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Abstract

Enhancing the efficiency of thermal systems requires advanced working fluids with superior heat transfer characteristics. In
this study, we investigate the thermally stratified magnetohydrodynamic (MHD) flow of a TiO,—Fe;O,/H,0O hybrid nano-
fluid over a nonlinear stretching sheet with variable thickness. The model incorporates temperature-dependent viscosity
and thermal conductivity, thermal radiation, internal heat generation, and a non-Fourier heat flux based on the Cattaneo—
Christov theory. The governing partial differential equations are transformed into a system of coupled nonlinear ordinary
differential equations using appropriate similarity transformations. These equations are solved numerically using a shooting
method combined with a Runge—Kutta scheme. Moreover, an artificial neural network (ANN) model is created based on the
Levenberg—Marquardt algorithm to estimate velocity and temperature profiles as a surrogate model. ANN performance is
measured by statistical measures of error such as mean squared error (MSE), root-mean-square error (RMSE) and regression
coefficient (R), and it is found that they are in excellent agreement with the numerical results. Parametric study indicates that
an increase in the magnetic parameter (M) decreases the velocity of the object considerably because of the Lorentz force
and increases the temperature field. Temperature decreases as Prandtl number (Pr) and thermal stratification parameter (St)
increase, and this means that the thermal diffusion is lower. The heat transfer rate increases with radiation parameter (R) and
convective parameter (B,). The results demonstrate that the hybrid nanofluid enhances heat transfer performance compared to
single nanofluids, and the proposed ANN model provides an efficient predictive tool for complex nonlinear thermal systems.

Keywords Thermally stratified flow - Hybrid nanofluid TiO, and Fe;O, - Generalized Fourier’s law - Inclined magnetic
field - Neural network (NN) analysis

List of Symbols =, Temperature-dependent viscosity parameter
A Stretching rate constant (dimensionless) (dimensionless)
B, Magnetic field strength (T)
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<=, Wall thickness parameter (dimensionless)

b, b, Temperature coefficients in viscosity/conductiv-
ity models

C; Skin friction coefficient (dimensionless)

M Magnetic parameter (dimensionless), M = Z%g

m Stretching index (dimensionless) ’

q Heat flux vector (W m~2)

N, The Nusselt number (dimensionless)

Pr The Prandtl number Pr = ”TC"

0,0, Heat source parameters

R Thermal radiation parameter (dimensionless)

. Wall heat flux (W m™2)

T Temperature (K)

St Parameter due to thermal stratification (dimen-

sionless), St = ;3

T, Wall temperaturia (K)
T, Reference temperature (K)

- Ambient temperature (K)
u,v Velocity components (m s~ ')

Stretching sheet velocity u,, = Uy(x + d)™~! (%)

Greek symbols

a, Inclination angle of magnetic field (rad)

r Thermal relaxation time (s)

¢ Similarity variable

0 Dimensionless temperature, 6 = TT__TT""

A Thermal conductivity variation pa;an:eter
(dimensionless)

Ay Thermal relaxation parameter,
Ay =TUy(c + x)m!

Hing Unit of viscosity (kgm s~2)

Phn Density (kg m™)

Ot Electrical conductivity 3

$,.¢,  Volume fractions of Fe;0, and TiO,
nanoparticles

Abbreviations and Acronyms

ANN Artificial Neural Network
BLMM Back Propagation Levenberg—Marquardt
BVP Boundary Value Problem

LM Levenberg—Marquardt

MHD  Magnetohydrodynamics

MSE Mean Square Error

RK45 Runge—Kutta 4th/5th-order method
Introduction

Numerous engineering fields, such as heat exchangers,
fuel cells, and fluid-based thermal systems, rely heavily on
efficient heat transfer phenomena. However, the fact that
traditional fluids have low thermal conductivity makes it
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imperative to come up with specialized fluids that have high
thermal conductivities to address this issue. A concept that
was introduced by Choi et al. [1] is that of nanofluids; base
fluids with suspended nanometer-sized particles, which are
much more effective thermal conductors than traditional flu-
ids. Therefore, various scholars have studied heat transfer in
flowing nanofluid at various physical conditions. To further
enhance thermal performance, hybrid nanofluids concept has
been derived using two types of nanoparticles.

The application of hybrid nanoparticles can be done in
a variety of applications including heat exchangers, solar
energy systems, HVAC applications, automotive cooling,
power generation turbines, electronic thermal management,
biotechnology and power plants. A magnetic field was inves-
tigated by Zeb et al. [2] on a rotating surface to the hybrid
nanofluid flow and reported improved heat transfer perfor-
mance of hybrid nanoscale materials synthesized through
the incorporation of three distinct nanoparticles in a base
fluid in Obalalu et al. [3]. This strategy proves very effec-
tive in enhancing thermal conductivity than binary hybrid
nanofluids. They are highly applicable in solar energy appli-
cations, industrial heat exchangers, microelectronic cooling,
and biomedical applications including hypothermia therapy
and targeted drug delivery, although the high cost of produc-
tion, long-term stability, and possible toxicity of nanoparti-
cles continue to be the subject of research. Thus, the hybrid
nanofluid technology has a bright future of enhancing energy
efficiency and in the sphere of medical use. Bhatti et al. [4]
examined the use of hybrid nanofluids to use silicon dioxide
(Si0,) nanoparticles in solar energy systems. Nabwey et al.
[5, 6] came up with mathematical models of ternary hybrid
nanofluids in solar energy applications. Zeb et al. [7] stud-
ied the effect of the internal energy on melting heat transfer
in ternary hybrid nanofluids in coaxial disk to disk. Also,
Zeb et al. [8] suggested the application of ternary hybrid
nanoparticles in the modified system of heat flux in rotating
disk systems.

The ANN scheme is the most capable method for deter-
mining nonlinear flow problems when using different geom-
etries to drive the designing progresses. An ANN scheme
for fluid problems is one of the development goals. This
progression will enhance the efficiency of thermal control
framework, which can be applied to innovative concepts
to energize sustainable using less energy for alternative
engineering fields. This area present as an ideal platform
for applying computational solution, especially when it is
considered to be advantageous to heat transfer performance
thermodynamics in complex fluid systems, aerospace engi-
neering and other manufacturing procedure. Such systems
may be applicable to the development of more efficient heat
exchanges and pumps to enhance fluid flows in lubrication,
cooling, and chemical processes. ANN can be applied to
new input scenarios to predict thermal patterns, velocities,
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other flow parameters after training and testing. Bar et al. [9]
predicted the compressible flow of a non-Newtonian fluid
on using an (ANN) through a pipe comprising its parts.
Zhao et al. [10] used neural network to analyze the impacts
of entropy generation on Ree-Eyring fluid model through
a rotatable disk. Alizadeh et al. [11] have been presented
mix-convection flow of heat transfer in a non-Newtonian
nanofluid by using an (ANN) methods through an enclosed
cavity.

