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ABSTRACT
This study introduces two- and three-dimensional optimal control problems characterised by the
ψ-tempered fractional derivative and proposes a novel numerical methodology based on deep
fractional-order Bernoulli optimisation to achieve their efficient solution. To this end, the problems
under consideration are first reformulated as equivalent variational problems. Subsequently, a deep
neural network employing the fractional-order Bernoulli functions and sinh as activation functions is
utilised to approximate the state variable. To facilitate the effective implementation of the proposed
method, we construct several integral operators of both integer and ψ-tempered fractional orders
based on the basis functions derived from the deep neural network. These operators are discretised
via the Fejér quadrature rule adapted to the ψ-tempered fractional calculus, ensuring stability and
high-precision integration. The proposed approach converts the 2D/3Dψ-tempered fractional opti-
mal control problem into an algebraic system using deep neural networks with integral operators
and Gauss–Legendre integration, which is efficiently solved via Newton’s method. The proposed
method combines simple implementation, low computational cost, and high accuracy. Its effective-
ness and robustness are validated through several representative 2D and 3D examples, confirming
the method’s applicability to complex fractional optimal control problems.
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1. Introduction

Fractional calculus provides a generalised mathemati-
cal framework in which differentiation and integration
are extended to non-integer orders. While its origins
date back nearly three centuries as a topic of pure
mathematics, its significant role in science and engi-
neering has only become prominent in recent decades.
The distinctive feature of fractional derivatives is their
inherent ability to incorporate memory and heredi-
tary effects into mathematical models, enabling accu-
rate descriptions of complex physical, biological, and
socio-economic systems. Fractional differential equa-
tions (FDEs) have thus been successfully employed in
diverse domains such as signal processing, electric-
ity, electrochemistry, mechanic, and climatemodelling
(Carpinteri & Mainardi, 2014; Chakraborty & Veere-
sha, 2024). Depending on their kernel structure, frac-
tional derivatives can be classified into singular types
(e.g. Riemann-Liouville andCaputo) andnon-singular
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types (e.g. Caputo-Fabrizio and Atangana-Baleanu),
each offering unique modelling capabilities tailored to
specific applications. The continuous development of
analytical approaches and efficient numerical meth-
ods further reflects the increasing recognition of frac-
tional calculus as a unifying bridge between mathe-
matical theory and applied sciences. Among the most
widely used approaches are homotopy perturbation
(Zurigat et al., 2010), fractional-order Bernoulli func-
tions (FBFs) (Rahimkhani et al., 2016), finite differ-
ence (Santra&Mohapatra, 2022), fractional chebyshev
cardinal wavelet (Heydari et al., 2023), and physics
informed neural network (Rahimkhani et al., 2025)
method.

The ψ-Caputo fractional derivative generalises the
classical Caputo operator by introducing a parameter-
either a function or a constant-allowing the frac-
tional order to adapt dynamically to the system’s
characteristics. This feature makes it particularly
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suitable for modelling phenomena with strong mem-
ory dependence and hereditary behaviour, as observed
in viscoelasticity and anomalous diffusion. Unlike
the standard Caputo derivative with a fixed power-
law memory kernel, the ψ-Caputo form permits
evolving memory kernels while retaining compat-
ibility with initial value problems. The develop-
ment of robust analytical and numerical meth-
ods is therefore essential, with approaches such
as monotone iterative (Baitiche et al., 2021), finite
difference (Li et al., 2024), ψ-fractional Genoc-
chi wavelet (Rahimkhani & Abdeljawad, 2025), and
extended Chebyshev cardinal wavelet (Heydari & Raz-
zaghi, 2024) method widely employed to solve
ψ-FDEs.

One type of fractional calculus of particular interest
is the so-called tempered fractional calculus. Math-
ematically, it is of interest as the unique intersec-
tion between weighted fractional calculus and frac-
tional calculus with analytic kernels. In modelling, it
has been used to understand turbulence in geophys-
ical flows (Meerschaert et al., 2014), and Levy pro-
cesses such as Brownian motion (Baeumer & Meer-
schaert, 2010). Tempered fractional calculus is so
important that it has been rediscovered at least
twice under different names, as generalised propor-
tional fractional calculus and as substantial frac-
tional calculus (Mali et al., 2022). Li et al. (2015)
examined various properties of tempered fractional
derivatives and explored the existence, uniqueness,
and stability of some tempered fractional ordinary
differential equations. Zhao et al. (2016) demon-
strated several properties involving function spaces
and compositions, before considering variational cal-
culus and spectral analysis for Riemann–Liouville-
type tempered fractional differential equations. Mor-
gado and Rebelo (2017) considered nonlinear Caputo-
type tempered fractional differential equations with
a terminal condition, analysed existence and unique-
ness properties of the solution, and proposed three
numerical techniques to approximate solutions of the
considered problems. Zaky (2019) investigated the
existence, uniqueness, and structural stability of solu-
tions to nonlinear Caputo-type tempered fractional
differential equations with generalised boundary con-
ditions, and developed a spectral collocation tech-
nique for numerical solutions of the considered equa-
tions, including detailed convergence and error analy-
sis.

Recently, the integration of ψ-fractional calculus
(ψ-FC) and tempered fractional calculus (TFC) has
emerged as a promising avenue for further research,
enhancing the modelling capabilities for complex
dynamical systems with memory and nonlocal prop-
erties. Fahad et al. (2021) proposed a comprehensive
framework that unifies tempered and Hadamard-type
fractional calculi by generalising the underlying oper-
ators with respect to an arbitrary monotonic func-
tion, known as ψ-TFC. This formulation can be con-
sidered a particular case of fractional calculus with
analytic kernels (Oumarou et al., 2021) and weighted
fractional calculus (Fernandez & Fahad, 2022). More-
over, Mali et al. (2022) rigorously analyzed ψ-
tempered fractional differential equations, proving
existence and uniqueness of solutions via the Banach
fixed-point theorem and establishing their stability
using Grönwall-type inequalities, thereby providing a
solid theoretical foundation for the well-posedness of
such models. Qiu et al. (2023) introduced two effi-
cient numerical approaches for solving ψ-tempered
integro-differential equations, thoroughly investigat-
ing the stability and convergence properties of the
semi-discrete schemes, which ensures the robustness
and reliability of these methods.

Control theory (Sayevand et al., 2022), rooted in
the classical contributions of Pontryagin and col-
leagues, provides a framework for influencing the
behaviour of dynamical systems toward desired objec-
tives. Within this context, optimal control problems
(OCPs) seek to minimise or maximise a performance
index that depends on the system’s dynamics. While
traditional OCPs are already widely applied across
disciplines such as economics, engineering, medicine,
and biology, the extension of these problems to include
fractional operators has given rise to the emerging
field of fractional optimal control theory (FOCPs).
FOCPs generalise classical OCPs by incorporating
fractional derivatives in the system dynamics, the per-
formance index, or both, thereby capturing mem-
ory and hereditary effects that classical models can-
not represent. However, the nonlinear and nonlocal
nature of fractional operators makes analytical solu-
tions to FOCPs highly challenging, particularly in
the presence of path constraints. Among these are
techniques based on modified fractional homotopy
(Qing & Pan, 2024), generalised Lerch polynomi-
als (Javad Ebadi, 2025), and orthonormal piecewise
Chelyshkov functions (Heydari & Razzaghi, 2022)



INTERNATIONAL JOURNAL OF SYSTEMS SCIENCE 3

method, which primarily solves unconstrained prob-
lems. For constrained FOCPs, where analytical treat-
ment is almost infeasible, attention has shifted toward
powerful numerical strategies, including Chebyshev
wavelet (Xu et al., 2021), generalised fractional Cheby-
shev functions (Rabiei & Parand, 2020), and Müntz-
Legendre polynomials (Rahimkhani et al., 2023)
method.Collectively, these advances highlight the cen-
tral importance of numerical approaches in solving
FOCPs and underscore their growing role in bridging
theory with real-world applications.

The lack of sufficient research on two- and three-
dimensional FOCPs, combined with the advantageous
features of the ψ-tempered fractional derivative (ψ-
TFD), hasmotivated our study to solve these problems
in 2D and 3D settings. The resulting formulations are
given as follows:

(a) 2D-ψ-TFOCPs:

min J [U ,V]

=
∫ 1

0

∫ 1

0
G(x, t,U(x, t),V(x, t)) dx dt, (1)

under the following constraint:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

TCDζ ,λ
ψ ,tU(x, t) = a1Uxx(x, t)+ a2Ux(x, t)

+V(x, t)+ F(x, t,U),
U(x, 0) = f (x), 0 < x ≤ 1,
U(0, t) = g1(t), U(1, t) = g2(t),
0 < t ≤ 1.

(2)

(b) 3D-ψ-TFOCPs:

min J [U ,V] =
∫ 1

0

∫ 1

0

∫ 1

0
G(x, y, t,U(x, y, t),

V(x, y, t)) dx dy dt, (3)

under the following constraint:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

TCDζ ,λ
ψ ,tU(x, y, t) = a1Uxx(x, y, t)

+ a2Uyy(x, y, t)+ a3Ux(x, y, t)
+V(x, y, t)+ F(x, y, t,U),

U(x, y, 0) = f (x, y), 0 < x, y ≤ 1,
U(x, 0, t) = h1(x, t), U(x, 1, t) = h2(x, t),
0 < x, t ≤ 1,

U(0, y, t) = g1(y, t), U(1, y, t) = g2(y, t),
0 < y, t ≤ 1.

(4)

Here, U and V denote the state and control
variables, respectively. The functions G,F , f , h1,
h2, g1 and g2 are assumed to be known and
continuous over their respective domains of
definition, and ai, i = 1, 2, 3 are given num-
ber. Also, TCDζ ,λ

ψ ,t is the ψ-tempered fractional
derivative of Caputo type of order ζ with tem-
pering index λ ∈ R.

Since the advent of deep neural networks (DNNs)
(Hinton et al., 2006), deep learning has gained remark-
able attention and widespread use. These approaches
have been successfully utilised in diverse domains
such as speech recognition (Nassif et al., 2019),
complex spatio-temporal dynamic systems (Vaziri
& Fang, 2025), and image analysis (Yang et al., 2018).
Although most implementations rely on DNNs pri-
marily as regression frameworks, growing research
efforts have begun to explore their potential in solving
of differential equations. Hajimohammadi et al. (2021)
employed a Legendre-based DNNs for solving nonlin-
ear Volterra-Fredholm-Hammerstein integral equa-
tions. Dufera (2021) employed DNNs to solve sys-
tems of differential equations, proposing a vectorised
algorithm implemented in Python. Guo et al. (2021)
proposed a deep collocation method for thin plate
bending problems. Rahimkhani (2023) applied the
fractional-order Genocchi DNN to solve a class of
nonlinear stochastic differential equations influenced
by fractional Brownian motion.

