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In this study, we present an efficient numerical scheme based on uniform hyperbolic polynomial B-splines for
solving the time-fractional diffusion-wave equation involving the Caputo derivative. This equation models vari-
ous physical phenomena including anomalous diffusion and complex dynamical behavior. The proposed method
ensures a smooth and continuous approximation that effectively captures both local and global features of the
solution such as sharp gradients and long-range memory effects. The key advantage of uniform hyperbolic
polynomial B-splines lies in their flexibility and high accuracy across the computational domain. Stability and

convergence analyses are carried out to confirm the method’s robustness and error control. Finally, numerical
results are compared with those reported in existing literature to demonstrate the accuracy and reliability of the

scheme as process innovation.

1. Introduction
For T >0, we consider the following time-fractional diffusion-wave
equation with a reaction term [22]:
0 u(z,1)
orf

where:

2
truan = o@n+ f@n, pe.2l, 1.1
022

e z €[a,b]l,t €[0,T]
« y > 0 is the reaction coefficient.
* f(z,t) is a source term.

The initial conditions (ICs) are:
v(z,0) = ¢,(2) 0,(z,0) = ¢ (2),

and the boundary conditions (BCs) are:

z € [a, b] 1.2)

v(a,t) = x(t) v(b,t) = yp(1),t € [0,T1], (1.3)

where ¢,(z), ¢,(z), x;() and x,(r) are given functions. The fractional

derivative aﬂ”—(;’) is defined in the Caputo sense as:
Y
S / FUES) ¢ 510 gs, 1<p<2,
9P re-pJo 0s?
—ﬂv(z, =
ot Pu(z, ) o2
as2 '

The Caputo fractional derivative is widely used in modeling anomalous
diffusion and wave propagation because it incorporates memory effects
while allowing for physically meaningful initial conditions. It reduces
to the classical second derivative when g = 2. It naturally incorpo-
rates initial conditions in terms of integer-order derivatives which is
convenient for physical problems. It exhibits nonlocal behavior, captur-
ing the long-memory effect characteristic of many diffusion and wave
processes.
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This work introduces a novel numerical approach using uniform hy-
perbolic polynomial B-splines to solve the time-fractional diffusion-wave
equation. Such equations model anomalous diffusion, wave propagation
and complex physical phenomena, making efficient numerical methods
crucial for real-world applications.

In recent years, numerous techniques have been proposed to address
fractional PDEs. For instance, Arqub et al. [1] developed a reproduc-
ing kernel method for time-fractional PDEs in fluid dynamics. Sadri
et al. [2] developed a numerical scheme for solving two-dimensional
time-fractional diffusion-wave equation using a hybrid approach that
combines classical and shifted Jacobi polynomials. Sadri and Aminikhah
[3] proposed an efficient numerical algorithm for multi-term variable or-
der time-fractional diffusion-wave equations using fifth-kind Chebyshev
polynomials. Zhou and Xu [4] employed a Chebyshev wavelets col-
location technique for time-fractional diffusion-wave equation. Zeng
[5] devised a second-order stable finite difference scheme for such
problems. Khader and Adel [6] developed an innovative finite differ-
ence method using Hermite interpolation for solving fractional wave
equation. Jena and [7] proposed a fourth-order improvised cubic
B-spline collocation scheme integrated with the Crank-Nicolson method
for nonlinear Klein-Gordon and Sine-Gordon equations which govern
soliton propagation. Ali et al. [8] presented a compact implicit dif-
ference scheme for time-fractional diffusion-wave equation. Salehi [9]
created a meshless point collocation method for two-dimensional multi-
term time-fractional diffusion-wave equations. Ali et al. [10] proposed a
fourth-order difference approximation for the time-fractional modified
sub diffusion equations.

Fu et al. [11] established a semi-analytical collocation Trefftz
scheme for multi-term time-fractional diffusion-wave equations. Jena
and Senapati [12] applied explicit and implicit spline collocation meth-
ods with the Thomas algorithm for efficient solutions of one-dimensional
heat equation. Jena and Senapati [13] developed a hybrid numerical ap-
proach combining improvised cubic B-spline collocation, finite element
method and the Crank-Nicolson technique to solve one-dimensional heat
and advection-diffusion equations. Arqub et al. [14] combined cubic
B-spline interpolation with finite differences to solve non-linear time-
fractional diffusion-wave equation with reaction and damping terms.
Avazzadeh et al.[15] developed a numerical method based on radial
basis functions and finite difference method to obtain numerical solu-
tions of the diffusion-wave equation. Heydari et al. [16] explored the use
of wavelet-based methods for time-fractional diffusion-wave equations.
Ebadian et al.[17] developed a novel approach using triangular basis
functions for nonlinear fractional diffusion-wave equations. Nikan et al.
[18] analyzed time-fractional fourth-order reaction-diffusion model
for composite environments. Rashidinia and Mohmedi [19] investi-
gated approximate solutions for multi-term time-fractional diffusion
and diffusion-wave equations. Dehghan et al. [20] proposed two high-
order numerical algorithms for multi-term time-fractional diffusion-
wave equations. Wei et al. [21] established space-accurate finite element
schemes for 2D multi-term time-fractional diffusion-wave equations.
Yaseen et al. [22] proposed a numerical approach that approximates the
time-fractional diffusion-wave equation by employing cubic trigonomet-
ric B-splines. specialized finite element methods for stochastic fractional
differential equations. Wang [23] introduced a compact finite difference
method for time fractional convection-diffusion-wave equations with
variable coefficients. Shah et al. [24] investigated the time-fractional
diffusion equation with a heat absorption term in spherical domains.
Krishnaveni et al. [25] proposed an efficient fractional polynomial
method for space-fractional diffusion equations. Singh et al. [26] de-
veloped a computational approach to fractional convection-diffusion
equations using integral transforms. Farman et al. [27] constructed
a fractional multi-scale soft-pattern modeling framework to explore
ABPV infection dynamics within honeybee colonies. They illustrated
that fractional-order formulations yield greater accuracy in modeling
biological memory effects and nonlinear infection patterns, providing
richer insight into colony production dynamics.
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This work presents a novel numerical approach that combines uni-
form hyperbolic polynomial B-splines for spatial discretization with
finite difference approximation of Caputo fractional derivative. Our pro-
posed scheme undergoes rigorous stability and convergence analyses,
establishing its theoretical foundations. To the best of our knowledge,
this work presents the first application of hyperbolic B-splines to solve
this class of fractional differential equation, representing a significant
methodological advancement. The proposed method aims to provide:

high accuracy on a uniform grid without requiring mesh adaptation,
smooth and continuous approximations that effectively capture
memory effects

unconditional stability and proven convergence,

computational efficiency compared with existing spline based and
finite difference methods.

