, 𝒎̂ = 10

𝒕 𝑨𝑬 𝑨𝑬 𝑨𝑬 𝑨𝑬 𝑨𝑬 𝑨𝑬

0.1 5.12 × 10−5 3.17 × 10−5 2.38 × 10−6 5.21 × 10−7 1.45 × 10−6 9.79 × 10−8

0.2 8.45 × 10−5 9.10 × 10−5 1.30 × 10−6 9.94 × 10−7 3.00 × 10−6 8.60 × 10−8

0.3 8.84 × 10−5 9.76 × 10−6 5.17 × 10−6 1.12 × 10−6 3.24 × 10−6 3.76 × 10−8

0.4 7.34 × 10−5 8.68 × 10−5 8.38 × 10−6 5.73 × 10−6 2.77 × 10−6 5.61 × 10−8

0.5 5.40 × 10−5 5.97 × 10−6 4.15 × 10−5 8.29 × 10−4 2.12 × 10−6 1.22 × 10−7

0.6 3.80 × 10−5 9.34 × 10−5 9.25 × 10−6 7.64 × 10−5 1.40 × 10−6 7.44 × 10−8

0.7 2.53 × 10−5 1.85 × 10−5 2.04 × 10−6 1.92 × 10−5 9.08 × 10−7 6.64 × 10−8

0.8 1.41 × 10−5 1.17 × 10−4 2.74 × 10−7 2.21 × 10−5 5.94 × 10−7 2.05 × 10−7

0.9 1.75 × 10−5 7.74 × 10−5 1.04 × 10−6 1.53 × 10−5 2.89 × 10−7 3.20 × 10−7

𝐴𝐸𝐽 5.22 × 10−9 5.60 × 10−25 4.80 × 10−25

TABLE 2 | Comparison of the 𝐴𝐸𝐽 obtained using the adopted strategy for 𝑘 = 2 with Reference [25] for Example 1.

Reference [25] Suggested approach

𝒕 𝒏 = 4 𝒏 = 8 𝒏 = 12 𝒎̂ = 5

𝛾 = 0.35, 𝜂 = 0.50 1.49 × 10−6 2.12 × 10−11 1.65 × 10−15 3.62 × 10−24

𝛾 = 0.55, 𝜂 = 0.50 1.49 × 10−6 2.12 × 10−11 3.53 × 10−15 9.61 × 10−25

𝛾 = 0.75, 𝜂 = 0.50 1.49 × 10−6 2.13 × 10−11 1.47 × 10−14 4.54 × 10−25

𝛾 = 0.90, 𝜂 = 0.50 1.49 × 10−6 2.40 × 10−11 7.78 × 10−14 7.95 × 10−26

𝛾 = 0.60, 𝜂 = 0.15 1.49 × 10−6 2.12 × 10−11 1.35 × 10−15 1.12 × 10−25

𝛾 = 0.60, 𝜂 = 0.35 1.49 × 10−6 2.12 × 10−11 2.73 × 10−15 5.60 × 10−25

𝛾 = 0.60, 𝜂 = 0.55 1.49 × 10−6 2.12 × 10−11 5.41 × 10−15 4.10 × 10−21

𝛾 = 0.60, 𝜂 = 0.75 1.49 × 10−6 2.12 × 10−11 6.67 × 10−15 1.03 × 10−24

The approximate solution of the above problem is expressed as:

𝐴𝐶𝑇1(𝑡) = 𝐴𝐶𝑇2(𝑡) = sinh(𝑡).

In Table 1, we compare the AEs of (𝑡), (𝑡), 𝐽 (denoted by 𝐴𝐸 , 𝐴𝐸 and 𝐴𝐸𝐽 ) for 𝛾 = 0.60, 𝜂 = 0.35 obtained using
the current approach with those obtained using the Pell–Lucas polynomials method as reported in [24]. Additionally,
Table 2 presents a comparison of the 𝐴𝐸𝐽 obtained using the proposed method and the Legendre polynomials method
[25]. Figure 1 illustrates the AEs and NRs curves for (𝑡) and  (𝑡) for 𝛾 = 0.90, 𝜂 = 0.50 with 𝑘 = 1, 𝑚̂ = 10. The NRs of
(𝑡) and  (𝑡) for 𝑘 = 1, 𝑚̂ = 5 for different values of 𝛾, 𝜂 are illustrated in Figure 2.