In this work, the considered problems are ini-
tially recast into a variational formulations. A DNN
equipped with a fractional-order Bernoulli activa-
tion function is then adopted to approximate the
associated state variable. To enable practical realisa-
tion of the proposed framework, a family of integral
operators of both integer and ψ-tempered fractional
type are defined, constructed directly from the net-
work’s basis functions. By combining these opera-
tors with the structural properties of the DNN, the
2D and 3D-ψ-TFOCPs are reformulated as finite-
dimensional algebraic systems. The discretisation
relies on 2D/3D Gauss–Legendre integration rules,
leading to a nonlinear algebraic model that can be
efficiently handled through Newton’s iterative proce-
dure. The main contributions and innovative aspects
of the proposed framework can be summarised as
follows:
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• Generalized ψ-tempered fractional formulation:
This work introduces a fully generalised 2D/3D
ψ-tempered fractional optimal control framework
that (Li et al., 2015; Mali et al., 2022), unlike classi-
cal approaches, (1) captures nonlocal and memory-
dependent dynamics, (2) incorporates a flexible
ψ-function to accurately model a wide range of
complex system behaviours, (3) employs tempering
to ensure physically realistic and bounded mem-
ory effects, (4) enhances numerical stability and
convergence, and (5) enables smooth transition
between fractional and classical behaviours, provid-
ing robust applicability for real-world engineering
and physical problems.

• Deep fractional-order Bernoulli approximation: A
novel deep neural network architecture equipped
with fractional-order Bernoulli functions and the
sinh activation function is developed. The proposed
framework leverages deep neural networks to effi-
ciently approximate solutions of high-dimensional
and nonlinear ψ-tempered fractional optimal con-
trol problems. The DNNs provide continuous and
differentiable solutions, allow evaluation at arbi-
trary points, and offer high accuracy evenwith a rel-
atively small number of parameters. Their power-
ful function approximation capability enablesmod-
elling complex multivariable interactions, while
their flexibility and generalisation ensure robust
performance across diverse system dynamics, sur-
passing classical numerical methods in both effi-
ciency and scalability.

• Direct construction of ψ-tempered integral opera-
tors: The ψ-tempered fractional and integer-order
integral operators are constructed directly from the
DNN basis functions without introducing auxil-
iary approximations. Such direct operator construc-
tion is uncommon in conventional numerical tech-
niques and leads to improved stability, accuracy,
and consistency of the discretised scheme.

• High-order discretization via Fejér and Gauss–
Legendre quadrature: The incorporation of Fejér
quadrature (adapted toψ-tempered operators) and
2D/3D Gauss–Legendre rules results in highly
accurate integral evaluation, ensuring robust and
stable discretization even in complex multidimen-
sional domains.

• Efficient algebraic reformulation and fast solvers:The
overall framework reduces the 2D/3D ψ-TFOCPs
to a finite-dimensional nonlinear algebraic system

that can be efficiently solved using Newton’s iter-
ative procedure, thereby achieving low computa-
tional cost and fast convergence.

The structure of the current research is presented as
follows: In Section 2, we review the definitions of the
ψ-tempered fractional integral (ψ-TFI) and deriva-
tive operators along with their main properties, and
also provide an overview of DNNs. Section 3 starts
by presenting the fundamental integral operators and
then details the proposed numerical scheme for solv-
ing 3D-ψ-TFOCPs. Section 4 focuses on establishing
the error estimate for the approximated cost function.
Section 5 illustrates the proposed approach through
three numerical examples and their respective simula-
tion outcomes, highlighting its effectiveness. Conclud-
ing remarks are given in Section 6.

2. Preliminary framework

This section presents a detailed overview of the fun-
damental definitions of ψ-tempered fractional cal-
culus within the domain ϒ = [0, 1] × [0, 1] × [0, 1].
In addition, the fractional-order Bernoulli deep neu-
ral network (FBDNN) framework, and some of their
properties are introduced.

2.1. ψ-tempered fractional calculus

Definition 2.1 (Mali et al., 2022): Let U denote
an absolutely ψ-integrable function defined on the
domainϒ , whereψ ∈ C1([0, 1]) is a strictly increasing
function satisfying ψ ′(t) �= 0 for all t ∈ [0, 1]. Then,
the ψ-TFI of U , of order ζ > 0 with tempering index
λ ∈ R, is defined as follows:

TIζ ,λψ ,tU(x, y, t) = 1
�(ζ )

∫ t

0
ψ ′(ς)(ψ(t)− ψ(ς))ζ−1

× e−λ(ψ(t)−ψ(ς))U(x, y, ς) dς . (5)

Definition 2.2 (Mali et al., 2022): Let U belong to the
spaceACn

ψ ,t(ϒ) as defined inMali et al. (2022), and let
ψ ∈ Cn([0, 1]) be a strictly increasing function satis-
fying ψ ′(t) �= 0 for all t ∈ [0, 1]. Then, the ψ-TFD of
Caputo type for the functionU , of order ζ ∈ (n − 1, n)
with tempering index λ ∈ R, is defined as follows:

TCDζ ,λ
ψ ,tU(x, y, t)

= TIn−ζ ,λ
ψ ,t

(
1

ψ ′(t)
.
d
dt

+ λ

)n
U(x, y, t). (6)
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Proposition 2.1 (Mali et al., 2022): Assume that ζ ∈
(0,∞), λ ∈ R, and β ∈ (−1,∞). Under these assump-
tions, the following results are established:

TIζ ,λψ ,t (e−λψ(t)(ψ(t)− ψ(0))β)

= �(β + 1)
�(β + ζ + 1)

e−λψ(t)(ψ(t)− ψ(0))β+ζ ,

TIζ ,λψ ,t ((ψ(t)− ψ(0))β)

= �(β + 1)
�(β + ζ + 1)

e−λ(ψ(t)−ψ(0))(ψ(t)− ψ(0))β+ζ

× 1F1(β + 1;β + ζ + 1; λ(ψ(t)− ψ(0))), (7)
TIζ ,λψ ,t (1) = e−λ(ψ(t)−ψ(0))(ψ(t)− ψ(0))ζ

× E1,1+ζ (λ(ψ(t)− ψ(0))),

for β > �ζ�
TCDζ ,λ

ψ ,t(e
−λψ(t)(ψ(t)− ψ(0))β)

= �(β + 1)
�(β − ζ + 1)

e−λψ(t)(ψ(t)− ψ(0))β−ζ ,

TCDζ ,λ
ψ ,t((ψ(t)− ψ(0))β)

= �(β + 1)
�(β − ζ + 1)

e−λ(ψ(t)−ψ(0))(ψ(t)− ψ(0))β−ζ

× 1F1(β + 1;β − ζ + 1; λ(ψ(t)− ψ(0))), (8)
TCDζ ,λ

ψ ,t(1) = λne−λ(ψ(t)−ψ(0))(ψ(t)− ψ(0))n−ζ

× E1,n+1−ζ (λ(ψ(t)− ψ(0))),

where 1F1(a; c; z) is the well-known Kummer’s function
or confluent hypergeometric function, n − 1 < ζ < n,
and Ea,b is the two-parameter Mittag-Leffler function.

Theorem 2.1 (Mali et al., 2022): Let ζ ∈ (0,∞), and
λ ∈ R, then we have

(i) If n − 1 < ζ < n ∈ N and U ∈ Cn
t (ϒ), then

TCDζ ,λ
ψ ,t

TIζ ,λψ ,tU(x, y, t) = U(x, y, t),
(ii) If n − 1 < ζ < n ∈ N and U ∈ ACn

ψ ,t(ϒ), then

TIζ ,λψ ,t TCDζ ,λ
ψ ,tU(x, y, t)

= U(x, y, t)− e−λψ(t)
n−1∑
j=0

(ψ(t)− ψ(0))j

j!

×
((

1
ψ ′(t)

.
d
dt

)j
(eλψ(t)U(x, y, t))

)
|t=0.

Theorem 2.2 (Mali et al., 2022): If ζ1, ζ2 ∈ (0,∞)

and λ ∈ R, such that �ζ2� < �ζ1�, then
TCDζ2,λ

ψ ,t
TIζ1,λψ ,t U(x, y, t) = TIζ1−ζ2,λψ ,t U(x, y, t).

2.2. Deep neural network

The primary motivation behind the introduction of
the FBDNN is its application to the solution of com-
plex differential models. This framework extends the
role of deep learning in scientific computing, with
a particular emphasis on the accurate and efficient
solution of differential equations. The FBDNN inte-
grates the strengths of deep learning architectures with
those of numerical methods, such as the collocation
technique, thereby providing a hybrid computational
tool that enhances the accuracy and robustness of the
obtained solutions.

Conceptually, the FBDNN is structured as a com-
bination of two interconnected subnetworks. The first
subnetwork is a feed-forward neural network aug-
mented with a layer of FBFs, designed to approximate
the solution of the underlying model. The second sub-
network consists of a sequence of operation nodes,
which incorporate essential mathematical operators
such as differentiation, integration, and numerical
quadrature, to ensure that the approximate solution
satisfies the governing differential system. Specifically,
the integral operators of both integer andψ-tempered
fractional orders, the Legendre-Gauss quadrature and
Fejér quadrature formula are embedded into this
architecture to accelerate convergence and improve
solution accuracy.

The architecture of the first subnetwork, con-
sisting of N - layers, can be expressed as follows
Rahimkhani (2023):⎧⎪⎪⎨

⎪⎪⎩
D0 = x, x ∈ R	,
D1 = Bε(W(1)D0 + b(1)),
Di = f (W(i)Di−1 + b(i)), 2 ≤ i ≤ N − 1,
DN = W(N )DN−1 + b(N ).