Although the present work is aimed at a one-dimensional formula-
tion to develop the central methodology and fundamental theories, the
presented method can be generalized to multi-dimensional situations.
The spatial discretization by uniform hyperbolic polynomial B-splines
can be extended through tensor products for two- or three-dimensional
space domains. The time-discretization scheme for the Caputo deriva-
tive would remain notionally the same, although the resulting linear
systems would be larger and more involved. We intend to investigate
these multi-dimensional generalizations in our subsequent work. While
the proposed UHPBS collocation on uniform grids offers high accuracy
with banded linear systems and straightforward assembly, we note that
meshless approaches such as the element-free Galerkin (EFG) methods
[28,29] are attractive in complex two- and three-dimensional geome-
tries where mesh generation is burdensome. EFG alleviates meshing by
employing moving least squares (MLS) shape functions and typically
uses background cells for numerical integration. We will explore the
application of EFG for multi-dimensional fractional PDEs in a future
study.The paper is structured as follows: Section 2 details the proposed
numerical scheme. Section 3 provides a comprehensive stability analy-
sis. Section 4 establishes convergence properties. Section 5 presents and
discusses numerical results. Section 6 concludes with key findings and
future research directions.

2. Derivation of the scheme

We present an efficient numerical scheme for solving (1.1) using
hyperbolic B spline for spatial discretization and finite differences for
temporal fractional derivative.

Let 7= % and h= b;M“ be the temporal and spatial step sizes respec-
tively, where M, N € Z*. Define:

« temporal nodes: ¢, = nt for n=,0,1,..., N.
« spatial nodes: z; =a+ jhfor j=0,1,..., M.

B-spline functions are widely used for constructing smooth and flexible
approximations due to their local support, partition of unity and differ-
entiability properties [32]. These characteristics make them suitable for
spatial discretization of fractional differential equations. The approxi-
mate solution V' (z, 1) is constructed using uniform hyperbolic polynomial
B-splines (UHPBS):

M-1
V(z.t)= Y Ci)HB;(2), 2.1)

j=—1
where, C (1) are time-dependent coefficients and H B)(z) are UHPBS ba-
sis functions with local support [z > 2] The explicit form of HB (2) is:
m(z;) —(z = z),

HB,(2) = 1 =2m(z,1) — m(zj55) +n(zj,1) — h, z2 €254, 2401
/ Pl |m(z;,5) +2m(z;43) — n(z;49) + 2hcos(h),  z € [2j49.2;,3]

z €[z, z;41]

—m(Zj14) + (2 = Zj44), z € (243, Zj4al,

(2.2)
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where m(z;) = sinh(z —
2h(cos(h) — 1).

At the grid point (z;,1,), the approximation involves three neighbour-
ing functions HB;_(2), HB;(z) and HB;,(z) so that we have:

z;),m(zj11) = (2cos(h) + 1)(z — z;,y) and pl =

Jj+l1
Y ChHB,(2). (2.3)

w=j—1

u(z;, t)—u

Consequently, v} and its derivatives are:

Ui =6CL + 507 +4CF
W), ==GC + 40, +6C7 2.4
(Ul)zz §5C +§(>C +{5CY 1
where the coefficients ¢, are defined in (2.5).
sinh(h) —
1=
141
¢ = —2 (sinh(h) — h cosh(h))
: | P ’
&G=50
{7 2h 2.5)
=0,
sinh(h
¢ = Sinhh)
_Lnn(n)
fo=—""
P1

An efficient approximate Caputo fractional derivative is obtained as:

Pozi,) 1 /Inﬂ 9 v(z, 5) ds
oth TTR-8 Jo 052 (1, — )7
_ 1 - /’f“ 0%v(z, 5) ds
re-p </ 05> (t,, — )7
_ 1 Z U(z,tj+1)—2v(zz,tj)+U(Z,t/_l)/'j+1 ds : e
re-p o (z2) T () b
_ 1 z": v(z,1j4,) = 20(z, 1)) + v(z, 1) /"“f ﬂ.;.,”“
re-p = () [ ri=h
_ iu(z L) = 20(z,1,) + 0(z, 1, ])/'+| ﬂ+,”+1
1“(2 P = (z2) 1 ri=t
_ Z”: 0z ) = 20(2, 1, ) + 0(2, 1,y ;)
- F(S B = (z#)
G+ 12F = 2 7Y 4 g+l
1 i ) V(2 typ1-p) = 2002, 1, 5) + 0(2, 1) + I:H (2.6)

TTe-p &Y @

Where ! is the approximation error and
g =G+ =70
The coefficients g; satisfy the following properties:

« g >0,j=0,12..n

cl=gy>g >g>>g, and g, -0 as n— oo,
—1

c Y08~ = —g)+ X (8 — gy +8 =L

Substituting (2.6) into (1.1), we obtain:

n
yO(U'Hl —_20" + Un—l) +7 Zgj(aner 20" 4+ Un—lfj) + )/U"Jrl
J=1 (2.7)
92pn+l

= 022 + f(za tn+1)»

where y, = —L_and o™ = o(z ).

TG-p)
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In the case n = 0 or j = n, the term v~! appears. We eliminate this using
the initial condition:

1 —1
0o_U -V -1 1
v, = 2 = U7 =0 = 21¢,(2).
T

Finally substituting the HPBS approximation (2.4) into (2.7) yields the
fully discrete scheme:

EOCH + (1o + 106 — —gper!