Example 2. Consider the following nonlinear FFOCP [24]:

min 𝐽 = ∫
3
2

0

(
𝑒−𝑡 + sin2(𝑡)((𝑡) − 𝑡3 − 𝑡5)2 + 𝑒−𝑡( (𝑡) − cos(𝑡))2)𝑑𝑡,

under the following conditions

𝐷𝛾,𝜂(𝑡) = − sin(𝑡)(𝑡) + sin( (𝑡)) + (𝑡3 + 𝑡5) sin(𝑡) − sin(cos(𝑡))

+ 𝐵(𝛾)3!𝑡4−𝜂

𝜂(1 − 𝛾)
𝐸𝛾,4

(
−𝛾𝑡𝛾

1 − 𝛾

)
+ 𝐵(𝛾)5!𝑡6−𝜂

𝜂(1 − 𝛾)
𝐸𝛾,6

(
−𝛾𝑡𝛾

1 − 𝛾

)
,

Mathematical Methods in the Applied Sciences, 2026 9
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FIGURE 1 | The AEs and NRs of (𝑡) and  (𝑡) for 𝛾 = 0.90, 𝜂 = 0.50 with 𝑘 = 1, 𝑚̂ = 10 for Ex. 1. [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 2 | The NRs of (𝑡) and  (𝑡) for 𝑘 = 1, 𝑚̂ = 5 for Example 1. [Colour figure can be viewed at wileyonlinelibrary.com]

and the initial condition

(0) = 0.

The exact solution to the given problem is ((𝑡), (𝑡), 𝐽 ) = (𝑡3 + 𝑡5, cos(𝑡), 1 − 𝑒
− 3

2 ).

The approximate solution of the above problem is expressed as:

𝐴𝐶𝑇1(𝑡) = 𝑡, 𝐴𝐶𝑇2(𝑡) = sinh(𝑡).

10 Mathematical Methods in the Applied Sciences, 2026
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TABLE 3 | Comparison of the values and AEs of 𝐽 obtained using the adopted strategy for 𝑘 = 1, 𝛾 = 0.5 with Reference [24] for
Example 2.

𝜼 = 0.55 𝜼 = 0.15

𝑱 𝑨𝑬𝑱 𝑱 𝑨𝑬𝑱

Reference [24]
𝑀 = 5 0.7768698401989184 — 0.7768698399230136 —
𝑀 = 8 0.7768698398515702 — 0.7768698398515702 —

Suggested approach
𝑀 = 5 0.7768704862113269 6.46 × 10−7 0.7768699946009163 1.55 × 10−7

𝑀 = 8 0.7768698398693931 1.78 × 10−11 0.7768698398739181 2.23 × 10−11

𝑀 = 10 0.7768698398515467 2.35 × 10−14 0.7768698398515503 1.98 × 10−14

TABLE 4 | The AEs of (𝑡) and  (𝑡) obtained using the adopted strategy with 𝑘 = 1, 𝛾 = 0.99 for Example 2.

𝜼 = 0.25 𝜼 = 0.50 𝜼 = 0.75

𝒕 𝑨𝑬 𝑨𝑬 𝑨𝑬 𝑨𝑬 𝑨𝑬 𝑨𝑬

0.1 1.88 × 10−5 3.88 × 10−8 1.69 × 10−5 3.88 × 10−8 2.03 × 10−5 3.88 × 10−8

0.2 8.43 × 10−5 2.13 × 10−8 6.29 × 10−5 2.13 × 10−8 6.27 × 10−5 2.13 × 10−8

0.3 2.05 × 10−4 9.25 × 10−8 1.38 × 10−4 9.25 × 10−8 1.25 × 10−4 9.25 × 10−8

0.4 4.06 × 10−4 4.31 × 10−8 2.55 × 10−4 4.31 × 10−8 2.14 × 10−4 4.31 × 10−8

0.5 7.26 × 10−4 8.38 × 10−8 4.32 × 10−4 8.38 × 10−8 3.42 × 10−4 8.38 × 10−8

0.6 1.22 × 10−3 5.23 × 10−8 6.91 × 10−4 5.23 × 10−8 5.23 × 10−4 5.23 × 10−8

0.7 1.94 × 10−3 9.22 × 10−8 1.06 × 10−3 9.22 × 10−8 7.73 × 10−4 9.22 × 10−8

0.8 2.98 × 10−3 4.59 × 10−8 1.58 × 10−3 4.59 × 10−8 1.11 × 10−3 4.59 × 10−8

0.9 4.44 × 10−3 1.05 × 10−7 2.28 × 10−3 1.05 × 10−7 1.56 × 10−3 1.05 × 10−7

𝐴𝐸𝐽 2.54 × 10−14 2.54 × 10−14 2.54 × 10−14

TABLE 5 | Comparison of the 𝐴𝐸𝐽 obtained using the adopted strategy for 𝑘 = 1 with Reference [25] for Example 2.