(9)

HereD0 represents the input layer,Di, 1 ≤ i ≤ N − 1
denote the hidden layers, and DN is the output layer.
The activation function is denoted by f, whileW(i) and
b(i) represent, respectively, the weight vectors and bias
parameters associated with the ith layer. The expres-
sion Bε(x) = [Bε0(x),B

ε
1(x), . . . ,B

ε
m̂(x)]

T , denotes the
vector of FBFs, where each Bεi (x), i = 0, 2, . . . , m̂, rep-
resents an individual FBFs, defined over the interval
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[0, 1] as follows Rahimkhani et al. (2016):

Bεi (t) =
i∑

r=0

(
i
r

)
Bi−rxrε , i = 0, 1, . . . ,m, (10)

where Bi, i = 0, 1, . . . ,m are the Bernoulli numbers.
Any continuous function U(x, t) belonging to the

space L2([0, 1] × [0, 1]) can be approximate as

U(x, t) 	 DN (x, t, Ũ), (11)

where

Ũ = [ũi,j](m+1)×(m̃+1).

Furthermore, for any continuous function U(x, y, t)
belonging to the Hilbert space L2([0, 1] × [0, 1] ×
[0, 1]), the following approximation can be employed:

U(x, y, t) 	 DN (x, y, t,U), (12)

where

U = [ui,k](m+1)2×(m̃+1).

The second network is designed to solve the pro-
posed models under consideration. To achieve this,
it employs operation nodes corresponding to deriva-
tives, integrals, and related operators. Moreover, Leg-
endre–Gaussian quadrature and standard differentia-
tion techniques are incorporatedwithin the network to
enhance both accuracy and computational efficiency.
The training process is carried out such that the pre-
scribed cost function is minimised.

Remark 2.1: The selection of training data plays a
critical role in the efficiency of the FBDNN. To con-
struct an adaptive scheme, collocation points should
be concentrated in regions where the solution exhibits
rapid variations or high-frequency behaviour. Vari-
ous strategies are available for choosing these points,
including equidistant discretization or roots of orthog-
onal polynomials. In this study, the roots ofNth-order
Legendre polynomials were employed to generate the
training dataset.

Remark 2.2: Justification of the choice of fractional-
order Bernoulli polynomials as basis functions:
according to Mashayekhi et al. (2013), the Bernoulli
polynomials form a complete basis over the interval
[0, 1]. For approximating an arbitrary time function,
the advantages of Bernoulli polynomials Bi(t), i =

0, 1, . . . over the shifted Legendre polynomials Pi(t),
i = 0, 1, . . . are:

• The Bernoulli polynomials have less terms than the
shifted Legendre polynomials. For example, B6(t)
has 5 terms, while P6(t) has 7 terms, and this dif-
ference will increase by increasing i. Hence, for
approximating an arbitrary function, we use less
CPU time by applying the Bernoulli polynomials as
compared to the shifted Legendre polynomials.

• The coefficient of individual terms in the Bernoulli
polynomials Bi(t), are smaller than the coefficient
of individual terms in the shifted Legendre polyno-
mials Pi(t). Since the computational errors in the
product are related to the coefficients of individual
terms, the computational errors are less by using the
Bernoulli polynomials.

3. Formulation of deep Bernoulli optimisation
method

In this section, we present a novel numerical frame-
work that integrates the FBFs collocation method with
DNNs for the efficient solution of 3D-ψ-TFOCPs. To
establish the foundation of the proposed approach, we
first derive the essential integer-order andψ-TFI oper-
ators, which constitute the core building blocks of the
computational methodology.

3.1. Required integral operators

The ψ-TFI operator of order ζ > 0 with temper-
ing parameter λ ∈ R, corresponding to the function
DN (x, y, t,U), is formally defined as follows:

�1(x, y, t, ζ ) = TIζ ,λψ ,tDN (x, y, t,U). (13)

UtilisingUtilizing the definition of the ψ-TFI in com-
bination with the Fejér quadrature rule (Youssri
& Atta, 2024), we derive the following expression:

�1(x, y, t, ζ )

= 1
�(ζ )

∫ t

0
ψ ′(ϑ)(ψ(t)− ψ(ϑ))ζ−1

× e−λ(ψ(t)−ψ(ϑ))DN (x, y,ϑ ,U) dϑ

= t
�(ζ )

n∗∑
k=0

ωkψ
′
(
t
(
1 + νk

2

))
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×
(
ψ(t)− ψ

(
t
(
1 + νk

2

)))ζ−1

× e−λ
(
ψ(t)−ψ

(
t
(
1+νk
2

)))

× DN
(
x, y, t

(
1 + νk

2

)
,U

)
, (14)

where

νk = cos(vk), ωk = 2 sin(vk)
n∗

� n∗
2 �∑

i=0

sin((2i − 1)vi)
2i − 1

,

and

vk = kπ
n∗ , k = 0, 1, . . . , n∗.

The second-order integral of the function�1(x, y, t, ζ )
with respect to the variables x and y is expressed as
follows:

�2(x, y, t, ζ ) = I2
x�1(x, y, t, ζ ),

�3(x, y, t, ζ ) = I2
y�1(x, y, t, ζ ).

(15)

Applying the Fejér quadrature formula, we obtain the
following results:

�2(x, y, t, ζ )

=
∫ x

0
(x − ϑ)�1(ϑ , y, t, ζ ) dϑ

= x
n∗∑
k=0

ωk

(
x − x

(
1 + νk

2

))

×�1

(
x
(
1 + νk

2

)
, y, t, ζ

)
, (16)

and

�3(x, y, t, ζ )

=
∫ y

0
(y − ϑ)�1(x,ϑ , t, ζ ) dϑ

= y
n∗∑
k=0

ωk

(
y − y

(
1 + νk

2

))

×�1

(
x, y

(
1 + νk

2

)
, t, ζ

)
. (17)

By Utilizing the previously outlined methods, the
remaining required integrals can similarly be com-
puted

�4(x, y, t, ζ ) = I2
x�3(x, y, t, ζ ),

�5(x, y, t) = I2
xDN (x, y, t,U),

�6(x, y, t) = I2
y�5(x, y, t),

�7(x, y, t, ζ ) = Ix�4(x, y, t, ζ ).

(18)

Remark 3.1: The Fejér quadrature formula (Youssri
& Atta, 2024) has garnered widespread recognition
and adoption due to its remarkable efficiency, accu-
racy, and the inherent simplicity that characterises its
implementation. One of its key advantages lies in the
ease with which error estimates can be derived, pro-
viding practitioners with valuable insights into the
reliability of the obtained results. When adapted to ψ-
tempered fractional calculus, this quadrature formula
offers several additional benefits. It enables highly
accurate numerical integration by efficiently captur-
ing the behaviour of ψ-tempered fractional opera-
tors over the entire integration interval. Its spectral
nature allows smooth handling of weak singularities
and nonlocal memory effects inherent in fractional
operators, whilemaintaining computational efficiency.
Moreover, when combined with deep Bernoulli neural
network approximations, Fejér quadrature ensures sta-
ble and accurate evaluation of ψ-tempered fractional
integrals, making it particularly suitable for complex
multidimensional applications.

3.2. Procedure

To solve problem (3)-(4), the term ∂ζ+4

∂tζ ∂x2∂y2U(x, y, t)
is approximated using the FBDNN framework as fol-
lows:

∂ζ+4

∂tζ ∂x2∂y2
U(x, y, t) = DN (x, y, t,U), (19)

where TCDζ ,λ
ψ = ∂ζ

∂tζ .
Applying the operator TIζ ,λψ ,t to both side of

Equation (19), we obtain the following formulation:

∂4

∂x2∂y2
U(x, y, t) = �1(x, y, t, ζ )+ e−λ(ψ(t)−ψ(0))

× ∂4

∂x2∂y2
f (x, y). (20)
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When the operator I2
x is applied to both side of

Equation (20), the resulting expression is obtained as:

∂2

∂y2
U(x, y, t) = �2(x, y, t, ζ )+ e−λ(ψ(t)−ψ(0))

(
∂2

∂y2
f (x, y)− ∂2

∂y2
f (x, y)

⏐⏐⏐⏐
x=0

− x
∂

∂x

(
∂2

∂y2
f (x, y)

)⏐⏐⏐⏐
x=0

)

+ ∂2

∂y2
U(x, y, t)

⏐⏐⏐⏐
x=0

+ x
∂

∂x

(
∂2

∂y2
U(x, y, t)

)⏐⏐⏐⏐
x=0

. (21)

By substituting x = 1 into Equation (21), the cor-
responding expression for ∂

∂x (
∂2

∂y2U(x, y, t))|x=0 is
derived as follows:

∂

∂x

(
∂2

∂y2
U(x, y, t)

)⏐⏐⏐⏐
x=0

= ∂2

∂y2
g2(y, t)−�2(1, y, t, ζ )− e−λ(ψ(t)−ψ(0))

×
(
∂2

∂y2
f (1, y)

− ∂2

∂y2
f (0, y)−

(
∂3

∂x∂y2
f (x, y)

)⏐⏐⏐⏐
x=0

)

− ∂2

∂y2
g1(y, t). (22)

From Equations (21) and (22), it follows that:

∂2

∂y2
U(x, y, t) = �2(x, y, t, ζ )+ e−λ(ψ(t)−ψ(0))

×
(
∂2

∂y2
f (x, y)− ∂2

∂y2
f (0, y)

− x
(

∂3

∂x∂y2
f (x, y)

)⏐⏐⏐⏐
x=0

)

+ ∂2

∂y2
g1(y, t)+ x

[
∂2

∂y2
g2(y, t)

− �2(1, y, t, ζ )− e−λ(ψ(t)−ψ(0))

×
(
∂2

∂y2
f (1, y)− ∂2

∂y2
f (0, y)

−
(

∂3

∂x∂y2
f (x, y)

)⏐⏐⏐⏐
x=0

)

− ∂2

∂y2
g1(y, t)

]
= U∗

yy(x, y, t). (23)

Applying the integer-order integral operatorI2
y to both

sides of Equation (20), we obtain:

∂2

∂x2
U(x, y, t) = �3(x, y, t, ζ )+ e−λ(ψ(t)−ψ(0))

×
(
∂2

∂x2
f (x, y)− ∂2

∂x2
f (x, y)

⏐⏐⏐⏐
y=0

− y
∂

∂y

(
∂2

∂x2
f (x, y)

) ⏐⏐⏐⏐
y=0

)

+ ∂2

∂x2
U(x, y, t)

⏐⏐⏐⏐
y=0

+ y
∂

∂y

(
∂2

∂x2
U(x, y, t)

)⏐⏐⏐⏐
y=0

.