(o +1¢ — 41

§5)C;+1 +((ro + 7)&

{m(clc +6C+6CL) —n(GC + 60+ O
n
- Z 2 [gl (c;_*l'*" - 2c;:f + c;_*l'*’?) +& (c;*‘*‘* - 20;*" + c;*‘*‘*)

ra(Cn —ae v e 9>]+yof<z,,r"“>} @8

This consists of (M + 1) equations with (M + 3) unknowns. To ensure
a unique solution, we impose two additional linear equations from the
boundary conditions as:

Cl Cn+l + é/ Cn+l + Cl Cn+1 =0,
(2.9

aerl + oot wgentl =o.

This results in a (M + 3) X (M + 3) system with a unique solution.

Remark 1. The explicit computation of the convolution sum in Eq. (2.8)
results in a cost that increases as O(N?) with the number of steps in time
N. For large-time simulations, this may be too expensive. We observe
that fast algorithms, like one discussed in [30], can be used to bring this
complexity close to O(N) by taking advantage of the decay of the con-
volution coefficients and efficient summation methods. The use of such
a quick algorithm will be taken under consideration for an upcoming,
performance-focussed iteration of this technique.

2.1. Initial state

To initiate the iteration, we first determine the initial vector C?,
defined as:

T
0 0 0 0 0
= [C_l, cQ, ... .Cy. C 1]

The initial conditions for the problem are incorporated via the the
following equations:

6 = ¢, (z9)>
? 1(2)),
vy, = (2.

were ¢ represents the initial function. These equations specify the initial
values and spatial derivatives of the approximate solution at the initial
time level (n = 0). This results in system of (M + 3) x (M + 3) linear
equations which can be expressed concisely in matrix form as:

j=0123,...M,

0
A3C° = B,,

where the matrices A;, C° and B, are defined as:

-6 & &G 0 ... 0]
a & a4 o0 ... 0
R
o .. 0 & & &
L0 ... 0 =& & G

T
0 _ [0 0 0 0
c _[C—l’ Cor v Cyp CM-H] ’

By = [#(z0). #1(z) s diCGan) Ba0)]
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3. Stability analysis

This section analyzes the stability of the proposed numerical scheme
for the homogeneous case (i.e., f = 0.) We introduce a Fourier mode
perturbation o7 and its approximation 5/’.’, defining the error vector
an as:

Fj” =5J’.'—5;’. (3.1)

Substituting into the discretized scheme (2.8) yields the error equation:
n+1 n+1 n+l1
(o + 16 = CDF] + ((ro + & = GF™ + (o + 1) = EDF

=20(GF + OF + G F ) = oG F S + GF T + 6 F)

n
~Ye, [gl (Fr1=0 —2Ff 4 Froi?) (3.2)
0=1

+GO(F0 —2F 0 + F110)

+1-0 -0 —1-8
+ G (Fr0 = 2R+ Pl

The error satisfies the boundary conditions:

Fl = x(ty).  FY=nmy), 6=0.1,...,N (3.3)
and initial conditions:
F) = ¢y(z)), (F,)? =¢y(z). j=12....M (3.9

Let the grid function be:

FY, ifzj—§<z§zj+g, j=1 M1,
Fi(z) = n n
0, ifa<z<— or b—=<z<b
2 2
Expressing F”(z) as a Fourier series, we have:
FO(z) = i ag(m)exp(M>, 0=0,1,....N
~ b—a
m=—oo
where
1 b 0 —12zmz
a (m)=—/ F (z)exp(—)dz.
0 b—a /, b—a
Let
0 0 16 o 1T
FC=[F.F),....Fy,_ |-

Denoting the norm as:

L 1
M-1 2 b 3
||F9||2=<2 h|F,~|2) =[/ |F"<z>|2dz] ,

Jj=1
and using the Parseval’s equality, we get:
b o
[ 1F@raz= 3 lagmr,
leading to:

HF' @I = lagm)*.

m=—o0
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Based on this analysis using Fourier series, we assume that the solution
of Egs (3.2)-(3.4) follows:

n o _ lajh
Fj =oc,e",

where I = /-1 and « is real. Substituting this into (3.2), we obtain
[0 + )& = &]o1 €07 + [(r + )G = G 8"
+ o+ 18 — & O,q €9V
=2y, [gl O.neia(j—l)h + é«zo_neiajh + O_nein(j+1)h]

ia(i-1)h iajh ia(i+1)h
—10[t10, 1€V + 856, MM 4 015, @ 0UHDR

n
(i1 {1 i1
—de{él [6n+1—961a(1 )h—ZUn—eemU )h+6n—1—eem(j )h]
6=1

iajh iajh iajh
+& [5n+1—9‘3 —20,_ge™" +0,_1_ge ]

+¢ [O,n+1_eeia(j+l)h —20,_yeltUtDh 4 Un_]_geia(j+1)h] }

(3.5)

Dividing the above equation by e!** and using the relation e 1" + elo/

= 2cos(ah), we get:

((ro + 1)1 = &4)o,41[2cos(an)] + ((vg + 1), — 85)0 41

=2y9(¢10, 2 cos(ah)] + 50,) — ¥o(816,_1[2 cos(ah)] + &0, )
- ) & [Cl (G,H_]_g [2cos(ah)] = 20,_g[2 cos(ah)] + 6,_1_g[2 cos(ah)])
=1

+ 8 (010 = 20,0 + Gn—l—G)]' (3.6)
This simplifies to

! 2(&yy — Ly)cos(ah) + &y — ¢5)
+ Optl
%0 [24’1 cos(ah) + CS]

n

=20,-0,_; — 289 [0n+|—9 —20,_ 9+ ‘fn—l—e]-
0=1

and finally:

n
2 1 1
Optl = —0p = =0 = — Zga (Cns1-6 = 20,6+ 04_10) - (3.7)
H H HE

2(81y=8y) cos(ah)+(&y—Ls)
70(2¢y cos(ah)+Ls)

Proposition 1. If ¢, is the solution of (3.7), then

where y = [1+ ] and u>1.

lo,| <2|ogl, n=0,1,....,TXN.

Proof. We prove the result using mathematical induction.
Base Case (n = 0): From (3.7), we have that ¢ satisfies the initial
condition. Clearly,

[opl < 2[op].

Induction Hypothesis: Assume that for some n > 0, the inequality
logl < 2|oy| holds forall = 0,1, ..., n.