Heat transfer analysis is a essential field because it is
widely used in chemical processing, petroleum engineering,
and biological systems (e.g., drug delivery and heat trans-
fer in organs). The conventional Fourier law was developed
by Fourier in 1822 to describe the heat conduction in dif-
ferent experiments. The thermophysical characteristics of
the liquid metals in the temperature range of 0-400 °C are
reported by Yu et al. [12]. The energy equation created by
Fourier suggests instant propagation of thermal disturbances
through a medium. To overcome this shortcoming, Cattaneo
et al. proposed a revised constitutive relation that included
thermal relaxation, and the energy equation was became
hyperbolic Cattaneo et al. [13]. This model was further
refined by Christov et al. [14] who used the upper-convected
derivatives introduced by Oldroyd to make it frame-indiffer-
ent. Fourier transform is considered as classical in theory
although it possesses weaknesses when it comes to explain-
ing transient thermal processes. This has given rise to non-
Fourier models such as the Cattaneo—Christov theory which
has been used in modern engineering systems [15, 16]. The
recent experimentation of the impact of thermal relaxation
has revealed that they play a significant role in microscale
heat transfer and biology [17, 18].

Owing to temperature variations in fluids, density vari-
ations develop leading to a phenomenon known as thermal
stratification. Natural systems, such as the atmosphere, lakes,
and oceans, have stratified layers, which play a role in deter-
mining thermal efficiency by inhibiting convectional mix-
ing and minimizing vertical heat transfer. The Richardson
number commonly measures the strength of stratification
and is the buoyancy force ration to the shear of the flows.
In this case, both mass and heat transfer processes co-occur,
resulting in complementary temperature gradients, and
this is known as double stratification. Stratification is also
widely used in industrial applications, in the environment
(e.g., salinity stratification in estuaries and thermal stratifica-
tion in lakes) and engineering (e.g., power-plant condensers
and underground storage tanks). Recently, the influence of
thermal stratified flow on a Maxwell fluid in heat transfer
analysis through an exponential sheet has been investigated
[19]. Noor et al. [20] studied temperature-dependent strati-
fication in ferrofluids in the presence of a stretching sheet
owing to the influence of a magnetic dipole. Chen calculated
natural convection on stratified flow through a stretching

surface using a finite-difference scheme [21]. Daniel et al.
[19] simulated the thermally stratified with magnetohydro-
dynamic nanofluid flow with viscous dissipation. Thermal
stratification remains a subject of interest because of its con-
tribution to energy efficiency in industrial and environmental
processes. Modern studies have focused on the optimization
of stratified systems to use them in renewable power applica-
tions and thermal storage [22, 23]. The occurrence of double
stratification has been widely observed in nanofluid systems,
and recent observations suggest that its ability to improve
heat transfer performance significantly improved through
this phenomenon [24, 25]. Phase change materials have been
studied using the Cattaneo—Christov theory, which has cre-
ated new opportunities in storage of thermal energy available
in the future [26]. Heat exchangers and cooling applications
in stratified flow in electrical microchannels were investi-
gated in [27, 28].

In modern studies of heat transfer flows, the simplifying
hypothesis of constant fluid viscosity and thermal conductivity
is gradually being replaced by models in which they are inher-
ently temperature dependent. A combination of these variable
properties can significantly change the expected hydrodynamic
and thermal boundary layers qualified for constant-property
simulations, as demonstrated in recent high-reliability numeri-
cal experiments. This dependence can be characterized accu-
rately with the help of modern experimental methods, where
Shah et al. [29] showed a 38% change in the effective thermal
conductivity of Al,O,-CuO/water hybrid nanofluids in a 50 K
working range, which is effectively modeled by a linear tempera-
ture dependence. This method is based on initial studies such
as Chiam [30], who combined variable conductivity with heat
sources dependent on temperature. On the same note, the effect
of the change in thermal viscosity on the patterns of convection
is an imperative area of concern. Recent particle image velocity
research by Chen [31] demonstrated the effect of a 40 percent
reduction in the viscosity of a silicone-based nanofluid on the
reorganization of vortex structures in the natural convection of
a magnetite heated sphere and the continuity of the analysis of
Molla et al. [32]. Currently, it is common to combine several
coupled phenomena in this study. An example of this is a com-
putational model of the laminar flow over a catalytic plate that
simultaneously accounts for variable viscosity, chemical reaction
kinetics, and an isotropic mass diffusion, as developed by Kumar
et al. [33] as an extension of the previous framework of Ghaly
[34]. Recently, Abbas et al. [43] studied numerical investiga-
tion of a fluid problem. Zeb et al. [44] studied Cattaneo-Christov
heat flux model. Maatki et al. [45] have used ANN to investigate
fluid problem. Wahab [46] has studied a slip boundaray value
problem for numerical analysis. Awan et al. [47] studied entropy
optimization in MHD hybrid nanofluid flow.

In the literature review, it is noted that there is a deep
gap in research related to the modeling of the thermally
stratified hybrid nanofluid flow with the inclusion of the
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non-Fourier heat transfer mechanisms across the nonlinear
stretching surfaces. In particular, the combined effects of
variable thermophysical properties, Cattaneo—Christov heat
flux, and inclined magnetohydrodynamic (MHD) forces have
not been investigated within a unified framework. Most of
the available literature, however, does not consider thermal
stratification or non-Fourier heat flux, as well as variable
thermophysical properties, simultaneously. Moreover, ANN-
based methods are frequently used without strict validation
or incorporating with complex physical models. A dual com-
putational approach of the shooting method with RK45 inte-
gration is used to solve the resulting boundary value prob-
lem. Moreover, an artificial neural network (ANN) model is
developed which is a rapid, dependable, and data-intensive
surrogate to validation and parametric forecasting. The find-
ings give informative details on the dynamics of velocity
and temperature distributions in the flow field. In addition,
important engineering quantities such as the skin friction
coefficient and Nusselt number are evaluated. Altogether,
this article fills the research gap between the theoretical fluid
mechanics and practical thermal engineering by offering a
more coherent and comprehensive framework of hybrid
nanofluid-based thermal management systems.