(24)

Substituting y = 1 into Equation (24), we achieve the
corresponding expression for ∂

∂y (
∂2

∂x2U(x, y, t))|y=0 as
follows:

∂

∂y

(
∂2

∂x2
U(x, y, t)

)⏐⏐⏐⏐
y=0

= ∂2

∂x2
h2(x, t)−�3(x, 1, t, ζ )

− e−λ(ψ(t)−ψ(0))
(
∂2

∂x2
f (x, 1)

− ∂2

∂x2
f (x, 0)−

(
∂3

∂y∂y2
f (x, y)

)⏐⏐⏐⏐
y=0

)

− ∂2

∂x2
h1(x, t). (25)

From the conjunction of Equations (24) and (25), the
following result is obtained:

∂2

∂x2
U(x, y, t)

= �3(x, y, t, ζ )+ e−λ(ψ(t)−ψ(0))

×
(
∂2

∂x2
f (x, y)− ∂2

∂x2
f (x, 0)

− y

(
∂3

∂y∂x2
f (x, y))

⏐⏐⏐⏐
y=0

)
+ ∂2

∂x2
h1(x, t)

+ y
[
∂2

∂x2
h2(x, t)
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− �3(x, 1, t, ζ )− e−λ(ψ(t)−ψ(0))

×
(
∂2

∂x2
f (x, 1)− ∂2

∂x2
f (x, 0)

−
(

∂3

∂y∂x2
f (x, y)

) ⏐⏐⏐⏐
y=0

)

− ∂2

∂x2
h1(x, t)

]
= U∗

xx(x, y, t). (26)

Employing the operator I2
x to both sides of

Equation (26), we yield:

U(x, y, t)
= �4(x, y, t, ζ )+ e−λ(ψ(t)−ψ(0))

×
(
f (x, y)− f (0, y)− x

∂

∂x
f (x, y)

⏐⏐⏐⏐
x=0

− f (x, 0)+ f (0, 0)+ x
∂

∂x
f (x, 0)

⏐⏐⏐⏐
x=0

− y

(
∂

∂y
f (x, y)

⏐⏐⏐⏐
y=0

− ∂

∂y
f (x, y)

⏐⏐⏐⏐
x=y=0

− x
∂2

∂x∂y
f (x, y)

⏐⏐⏐⏐
x=y=0

))

+ h1(x, t)− h1(0, t)− x
∂

∂x
h1(x, t)

⏐⏐⏐⏐
x=0

+ y
(
h2(x, t)− h2(0, t)− x

∂

∂x
h2(x, t)

⏐⏐⏐⏐
x=0

− �4(x, 1, t, ζ )− e−λ(ψ(t)−ψ(0))

×
(
f (x, 1)− f (0, 1)− x

∂

∂x
f (x, 1)

⏐⏐⏐⏐
x=0

− f (x, 0)+ f (0, 0)

+ x
∂

∂x
f (x, 0)

⏐⏐⏐⏐
x=0

− ∂

∂y
f (x, y)

⏐⏐⏐⏐
y=0

+ ∂

∂y
f (x, y)

⏐⏐⏐⏐
x=y=0

+ x
∂2

∂x∂y
f (x, y)

⏐⏐⏐⏐
x=y=0

)

− h1(x, t)+ h1(0, t)+ x
∂

∂x
h1(x, t)

⏐⏐⏐⏐
x=0

)

+ g1(y, t)+ x
∂

∂x
U(x, y, t)

⏐⏐⏐⏐
x=0

= U∗(x, y, t). (27)

Utilizing the operator I2
x to both sides of Equation (19)

produces the following formulation:

∂2+ζ

∂y2∂tζ
U(x, y, t) = �5(x, y, t)+ ∂2+ζ

∂y2∂tζ
g1(y, t)

+ x
(
∂

∂x
∂2+ζ

∂y2∂tζ
U(x, y, t)

)⏐⏐⏐⏐
x=0

.

(28)

Evaluating Equation (28) at x = 1 yields the expres-
sion for ( ∂∂x

∂2+ζ
∂y2∂tζ U(x, y, t))|x=0 as follows:(
∂

∂x
∂2+ζ

∂y2∂tζ
U(x, y, t)

)⏐⏐⏐⏐
x=0

= ∂2+ζ

∂y2∂tζ
g2(y, t)−�5(1, y, t)

− ∂2+ζ

∂y2∂tζ
g1(y, t). (29)

The combination of Equations (28) and (29) produces
the subsequent expression:

∂2+ζ

∂y2∂tζ
U(x, y, t)

= �5(x, y, t)+ ∂2+ζ

∂y2∂tζ
g1(y, t)

+ x
(
∂2+ζ

∂y2∂tζ
g2(y, t)−�5(1, y, t)

− ∂2+ζ

∂y2∂tζ
g1(y, t)

)
. (30)

The application of I2
y on both sides of Equation (30)

yields the following formulation:

∂ζ

∂tζ
U(x, y, t)

= �6(x, y, t)+ ∂ζ

∂tζ
g1(y, t)− ∂ζ

∂tζ
g1(0, t)

− y
∂1+ζ

∂y∂tζ
g1(y, t)

⏐⏐⏐⏐
y=0

+ x
(
∂ζ

∂tζ
g2(y, t)− ∂ζ

∂tζ
g2(0, t)

− y
∂1+ζ

∂y∂tζ
g2(y, t)

⏐⏐⏐⏐
y=0

−�6(1, y, t)

− ∂ζ

∂tζ
g1(y, t)+ ∂ζ

∂tζ
g1(0, t)

+ y
∂1+ζ

∂y∂tζ
g1(y, t)

⏐⏐⏐⏐
y=0

)
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+ ∂ζ

∂tζ
h1(x, t)+ y

∂

∂y

(
∂ζ

∂tζ
U(x, y, t)

)⏐⏐⏐⏐
y=0

.

(31)

Setting y = 1 in Equation (31), we obtain the following
expression for ∂

∂y (
∂ζ

∂tζ U(x, y, t))|y=0:

∂

∂y

(
∂ζ

∂tζ
U(x, y, t)

)⏐⏐⏐⏐
y=0

= ∂ζ

∂tζ
h2(x, t)−�6(x, 1, t)− ∂ζ

∂tζ
g1(1, t)

+ ∂ζ

∂tζ
g1(0, t)+ ∂1+ζ

∂y∂tζ
g1(y, t)

⏐⏐⏐⏐
y=0

− x
(
∂ζ

∂tζ
g2(1, t)− ∂ζ

∂tζ
g2(0, t)

− ∂1+ζ

∂y∂tζ
g2(y, t)

⏐⏐⏐⏐
y=0

−�6(1, 1, t)

− ∂ζ

∂tζ
g1(1, t)+ ∂ζ

∂tζ
g1(0, t)

+ ∂1+ζ

∂y∂tζ
g1(y, t)

⏐⏐⏐⏐
y=0

)
− ∂ζ

∂tζ
h1(x, t). (32)

Combining of Equations (31) and (32), we achieve:

∂ζ

∂tζ
U(x, y, t)

= �6(x, y, t)+ ∂ζ

∂tζ
g1(y, t)− ∂ζ

∂tζ
g1(0, t)

− y
∂1+ζ

∂y∂tζ
g1(y, t)

⏐⏐⏐⏐
y=0

+ x
(
∂ζ

∂tζ
g2(y, t)− ∂ζ

∂tζ
g2(0, t)

− y
∂1+ζ

∂y∂tζ
g2(y, t)

⏐⏐⏐⏐
y=0

−�6(1, y, t)

− ∂ζ

∂tζ
g1(y, t)+ ∂ζ

∂tζ
g1(0, t)

+ y
∂1+ζ

∂y∂tζ
g1(y, t)

⏐⏐⏐⏐
y=0

)
+ ∂ζ

∂tζ
h1(x, t)

+ y
(
∂ζ

∂tζ
h2(x, t)−�6(x, 1, t)− ∂ζ

∂tζ
g1(1, t)

+ ∂ζ

∂tζ
g1(0, t)+ ∂1+ζ

∂y∂tζ
g1(y, t)

⏐⏐⏐⏐
y=0

− x
(
∂ζ

∂tζ
g2(1, t)− ∂ζ

∂tζ
g2(0, t)

− ∂1+ζ

∂y∂tζ
g2(y, t)

⏐⏐⏐⏐
y=0

−�6(1, 1, t)

− ∂ζ

∂tζ
g1(1, t)+ ∂ζ

∂tζ
g1(0, t)

+ ∂1+ζ

∂y∂tζ
g1(y, t)

⏐⏐⏐⏐
y=0

)
− ∂ζ

∂tζ
h1(x, t)

)

= TCDζ ,λψ U∗(x, y, t). (33)

Taking the integer-order integral operator Ix to both
sides of Equation (27), we obtain:

∂

∂x
U(x, y, t)

= �7(x, y, t, ζ )+ e−λ(ψ(t)−ψ(0))

×
(
∂

∂x
f (x, y)− ∂

∂x
f (x, y)

⏐⏐⏐⏐
x=0

− ∂

∂x
f (x, 0)

+ ∂

∂x
f (x, 0)

⏐⏐⏐⏐
x=0

− y

(
∂

∂x
∂

∂y
f (x, y)

⏐⏐⏐⏐
y=0

− ∂2

∂x∂y
f (x, y)

⏐⏐⏐⏐
x=y=0

))

+ ∂

∂x
h1(x, t)− ∂

∂x
h1(x, t)

⏐⏐⏐⏐
x=0

+ y
(
∂

∂x
h2(x, t)− h2(0, t)− ∂

∂x
h2(x, t)

⏐⏐⏐⏐
x=0

− �7(x, 1, t, ζ )− e−λ(ψ(t)−ψ(0))

×
(
∂

∂x
f (x, 1)− ∂

∂x
f (x, 1)

⏐⏐⏐⏐
x=0

− ∂

∂x
f (x, 0)

+ ∂

∂x
f (x, 0)

⏐⏐⏐⏐
x=0

− ∂

∂x
∂

∂y
f (x, y)

⏐⏐⏐⏐
y=0

+ ∂2

∂x∂y
f (x, y)

⏐⏐⏐⏐
x=y=0

)

− ∂

∂x
h1(x, t)+ ∂

∂x
h1(x, t)

⏐⏐⏐⏐
x=0

)

+ ∂

∂x

(
x
∂

∂x
U(x, y, t)

⏐⏐⏐⏐
x=0

)
= U∗

x (x, y, t).