Inductive Step: We need to show that |o,,;| < 2|oy|. From (3.7):

2|Un| |Un—l | 1

n
———— == 2 &onr1-0l = 2lougl + 0,_10l)-
u ”9; ( n+ 13 n )

|O-n+l | <
Using the induction hypothesis |o,| < 2|0, for all y and u > 1:

4logl 2000l 2 <
— = =5 = = 3 Igl(logl = 2l + log)
y=1

[6p41] <
n+ u" u"

Hence:
|O-n+l | < 2|O'0|.

Thus, by induction, the inequality holds for all n =0,1,....,Tx N. []
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Theorem 1. The method (2.8) is unconditionally stable.

Proof. Using Proposition 1 and the condition |/F?(z)| |§ = Zf:?oo
|ag(m)|?, we have

1F°, <2||F°l,, 6=0,1,...,N,

which proves the unconditional stability of the scheme. O

Remark 2. Based on Duhamel’s principle [31], the solution of an in-
homogeneous linear problem can be written using the solution of the
corresponding homogeneous problem. This means that if the numerical
scheme is stable for the homogeneous case (f = 0 then the solution for
the inhomogeneous case (f # 0 will also be stable — as long as the
source term f(z,t) is smooth and bounded.

Remark 3. The stability and convergence analyses employ different but
related norms:

- Stability Analysis (Section 3) uses the discrete L> norm:

1/2

M-1
n _ n|2
IF"|l, = <h 21 |F/| )
£

This norm is natural for the Fourier (von Neumann) stability analysis
of the discrete scheme.
« Convergence Analysis (Section 4) uses the continuous L* norm:

b
el = ( / |e"<x>|2dx>

This is the appropriate norm for measuring the error between the
exact solution and our spline approximation in the function space
L(la, B]).

1/2

4. Convergence analysis

This section focuses on the convergence analysis of our proposed
scheme described in (2.8). Beginning with (f = 0) in (2.8), we convert
it to homogeneous form and express the summation term as:

n

Z (Un+1—j —20" 4 Un—l—j) L +gnul —g,,UO
Jj=0

+ Z(gj+1 - gj)(vnij - Unilij) —28,7¢2(2). (4.1)
Jj=0

Substituting (4.1) into the homogeneous form of (2.7)

[0 + P! = )™ = 10" = 7o8a0" + 108"
n—1

=70 D (&je1 = gV = 0" ) + 28,7 (2). (4.2)
j=0
Theorem 2. Let v(z, tn)f:’= 61 be the analytical solution of (1.1) with initial
and boundary conditions (1.2) and (1.3), and let u”i": 61 be the numerical
solution of (4.2). Then the error "™ = v(z, ") — v"*! satisfies:
”en+l “ < CTS—A’

where C is a positive constant independent of .

Proof. The exact solution v satisfies the semi discrete scheme (4.2) upto
the truncation error lﬁ*" , where

= o B
f .
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That is

(o + oz, ") = (v(z,™h)

= 10z, ") — 18,0z, 1)) + 108, 0(z,1°)
n—1

=70 D (&1 = 8 (0(z ") = 0z, ")) + 1 4 2, 7h (2).
Jj=0

Subtracting (4.2) from (4.3) gives

[0 + ™ = ()™ = roe" = vogne" + 108,°
n—1

~ 7o D (&1 —g)(e" T — eI 4t
Jj=0

Noting that ¢® = 0 and taking the inner product with ¢"*! yields:

o + Nl 2

— ((en+l)zz’ en+l> +7 <en’en+l> — Y08 <€1,€n+1> + Y08 <€0,€n+1>
n
-7 Z(ng -g) [<en—j’en+l> _ <en—l—j’en+l>] + <l:+l’en+l>
j=1
— _||(en+l)zll2 + Y <€n,€”+l> Y08 (61,€n+1>
n
0 Deger = &) (e ey = (e )] 4 (171, )
j=1

< Y <€”,€n+l> - Y08 (el,en+l>

n—1
-7 Z(gj+] _ gj) [<enfj’en+l> _ <en717j,en+l >] + <1;’+1,e"+1 > ,
=0
(4.3)
where we have used (v,,, v) = — (v, v,) and the property - ||(e"*!),||> <0.

Applying the Cauchy Shwarz inequality, (x, y) < ||x||||y|l, we have

(o + Nle™ 17 < yolle" e I = rog,lle' e I
n—1
~ 70 &1 — &) [l I =l e ]
j=0
+ e
Dividing throughout by [|e"*!|| gives
(o +Dlle™ M < wolle”ll = vog, lle' |
- n
n—1
— 10 2 &1 — Pl N =l ]+ 1 (44)

Jj=0
We now prove (4.4) by mathematical induction. For the base case (n =
0):

o+l L < NI

1
= o'l <
o +7)

> et < G,

1
121

where C; is a constant independent of 7.

Induction step:

Assume that for n = g — 1, we have ||e?|| < C(z? + th), where C is a
constant independent of 7. For n = ¢, from (4.4) we have

1 1
(o + ™ < rolle?ll = vogg el

gq-1
—j —j—1 1
=70 D (&1 — Pl = Nl []] + ).
j=0
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Let

1 34 i 3-4 - —j+1 3-4
<G, =max [le'|| < G777, = md - <G,
lle'|l < ¢ = F = max ||¢'|| £ Gyt G = max (|le? || = [le"/*|) < C37
0<i<q 0<j<q

where C|, C,, and C; are independent of z. Then

(o + DIl < 1oCrt* ™ = 108, Cr ™ + 7p(1 = 8,)C377 4 + €07

< [J/OCZ = 708,C1 +ro(1 — 8,)C;3 + CU]T3_’1.
Since the term in brackets is independent of =, we conclude
lle*!] < o3,
This completes the proof. O

Remark 4. The stability and convergence analyses are carried out under
the assumptions that the exact solution v(z, t) and source term f(z,t) are
sufficiently smooth and bounded on the domain. The analysis is based
on uniform grids and Fourier mode representation of the error, while the
coefficients g; from the Caputo derivative approximation are assumed to
satisfy their standard positivity and monotonicity properties. Although
the method is unconditionally stable in theory, in practice reduced accu-
racy may occur for very coarse meshes or in cases involving non-smooth
data or non-uniform grids.