Research gap and objectives
Research gap

An extensive review of the available literature indicates that
significant progress has been made in modeling nanofluid
and hybrid nanofluid flows under various physical effects
such as magnetohydrodynamics, thermal radiation, and
nonlinear stretching surfaces. However, several important
aspects remain insufficiently addressed.

e First, most existing studies consider either constant ther-
mophysical properties or only partially account for tem-
perature-dependent viscosity and thermal conductivity.
The combined influence of both variable viscosity and
variable thermal conductivity in hybrid nanofluids is still
limited in the literature.

e Second, although the Cattaneo—Christov heat flux model
has been widely used to describe non-Fourier heat con-
duction, its integration with thermally stratified hybrid
nanofluid flow over a variable thickness nonlinear
stretching surface has not been fully explored.

e Third, the simultaneous effects of inclined magnetic
fields, internal heat generation, thermal radiation, and
convective boundary conditions in a unified hybrid nano-
fluid model are rarely investigated in a single framework.

e Furthermore, while artificial neural networks (ANNSs)
have been applied to fluid-flow problems, their use as
surrogate models for validating complex hybrid nanofluid
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systems involving non-Fourier heat flux and stratification
remains scarce. Therefore, there exists a clear research
gap in developing a comprehensive mathematical and
computational framework that incorporates all these cou-
pled physical mechanisms while also employing machine
learning techniques for validation and prediction.

Objectives of the study

To address the identified research gaps, the main objectives
of the present study are as follows:

e To develop a mathematical model for thermally stratified
magnetohydrodynamic flow of a TiO,—Fe;0,/H,0 hybrid
nanofluid over a nonlinear stretching surface with vari-
able thickness.

e To incorporate temperature-dependent viscosity and
thermal conductivity along with the Cattaneo—Christov
non-Fourier heat flux model in the governing equations.

e To model the overall effects of inclined magnetic field,
thermal radiation, internal heat generation, and convec-
tive boundary conditions in a single model.

e To reduce the governing partial differential equations to
a system of nonlinear ordinary differential equations by
the use of suitable similarity transformations.

e To find the correct numerical solutions of the resulting
BVP by shooting method coupled with the RK45 integra-
tion scheme.

e To create and train an artificial neural network (ANN)
model as a proxy tool to predict velocity and temperature
profiles and check the numerical findings.

e To determine the relationship between the influence of the
important physical parameters on the velocity, temperature,
skin friction coefficient, and heat transfer rate.

e To provide physical insight and practical guidance for
the design of advanced thermal systems involving hybrid
nanofluids in engineering applications such as solar
energy systems, cooling technologies, and thermal man-
agement devices.

Problem description and assumptions

This study considers the steady two-dimensional thermally
stratified magnetohydrodynamic (MHD) flow of a hybrid
nanofluid consisting of TiO, and Fe;O, nanoparticles sus-
pended in water over a stretching sheet of variable thick-
ness. The model models a number of significant physical
influences, which are: an inclined magnetic field, Cat-
taneo—Christov heat flux, thermal radiation, heat produc-
tion/absorption, temperature-sensitive thermal conduc-
tion/viscosity. The stretching velocity follows a power-law
distribution



Application of neural network analysis to study thermally stratified hybrid nanofluid over...

u,(x) = Uy(c +0)™,

where U, is the reference stretching velocity, ¢ is a dimen-
sional constant introduced to avoid singularity at x = 0, and
m is the nonlinear stretching index. The surface profile is
defined as

y=ACHD) T,

where A denotes the sheet-thickness coefficient. A uniform
magnetic field By, is applied at an angle a; (0 < a; < 7/2)
relative to the surface plane, as displayed in Fig. 1.
Following Refs. [35-37], the mathematical model for ther-
mally stratified hybrid nanofluid flow with Cattaneo—Christov
heat flux is written as follows. The continuity equation is

V-V=0. ey

The momentum equation is

oV | o o . _
phnf(E +(V- V)V) =V.(-pl+71)+F- o-hnfB(z) sin®(a))V,
(@)

where

T = pp(D(VV +(VV)),  F = —0y,B3 sin*(a))V.
3

Here, F represents the magnetic body force, By, is the mag-
netic field strength, oy, is the electrical conductivity of
the hybrid nanofluid, and «; is the inclination angle of the
applied magnetic field.

Using the standard boundary layer approximations, the con-
tinuity and momentum equations reduce to

du  ov
—+ = =0,
dx dy “)
Phot [ Ou . Ou Hhnf OBy sin’(@,)
u— +v— ( )— -
Py \ Ox 0y ay dy oy
Q)]

The energy equation based on the Cattaneo—Christov model
is given by

oT | ¢ _
(PComi(57+ (V- 9)T) ==V -4, ©®
where u and v denote the velocity components in the x- and

y-directions, respectively, 7'is the fluid temperature, C,, is the
specific heat capacity, and q is the heat flux vector satisfying

_ q - _ = _ ol _ Kpng
g+To §+(V.V)q+V-Vq—q'VV = % (DVT,
f
(N

A \ e x-aXis

Fig. 1 The geometric configuration of the problem

where I' is the thermal relaxation time and k;¢(7) denotes
the temperature-dependent thermal conductivity of the
hybrid nanofluid. For an incompressible hybrid nanofluid,
Eq. (7) reduces to

0q - o = King
G+T —a +V-Vq-q-VV| = —E(D)VT. ®)
f

Eliminating the heat flux vector q from Egs. (6) and (8)
yields the governing energy equation in the following form:

PColus ( oT . oT\ _ 0 ()
Wi "oy T ax ) = oy

16}/SbToo 02_T
3ma 0y
" oT du ()T av
0x 0x 6y ox
dT du 62T ,0°T
+2vu +u— ).
Vox dy dxdy 0x?

-T2 +

+ Qs(T,,

0’T
— QT(TW -7) - F<Vzﬁ

dT av

0y ay )

Here, y,,, and y, denote the mean absorption coefficient and
Stefan—Boltzmann constant, respectively, whereas Qg and Oy
are the heat source parameters.

The corresponding boundary conditions are

I-m
u(x,y) = uy, (x) = Uy(c + )™, v(x,y) =0, aty=A(c+x) 2
ke (T) 0T 1-m

"kf 0y = hf(T —T) aty=A(c+x) 2,
u(x,y) — 0, T-T,, asy — oo.

(10)

In the above formulation, 7, is the variable wall temperature,
T, is the ambient temperature, and thermal stratification is
incorporated through the temperature boundary conditions.
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Following Refs. [37-39], the dimensionless temperature and
variable-property relations are defined as

T-T,
o0n) = ——=,
w 0
Mhnf(T) a—b(T-T,) .
w U= (= g2 (in
khnf(T) _ khnf _ _
P ko ' (a; = by (T, = T)).