(34)

Based on Equations (4), (23), (26), (27), (33) and (34),
we achieve:

V(x, y, t) = TCDζ ,λ
ψ ,tU∗(x, y, t)− a1U∗

xx(x, y, t)
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− a2U∗
yy(x, y, t)

− a3U∗
x (x, y, t)− F(x, y, t,U∗)

= V∗(x, y, t). (35)

By substituting Equations (27) and (35) in Equa-
tion (3), we get

min J [U] =
∫ 1

0

∫ 1

0

∫ 1

0
G(x, y, t,U∗(x, y, t),

V∗(x, y, t)) dx dy dt. (36)

The evaluation of the integral in (36) is carried out
using the three-dimensional Legendre-Gauss quadra-
ture rule as

min J ∗[U] = 1
8

ñ∑
i=1

ñ∑
j=1

ñ∑
r=1

�i�j�r

× G
(
1 + ξi

2
,
1 + ξj

2
,
1 + ξr

2
,

U∗
(
1 + ξi

2
,
1 + ξj

2
,
1 + ξr

2

)
,

V∗
(
1 + ξi

2
,
1 + ξj

2
,
1 + ξr

2

))
,

(37)

where ξr, r = 1, 2, . . . , ñ are zeros of the Legendre
polynomial Pñ(t) and

�r = −2
(ñ + 1)P′

ñ(ξr)Pñ+1(ξr)
, r = 1, 2, . . . , ñ.

By obtaining the solution of the following algebraic
system

∂

∂ui,k
J ∗[U] = 0, 0 ≤ i ≤ (m + 1)2 − 1,

0 ≤ k ≤ m̃, (38)

by employing iterative solvers such as Newton’s
method, the components ui,k of the matrix U are
computed, yielding an optimal solution to the pri-
mary problem. The flowchart in Figure 1 illustrates the
sequential steps of the proposed algorithm.

Remark 3.2: In a similar fashion, the proposed
numerical method is developed for the 2D-ψ-TFOCP.

Remark 3.3: Because the deep Bernoulli neural net-
work architecture and the ψ-tempered operators are

Figure 1. The flowchart of the proposed numerical method.

smooth and continuously differentiable, the nonlin-
ear mapping defined by the discretised optimality sys-
tem is Fréchet differentiable and its Jacobian exists.
TheGauss–Legendre discretization combinedwith the
smooth Bernoulli basis embedded in the neural net-
work results in a well-conditioned and nonsingular
Jacobian matrix. Moreover, the discrete Hessian of the
cost functional is positive definite due to the con-
vexity of the regularisation term and the bounded-
ness of the ψ-tempered operators. These analytical
properties ensure that Newton’s method is well-posed,
locally convergent, and numerically stable for solving
the resulting nonlinear system.

4. Error bound for the approximated cost
function

In this section, we derive the error bound for the cost
function obtained in Section 3 within the framework
of Sobolev norms. For simplicity of analysis, we set
m = m̃. The Sobolev norm on the domain ϒ =
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(0, 1)d ⊂ R
d, with d ∈ {2, 3} and μ ≥ 1, is expressed

as follows Rahimkhani and Heydari (2023):

‖ U ‖Hμ(ϒ)=
⎛
⎝ μ∑

j=0

d∑
i=1

‖ D(j)i U ‖2L2(ϒ)

⎞
⎠

1
2

, (39)

here D(j)i denotes the j-th derivative of U with respect
to the i-th variable, while the seminorm |U |Hμ;m(ϒ) is
defined by:

|U |Hμ;m(ϒ) =
⎛
⎝ μ∑

j=min(μ,m+1)

d∑
i=1

‖ D(j)i U ‖2L2(ϒ)

⎞
⎠

1
2

.

Theorem 4.1 (Rahimkhani & Heydari, 2023): Con-
sider U ∈ Hμ(ϒ) with μ ≥ 0 and m ≥ μ, and let U∗
denote the best approximation of U obtained from the
FBDNN. Under these assumptions, the error estimate is
given by:

‖U − U∗‖L2(ϒ) ≤ c	m−μ, (40)

and for 1 ≤ s ≤ μ

‖U − U∗‖Hs(ϒ) ≤ c	m2s− 1
2−μ, (41)

where c depends on μ. Also, we have∥∥∥∥ ∂2∂x2U(x, y, t)− ∂2

∂x2
U∗(x, y, t)

∥∥∥∥
L2(ϒ)

≤ c	m2s− 1
2−μ,

(42)∥∥∥∥ ∂2∂y2U(x, y, t)− ∂2

∂y2
U∗(x, y, t)

∥∥∥∥
L2(ϒ)

≤ c	m2s− 1
2−μ,

(43)

and∥∥∥∥ ∂∂xU(x, y, t)− ∂

∂x
U∗(x, y, t)

∥∥∥∥
L2(ϒ)

≤ c	m2s− 1
2−μ,

(44)

where

1 ≤ s ≤ μ, 	 = |U |Hμ;m(ϒ).

Remark 4.1: It follows from the theoretical results in
Mashayekhi et al. (2016) and Canuto et al. (2006) that
the Sobolev error

‖U − U∗‖L2(ϒ) = O
(
m−(μ+ 1

2−2s)
)
,

provided that 2s − 1
2 < μ. Hence, as m → ∞, the

approximation converges toU∗; in the case of infinitely

smooth U , the convergence rate exceeds any algebraic
order of 1

m .

Theorem 4.2: Suppose that U is an absolutely ψ-
integrable function defined over the domainϒ , and
λ > 0. Under these assumptions, the following result is
obtained:

‖TIζ ,λψ ,tU(x, y, t)− TIζ ,λψ ,tU∗(x, y, t)‖L2(ϒ)
≤ δ1‖U − U∗‖L2(ϒ), (45)

where

δ1 = �
(ψ(1)− ψ(0))ζ

�(ζ + 1)
,

and

‖U − U∗‖L∞(ϒ) ≤ �‖U − U∗‖L2(ϒ).

Proof: Using the non-decreasing property of the func-
tion ψ on the domain ϒ , the following result is
derived:

|TIζ ,λψ ,tU(x, y, t)− TIζ ,λψ ,tU∗(x, y, t)|

≤ 1
�(ζ )

∫ t

0
ψ ′(s)(ψ(t)− ψ(s))ζ−1e−λ(ψ(t)−ψ(s))

× |U(x, y, s)− U∗(x, y, s)| ds

≤ 1
�(ζ )

∫ t

0
ψ ′(s)(ψ(t)− ψ(s))ζ−1e−λ(ψ(t)−ψ(t))

× |U(x, y, s)− U∗(x, y, s)| ds
≤ ‖U − U∗‖L∞(ϒ)

1
�(ζ )

×
∫ t

0
ψ ′(s)(ψ(t)− ψ(s))ζ−1 ds

≤ ‖U − U∗‖L∞(ϒ)
(ψ(t)− ψ(0))ζ

�(ζ + 1)

≤ ‖U − U∗‖L∞(ϒ)
(ψ(1)− ψ(0))ζ

�(ζ + 1)
. (46)

Applying the L2−norm to both sides of Equation (46),
yields the following relation:

‖TIζ ,λψ ,tU(x, y, t)− TIζ ,λψ ,tU∗(x, y, t)‖L2(ϒ)

≤ �
(ψ(1)− ψ(0))ζ

�(ζ + 1)
‖U − U∗‖L2(ϒ). (47)

�
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Theorem 4.3: Let us consider the assumptions of The-
orems 4.1 and 4.2 hold, and let U ∈ ACn

ψ(ϒ) with
0 < ζ ≤ 1, λ > 0. Accordingly, the following result is
established:

‖TCDζ ,λ
ψ ,tU(x, y, t)− TCDζ ,λ

ψ ,tU∗(x, y, t)‖L2(ϒ)
≤ δ2	m−μ, (48)

where

δ2 = cδ1
(
Mm2s− 1

2 + λ
)
, M =

∥∥∥∥ 1
ψ ′

∥∥∥∥
L∞([0,1])

.

In fact, M is the maximum of 1
ψ ′(t) over [0, 1]. In prac-

tice, this constant can be evaluated either analytically
(whenψ is explicitly known) or numerically by sampling
over a fine grid.

Proof: Utilizing Definition 2.2 with the restriction
0 < ζ ≤ 1, the following result is derived:

|TCDζ ,λ
ψ ,tU(x, y, t)− TCDζ ,λ

ψ ,tU∗(x, y, t)|

=
∣∣∣∣TIζ ,λψ ,t

(
1

ψ ′(t)
.
∂

∂t
+ λ

)
U(x, y, t)

−TIζ ,λψ ,t
(

1
ψ ′(t)

.
∂

∂t
+ λ

)
U∗(x, y, t)

∣∣∣∣
≤

∣∣∣∣TIζ ,λψ ,t
(

1
ψ ′(t)

∂

∂t
U(x, y, t)+ λU(x, y, t)

)

−TIζ ,λψ ,t
(

1
ψ ′(t)

∂

∂t
U∗(x, y, t)+ λU∗(x, y, t)

)∣∣∣∣
≤

∣∣∣∣TIζ ,λψ ,t
(

1
ψ ′(t)

(
∂

∂t
U(x, y, t)− ∂

∂t
U∗(x, y, t)

))

+λTIζ ,λψ ,t (U(x, y, t)− U∗(x, y, t))
∣∣∣ . (49)

By applying L2-norm to both sides of Equation (49)
and invoking Theorems 4.1 and 4.2, we achieve

‖TCDζ ,λ
ψ ,tU(x, y, t)− TCDζ ,λ

ψ ,tU∗(x, y, t)‖L2(ϒ)
≤ M

∥∥∥∥TIζ ,λψ ,t
(
∂

∂t
U(x, y, t)− ∂

∂t
U∗(x, y, t)

)∥∥∥∥
L2(ϒ)

+ λ‖TIζ ,λψ ,t (U(x, y, t)− U∗(x, y, t))‖L2(ϒ)
≤ Mδ1

∥∥∥∥ ∂∂tU(x, y, t)− ∂

∂t
U∗(x, y, t)

∥∥∥∥
L2(ϒ)