5. Numerical findings and discussions

This section validates and assesses the effectiveness of the proposed
methodology by solving a range of test problems and evaluating the
results using the L, and L, error norms. The error measures are defined
as follows:

Absolute error:  E; = Ue’“(zj) - Vapp(zj)’, z; € [a,b],

Maximum error norm(L*®) : L = max Ej, z; € [a, b],
0<j<M

Lyerror norm: L, = z; € [a,b],

where ue"‘(zj) and V*P(z;) denote the exact and approximate solu-
tions, respectively, at the spatial grid point z; and fixed time ¢. The
convergence rates for spatial and temporal refinements are given by:

)
1°g<e<hn>
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e(r))
IOg( e(ry) )
oy

10g< 7 )
All numerical calculations were performed on a personal computer
equipped with an Intel Core i7 processor (2.80 GHz), 16 GB RAM

and Windows 10 operating system. The codes were implemented using
MATHEMATICA 13.2.

P = T, > 1],

Example 1. Consider the fractional-order diffusion-wave equation for
y =0:

o/ 1) = i t 0,1 0,T
ﬁv(zs)_gv(zﬂ)*’f(zsns (Z,I)G[, ]X[a ],

with initial conditions (ICs):

v(z,0)=0, v,(z,0)=—sin(rz),

and the boundary conditions (BCs):
v(0,1) =0, v(1,1)=0.
The associated source term is given by:

2127 sin(z z)

réG-p

+ (tz - t) 72 sin(rz).

f(z,n)=
The exact solution for this problem is [6]:
u(z, 1) = sin(zz)(1* — 1).

We apply the proposed numerical scheme to solve this problem. Tables 1
and 2 compare the maximum errors obtained using our method with
those from the Hermite formula [14] for different values of p. Table 3
demonstrates that the proposed method achieves second-order spatial
accuracy when the temporal discretization is sufficiently fine. Table 4
shows that the temporal convergence rate is consistent with the the-
oretical predications confirming the accuracy of the proposed time
discretization scheme. Tables 5 and 6 present the error norms for
various parameter values demonstrating the efficiency and accuracy of
our method. Fig. 1 provides visual comparison between the approximate
and exact solutions at different time steps. Fig. 2 gives comparison
of the absolute errors for Example 1. Fig. 3 shows 3D error profile.

Pn= log( 2 K hy > hy, Fig. 4 illustrates a 3D comparison between the approximate and exact
O; - . . . .
g( hy ) solutions. For M = 20, z = 0.01 and T = 0.5 the approximate solution is:
Table 1
Maximum errors for Example 1 at various values of z and 4 with § = 1.5 and r = 0.2.
h 1 1 1 1 1 1 1 1
5 10 20 30 30 40 40 45
, 1 L L L 1 1 1 L
50 100 150 150 200 210 220 230
[61 0.01149  0.00361  0.00120  0.00115  0.00021  0.00019  0.00006  0.00004
Present method ~ 0.00151  0.00038  0.00009  0.00004  0.00004  0.00002  0.00002  0.00001

Table 2

Maximum errors for Example 1 at various values of r and 2 with f =1.7 and r = 0.4.

1 1 1

1 1 1 1 1

h 10 0 30 5 50 0 0 70
. 1 a B B e e e e
50 100 200 250 300 400 450 480
[6]1 0.01396 0.01064 0.00736 0.00653 0.00586 0.00494 0.00460 0.00443
Present method 0.00117 0.00029 0.00012 0.00004 0.00004 0.00003 0.00003 0.00002
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—0.0473882 — (7.20507)z + 0.0474552 cosh(z) + 6.4862 sinh(z),
v(s,0.5) =<
—17.25246 + (7.20507)z + 7.69582 cosh(z) — 10.0645 sinh(z),
—7.59281 + (7.58323)z + 8.08401 cosh(z) — 10.6064 sinh(z),

—7.77467 + (7.77467)z + 8.29449 cosh(z) — 10.891 sinh(z),

For M =20, r = 0.01 and T = 1 the approximate solution is:

0.00343123 + (0.521697)z — 0.00343609 cosh(z) — 0.469646 sinh(z),
u(s, 1) =
0.525129 — (0.521697)z — 0.557231 cosh(z) + 0.72874 sinh(z),
0.549772 — (0.549079)z — 0.585338 cosh(z) + 0.76798 sinh(z),

0.56294 — (0.56294)z — 0.600579 cosh(z) + 0.788581 sinh(z),

Table 3

Spatial error norms and corresponding convergence rates
pj, for Example 1, computed at various spatial resolutions
with fixed time step = 1/80 and fractional order g = 1.5.

M L, Norm L, Norm Pn
10 1.0317 x 1073 1.4590 x 103 -
20 2.5798 x 107* 3.6484 x 1074 1.999675
40 6.4499 x 1073 9.1216 x 107 1.999932
80 1.6125 x 1072 2.2804 x 1073 1.999983
160 4.0312x 107° 5.7010 x 10~6 1.999996

Example 2. Consider the time-dependent fractional-order diffusion-
wave equation:

oF
otk
subject to the initial conditions (ICs):

2
u(z, 1)+ v(z, 1) = —; S0+ f(z,0), (21 €[0,1]x[0,T]
Z

v(z,0) =0, 0,(z,0)=0,
and boundary conditions (BCs):
v(0,7) =0, v(l,1)=0.

and,

1.89085 x 10~ — (7.77467)z — 1.8912 x 10! cosh(z) + 7.05793 sinh(z), s €

—0.00957191 — (7.58323)z + 0.0095759 cosh(z) + 6.86625 sinh(z),

7.9142 x 10713 + (0.56294)z — 7.9183 x 10713 cosh(z) — 0.511043 sinh(z), s € |0, l)

0.000693073 + (0.549079)z — 0.000693362 cosh(z) — 0.497165 sinh(z),
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NS

NS

[17 9>
NS

[9 19>
NS

NS 2l)

se|L L
20° 10

se|L 2
10° 20

17 9>
SE |5, Tx

9 19>
SE | —, —

s E Ql
20" )"

Table 4

Temporal error norms and corresponding convergence rates
p, for Example 1, computed at various time step sizes with
fixed spatial resolution M = 50 and fractional order g = 1.5.