The following similarity transformations reduce the govern-
ing PDE system to a system of nonlinear ODE:s:

(+mU, at 20
n=y\ 5 rataT. v GO (c+n .
2 m+

(12)
u = Uylc+x)"G (&),
BT m—1_, (13)
- (T) 6@ +e5— 0@
o = T T
&) = T.-1, (14)

where the wall and ambient temperatures vary according to

1-m 1-m
T,=Ty+kx+c)7, T,=Ty+kx+c2. (15
Hence, the dimensional temperature can be written as
T=T,+06(T,-T,). (16)

The thermal stratification relations then become

T)) = biky(c+ )7,
a7

b(T, —Ty) = bk (c+x)'2,  b(T, -

Hint [(31 +oy(1=S, - 9))g'" _ *26'g”] + @(g'g _
Hg Pr

1 Kppn " Kiyng N2 1—m\ ,
— R+ (2,0 +2,)0" + 4,2 p —S(—)
Pr[ kf(l 1) lkf() \mr1)8

).2 (pC )hnf
2 (PC )

m (,)2>_ 2M  Opye

and consequently

b(T,~T)=¢  b(Ty-T)=(S. 8=

(18)
Here, S, is the thermal stratification parameter; A, and 4, are
the variable conductivity and thermal relaxation parameters,
respectively; and y; and k; are the viscosity and thermal con-
ductivity of the base fluid. Using the above transformations,
Egs. (5)—(9) reduce to the following coupled ODE system:

Hinf o
K [(V1
32

P (2
pr \m+1

2M  Opt

m+1 o;

+2,(1-0—5n)F" —

—F’F>

sin’(a))F' =0,

$2®,F"]

19)

khnt

[ |+ 4,0)0" + 4,(0')]

/12 (PCnnt
2 (PC )

+0Q,e” 25“+Q2®+S<

( 2 O'F+(n—3)FF - (m— 1)@”F2> 20)
“1\,.
1+m )F =0.

The corresponding boundary conditions are

__1-m 00 —
F(O)_v31+m’ F'(0) =1,
1 —0(0)
®'(0) = -B , @)
1( (4,0(0) + :1)khnf/kf>
F'(00) = O(x) = 0.
For notational convenience, let F({) = g({) and ©() = 6({).

Then, the transformed governing equations can be written as

(22)

: .2 ’
=0,
m+1 o sin“(@)g

(23)

( 0/ + (m— 3)g g—(m— 1)9//82> +0,0 + Qle—z,sn —0,
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__1-m 1)) —
1-6(0)
0'(0) = -B , (24)
1 (4,000) + 31)khnf/kf)
g'(00) =0, 0(c0) = 0.

Here, g'({) and 6(¢) denote the dimensionless velocity and

temperature, respectively. The parameter
Uym+1) | .

=, =A —y is the wall thickness parameter,
O'B(Z)

=W is the magnetic parameter,
pUy(c + x)m=

Ay = UpI'(c + x)™! is the thermal relaxation parameter,
Pr = uC,/k is the Prandtl number, and Q, and Q, are the
heat source parameters.

Table 1 Thermophysical properties of TiO,, Fe;0,, and water [8, 40]

Thermal and transport properties of hybrid
nanofluid

In the present study, the hybrid nanofluid consists of TiO, and
Fe;0, nanoparticles dispersed in water as the base fluid. The
effective thermophysical properties, including density, heat
capacity, viscosity, thermal conductivity, and electrical con-
ductivity, are modeled by standard mixture relations in terms
of the nanoparticle volume fractions ¢, and ¢,. This choice is
consistent with the physical model and removes any ambigu-
ity regarding the nanoparticle composition (Tables 1 and 2).

The engineering quantities of interest are the skin friction
coefficient and the local Nusselt number, which characterize
the wall shear stress and heat transfer rate, respectively. They
are defined as

+b
Ny xtD)ay

- 1 +1 (25
p —m2 ke(Tyy = T )y /—’"2

Here, 7, denotes the wall shear stress and g, is the wall heat
flux, given by

. ou
Property TiO, Fe;0, H,0 T, = [/"hnf(T) a_] L (26)
Y ly=a@c+n 7
p/ kgm™ 4250 5180 997.1
C /Jkg‘]K‘1 686.2 650 4180.0
’ kiot(T) 0T
k /Wm K- 8.9538 9.7 0.6071 Y = [_L 9 _ r] . 7
s /Sm! 2.6 10° 0.74 x 107 0.05 ki Oy y=A@te) T
Their dimensionless forms are therefore expressed as
Table.2 Correlations used for Property Correlation
the TiO,—Fe;0,/H, 0 hybrid
nanofiuid. Viscosity (4) Hinf _ 1
H (- 4’2)5/2(1 - 0—"1)5/2‘
Density (p) Phnt p p
=l = —¢1)[(1 —¢2>+¢2—2] +
P Pt Ps.
Heat capacity (pC,) (PCpng (Cp), (pCp)
P pn =(1_¢1)[(1—¢2)+¢2 ? ]+ | —
(pCp)s (Cp)e (PCo).
Thermal conductivity (k) lﬂ 2k + ky =20 (ke — ki)
ke 2ke + ky + (ke —ky)
Kipng _ 2kye + ky — 200, (ke — k)
ke ko +ky + ylkop —ky)
Electrical conductivity (¢) ( o
Ont =1 3 ot )¢l
— + .
)G
o Of
o _
Ohnf 3( Oy )4)2
=1+ .
Onf % (2 _
" (Unf + 2> (Unf )¢2
Buoyancy coefficient (pf) (pB) (pP) (pB)
= (1 —¢1>[(1 — b)) + 2] + L
(pP)¢ (pB)¢ (pB)¢
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Boundary value
problem (BVP)

BVP reduced to initial
value problem (IVP)

Initial guess for missing

boundary conditions
!
Numerical solu-
tion using shooting
method with RK45
A

Refinement of ini-
Convergence

No . .
tial guesses via

criterion satisfied?

Newton-type iteration

merical solution

|

ANN training us-
ing numerical data

|

Model validation (MSE,
RMSE, MAE,R)

{ Converged nu- }

Final results and

parametric analysis

Fig.2 Flowchart of the shooting technique with ANN validation

Hinf m+1
C =—<c =, (1 =@ +S —_— 0),
(=2 (= o(1-0+5) )\ 5= €O
N k
S o [T (2,04 ,) + 2R|07(0).
Re,, ki 3
(28)

Numerical approximation
See Fig. 2.
Shooting method

To solve the transformed boundary value problem, the cou-
pled higher-order ordinary differential equations are first
converted into an equivalent first-order system. This step
facilitates the implementation of the shooting technique
together with a Runge—Kutta integration scheme. Let

§' =y 0=y, 0 =ys. (29

g=y. & =,

With these substitutions, the governing system is rewritten
as

@ Springer

Yy =Y
)’; =3
phnf< _ 2m 2)_2Msin2(ml)% iy Hinf
, P Y1Y3 m+1y2 mr 1 Gf)’z 2”fY3y5
V3 = Tt s
LBy + By(1 — vy — S1))
f
)’:; =DYs»
(pcp)hnf }«2(’" -3) m—1 -2.5n
T (T)’l)’z + Stm_-{—1y2> + Qs+ Qe
s = k LPrm + 1)
hnf 2 4R
k_f(ﬂl + Ay + TY% +3
(30)
The associated boundary conditions become
(0) = == O=1
Y1 St 1 1)’2 " >
y5(0) = —B, < Y4 ) 31
(41Y40) + Bkye/ k¢
y2(00) =0, Y4(00) = 0.