+ λδ1‖U(x, y, t)− U∗(x, y, t)‖L2(ϒ)
≤ cδ1	

(
Mm2s− 1

2 + λ
)
m−μ. (50)

�

Theorem 4.4: Suppose the assumptions of Theo-
rems 4.1–4.3 are satisfied, and that the function F ful-
fills the Lipschitz condition with constant κ1. Then, it
follows that:

‖V(x, y, t)− V∗(x, y, t)‖L2(ϒ)
≤ c	(δ1(Mm2s− 1

2 + λ)

+ (a1 + a2 + a3)m2s− 1
2 + κ1)m−μ. (51)

Proof: From Equations (35), (40), (42)–(44) and (48),
we conclude

‖V(x, y, t)− V∗(x, y, t)‖L2(ϒ)
= ‖TCDζ ,λ

ψ ,tU(x, y, t)− a1Uxx(x, y, t)

− a2Uyy(x, y, t)− a3Ux(x, y, t)

− F(x, y, t,U)− TCDζ ,λ
ψ ,tU∗(x, y, t)

+ a1U∗
xx(x, y, t)+ a2U∗

yy(x, y, t)

+ a3U∗
x (x, y, t)+ F(x, y, t,U∗)‖L2(ϒ)

≤ ‖TCDζ ,λ
ψ ,tU(x, y, t)− TCDζ ,λ

ψ ,tU∗(x, y, t)‖L2(ϒ)
+ a1‖Uxx(x, y, t)− U∗

xx(x, y, t)‖L2(ϒ)
+ a2‖Uyy(x, y, t)− U∗

yy(x, y, t)‖L2(ϒ)
+ a3‖Ux(x, y, t)− U∗

x (x, y, t)‖L2(ϒ)
+ κ1‖U(x, y, t)− U∗(x, y, t)‖L2(ϒ)

≤ cδ1	(Mm2s− 1
2 + λ)m−μ

+ (a1 + a2 + a3)c	m2s− 1
2−μ + κ1c	m−μ

= c	
(
δ1

(
Mm2s− 1

2 + λ
)

+ (a1 + a2 + a3)

× m2s− 1
2 + κ1

)
m−μ. (52)

�

Theorem 4.5: Assuming the hypotheses of Theo-
rems 4.1–4.4 hold, and that the function G satisfies
the Lipschitz condition with constant κ2, we obtain the
following result:

‖J [U ,V] − J [U∗,V∗]‖L2(ϒ)
≤ c	κ2(1 + δ1(Mm2s− 1

2 + λ)

+ (a1 + a2 + a3)m2s− 1
2 + κ1)m−μ. (53)
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Proof: From Equations (3), (40) and (51), we get

‖J [U ,V] − J [U∗,V∗]‖L2(ϒ)
≤

∥∥∥∥
∫ 1

0

∫ 1

0

∫ 1

0
G(x, y, t,U(x, y, t),V(x, y, t))

− G(x, y, t,U∗(x, y, t),V∗(x, y, t)) dx dy dt
∥∥∥∥
L2(ϒ)

≤ κ2‖U(x, y, t)− U∗(x, y, t)‖L2(ϒ)
+ κ2‖V(x, y, t)− V∗(x, y, t)‖L2(ϒ)

≤ c	κ2(1 + δ1(Mm2s− 1
2 + λ)

+ (a1 + a2 + a3)m2s− 1
2 + κ1)m−μ. (54)

Therefore, the upper bound of the method’s error is
established �

5. Numerical illustration

This section validates the proposed method by apply-
ing it to one 1D-ψ-TFOCPs, two 2D-ψ-TFOCPs
and one 3D-ψ-TFOCPs, thereby providing a com-
prehensive assessment of its reliability and numerical
precision.

The computations associated with the examples
were performed using Mathematical 14. Also, we
report the CPU time (seconds) in the examples, which
have been obtained on a 2.4GHz Core i7 personal
computer with 16 GB of RAM.

The problem involves three key parameters: the
fractional order ζ , the tempering index λ, and the
kernel-generating function ψ(t). The fractional order
ζ controls the strength of non-local memory effects,
where smaller values introduce stronger long-range
dependence and ζ → 1 reproduces the classical (local)
dynamics. The tempering index λ regulates the expo-
nential decay of memory, with λ = 0 corresponding to
the standard fractionalmodel and larger values leading
to short-memory behaviour. The functionψ(t)defines
the structure of the fractional kernel and enables mod-
elling of systems with non-uniform temporal scal-
ing. In our numerical examples, the specific values
of ζ , λ, and ψ(t) were carefully chosen to ensure a
meaningful assessment of the proposed methodology.
The fractional orders ζ were selected to represent a
range of memory effects, from weak (near-local) to
strong (highly nonlocal) behaviour, which allows us
to examine the accuracy and stability of the method

under different dynamical regimes. The tempering
index λ values were selected to explore both the clas-
sical fractional behaviour (λ = 0) and various degrees
of memory decay (λ > 0), highlighting the method’s
robustness across different levels of memory influence.
Different forms ofψ(t), including linear and nonlinear
functions, were considered to represent diverse kernel
structures and temporal scalings, reflecting potential
applications in real-world systems with non-uniform
memory effects. By varying these parameters system-
atically, we not only test the performance and flexibil-
ity of the ψ-tempered fractional framework but also
demonstrate that the proposed method can handle a
wide range of problem configurations, from classical
to strongly non-local regimes.

Example 5.1: Consider the following 1D-ψ-TFOCPs:

min J [U ,V] =
∫ 1

0
(U2(t)+ V2(t)) dt, (55)

subject to

TCDζ ,λ
ψ ,tU(t) = −U(t)+ V(t), 0 < ζ ≤ 1, (56)

U(0) = 1. (57)

For ζ = 1,ψ(t) = t, λ = 0, the optimal values for
U(t),V(t) and J are

U(t) = cosh(
√
2t)− 0.98 sinh(

√
2t),

V(t) = (1 − 0.98
√
2) cosh(

√
2t)

+ (
√
2 − 0.98) sinh(

√
2t),

J = 0.192909.

In Table 1, we compare values of J by using the
Variational iteration (Alizadeh & Effati, 2018), Ado-
mian decomposition (Zeid & Yousefi, 2016), Leg-
endre wavelets (Sahu & Saha Ray, 2018), Cheby-
shev wavelets (Sahu & Saha Ray, 2018), Laguerre
wavelets (Sahu & Saha Ray, 2018), Cosine and
sine wavelets (Sahu & Saha Ray, 2018), Legendre
wavelets collocation (Kumar & Mehra, 2021), Bern-
stein wavelets (Rahimkhani & Ordokhani, 2021)
method and the present method with m = 1,N =
1, ε = 1.084,ψ(t) = t, λ = 0. We report the com-
putational time by using Legendre wavelets (Sahu
& Saha Ray, 2018), Chebyshev wavelets (Sahu & Saha
Ray, 2018), Laguerrewavelets (Sahu& SahaRay, 2018),
Cosine and sine wavelets (Sahu & Saha Ray, 2018),
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Table 1. Comparison of J for ψ(t) = t, λ = 0 with results from other methods
(Example 5.1).

Method ζ = 0.8 ζ = 0.9 ζ = 0.99 ζ = 1

Variational iteration method 0.16711 0.17953 0.19153 0.192909
Adomian decomposition method 0.16740 0.17962 0.19155 0.192909
Legendre wavelets method 0.167078 0.179529 0.191531 0.192909
Chebyshev wavelets method 0.167328 0.179641 0.19155 0.192921
Laguerre wavelets method 0.181798 0.185942 0.19169 0.192604
Cosine and sine wavelets method 0.168072 0.180555 0.192572 0.196914
Legendre wavelets collocation method 0.167073 0.179543 0.191556 0.192935
Bernstein wavelets method 0.153519 0.169226 0.181852 0.183102
Presented method 0.169193 0.179970 0.191537 0.192909

Table 2. Comparison of Computational time for ψ(t) = t, λ = 0 with results
from other methods (Example 5.1).

Method ζ = 0.8 ζ = 0.9 ζ = 0.99 ζ = 1

Legendre wavelets method 4.868 18.408 18.034 17.94
Chebyshev wavelets method 17.534 677.699 677.559 661.069
Laguerre wavelets method 4.963 57.361 56.971 56.128
Cosine and sine wavelets method 153.287 1884.63 1331.66 1103.05
Presented method 0.015 0.016 0.016 0.001

and our method in Table 2. From these tables, it may
be concluded that the presented method gives better
results than other methods for this problem.

Example 5.2: Consider the following 2D-ψ-TFOCPs:

min J [U ,V] =
∫ 1

0

∫ 1

0
(e−t(e−λψ(t)(ψ(t)− ψ(0))6

× sin(x)− U(x, t))2

+ ex(e−λψ(t)(ψ(t)− ψ(0))5 cos(x)

− V(x, t))2) dx dt, (58)

under the following constraint⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

TCDζ ,λ
ψ ,tU(x, t) = 2Ux(x, t)+ Uxx(x, t)+ e−U(x,t)

+V(x, t)+ F(x, t),
U(x, 0) = 0, 0 < x ≤ 1,
U(0, t) = 0, U(1, t) = e−λψ(t)(ψ(t)− ψ(0))6

× sin(1), 0 < t ≤ 1.
(59)

The exact solution corresponding to the aforemen-
tioned problem is given by:

〈U(x, t),V(x, t),J 〉
=

〈
e−λψ(t)(ψ(t)− ψ(0))6 sin(x),

e−λψ(t)(ψ(t)− ψ(0))5 cos(x), 0
〉
.

The approach described in Section 3 is implemented
withm = m̃ = 2, and ε1 = ε2 = 1

5 . Table 3 reports the

numerical solutions of U , denoted by NU , together
with their corresponding absolute errors, denoted by
AEU , for the case ζ = 0.95, N = 2, and ψ(t) = t,
evaluated over various values of λ. The table clearly
demonstrates that the proposed method yields highly
accurate results with small basis. Table 4 presents the
AEU and the absolute errors of V denoted by AEV
corresponding to ζ = 0.95, N = 3, and λ = 3. The
outcomes are presented for various selections of the
function ψ , thereby illustrating the impact of ψ on
the accuracy of the proposed method. Moreover, these
tables include the corresponding values of the cost
function and computational time. To investigate the
influence of the parameter ζ and function ψ(t), the
2D-plots of U and V corresponding to N = 2 and
λ = 3 in x = 0.25 are presented in Figure 2. Figure 3
illustrates the density distributions of the numerical
and exact solutions, together with their correspond-
ing absolute errors, for the case ζ = 0.75,N = 2, λ =
1, and ψ(t) = sinh(t). The comparison highlights the
accuracy and reliability of the proposedmethod under
the given parameter settings. Figure 4 shows the 3D-
plot of the numerical solutions and absolute errors of
U and V withN = 2, and λ = 3.