T L, Norm L, Norm A
% 40676 % 107! 12863 x 100 -
% 1.4028 x 107! 44361 x 107! 1.5359
% 47822 x 1072 15123 x 107! 1.5526
% 1.1806 x 102 37333 % 10~ 20182
é 3.6906 102 16708 x 10°2 1.6775

The source term is given by:

262Pz(1 - z)
re-p

The exact solution for this problem is [22] v(z,t) = >z(1 — z). We apply
the proposed numerical scheme to solve Example 2. Table 7 presents
a comparison of the errors generated by the scheme. Table 8 computes
spatial convergence rates for f = 1.5 when the temporal step size is suffi-
ciently small. Table 9 demonstrates that the temporal convergence order

fz. )= +122(1 — z) + 2¢%.
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Table 5
Error norms for Example 1 at various
spatial steps with z = 1/120 and g = 1.5.

N L, Norm L, Norm

10 0.00026 0.00038

20 0.00006 0.00009

40 0.00001 0.00002

80 0.000004 0.000006

160 0.000001 0.000001
Table 6

Error norms for Example 1 at various time
levels with 7 = ﬁ, p=15and h = é)

t L, Norm L., Norm
0.2 0.000007 0.00001
0.4 0.00002 0.00004
1 0.00003 0.00004
2 0.00030 0.00043

-0.05

-o— t=0.5
-0.10

- 1=0.2
015 —& t=0.75

-0.20

-0.25

Fig. 1. Comparison of analytical (solid lines) and approximate solutions (circles,
stars and triangles) for Example 1 at various time levels with g = 1.5, = = 0.01,
y =0and 2 =0.0125.

Absolute Error

0.00004 -
0.00003 -
— t=0.6
0.00002 - — t=0.2
— t=04
0.00001 -
. R " . -

0.2 0.4 0.6 0.8 1.0

Fig. 2. Absolute error for Example 1 at various time levels with g = 1.5, = = 0.01,
y =0and h =0.0125.

is approximately second order with a slight increase for finer time steps,
indicating the efficiency of the time discretization scheme. Fig. 5 pro-
vides a visual comparison between the approximate and exact solutions
at different time levels. Fig. 6 displays the absolute errors for Example 2.
Fig. 7 depicts the 3D error profile and Fig. 8 illustrates a 3D comparison
between approximate and exact solutions. The approximate solution ob-
tained using the present scheme for Example 2 with T = 0.5, = = 0.01
and M = 20 is given by:

Ain Shams Engineering Journal 17 (2026) 103868

3D Error Function

Fig. 3. 3D error profile for Example 1 when g = 1.5, dr = 0.01, y =0, h = 0.0125
and T =0.2.

0.5 +(0.2378)z — 0.5 cosh(z) + 0.0122 sinh(z),

20
0.5012 4 (0.2127)z — 0.5012 cosh(z) + 0.0373 sinh(z), s € % %
0.5038 + (0.1877)z — 0.5038 cosh(z) + 0.06242 sinh(z), s € [1—10 23—0

u(s,0.5) =
0.6914 — (0.1877)z — 0.7040 cosh(z) + 0.4957 sinh(z),

0.7140 — (0.2127)z — 0.7297 cosh(z) + 0.5316 sinh(z), s€ |—,—

0.7378 — (0.2378)z — 0.7572 cosh(z) + 0.5688 sinh(z), s € [9 1)

Similarly, the approximate solution for T = 1, r = 0.01 and M =20 is:
2+ (0.9504)z — 2 cosh(z) + 0.0494 sinh(z), s € [0, 21—0)

1 1
*< |5 1)

se [i i)
10° 20

2.005 + (0.8504)z — 2.005 cosh(z) + 0.1496 sinh(z),

2.0150 + (0.7503)z — 2.0150 cosh(z) + 0.2501 sinh(z),

u(s, 1) =
) . 17 9
27653 — (0.7503)z — 2.8154 cosh(z) + 1.9821 sinh(z), =)
20° 10
. 9 19
2.8554 — (0.8504)z — 2.9181 cosh(z) + 2.1254 sinh(2), 2.2)
10° 20
2.9504 — (0.9504)z — 3.0281 cosh(z) + 2.2741 sinh(z), s € %, 1)

Example 3. Consider the time-dependent fractional-order diffusion-
wave equation:

%v(z, 1+ u(z,t) = :—;U(z, H+ f(z,1), (z,t)€[0,1]1x][0,T],
with initial conditions (ICs):

v(z,0) =0, v,(z,0)=0,

and boundary condiitions (BCs):

v(0,1) =0, v(l,1) = ¢ sinh(1).

The associated source term is [22]:

2 sinh(z)r2~#
JED= T
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Space-Time graph of Approximate solution at t=0.5
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Space-Time graph of exact solution at t=0.5

10 0.00

10 0.00

Fig. 4. Exact (right) and approximate (left) solutions for Example 1 with f = 1.5, dt =0.01, y =0, h = 0.0125 and T = 0.2.

Table 7

Absolute errors for Example 2 at different (z, ) for varying g values.
(z,1) =11 p=13 p=15 p=17 B=19
0.1,0.1) 3.275x 107  2.113x10™°  1.300x 107  7.591 x 10710  4.209 x 10~1°
0.2,02) 3225x107% 2254x10°° 1479x10°* 9213 x107° 5.480 x 1077
0.3,03) 1.158x 1077  8.776x10™% 6.133x 108 4.026 x 1078 2.531x 1078
0.4,04) 2.693x107  2.193x 1077  1.648x 1077 1.146x 1077 7.558 x 1078
0.5,0.5) 4.840x 1077  4.179x 1077  3.375x 1077  2.524x 1077 1.764 x 1077
0.6,0.6) 7.228x1077  6.528x 1077 5.609x 1077  4.511x 1077 3.401 x 1077
0.7,0.7)  9.171x 1077  8560x 1077  7.727x 1077  6.618 x 1077 5.360 x 1077
0.8,0.8) 9.636x 1077  9206x 1077  8.623x 10~7  7.774 x 10~/ 6.678 x 1077
0.9,0.9) 7.198x 1077 6.991x 1077  6.722x 1077  6.305x 1077 5.683 x 1077

Table 8

Spatial error norms and convergence rates p,, for
various spatial resolutions M, with fixed time
step 7 = 1/160 and fractional order g = 1.5.