Because the problem is posed as a boundary value problem,
the unknown initial slopes are estimated iteratively using
the shooting method. In this approach, the boundary value
problem is transformed into an initial-value problem, and
the missing initial conditions are adjusted until the far-field
boundary conditions are satisfied. The resulting initial-value
problem is solved numerically by the RK45 scheme. A step
size of h = 0.02 and a convergence tolerance of 10~® are
used throughout the computations. Convergence is declared
when the norm of the residual associated with the far-field
boundary conditions falls below the prescribed tolerance.

This procedure provides stable and accurate numerical
solutions for the velocity and temperature distributions and
is used as the reference solution for subsequent ANN train-
ing and validation.

Artificial neural network (ANN)

The numerical solutions are represented by a trained artifi-
cial neural network (ANN) which is a Levenberg—Marquardt
(LM) backpropagation algorithm. It is necessary to point out
that the ANN is not implemented to substitute the numerical
shooting-RK45 method, but it is an additional means of pre-
diction, validation, and efficiency of the computations. This
combination of numbers and ANN enhances reliability and
offers a separate confirmation of the behavior of the solution.

The training sample is created using the numerical solu-
tions of the shooting method with the RK45 integration
framework. It considers a very large variety of governing
physical parameters, among them the magnetic parameter,
M, Prandtl number, Pr, thermal stratification parameter, St,
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thermal conductivity parameter, and thermal relaxation
parameter, radiation parameter, and convective parameter,
all denoted by their respective parameters. An ANN dataset
is constructed by computing the profile of velocity, g’, and
temperature, theta, of each admissible parameter set, and
using them to build the ANN dataset.

The ANN structure includes one hidden layer comprising
of ten neurons that is chosen as a trade-off between com-
putation and prediction efficiency. Levenberg—Marquardt
algorithm is chosen because it converges quickly, and it is
good in nonlinear function approximation problems with
moderate size datasets.

This paper will detail the training and validation process
of the ANN model. The ANN training and validation pro-
cess is summarized as follows to make the process clear and
reproducible:

e Data Generation: Numerical solutions are obtained in a
structured grid of physical parameters by the shooting-
RK45 method.

¢ Input-Output Definition: The input vector is given as.

[n, M, Pr,St, Ay, 4,, By, R],
and the output vector is.

L&' (), O(m)].

¢ Data Normalization: Minmax scaling is used to normal-
ize all the input and output data:

X = Xmin

norm — d
Xmax ~ *min

X

to improve numerical stability and training.

e Data Division: The dataset is broken down into three
subsets to have proper training and reliable evaluation of
the model. In particular, 70% of the data is used on train-
ing the neural network, 15% for the validation to track
the learning process and avoid overfitting, and the rest
15 percent is reserved to testing to evaluate the ability of
the trained model to generalize.

e Training Process: The optimization algorithm to be
used to train the network is the Levenberg—Marquardt
algorithm that minimizes the mean squared error (MSE)
between the predicted and target outputs. The algorith-
mic part of the training process continually modifies
masses and biases according to the gradient information.
item Early Stopping Criterion: To avoid overfitting, early
stopping is implemented. Training will be stopped when
the error in validation does not reduce after a specified
number of iterations. item Tests and Generalization: The
trained model is tested with unknown test data in order
to test its generalization ability.

The ANN works on the following principle.
The network output of a normal neuron may be given as:

in which x; is the input, w; is the connection mass, and b; is
the bias and is the activation function.

In forward propagation, the input data are sent across the
hidden and output layers to produce predictions. With back-
propagation, one propagates the prediction error backward
to train masses and biases with gradient descent:

oL _ oL %% 3

ow 0y ow’ (33)
oL

Whew = Wold — 71%, (34)

with the learning rate being denoted as, eta.

The predictive performance of the ANN model is evalu-
ated using several statistical error measures, including
the correlation coefficient R, mean squared error (MSE),
root-mean-squared error (RMSE), and mean absolute error
(MAE). These are measures that measure the difference
between the ANN estimates and the numerical solutions.
The expressions are given as follows:

nYXY-Y XYY

R= . 35)
VI Zxe —(Ex2|[n v - (T vy
1 N
— ANN _ _num)2
MSE = ;(yi 2, (36)
1 N
— - ANN _ . numy2
RMSE =4+ g,@i 2, (37)
1 N
MAE =~ 21 [N — e, (38)

Here, y*N and y™™ represent the ANN-predicted and
numerically obtained values, respectively, and N denotes the
total number of data samples. Lower values of MSE, RMSE,
and MAE indicate higher prediction accuracy, while a value
of R close to unity signifies a strong agreement between the
ANN outputs and the numerical results.

The quality of the trained ANN model is represented in
various diagnostic plots in Figs. 3a—e and 4a—e, where each
subfigure gives a particular understanding of the accuracy,
convergence, and reliability of the network. The regres-
sion plots of Fig. 3d indicate the great consistency between
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Fig.3 The regression analysis, error histogram, performance plots, and curved fitting
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the ANN predictions and the numerical solutions, and the
regression coefficient is near to unity in the three training,
validation, and testing sets, which shows high predictive
power. The error histogram in Fig. 4b indicates that the
errors of prediction are concentrated close to zero, which
proves that the model is not biased and very accurate. In
addition, as depicted in Fig. 3c, the performance curve indi-
cates a sharp decrease in the mean squared error (MSE) at
the early part of the training process and then the conver-
gence is stabilized, which is a sign of successful network
convergence without overfitting. Along with that, Fig. 4a
shows the gradient and the evolution of the mu that were
gradually decreasing, which indicates the stable convergence
and the adaptive damping parameter is used to guarantee
the efficient learning. The function fitting plot in Fig. 4e
has an almost perfect overlap between ANN predictions
and numerical results, which proves the model capacity to
accurately reflect the nonlinear nature of the velocity and
temperature fields.

Stability and convergence analysis

Tables 3 and 4 show how the numerical scheme is stable to
changes in initial guesses and solver tolerances. It is seen
that the highest deviations in the velocity profile and tem-
perature profile are at most of the order of 1073, This is to
confirm that the proposed shooting-RK45 method is stable,
robust, and not sensitive to moderate changes in numerical
parameters.