Reference [25] Suggested approach

𝒕 𝒏 = 4 𝒏 = 8 𝒎̂ = 5 𝒎̂ = 7 𝒎̂ = 10

𝛾 = 0.25, 𝜂 = 0.55 8.02 × 10−5 2.67 × 10−13 5.04 × 10−7 3.72 × 10−10 1.58 × 10−14

𝛾 = 0.45, 𝜂 = 0.55 7.56 × 10−5 3.27 × 10−13 6.65 × 10−7 1.11 × 10−10 2.25 × 10−14

𝛾 = 0.65, 𝜂 = 0.55 7.42 × 10−5 5.40 × 10−13 4.59 × 10−7 4.47 × 10−11 2.48 × 10−14

𝛾 = 0.85, 𝜂 = 0.55 1.08 × 10−3 8.62 × 10−8 1.98 × 10−7 4.13 × 10−11 2.54 × 10−14

𝛾 = 0.35, 𝜂 = 0.25 7.57 × 10−5 2.45 × 10−13 1.74 × 10−7 6.27 × 10−10 1.05 × 10−14

𝛾 = 0.35, 𝜂 = 0.45 7.70 × 10−5 3.19 × 10−13 3.24 × 10−7 3.14 × 10−10 1.70 × 10−14

𝛾 = 0.35, 𝜂 = 0.65 7.91 × 10−5 2.10 × 10−13 9.76 × 10−7 1.57 × 10−10 2.12 × 10−14

𝛾 = 0.35, 𝜂 = 0.85 8.17 × 10−5 3.26 × 10−14 1.78 × 10−6 8.24 × 10−11 2.32 × 10−14

In Table 3, the estimated values and AEs of 𝐽 obtained using the adopted strategy for 𝑘 = 1, 𝛾 = 0.5 are compared with
the Pell–Lucas polynomials method [24]. The AEs of (𝑡),  (𝑡) and 𝐽 obtained using the formulated technique with
𝑘 = 1, 𝛾 = 0.99 and 𝜂 = 0.25, 0.50, 0.75 are reported in Table 4. Moreover, Table 5 compares the values of 𝐴𝐸𝐽 obtained
using the proposed method with those obtained using the Legendre polynomials method [25]. Figure 3 presents the AEs
and NRs curves for (𝑡) and  (𝑡) with 𝑘 = 1, 𝑚̂ = 10, 𝛾 = 0.95, 𝜂 = 0.85. Figure 4 illustrates the NRs of (𝑡) and  (𝑡) for
𝑘 = 1, 𝑚̂ = 6, evaluated at different values of 𝛾 and 𝜂.
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FIGURE 3 | The AEs and NRs of (𝑡) and  (𝑡) with 𝑘 = 1, 𝑚̂ = 10, 𝛾 = 0.95, 𝜂 = 0.85 for Example 2. [Colour figure can be viewed
at wileyonlinelibrary.com]

FIGURE 4 | The NRs of (𝑡) and  (𝑡) for 𝑘 = 1, 𝑚̂ = 6 for Example 2. [Colour figure can be viewed at wileyonlinelibrary.com]

Example 3. Consider the following nonlinear FFOCP:

min 𝐽 = ∫
1

0
((𝑡) − 𝑒−𝑡)2 + ( (𝑡) − 𝑡𝑒−𝑡 + 1

2
𝑒𝑡

2−𝑡)2𝑑𝑡,

under the following conditions

𝐷𝛾,𝜂(𝑡) = 2(𝑡) + 2𝑒𝑡 (𝑡) + 𝐵(𝛾)𝑡1−𝜂

𝜂(1 − 𝛾)

∞∑
𝑟=0

(−1)𝑟𝐸𝛾,𝑟+1

(
−𝛾𝑡𝛾

1 − 𝛾

)
− 𝑒−2𝑡 − 2𝑒𝑡

(
𝑡𝑒−𝑡 − 1

2
𝑒𝑡

2−𝑡
)
,
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TABLE 6 | The AEs of 𝐽 obtained using the adopted strategy for 𝑘 = 2 and different values of 𝛾, 𝜂 for Example 3.

𝜸, 𝜼 𝒎̂ = 10 𝒎̂ = 11

𝛾 = 𝜂 = 0.1 8.16 × 10−26 1.89 × 10−27

𝛾 = 𝜂 = 0.3 4.93 × 10−27 3.22 × 10−30

𝛾 = 𝜂 = 0.5 1.44 × 10−25 5.90 × 10−30

𝛾 = 𝜂 = 0.7 1.66 × 10−18 4.97 × 10−30

𝛾 = 𝜂 = 0.9 1.54 × 10−26 1.87 × 10−32

TABLE 7 | The AEs of 𝐽 obtained using the adopted strategy for 𝑘 = 1 and different values of 𝛾, 𝜂 for Example 4.