M L* Error L? Error P
10 1.4676 x 1074 1.0845 x 107# -
20 3.6624 x 1073 1.1914 x 1073 2.0025
40 9.1520 x 10-® 3.3816x 107° 2.0006
80 2.2878 x 10-° 5.9773 x 1077 2.0002
160 5.7190 x 1077 1.0566 x 1077 2.0001

Table 9

Temporal error norms and convergence rates p,
for various time step sizes 7, with fixed spatial
resolution M = 50 and fractional order g = 1.5.

T L* Error L? Error P,
% 4.0972 % 10° 13396 x 100 —
i 1.0122 % 10° 3.3106 x 107! 2.0171
% 24458 107" 8.0076x 1072 2.0492
16 5.4980 x 1072 1.8063 x 1072 2.1581
31—2 97759 x 10 32566X 107 2.4868

The exact solution for Example 3 is v(z,f) = ¢*sinh(z). We apply
the proposed numerical scheme to obtain numerical results. Table 10
presents the absolute errors at different points for varying values of
p. Tables 11, 12 and 13 compare the correct results with those ob-
tained using radial basis functions [15]. The spatial refinement results

- t=1
-o— t=0.5

-+ t=0.75

02 0.4 06 0.8 1.0

Fig. 5. Comparison between the exact solution (solid lines) and the approximate
solution (symbols: circles, stars, triangles) for Example 2 at different time levels
with g = 1.5, =0.01 and 2 = 0.0125.

Absolute Error

2.x1070F

— t=1
15x1076 |

— t=0.5
1.x1076

— t=0.75
5x1077

1 1 1 1

0.2 0.4 0.6 0.8 1.0

Fig. 6. Absolute errors for Example 2 at different time levels with g = 1.5, ¢ =
0.01, y =0 and A = 0.0125.

3D Error Function

Fig. 7. 3D error profile for Example 2 with p = 1.5, 7 =0.01,y =0, T = 1 and
h =0.0125..
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Space-Time graph of Approximate solution at t=0.5 Space-Time graph of exact solution at t=0.5

Fig. 8. Approximate (left) and exact (right) and solutions for Example 2 with = 1.5, 7 =0.01, y =0, T = 1 and h = 0.0125.

Table 10
Absolute errors for Example 3 at different (z, ) points across various f values.

(z,t) p=11 p=13 p=15 p=17 =19

(0.1,0.1) 5320 107 3.597 x 1071¢ 2452107 2.993 x 1071 3207 x 1071
(0.2,0.2) 3.252x 1071 2,121 x 10714 2.648 x 10714 3.007 x 1071 3.075x 1071
(0.3,0.3) 6.592 x 1071 9.720 x 10714 1.054 x 10713 1.097 x 10713 1.099 x 1013
(0.4,0.4) 2.142x 107 2.563 x 10713 2.695 x 10713 2.729 x 10713 2.694 x 10713
(0.5,0.5) 4744 x 10713 5.239x 10713 5.463 x 10713 5.536x 10713 5399 x 10713
(0.6,0.6) 5.330x 10712 5.274x 1072 5.235x 10712 5.222x 10712 5.255x 10712
(0.7,0.7) 8.640 x 1072 8.570 x 1072 8.531x 10712 8.512x 1072 8.571x 10712
(0.8,0.8) 1.787 x 107! 1.797 x 10711 1.799 x 107! 1.801 x 10711 1.794 x 10711
(0.9,0.9) 2.630x 107! 2.637x 1071 2.638 x 107! 2.640 x 107! 2.634x 107!

Table 11
Comparison of numerical results for Example 3 at r = 1 with = 1.5 using different grid resolutions
(M) contrasted with [15].

z M =10 M =20 M =50 Exact

Present [15] Present [15] Present [15]

0.1 0.10016675 0.09950933 0.10016675 0.09951043 0.10016675 0.09951107 0.100167
0.2 0.20133600 0.20079972 0.20133600 0.20080274 0.20133600 0.20080391 0.201336
0.3 0.30452029 0.30402685 0.30452029 0.30402960 0.30452029 0.30403116 0.304520
0.4 0.41075232 0.41029949 0.41075232 0.41030268 0.41075232 0.41030448 0.410752
0.5 0.52109530 0.52065615 0.52109530 0.52065950 0.52109530 0.52066138 0.521095
0.6 0.63665358 0.63621617 0.63665358 0.63621936 0.63665358 0.63622115 0.636654
0.7 0.75858370 0.75812244 0.75858370 0.75812517 0.75858370 0.75812672 0.758584
0.8 0.88810598 0.88761746 0.88810598 0.88761947 0.88810598 0.88762062 0.888106
0.9 1.02651672 1.02593218 1.02651672 1.02593326 1.02651672 1.02593389 1.026520
1.0 1.17520119 1.17520119 1.17520119 1.17520119 1.17520119 1.17520119 1.175200

Table 12
Comparison of numerical results for Example 3 at t+ = 1 with § = 1.25 using different grid
resolutions (M), contrasted with [15].

z M =10 M =50 Exact
Present [15] Present [15]

0.1 0.10016675 0.09950226 0.10016675 0.09950368 0.100167

0.2 0.20133600 0.20078691 0.20133600 0.20078954 0.201336

0.3 0.30452029 0.30400968 0.30452029 0.30401323 0.304520

0.4 0.41075232 0.41027962 0.41075232 0.41028373 0.410752

0.5 0.52109530 0.52063540 0.52109530 0.52063970 0.521095

0.6 0.63665358 0.63619639 0.636653582 0.63620048 0.636654

0.7 0.75858370 0.75810541 0.75858370 0.75810893 0.758584

0.8 0.88810598 0.88760481 0.88810598 0.88760740 0.888106

0.9 1.02651672 1.02592522 1.02651672 1.02592662 1.026520

1.0 1.17520119 1.17520119 1.17520119 1.17520119 1.175200
in Table 14 show a gradual increase in convergence rate with spatial close to 2 demonstrating the robustness of the scheme. Fig. 9 visually
convergence rate approaching second order. The temporal refinement compares the approximate solutions (symbols) and exact solutions (solid
study in Table 15 indicates that temporal convergence rate remains lines) at different time levels. Fig. 10 displays the absolute errors for

