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ARTICLE INFO ABSTRACT

MSC: In this article, we introduce new subclass SM ’ ,(r) of univalent functions based on Mittag-Leffler function
30C45 related to the distribution series within the unit disc U = {¢ € C : |¢| < 1}. Further the fundamental properties
30Cs0 such as growth, distortion, extreme points, convexity, close-to-convexity, starlike and coefficient inequalities
Keywords: have been estimated for the subclass. In addition, we consider an integral means of inequality for the subclass.
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This work bridges the gap between fractional integral operators and Poisson distribution series by incorporating
both into a new subclass of univalent functions. This integrative approach provides the valuable insights into
the applications of geometric function theory in signal and image processing.

1. Introduction

Geometric Function Theory [1] constitutes a fundamental branch of
complex analysis concerned with the geometric aspects of analytic
functions defined on the complex plane. Central to this theory is the
study of univalent functions [2], which are analytic and injective within
a prescribed domain. The classical framework for such investigations is
the open unit disk U={¢ € C : |{| < 1}.

A significant milestone in the evolution of geometric function theory
was the formulation of the Bieberbach conjecture [3] in 1916, which
established conjectural sharp bounds for the coefficients of normalized
univalent functions. This conjecture profoundly influenced subsequent
developments in the field and stimulated systematic studies of notable
subclasses of univalent functions, such as starlike, convex and close

to convex functions. These subclasses are characterized by specific
geometric criteria such as radial starlikeness or convexity of the image
domain and serve as essential tools in the investigation of conformal
mappings, boundary value problems and related topics in geometric
analysis.

Let the class of analytic functions denoted by .A be expressed as
follows:

F@=¢+ Y ayc’, 1.1
9=2

which the complex plane is holomorphic U= {{ € C : [{]| < 1}.
A function f € A is said to be starlike of order 0 <o < 1 if

9409
s U, 1.2
Re< 0 > >0, (€ (1.2)
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and belongs to the class S*(s). In particular, S* = S$*(0) is the well
known class of starlike functions with respect to the origin. Similarly,
a function f € A is called convex of order 0 <o < 1 if

e
Re<1+ 0 >>0', ¢el,

and is said to belong to the class CV(c). In the case 6 = 0, the class
CV = CV(0) consists of convex functions in the unit disc.

In recent years, distribution based series such as the binomial
distribution series, Pascal distribution series and Poisson distribution
series have played a significant role in the development of Geometric
Function Theory. Several sufficient conditions have been introduced
to investigate geometric properties such as starlikeness and uniform
convexity for various special functions within the framework of GFT.
Motivated by the works in [4-6]. In [7], Porwal introduced the Poisson
distribution series and demonstrated its elegant applications to analytic
functions, thereby opening a new direction of research in Geometric
Function Theory. Subsequently, several authors extended this approach
to distribution series associated with confluent hypergeometric, hy-
pergeometric, binomial and Pascal functions and derived necessary
and sufficient conditions for various subclasses of univalent functions.
In particular, the Poisson distribution has attracted considerable at-
tention due to its fundamental connection with Mittag-Leffler type
expansions [8,9], fractional integral operators and various probabilistic
models arising in applied mathematics

Now we recall the Mittag-Leffler function, the study of the fun-
damental Mittag-Leffler function &,(¢), [10] which is provided by

(1.3)

[

9
£0=Y —=

— & . Re(a>0).
A T@d+ D) e@>0)

1.4
A more generic function Eap(©)- Wiman [11] introduced and defined

the extrapolating function &,(¢).

C@
I'@d+p)’

)

EpO)=)

9=0

R(a) > 0,R(p) > 0. (1.5)
A natural solution to fractional differential equations [12-14], which
are used to represent systems with long range correlation and memory
effects is the Mittag-Leffler function, which is a generalization of the
exponential function. This function is essential in describing mem-
ory effects, anomalous diffusion and relaxation processes in complex
systems. In contrast to classical exponential relaxation, the Mittag-
Leffler function describes stretched exponential or power law relaxation
processes that occur in disordered systems. The Mittag-Leffler func-
tion is found in the solutions of the Caputo and Riemann-Liouville
fractional differential equations, which extend classical models to non-
integer orders. Various generalized Mittag-Leffler functions (two- and
three-parameter versions) broaden its applicability to a variety of frac-
tional order problems. Refs. [15-21] provide a comprehensive list
of Mittag-Leffler function properties and their generalizations, likely
including special function properties. The Mittag-Leffler function is
used in a variety of scientific and engineering applications, particularly
where memory effects, anomalous transport and fractional dynamics
are relevant.