Example 5.3: Consider the following 2D-ψ-TFOCPs:

min J [U ,V]

=
∫ 1

0

∫ 1

0
(sin(t)(e−λψ(t)(ψ(t)− ψ(0))4e−x
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Figure 2. The numerical solutions withN = 2, and λ = 3 (Example 5.2).

Figure 3. The density distributions of numerical, exact solutions and their absolute errors with ζ = 0.75,N = 2, λ = 1 and ψ(t) =
sinh(t) (Example 5.2).

Table 3. The NU and AEU for ζ = 0.95,N = 2 andψ(t) = t (Example 5.2).

λ = 0 λ = 1 λ = 3 λ = 5

(x, t) NU AEU NU AEU NU AEU NU AEU

(0.1, 0.1) 0.000000 2.92 × 10−6 0.000000 2.41 × 10−6 0.000000 1.60 × 10−6 0.000000 1.02 × 10−6

(0.2, 0.2) 0.000012 8.29 × 10−7 0.000013 2.47 × 10−6 0.000016 8.67 × 10−6 0.000020 1.51 × 10−5

(0.3, 0.3) 0.000201 1.40 × 10−5 0.000164 4.79 × 10−6 0.000132 4.43 × 10−5 0.000146 9.83 × 10−5

(0.4, 0.4) 0.001423 1.72 × 10−4 0.000996 7.28 × 10−5 0.000588 1.08 × 10−4 0.000594 3.78 × 10−4

(0.5, 0.5) 0.006653 8.38 × 10−4 0.004122 4.22 × 10−4 0.001869 1.98 × 10−4 0.001776 1.16 × 10−3

(0.6, 0.6) 0.023667 2.68 × 10−3 0.013133 1.32 × 10−3 0.004684 3.29 × 10−4 0.004364 3.05 × 10−3

(0.7, 0.7) 0.069431 6.36 × 10−3 0.034680 2.96 × 10−3 0.009825 5.44 × 10−4 0.009222 6.93 × 10−3

(0.8, 0.8) 0.176600 1.14 × 10−2 0.079583 4.91 × 10−3 0.017916 8.56 × 10−4 0.016604 1.31 × 10−2

(0.9, 0.9) 0.402565 1.37 × 10−2 0.163858 5.39 × 10−3 0.028999 1.02 × 10−3 0.022488 1.79 × 10−2

J 7.95956 × 10−9 2.34075 × 10−9 7.55457 × 10−9 5.14139 × 10−8

CPU 3.188 3.235 3.437 3.125
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Figure 4. The numerical solutions and their corresponding absolute errors with ζ = 0.95,N = 2, λ = 3 and ψ(t) = sin(t) (Exam-
ple 5.2).

Table 4. The AEU and AEV for ζ = 0.95,N = 3 and λ = 3 (Example 5.2).

ψ(t) = t ψ(t) = sinh(t) ψ(t) = sin(t)

(x, t) AEU AEV AEU AEV AEU AEV

(0.1, 0.1) 1.60 × 10−6 2.30 × 10−6 1.64 × 10−6 1.44 × 10−6 1.56 × 10−6 2.84 × 10−6

(0.2, 0.2) 8.68 × 10−6 1.37 × 10−4 1.16 × 10−5 1.60 × 10−4 6.21 × 10−6 1.18 × 10−4

(0.3, 0.3) 4.43 × 10−5 4.29 × 10−5 7.73 × 10−5 9.94 × 10−5 2.22 × 10−5 9.20 × 10−6

(0.4, 0.4) 1.08 × 10−4 9.80 × 10−4 3.30 × 10−4 1.18 × 10−3 9.39 × 10−6 8.28 × 10−4

(0.5, 0.5) 1.98 × 10−4 4.21 × 10−3 1.44 × 10−3 7.33 × 10−3 9.41 × 10−5 3.01 × 10−3

(0.6, 0.6) 3.30 × 10−4 1.16 × 10−2 7.10 × 10−3 3.83 × 10−2 3.14 × 10−4 7.05 × 10−3

(0.7, 0.7) 5.46 × 10−4 2.58 × 10−2 4.08 × 10−2 2.66 × 10−1 5.81 × 10−4 1.32 × 10−2

(0.8, 0.8) 8.59 × 10−4 5.06 × 10−2 2.87 × 10−1 2.92 × 100 7.38 × 10−4 2.12 × 10−2

J 7.83132 × 10−9 1.53362 × 10−8 3.45994 × 10−9

CPU 6.297 6.156 5.234

− U(x, t))2 + ex
(
e−λψ(t)(ψ(t)− ψ(0))3

× sin
(
π

2
x
)

− V(x, t))2
)
dx dt, (60)

under the following constraint

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

TCDζ ,λ
ψ ,tU(x, t) = Ux(x, t)− Uxx(x, t)

+ sin(U(x, t))+ V(x, t)+ F(x, t),
U(x, 0) = 0, 0 < x ≤ 1,
U(0, t) = e−λψ(t)(ψ(t)− ψ(0))4,
U(1, t) = e−λψ(t)(ψ(t)− ψ(0))4e−1, 0 < t ≤ 1.

(61)

The exact solution corresponding to the aforemen-
tioned problem is given by:

〈U(x, t),V(x, t),J 〉
=

〈
e−λψ(t)(ψ(t)− ψ(0))4e−x, e−λψ(t)

× (ψ(t)− ψ(0))3 sin
(π
2
x
)
, 0

〉
.

The approach described in Section 3 is implemented
with m = m̃ = 2, and ε1 = ε2 = 1

5 . Table 5 reports
the numerical solutions of U and their correspond-
ing absolute errors for the case ζ = 0.95, N = 2, and
ψ(t) = t, evaluated over varying values of λ. Table 6
presents the absolute errors U and V for the case
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Figure 5. The numerical solutions withN = 2, and λ = 1 (Example 5.3).

ζ = 0.95, N = 3, and λ = 1, computed under differ-
ent choices of the function ψ . The results highlight
the sensitivity of the proposed method to the selection
of ψ and emphasise its significant impact on solution
accuracy. To further examine the effect of ζ and ψ(t),
Figure 5 displays two-dimensional plots of U and V
for N = 2 and λ = 1 at x = 0.25. Figure 6 illustrates
the density distributions of both numerical and exact
solutions, along with their associated absolute errors,
for ζ = 0.75, N = 2, λ = 3, and ψ(t) = sin(t). The
comparison emphasises the precision and robustness
of the proposed methodology under these parameter
settings. Figure 7 presents the three-dimensional visu-
alisation of the numerical solutions and absolute errors
of U and V for N = 2, λ = 1 and ψ(t) = sin(t), pro-
viding further insight into their structural behaviour.
Table 7 reports the value of the cost function J and
computational time for ψ(t) = t, λ = 3, ζ = 1, ε1 =
ε2 = 1 andN = 2 with different values ofm and m̃.

Example 5.4: Consider the following 3D-ψ-TFOCPs:

min J [U ,V]

=
∫ 1

0

∫ 1

0

∫ 1

0
((e−λψ(t)(ψ(t)− ψ(0))2x2y2

− U(x, y, t))2

+ (e−λψ(t)(ψ(t)− ψ(0)) sin(xy)

− V(x, y, t))2) dx dy dt, (62)

under the following constraint
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

TCDζ ,λ
ψ ,tU(x, y, t) = Uxx(x, y, t)+ Uyy(x, y, t)

+V(x, y, t)+ F(x, y, t),
U(x, y, 0) = 0, 0 < x, y ≤ 1,
U(x, 0, t) = 0, U(x, 1, t) = e−λψ(t)

× (ψ(t)− ψ(0))2x2, 0 < x, t ≤ 1.
U(0, y, t) = 0, U(1, y, t) = e−λψ(t)

× (ψ(t)− ψ(0))2y2, 0 < y, t ≤ 1.

(63)

The exact solution corresponding to the aforemen-
tioned problem is given by:

〈U(x, y, t),V(x, y, t),J 〉
= 〈e−λψ(t)(ψ(t)− ψ(0))2x2y2,

e−λψ(t)(ψ(t)− ψ(0)) sin(xy), 0〉.
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Figure 6. The density distributions of numerical, exact solutions and their absolute errors with ζ = 0.75,N = 2, λ = 3 and ψ(t) =
sin(t) (Example 5.3).

Figure 7. The numerical solutions and their corresponding absolute errors with ζ = 0.95,N = 2, λ = 1 and ψ(t) = sin(t) (Exam-
ple 5.3).

Table 5. The NU and AEU for ζ = 0.95,N = 2 andψ(t) = t (Example 5.3).

λ = 0 λ = 1 λ = 3 λ = 5

(x, t) NU AEU NU AEU NU AEU NU AEU

(0.1, 0.1) 0.000094 3.88 × 10−6 0.000078 4.10 × 10−6 0.000050 1.69 × 10−5 0.000033 2.18 × 10−5

(0.2, 0.2) 0.001062 2.48 × 10−4 0.000767 3.06 × 10−4 0.000292 4.26 × 10−4 −0.000039 5.21 × 10−4

(0.3, 0.3) 0.005445 5.55 × 10−4 0.003545 9.00 × 10−4 0.000671 1.77 × 10−3 −0.001464 2.80 × 10−3

(0.4, 0.4) 0.016867 2.94 × 10−4 0.009964 1.54 × 10−3 0.000237 4.93 × 10−3 −0.007939 1.03 × 10−2

(0.5, 0.5) 0.039186 1.28 × 10−3 0.021050 1.94 × 10−3 −0.002785 1.12 × 10−2 −0.027303 3.04 × 10−2

(0.6, 0.6) 0.075717 4.59 × 10−3 0.037083 1.95 × 10−3 −0.010366 2.21 × 10−2 −0.073734 7.73 × 10−2

(0.7, 0.7) 0.128450 9.22 × 10−3 0.057610 1.60 × 10−3 −0.023230 3.78 × 10−2 −0.166847 1.70 × 10−1

(0.8, 0.8) 0.197291 1.32 × 10−2 0.081630 1.07 × 10−3 −0.037606 5.43 × 10−2 −0.312855 3.16 × 10−1

(0.9, 0.9) 0.279289 1.25 × 10−2 0.107903 5.50 × 10−4 −0.037992 5.59 × 10−2 −0.419152 4.22 × 10−1

J 1.71102 × 10−6 6.55063 × 10−6 3.28309 × 10−5 6.88835 × 10−5

CPU 6.562 4.515 4.000 3.860
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Table 6. The AEU and AEV for ζ = 0.95,N = 3 and λ = 1 (Example 5.3).