Validation and error analysis

The accuracy of the numerical and ANN results is validated
through comparison with previously published studies and
through quantitative error analysis. Table 5 presents the
comparison of the present results with literature values,
showing excellent agreement with very small absolute
errors. In addition, the predictive capability of the ANN
model is evaluated using RMSE and MAE, which are found
to be of the order of 107*, indicating high accuracy. The
regression coefficient R is found to be very near to unity
which validates the fact of strong correlation of predicted
and numerical results.

Results and discussion

This section gives a comprehensive examination of the
computation findings of the shooting-ANN solution of the
boundary layer flow of a hybrid of (TiO, and Fe;0O,) nano-
fluid over a nonlinear stretching surface with thermal stratifi-
cation. A shooting method combined with an ANN is used to

find the numerical solutions of the boundary value problem
represented by the equations in the form of the following
equations (Egs. (30)—(31) by setting the step size, k, to 0.02
and the convergence tolerance, TOL, to 1075, The numerical
scheme was validated by comparison with previous literature
[41, 42], and the results are analyzed in tabulated form and
found to be in good agreement. The effect of the different
parameters on the velocity and temperature fields is graphi-
cally studied in Figs. 5-21, and also, the heat transport rate
and drag coefficient are analyzed in Tables 6-7.

Velocity profile

Figures 5-9 illustrate the impact of inclined magnetic
parameter a; wall thickness parameter §3,, thermal stratified
parameter St parameters and thickness parameter 85, and
magnetic M.

Figure 5 illustrates the effect of the wall thickness param-
eter 85 on the velocity profile for TiO, and Fe;O, nanopar-
ticles. It is observed that increasing 5 enhances the effec-
tive thickness of the stretching sheet, which intensifies the
stretching action on the fluid. Consequently, the velocity of
the fluid close to the wall rises and the velocity gradient
becomes steeper and the momentum boundary layer thin-
ness diminishes.

Figure 6 illustrates the effect of the thermal fluid property
parameter <, on the velocity gradient for TiO, and Fe;0,
nanoparticles. It is observed that increasing <, reduces the
velocity gradient. This is the case since an increase in values
of =, will increase the temperature dependence of viscosity
and thus effective viscosity will increase as one goes close
to the heated wall. The viscous resistance that ensues acts
against fluid motion, thus slows down the flow velocity, and
increases the momentum boundary layer.

Figure 7 illustrates the effect of the magnetic parameter M
on the velocity profile g’(¢) for both Fe;0, and TiO, nano-
particles. It is observed that increasing M reduces the fluid
velocity. This action can be explained by the Lorentz force
created by the interaction between the electrically conduct-
ing fluid and the applied magnetic field which is also a resis-
tive force against the flow. As a result, the flow velocity is
slowed down, and the momentum boundary layer becomes
thickened. Moreover, the damping effect is more pronounced
for Fe;O, nanoparticles due to their higher electrical con-
ductivity compared to TiO,, resulting in stronger magnetic
resistance.

Figure 8 illustrates the effect of the stretching index
parameter m on the velocity distribution for both Fe;0,
and TiO,-based nanofluids. It is observed that the velocity
decreases with increasing m. Physically, the parameter m
governs the nonlinear stretching of the surface. The param-
eter, physically, m controls the nonlinear stretching of the
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surface. At the case of m = 1, the stretching velocity is
linear and the case of m # 1 is nonlinear and changes the
velocity gradient at the wall. Higher values of m weaken
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the effective fluid acceleration, resulting in reduced velocity
and an increase in the momentum boundary layer thickness.
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Table 3 Stability analysis with respect to different initial guesses

Case g"(0) 6(0) Max error in g’(n) Max error in 6(n)

1 —0.42351 0.31245 1.25%x107° 9.87 x 107°
—-0.42188 031092 1.12x107° 8.65 x 107°
—0.42230 0.31110 9.54x 10°° 7.82 %107

Table 4 Stability analysis with respect to solver tolerances

Case RelTol AbsTol g"(0) Max error in Max error in
g'(m 6(n)
1 10~ 10-¢ -0.42320 2.14x 107 1.98 x 107>
1073 1077 -0.42240 1.12x 107 9.21 x 107°
10~ 108 —0.42205 7.80x 107 6.90 x 107°

Table 5 Validation of the present results with recent literature for
selected values of the magnetic parameter M

M  Present Awan et al. Absolute error ANN ANN Error
[41]

0.0 1.23254 1.23110 1.44x 1073 1.23210 4.40x 104

0.4 1.19832 1.19725 1.07x 1073 1.19801 3.10x 1074

0.8 1.14567 1.14480 8.70x 1074 1.14520 4.70x 10~*

1.2 1.08954 1.08860 9.40x 10~ 1.08901 5.30x 1074
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Figure 9 illustrates the effect of the inclination angle a,
on the velocity field for both Fe;O, and TiO, nanoparticles.
It is observed that the velocity decreases with increasing «;.
Physically, an increased inclination angle increases the effec-
tive part of the magnetic field on the fluid which increases
Lorentz force. This resistant force resists the fluid motion,
which results in a decrease in velocity and the increase in
the momentum boundary layer.
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Temperature profiles

Figures 10-21 illustrate the impact of Prandtl number Pr,
magnetic parameter M, thermal stratified parameter St
parameters, stretching index m and thermal radiation param-
eter R, variable thermal conductivity 4,, and thermal relaxa-
tion parameters A, on temperature profile.

Figure 10 illustrates the effect of the Prandtl number Pr
on the temperature field for Fe;O, and TiO, nanoparticles. It
is observed that the temperature profile (7)) decreases with
increasing Pr. Physically, increasing values of Pr would give
rise to decreasing thermal diffusivity, restricting the diffu-
sion of heat into the fluid. As a result, the thermal boundary
layer becomes thinner, leading to a reduction in the tempera-
ture distribution.

Figure 11 shows the impacts of the magnetic field M on
the temperature field for both TiO, and Fe;0,-based nanoflu-
ids. It is evident that the temperature profile 6(¢) decreased
as the value of M increased. The decrease in temperature
with increasing magnetic parameter M is due to the Lorentz
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force, which suppresses fluid motion and weakens convec-
tive heat transfer, resulting in a thinner thermal boundary
layer.

Figures 12 and 13 illustrate the effect of the heat source
parameters Q; and Q, on the temperature distribution of the
Fe;0,-TiO, hybrid nanofluid. It is observed that the tem-
perature increases with increasing values of both Q; and Q,.
Physically, an increase in the parameters of the higher heat
source increases the internal heat generation in the fluid,
which increases the thermal energy. This leads to an increase
in the temperature field and a thickening of the thermal
boundary layer.