For example, studies of fluorescence recovery after photobleach-
ing show that molecular diffusion in cellular environments follows a
Mittag-Leffler decay rather than classical Brownian motion (see [22,
23]), whereas financial markets frequently exhibit long-memory effects
in volatility [24]. Fractional stochastic models describe stock price evo-
lution using Mittag-Leffler functions rather than classical models such
as the Black-Scholes equations (see [25,26]). Furthermore, viscoelas-
tic materials exhibit time-dependent deformation under stress [27].
Instead of using classical Newtonian mechanics, a fractional Kelvin—
Voigt model describes their behavior [28]. In control theory and signal
processing, fractional order controllers (FOPID controllers) are used to
model systems with memory or hereditary effects.

63

Alexandria Engineering Journal 136 (2026) 62-72

The Mittag-Leffler function plays a role in the solution to the
fractional-order differential equations governing these systems, allow-
ing for more accurate modeling of real-world processes that involve
delayed or distributed effects [29]. This can involve fractional heat
transfer equations where the temporal behavior of heat flow deviates
from classical Fourier’s law [30,31]. In addition that epidemiology is
increasingly using fractional models, such as those that use the Mittag-
Leffler function, to explain disease spread, especially when the trans-
mission dynamics show non-local interactions or long-memory effects.
By accounting for the impact of previous illnesses or therapies, these
models can offer more precise forecasts of epidemic outbreaks [32].

The Mittag-Leffler function &, is not a member of the family, as can
be seen. The normalization of the Mittag-Leffler function that follows
is therefore taken into consideration [19].

e ey B
Eyy ()= F(ﬂ)CSa,ﬁ(O—“s; T@@—-1)+p)

¢, (1.6)
where {,a,8 € C,p # 0,—1,-2, R(f) > 0 and R(a) > 0. Since rule
(1.7) applies to complex-valued function «, #, and ¢ € C, we will only
focus on the situation of real valued «a, f, and ¢ € U in this study. Note
that the £, ; (¢) function includes many widely recognized functions as

specific instances of it, for example,

£1() = ¢ coshy/¢,
&,(8) = VCsinh/C,
&3(0) = 2[~1 + cosh\/C],

and
&40 = 6[—V/C + sinh\/Q1/V/C.

Recently, Porwal and Dixit [33] introduced the Mittag-Leffler-type
Poisson distribution as a fractional generalization of the classical Pois-
son distribution, emphasizing its ability to include memory and non-
local effects through the Mittag-Leffler function. Bajpai [34] intro-
duced the Mittag-Leffler-type Poisson distribution series and investi-
gated the associated necessary and sufficient conditions. The moments
and moment-generating function of the Mittag-Leffler type Poisson
distribution as follows,

m"

=———— 7r=012,..
I'(ar + p)E, 3(m)

PX =r) (1.7)
Given m > 0, « > 0 and # > 0. We develop a power series based on
the normalized form of the Mittag-Leffler type function, as presented
in (1.7) and cited in [35]. To construct an analytic function from this
distribution, we utilize the class .A of normalized analytic functions
as in (1.1). A reindexing of the distribution is necessary, identifying
ay = P(X = 9-1). To satisfy normalization and conform with fractional
calculus operations, the coefficients are scaled by I'(8):

ag=T(p -PX=9-1),

s &) =5+ T(p) Y2, P(X = r)¢+!, providing a compact expression
linking the probabilistic structure of P(X = r) with a normalized
analytic function. Which leads to the function

r@ym'! 9
L@@ =1D+p) Eqgm)”

PrO=C+ Y
9=2

Using the concept convolution of Hadamard product of two series, we
introduce the convolution operator

rem'!

1.8
T (@ = 1)+ p) E, (m) 18

9
agl”.

MO = ¢7 (@) = FQO) =+ 92‘;

The operator Mzﬁ is defined by the Hadamard product with a
normalized Mittag-Leffler-type Poisson distribution series, combining
probabilistic coefficient weighting with fractional-order effects intro-
duced by the parameters (a, ). Since the coefficients are nonzero and
decay suitably for a,p > 0, the radius of convergence is preserved,
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ensuring analytic stability. This construction leads to new subclasses
of analytic and univalent functions whose geometric properties differ
from those associated with classical Poisson or exponential-type opera-
tors, thereby linking probabilistic distributions and fractional calculus
within geometric function theory.