ψ(t) = t ψ(t) = sinh(t) ψ(t) = sin(t)

(x, t) AEU AEV AEU AEV AEU AEV

(0.1, 0.1) 5.16 × 10−6 9.55 × 10−4 6.07 × 10−6 1.08 × 10−3 3.84 × 10−6 8.40 × 10−4

(0.2, 0.2) 3.09 × 10−4 8.57 × 10−3 3.69 × 10−4 1.06 × 10−2 2.51 × 10−4 6.82 × 10−3

(0.3, 0.3) 9.13 × 10−4 1.72 × 10−2 1.33 × 10−3 2.59 × 10−2 5.63 × 10−4 1.06 × 10−2

(0.4, 0.4) 1.57 × 10−3 2.66 × 10−2 3.27 × 10−3 5.24 × 10−2 4.11 × 10−4 9.84 × 10−3

(0.5, 0.5) 2.02 × 10−3 3.63 × 10−2 7.41 × 10−3 1.02 × 10−1 6.83 × 10−4 3.99 × 10−3

(0.6, 0.6) 2.09 × 10−3 4.60 × 10−2 1.70 × 10−2 2.04 × 10−1 2.72 × 10−3 5.83 × 10−3

(0.7, 0.7) 1.81 × 10−3 5.53 × 10−2 3.97 × 10−2 4.34 × 10−1 4.97 × 10−3 1.69 × 10−2

J 6.80953 × 10−6 1.47298 × 10−5 2.73570 × 10−6

CPU 8.813 7.156 11.781

Table 7. The value of the cost function J and computational
time forψ(t) = t, λ = 3, ζ = 1, andN = 3 (Example 5.3).

Method m = 1, m̃ = 2 m = 2, m̃ = 1 m = m̃ = 2

J 8.79320 × 10−2 1.12020 × 10−3 2.03364 × 10−4

CPU 0.375 0.937 4.047

The approach described in Section 3 is implemented
with m = m̃ = 2, and ε1 = ε2 = 1

5 . Table 8 provides
the numerical solutions of U together with their abso-
lute errors for the case ζ = 0.95, N = 2, and ψ(t) =
t, evaluated across different values of λ. Table 9
summarises the numerical solutions of U together
with their absolute errors for ζ = 0.75, N = 2, and
λ = 3, obtained under various selections of ψ . In
addition, these tables report the values of the cost
function and computational time. Figure 8 depicts
the density distributions of the numerical and exact
solutions, along with their corresponding absolute
errors, for ζ = 0.75,N = 2, λ = 3 and ψ(t) = sin(t)
in x = y = 0.75. Finally, Figure 9 presents a three-
dimensional visualisation of the numerical solutionsU
and V for ζ = 0.95,N = 2, λ = 3 and ψ(t) = sin(t)
in y = 0.75, thereby offering deeper insight into their
structural characteristics.

6. Conclusion

In conclusion, this work presented a pioneering
numerical framework for efficiently solving 2D and
3D-ψ-TFOCPs. By recasting the original problems
into equivalent variational forms and employing
DNNs with the FBFs and sinh as activation func-
tions, the method achieved highly accurate approxi-
mations of the state variable using a relatively small
number of basis function. The formulation of inte-
gral operators and their discretization via the Fejér
quadrature rule, specifically tailored to the generalised

ψ-tempered fractional calculus, ensured both numer-
ical stability and precision. The transformation of the
control problems into nonlinear algebraic systems and
their solution via Newton’s iterative method demon-
strated the practical efficiency of the approach. Dis-
tinguished by its simplicity, computational efficiency,
and rigorous convergence guarantees, the proposed
methodology was validated through four illustrative
examples, confirming its applicability to real-world
problems. The findings clearly underscore the practi-
cal significance of the proposedmethodology, demon-
strating its ability to enhance both accuracy and com-
putational efficiency while offering strong potential
for impactful real-world engineering and scientific
applications.

Beyond these case-specific findings, the results
also offer broader insights for optimal control the-
ory. The demonstrated ability of the deep fractional-
order framework to handle high-dimensional, non-
linear, and memory-dependent systems indicates its
generalisability to a wide spectrum of optimal control
problems. In particular, the integration ofψ-tempered
fractional operators with deep learning architectures
provides a flexible modelling paradigm capable of cap-
turing complex temporal dynamics, long-range inter-
actions, and variable memory effects-features that fre-
quently arise in engineering, physics, biology, and eco-
nomics. Thus, the proposed methodology not only
advances numerical strategies for fractional control
systems but also contributes conceptually to under-
standing and solving modern optimal control prob-
lems with nonlocal and history-dependent behaviour.
In future research, we intend to pursue the following
directions:

• Extending the proposed methodology to higher-
dimensional nonlinear FOCPs with more complex
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Figure 8. The density distributions of numerical, exact solutions and their absolute errors with ζ = 0.75,N = 2, λ = 3 and ψ(t) =
sin(t) (Example 5.4).

Figure 9. The numerical solutions and their corresponding absolute errors with ζ = 0.95,N = 2, λ = 3 and ψ(t) = sin(t) (Exam-
ple 5.4).

Table 8. The NU and AEU for ζ = 0.95,N = 2 andψ(t) = t (Example 5.4).

λ = 0 λ = 1 λ = 3 λ = 5

(x, y, t) NU AEU NU AEU NU AEU NU AEU

(0.1, 0.1, 0.1) −0.000080 8.10 × 10−5 −0.000072 7.33 × 10−5 −0.000059 6.00 × 10−5 −0.000049 4.92 × 10−5

(0.2, 0.2, 0.2) −0.000960 1.02 × 10−3 −0.000786 8.38 × 10−4 −0.000527 5.62 × 10−4 −0.000270 2.94 × 10−4

(0.3, 0.3, 0.3) −0.003240 3.97 × 10−3 −0.002400 2.94 × 10−3 −0.001317 1.61 × 10−3 −0.000023 1.85 × 10−4

(0.4, 0.4, 0.4) −0.005120 9.22 × 10−3 −0.003432 6.18 × 10−3 −0.001542 2.77 × 10−3 0.002644 2.09 × 10−3

(0.5, 0.5, 0.5) 0.000000 1.56 × 10−3 0.000000 9.48 × 10−3 0.000000 3.49 × 10−3 0.011695 1.04 × 10−3

(0.6, 0.6, 0.6) 0.025920 2.07 × 10−2 0.014225 1.14 × 10−2 0.004285 3.42 × 10−3 0.033739 3.14 × 10−2

(0.7, 0.7, 0.7) 0.096040 2.16 × 10−2 0.047692 1.07 × 10−2 0.011761 2.65 × 10−3 0.074229 7.07 × 10−2

(0.8, 0.8, 0.8) 0.245760 1.64 × 10−2 0.110427 7.36 × 10−3 0.022295 1.49 × 10−3 0.119323 1.15 × 10−1

(0.9, 0.9, 0.9) 0.524880 6.56 × 10−3 0.213400 2.67 × 10−3 0.035275 4.41 × 10−4 0.103910 9.80 × 10−2

J 2.31027 × 10−3 1.51394 × 10−3 6.50128 × 10−4 1.44433 × 10−3

CPU 51.204 55.078 49.688 131.297
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Table 9. The NU and AEU for ζ = 0.75,N = 2 and λ = 3 (Example 5.4).

ψ(t) = t ψ(t) = sinh(t) ψ(t) = sin(t)

(x, y, t) NU AEU NU AEU NU AEU

(0.1, 0.1, 0.1) −0.000059 6.00 × 10−5 −0.000066 6.72 × 10−5 −0.000059 3.25 × 10−3

(0.2, 0.2, 0.2) −0.000527 5.62 × 10−4 −0.000531 5.66 × 10−4 −0.000522 5.57 × 10−4

(0.3, 0.3, 0.3) −0.001317 1.61 × 10−3 −0.001195 1.50 × 10−3 −0.001296 1.59 × 10−3

(0.4, 0.4, 0.4) −0.001542 2.78 × 10−3 −0.000718 1.98 × 10−3 −0.001509 2.72 × 10−3

(0.5, 0.5, 0.5) 0.000000 3.49 × 10−3 0.003969 4.15 × 10−4 0.000000 3.41 × 10−3

(0.6, 0.6, 0.6) 0.004285 3.43 × 10−3 0.022450 1.47 × 10−2 0.004219 3.38 × 10−3

(0.7, 0.7, 0.7) 0.011761 2.65 × 10−3 0.101124 8.69 × 10−2 0.011776 2.65 × 10−3

(0.8, 0.8, 0.8) 0.022295 1.49 × 10−3 0.507211 4.85 × 10−1 0.022970 1.53 × 10−3

(0.9, 0.9, 0.9) 0.035275 4.41 × 10−4 2.392590 2.36 × 100 0.037921 3.72 × 10−3

J 5.39495 × 10−4 7.23881 × 10−4 5.29732 × 10−4

CPU 78.531 170.094 89.484

boundary conditions, as well as to multi-objective
and stochastic fFOCPs.

• Applying the framework to other classes of optimal
control problems, including adaptive and multi-
objective settings.

• Implementing the methodology on experimental
datasets or in real-time applications to further
assess its practical validity and robustness.

• Investigating the method for more challenging
scenarios, including non-smooth solutions, stiff
regimes, strong memory effects, delayed responses,
and noisy data, to demonstrate its applicability in
realistic and complex ψ-tempered fractional con-
trol systems.

• Extending the framework to error estimation in
other norms, such as L2, L∞, or weighted fractional
norms, to provide a more comprehensive assess-
ment of approximation accuracy.

• Combining the proposed methodology with other
deep optimisation techniques, such as reinforce-
ment learning, to handle dynamic or time-
dependent fractional optimal control problems and
further enhance adaptability in complex environ-
ments.
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