10
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Table 13
Comparison of numerical results for Example 3 at + = 1 with g = 1.75 using different grid
resolutions (M) contrasted with [15].

z M =10 M =50 Exact
Present [15] Present [15]

0.1 0.10016675 0.09951844 0.10016675 0.09952297 0.100167
0.2 0.20133600 0.20081683 0.20133600 0.09952297 0.201336
0.3 0.30452029 0.30405039 0.30452029 0.30406191 0.304520
0.4 0.41075232 0.41032718 0.41075232 0.41034071 0.410752
0.5 0.52109530 0.52068530 0.52109530 0.52069953 0.521095
0.6 0.63665358 0.63624390 0.63665358 0.63625745 0.636654
0.7 0.75858370 0.75814606 0.75858370 0.75815761 0.758584
0.8 0.88810598 0.88763465 0.88810598 0.88764309 0.888106
0.9 1.02651672 1.02594135 1.02651672 1.02594589 1.026520
1.0 1.17520119 1.17520119 1.17520119 1.17520119 1.175200

Example 3. Fig. 11 shows the 3D error profile, while Fig. 12 pro- The approximate solution for Example 3 with T = 0.5, = = 0.01 and
vides a 3D comparison between the approximate and exact solutions. M =20is:

6.564 x 10712 — (1.432 x 10719)z — 6.561 x 10712 cosh(z) + 0.25 sinh(z), se 70, i)
—1.042 x 10712 4 (8.813 x 10712)z + 1.044 x 10~!2 cosh(z) + 0.25sinh(z), s € 7

—1.795 x 10713 4+ (1.789 x 10713)z + 1.821 x 10713 cosh(z) + 0.25sinh(z), s €
V(s,0.5) =
—4.796 X 10712 + (5.686 x 10712)z + 5.698 x 10~12 cosh(z) + 0.25sinh(z), s € 172 )

5.670 x 10712 — (6.412 x 10712)z — 6.69953 x 10~!2 cosh(z) + 0.25sinh(z), s € K4 19)

—1.808 x 10711 4 (1.929 x 10~11)z + 2.156 x 10”1 cosh(z) + 0.25sinh(z), s€& —,1>.

Similarly, the approximate solution for T = 1, r = 0.01 and M = 20 is:

—5.183 x 10712 + (6.607 x 10711)z + 5.194 x 10712 cosh(z) + sinh(z), s € -o,i>
—4.460 x 10712 4 (5.217 x 10711)z + 4.496 x 10~'2 cosh(z) + sinh(z), s €& -21—0,11—0>
2.152x 10712 — (1.414 x 1071)z — 2.150 x 10~'2 cosh(z) + sinh(z), s € L i)
Vs, 1) =
—2.650 x 10711 4 (2.999 x 10~11)z + 2.871 x 10~!! cosh(z) + sinh(z), s € i 2)

2464 x 10711 — (2.565 x 10711)z — 2.839 x 10~ !! cosh(z) + sinh(z), s € 2 Q)

4785 % 10711 — (5.027 x 10~'1)z — 5.541 x 10~ cosh(z) + sinh(z), s€ 19 1).

11
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Table 14 3D Error Function
Spatial error norms and convergence rates p,
for Example 3 with fractional order f = 1.5 and
fixed time step = = 1/160.

M L, Norm L, Norm P N
e o? &7 &7 & 4
50 1.2367 x 1074 1.8304 x 107* - LT T

100 5.0019x 1075 7.5480x 1075 1.2780
200 1.8730x 1075 2.8810x 1075  1.3895
400  6.8398x 1076 1.0705x 1075 1.4283
800  1.5720x 107  2.5123x107®  2.0912

Table 15

Temporal error norms and convergence Fig. 11. 3D error profile for Example 3 when = = 0.01, § = 1.5, T = 1 and

rates p, for Example 3 with fractional order h =0.0125.

B = 1.5 and fixed spatial resolution M = 160.

4 L, Norm L, Norm P 6. Concluding remarks
0.8069 11254 - This study presents a novel finite difference scheme that combines
0.1995 02782 20163 uniform hyperbolic polynomial B-spline basis functions for solving time-
dependent fractional-order diffusion-wave equation with a Caputo frac-

0.0483 0.0673 2.0468 tional derivative in the reaction term. The introduced method exhibits

high accuracy and computational efficiency and robustness, effectively
capturing the complex dynamics inherent in fractional-order systems.
0.0020 0.0028 2.4506 The uniform hyperbolic polynomial B-spline basis ensures smooth solu-
tions while maintaining numerical stability. The main advantages of the
proposed method include its ability to deliver high accuracy on uniform
grids, its unconditional stability and its suitability for capturing both
local sharp gradients and global memory effects inherent in fractional

0.0109 0.0152 2.1447

Bl= 3| ®Im BRI

—H t=1
-o— {=0.5
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Fig. 9. Comparison between exact (solid lines) and approximate solution (symbols) for Example 3 at different time levels with = = 0.01, # = 1.5 and h = 0.0125.
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Fig. 10. Absolute errors for Example 3 at different time levels taking = = 0.01, # = 1.5 and h = 0.0125.

12



A. Kiran, M. Yaseen, A. Khan et al.

Space-Time graph of Approximate solution at t=0.5
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Space-Time graph of exact solution at t=0.5

Fig. 12. Approximate (left) and exact(right) solutions for Example 3 when = = 0.01, § = 1.5, T = 1 and /= 0.0125.

models. The present analysis assumes smooth and bounded solutions and
source terms, uniform spatial grids, and standard boundary conditions.
In practical applications, these assumptions may not hold, for example,
in problems with discontinuities, singularities, or irregular geometries.
Extending the scheme to such cases, as well as to non-uniform meshes
and adaptive grid strategies, constitutes a promising direction for future
research.
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