𝜸, 𝜼 𝒎̂1 = 𝒎̂2 = 1 𝒎̂1 = 𝒎̂2 = 2 𝒎̂1 = 𝒎̂2 = 3

𝛾 = 𝜂 = 0.25 3.08 × 10−33 3.97 × 10−31 4.85 × 10−31

𝛾 = 𝜂 = 0.35 0 4.83 × 10−31 8.74 × 10−32

𝛾 = 𝜂 = 0.45 0 4.95 × 10−31 1.19 × 10−30

𝛾 = 𝜂 = 0.55 0 8.98 × 10−32 9.06 × 10−32

𝛾 = 𝜂 = 0.65 0 4.84 × 10−31 6.68 × 10−32

𝛾 = 𝜂 = 0.75 3.08 × 10−33 4.33 × 10−31 2.73 × 10−31

𝛾 = 𝜂 = 0.85 3.08 × 10−33 4.70 × 10−32 3.82 × 10−33

𝛾 = 𝜂 = 0.95 1.79 × 10−30 9.68 × 10−32 2.92 × 10−31

and the initial condition

(0) = 1.

The exact solution to the given problem is ((𝑡), (𝑡), 𝐽 ) =
(
𝑒−𝑡, 𝑡𝑒−𝑡 − 1

2
𝑒𝑡

2−𝑡, 0
)

.

The approximate solution of the above problem is expressed as:

𝐴𝐶𝑇1(𝑡) = 𝐴𝐶𝑇2(𝑡) = 𝑡.

Table 6 displays the AEs of 𝐽 resulting from the developed approach for 𝑘 = 2 and different values of 𝛾, 𝜂.

Example 4. Consider the following nonlinear 2D-FFOCP:

min 𝐽 = ∫
1

0 ∫
1

0
((𝑥, 𝑡) − 𝑒−𝑡 sin(𝑥))2 + ( (𝑥, 𝑡) − (𝑡2 + 𝑡)𝑥2)2𝑑𝑥𝑑𝑡,

under the following conditions

𝐷
𝛾,𝜂

𝑡
(𝑥, 𝑡) = 2(𝑥, 𝑡) + sin(𝑡) (𝑥, 𝑡) + 𝐵(𝛾)𝑡1−𝜂

𝜂(1 − 𝛾)

∞∑
𝑟=0

(−1)𝑟𝐸𝛾,𝑟+1

(
−𝛾𝑡𝛾

1 − 𝛾

)
sin(𝑥)

− 2𝑒−𝑡 sin(𝑥) − (𝑡2 + 𝑡)𝑥2,

and the initial condition

(𝑥, 0) = sin(𝑥).

The exact solution to the given problem is ((𝑥, 𝑡), (𝑥, 𝑡), 𝐽 ) = (𝑒−𝑡 sin(𝑥), (𝑡2 + 𝑡)𝑥2, 0).

The approximate solution of the above problem is expressed as:

𝐴𝐶𝑇1(𝑡) = 𝐴𝐶𝑇2(𝑡) = sinh(𝑡).
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FIGURE 5 | The NRs of (𝑥, 𝑡) and  (𝑥, 𝑡) with 𝑘 = 1, 𝑚̂1 = 𝑚̂2 = 2, 𝛾 = 𝜂 = 0.55 for Example 4. [Colour figure can be viewed at
wileyonlinelibrary.com]

Table 7 shows the AEs of 𝐽 resulting from the developed approach for 𝑘 = 1 and different values of 𝛾, 𝜂. Figure 5 illustrates
the NRs of (𝑥, 𝑡) and  (𝑥, 𝑡) with 𝑘 = 1, 𝑚̂1 = 𝑚̂2 = 2, 𝛾 = 𝜂 = 0.55.

6 | Concluding Remarks

In this work, we introduced a novel model for FFOCPs that uses the Atangana–Riemann–Liouville framework. To tackle
such issues numerically, the ChWNN method was utilized. First, the topic under consideration was converted into an
equivalent variational problem using the definition of the FF integral. The problem was then transformed into an algebraic
equation system using the Chelyshkov wavelets, the neural network approach, and Gauss–Legendre integration. Finally,
the system was solved using Newton’s iterative approach. Furthermore, a convergence analysis of the proposed approach
was performed. The experimental results from the test instances demonstrated that the proposed numerical methods were
accurate, had high precision, and required minimal processing. We compared our approximations to the exact results and
those obtained from other methods. The method presented in this research proved to be accurate and effective, and it
could be applied to locate and investigate numerical solutions for a wide range of real-world models. We plan to do the
following works in the future:

• Developing adaptive and optimized neural network architectures to enhance computational efficiency, especially for
large-scale problems.

• Exploring hybrid approaches by combining the proposed method with other numerical or machine learning tech-
niques, such as physics-informed neural networks or genetic algorithms, to further enhance accuracy and efficiency.

• Applying the methodology to practical problems in engineering, physics, biology, or finance where nonlocal and
memory-dependent behaviors are significant.

• Stability analysis of the suggested scheme for the numerical approximation of the problem under study is another
interesting problem for future research.
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