Figure 14 illustrates the impacts of thermal radiation
parameter R on temperature field 8(y) using the Fe;0,-TiO,
hybrid nanofluid. The temperature profile enhances signifi-
cantly as R increases. Physically, a higher R enhances the
radiative heat transfer, providing extra energy to the fluid
particles. In physical terms, the greater the value of R, the
higher is the rate of radiative heat transfer resulting in the
provision of more thermal energy to the fluid particles.

Figure 15 presents the effect of the convective bound-
ary condition parameter B, on the temperature distribution
0(n) of the Fe;0,-Ti0, hybrid nanofluid. The temperature
profile increased with B, increases. Physically, the higher
the values of By, the better the convective transfer of heat
at the surface and the higher the amount of heat that is
captured by the nanofluid. This produces a more viscous
thermal boundary layer and increases the temperature
distribution within the flow field. In turn an increase in
the surface convection significantly increases the thermal
energy of the fluid.

Figure 16 illustrates the effect of the thermal stratification
parameter St on the temperature profile 8() for both TiO,
and Fe;O,4 nanofluids. It is observed that the temperature
decreases significantly with increasing Sz. In physical terms,
an increase in St is a sign of increased thermal stratification,
with the temperature of the ambient fluid rising further away
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Q@

from the surface. This minimizes the difference in tempera-
ture between the wall and the fluid and thus undermines heat
transfer and causes a drop in temperature distribution in the
flow domain.
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Figure 17 displays the temperature field with respect to
(thermal relaxation 4,) for (magnetic iron oxide Fe;O, and
titania oxide TiO,). It is revealed that the temperature field
decreased with an increases in 4,. Physically, a larger ther-
mal relaxation parameter will enable relaxation to transfer
more heat between neighboring fluid particles, pending the
thermal response, and decreasing the fluid temperature.

Figure 18 shows the impact of stretching index m, on
the temperature variation of titanium(IV) oxide (TiO,
)—(Fe;0,). It was observed that decrease in the temperature
field thereby increases the stretching index. Physically, the
increased stretching index enhances the nonlinear stretching
of the surface which accelerates the flow of the fluid and
inhibits the growth of the thermal boundary layer, thereby
lowering the temperature of the fluid.

The influence of the variable thermal conductivity param-
eter A, on the temperature distribution 8(#) is illustrated in
Fig. 19. It is observed that the temperature profile increases
with increasing values of A,. Physically, an increase in the
value of 4, increases the effective thermal conductivity of the
fluid which helps increase diffusion of heat in the boundary
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Fig. 15 Temperature variation 6(#) for heat convective parameter B,

layer. As a result, more thermal energy is transported away
from the surface into the fluid, leading to an elevation in the
temperature field. Consequently, the thermal boundary layer
thickness increases with 4;, indicating a stronger thermal
diffusion effect in the fluid.

Figure 20 illustrates the effect of nanoparticle volume
fractions (¢, ¢,) on the velocity profile g’(¢). It is observed
that the velocity decreases with increasing volume fractions
of both nanoparticles. Physically, increasing concentrations
of nanoparticles increase the effective viscosity of TiO, and
Fe;0, nanofluids resulting in an increase in the resistance
to flow and, therefore, a reduction in fluid motion resulting
in a thicker momentum boundary layer.

Figure 21 illustrates the effect of equal nanoparticle
volume fractions (¢, = ¢,) on the temperature profile 6({)
for the hybrid nanofluid. It is observed that the tempera-
ture increases with increasing nanoparticle concentration.
Physically, nanoparticles increase the effective thermal con-
ductivity of the base fluid that boosts the heat transfer and
increases temperature distribution in the thermal boundary
layer of both TiO, and Fe;0,.
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Skin friction coefficient and Nusselt number
behavior

The influence of the governing physical parameters on the
skin friction coefficient and Nusselt number is illustrated
in Figs. 22-24. These values give a comparative study of
nanofluid and hybrid nanofluid system in different thermal
and flow conditions.

The variation of the Nusselt number with the Prandtl number
for different values of the radiation parameter R is shown in
Fig. 22. It is observed that the heat transfer rate increases with
increasing Pr due to the reduction in thermal diffusivity, which
leads to a thinner thermal boundary layer. Moreover, an increase
in the value of R also increases the Nusselt number because
thermal radiation increases the transport of energy. The fact that
such a small difference occurred between nanofiuid and hybrid
nanofluid shows that the interactions between nanoparticles play
arole in determining thermal behavior.

Figure 23 illustrates the variation of the skin friction
coefficient with the stretching index m for different mag-
netic parameter values. The skin friction decreases with
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increasing m due to the reduction in velocity gradient at the
wall caused by stronger stretching. However, increasing M
enhances the magnitude of the skin friction coefficient due
to the resistive Lorentz force. The hybrid nanofluid exhibits
higher shear resistance compared to the nanofluid.

The variation of the Nusselt number with the stretching
index m for different magnetic parameter values is depicted
in Fig. 24. It is observed that the heat transfer rate decreases
with increasing m due to the thickening of the thermal
boundary layer. Further, the increase in the strength of the
magnetic field decreases the Nusselt number because the
Lorentz force will inhibit the convective heat transfer. The
nanofluid shows slightly better thermal performance com-
pared to the hybrid nanofluid.

Table 6 presents the variation of the skin friction coef-
ficient C; for both hybrid nanofluid and nanofluid under dif-
ferent physical parameters. It is observed that increasing the
stretching parameter m reduces the magnitude of C¢, indi-
cating a decrease in wall shear stress due to enhanced flow
acceleration. The effect of a rise in the magnetic parameter,
M, tends to raise the resistance to flow, and hence the shear
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effects, while changes in the nanoparticle volume fraction
(¢1, $2) are important in changing the effective viscosity
and thus the wall drag. Overall, the hybrid nanofluid exhibits
distinct behavior compared to the single nanofluid due to the
combined influence of dual nanoparticles on fluid properties.

Table 7 illustrates the influence of various physical
parameters on the Nusselt number for both hybrid nano-
fluid and nanofluid. It is evident that increasing the Prandtl
number Pr enhances the heat transfer rate due to the thinning
of the thermal boundary layer. The thermal radiation value,
R, is inclined to decrease the Nusselt number, which indi-
cates more thermal energy in the fluid. Additionally, param-
eters such as the heat source terms (Q,, Q,), and convec-
tive parameter B, significantly influence thermal transport,
while the hybrid nanofluid demonstrates slightly altered
heat transfer characteristics compared to the nanofluid due
to improved effective thermal properties.

A comparison of the numerical analysis and ANN computa-
tion for hybrid nanoparticles is presented in Table 8. The good

1.1

Nusselt number nu

/ —— Nanofiuid
[ — Hybrid nanofluid
0.4 L 1 1 1 1

5 5.5 6 6.5 7 7.5 8 8.5 9

Fig.22 Variation of the Nusselt number Nu with the Prandtl number
Pr for thermal radiation parameter R

Skin-friction coefficient C,

Fig. 23 Variation of the skin friction coefficient Cy with the stretching
index m for magnetic parameter M

accuracy between both simulation was evaluated to ensure the
validation of the model. Tablel shows the manner in which the
coefficient of skin friction varies with the effects of the thermally

—— Nanofluid
—— Hybrid nanofluid
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Fig. 24 Variation of the Nusselt number Nu with the stretching index
m for magnetic parameter M
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Table 6 The impacts of
different parameters on Cy for
hybrid nanoparticles

Table 7 The impacts of
different parameters on Nusselt
number for both hybrid

nanoparticles

Table 8 The compression of
(numerical and ANN) results for
simple and hybrid nanoparticles

@ Springer

m S, =5 M b1, by a f"(0) TiO,-Fe;0, f"(0) TiO,
0.5 0.1 0.01 2.0 0.04 90 —1.99154 —2.98423
0.3 -2.01812 -2.07116
0.5 —2.04508 —2.94167
0.1 0.4 0.01 2.0 0.04 90 —1.23387 —2.32021
0.4 —1.19876 —2.12408
0.7 —1.07121 —1.82413
0.5 0.4 0.01 0.1 0.04 90 —1.84865 —2.12906
0.6 —1.17843 —2.68264
1.1 —1.48281 —1.14632
0.1 0.4 0.02 2.0 0.04 90 —1.77804 —1.59836
0.03 —1.65237 -1.67374
0.05 —1.80902 —1.64664
0.1 0.4 0.01 2.0 0.01 90 —1.65861 —1.63801
0.03 —1.76757 —1.68521
0.05 —1.90672 —1.73556
0.1 0.4 0.04 2.0 0.30 30 —1.99156 -2.39716
60 —1.05877 —-1.51189
90 —2.01065 —1.06519
, Pr B, R m M Ay 0, 0, ¢, ¢, 0'(0)TiO,-Fe,0,  6'(0) TiO,
0.1 63 04 20 05 20 0.1 1.0 10 0.04 —1.63268 —1.84845
0.3 —1.63127 —1.93239
0.5 —1.62986 —2.01862
04 63 03 20 05 20 0.1 1.0 10 0.04 —0.77743 —0.77422
0.5 —1.37687 —1.36782
0.7 —1.86075 —1.84484
04 74 04 20 05 20 0.1 1.0 1.0 0.04 —1.41074 —1.40211
8.4 —1.43491 —1.43059
9.4 —1.45908 —1.45487
04 63 04 20 0.1 1.5 0.1 1.0 1.0 0.04 —2.12408 —1.59465
0.4 —1.90809 —1.41553
0.7 —1.77098 —1.28091
04 63 04 01 05 1.5 0.1 1.0 1.0 0.04 —1.36941 —1.36027
0.6 —1.35917 —1.34315
1.1 —1.34475 —1.33567
1.6 —1.33033 —1.32119
M Simple nanoparticles Hybrid nanoparticles
Numerical result ANN result Numerical result ANN result
0.2 —0.776391063 —0.768702106 —0.952191637 —0.951951184
0.4 —0.735274009 —0.813909181 —1.008203164 —1.007940483
0.6 —0.774229942 —0.857235546 —1.061619298 —1.061367706
0.8 —0.811517269 —0.898318815 —1.112747448 —1.112433812
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stratified St, inclination angle a,, stretching index m, and mag-
netic parameter M. This indicates that the friction coefficient
between the skin increases with a higher values of , St, M, a; and
m for the nanofluids made of Fe;O, and TiO,. However, on the
other hand, the skin friction coefficient declines with an rise in
the wall thickness parameter 35.

The grid independence study for both nanofluid and
hybrid nanofluid cases is presented in Fig. 25a and b, where
the variation of the skin friction coefficient C; and Nusselt
number Nu is examined for different step sizes 7 = 0.02,
0.015, 0.01, and 0.005. It is apparent that both Cf and Nu
do not vary much when the grid is refined, and this means
that they are insensitive to the step size. The variation in
the computed values is extremely small, confirming that the
numerical solution is independent of the grid resolution.

Conclusions

This study investigated the thermal stratified flow of a
hybrid nanofluid comprising titanium(IV) oxide (TiO,)
and magnetite (Fe; O4)/H, across a nonlinear stretch-
able surface. In addition, in this mathematical model the
temperature dependence of both thermal conductivity and
viscosity and an inclined magnetic field are presented. The
governing fluid model was recast into a coupled nonlin-
ear ODEs system which is numerically solved using with
shooting method combined with artificial neural network
(ANN) method. The consequences of velocity and energy
field were studied and graphically represented. The heat
transfer rate and drag coefficient were determined and
tabulated for the different physical parameters. The study
demonstrates that hybrid nanofluids significantly enhance
heat transfer compared to conventional nanofluids. The
ANN model achieved high accuracy with RMSE of order
10~*. The principal findings are summarized as follows:

e The velocity profile reduces with the wall thickness
parameter(s) <, variable viscosity parameter <,, stretch-
ing index (m), magnetic parameter M, inclination angle
(a; ), and nanoparticle volume fractions. These are the
effects that are related to the viscous resistance that is
enhanced, the magnetic damping that is stronger, and the
opposition to the flow that is augmented near the wall.

e This is because the temperature profile rises with ris-
ing radiation parameter, convective parameter, and heat
source parameters, as these parameters raise the thermal
energy available to the fluid.

e The temperature profile will have a tendency to decreas-
ing as the Prandtl number (Pr) and the thermal stratifica-
tion parameter (S7) and the thermal relaxation param-
eter A, and the index of stretching (m) increase, and this
implies less thermal diffusion and less strong thermal
boundary layer generation.

e The ANN predictions were in good agreement with the
numerical results, and it indicates that the trained ANN
can be effectively used as a surrogate of this type of cou-
pled nonlinear transport problems.

e The hybridized numerical-ANN model shows viable pos-
sibilities of designing and optimizing thermal systems
with hybrid nanofluids, and specifically, heat transfer
equipment, solar energy equipment, cooling equipment,
and sophisticated heat transfer equipment.

This study demonstrates the effectiveness of combining
numerical and machine learning approaches for complex
thermal systems. The framework developed could be applied
to turbulent flows, experimental validation, and optimiza-
tion-based thermal system design.
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