In recent years, many research has focused on various subclasses
of injective functions connected with Mittag-Leffler-type Poisson dis-
tributions series. Porwal et al. [35] explored new subclasses of ana-
lytic functions involving the Mittag-Leffler-type Poisson series. Little-
wood [36] addressed key inequalities in function theory. Chakraborty
and Ong [37] introduced a Mittag-Leffler function based extension
of the hyper-Poisson distribution. Ahmad et al. [38] applied Mittag-
Leffler-type Poisson distributions to functions within conic domains.
Khan et al. [39] extended these ideas to functions over conic type
regions. Alessa et al. [40] proposed a fresh analytic subclass associ-
ated with Mittag-Leffler type Poisson series. Frasin et al. [41] con-
tributed further investigations into related analytic subclasses. Sri-
vastava et al. [42] discussed geometric aspects of Mittag-Leffler-type
functions. Frasin and Alb Lupas [43] applied Poisson distribution series
to certain harmonic function classes. Oros et al. [44] analyzed multi-
valent harmonic functions and their properties. Nithiyanandham and
Keerthi [45] focused on Sakaguchi-type functions tied to the Mittag-
Leffler type Poisson series. Banderier et al. [46] explored phase changes
in composition schemes involving Mittag-Leffler and mixed Poisson
distributions. Moualkia et al. [47] discussed Mittag-Leffler Ulam stabil-
ities for variable fractional order differential equations driven by Lévy
noise. Shah et al. [48] analyzed Characterization of p-valent g-starlike
functions through Hadamard product and Poisson distribution applied
Mathematics in Science and Engineering. Yari et al. [49] explored A
new spectral method using Mittag-Leffler wavelets for solving stochas-
tic differential equations. Lastly, Yal¢in et al. [50] examined a new
harmonic subclass defined through a differential inequality.

In this work, we introduce a new operator based on a Mittag-
Leffler-type Poisson distribution, which acts as a parameter-dependent
convolution kernel. This operator produces coefficient patterns that are
different from those obtained using classical Poisson or exponential
kernels. Although we use standard methods from geometric function
theory, the novelty comes from combining fractional parameters with
probabilistic weighting, leading to new subclasses of analytic and uni-
valent functions. By studying radii of starlikeness and convexity, as
well as coefficient, growth, and distortion bounds, we ensure that the
proposed operator has stable and well-controlled geometric behavior.

Definition 1.1. A function f € S belongs to the class SM, 4(y), if it

satisfies
Mg'ﬁf(C)’ + CM;"ﬁf(C)"

Re - , - = | >7, (1.9)
MG g F Q)+ EAME , F (D)

where m, a, f > 0 and the shape parameters are constrained strictly as

0<i<landO0<y<l1.

2. Main results
2.1. Coefficient estimates

In complex analysis, geometric function theory and conformal map-
ping, among other areas of mathematics, estimating the coefficients of
univalent functions is crucial for understanding their properties and
behavior. The characteristics of these coefficients help define various
classes of univalent functions. Accurate coefficient estimation enables
the creation of conformal mappings, reveals the distortion of sizes and
shapes during transformations and offers insight into the behavior of
univalent functions near the boundary of the unit disk. These insights
are valuable in fields like engineering and physics.
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Theorem 2.1 (Coefficient Inequalities). Let f € SM M(y) and f(¢) =
C+ Yo, agt®. Then

I (Bym?~!

2.1
T@®— 1)+ ) E,p(m) @D

[se]
D@ =y - Pyi+9ir) lagl < (1=7).

9=2
where a,f >0, m>0,0<A<1,0<y<1,{€U, 9>2

)

Proof. Let

(M;"ﬂf(C))' + C(Mzﬁf(f))”
F() = - -
(Mﬂﬂf@))’ + JC(MZ',ﬁf(C))”

By the condition of the class,

1+¢
F P
©) < 1—¢
There exists a schwarz function w(¢), with w(0) = 0 and |w| < 1, such
that

1+ w(g)
F()=———.
© 1= ()
From this representation, we equivalently obtain,
_FO-1
w(l) = FO+1

We know that

_FO-1
FO+1°

Then (see the equation in Box I) which is bounded by 1,

w(g)

< (I'pym’~! 2 2 2
v+ lagl(=yd + 9% — 9% 4y — 924 — 9 + 94y + 94)
;r(aw—mﬂ)Ea,mm) !
[s+]

lagl(29 — 78 + 8% — 9% Ay

(rpym’~!
<@-v- 825 Ta(d— 1)+ BE, ,(m)

+ 94— 9+ 94y —9A).

D (pm?=N8? — 9 = 9y A+ 9ap)lagl < (1= )@@ = 1)+ HE, 5(m),
9=2

r@gm’-!

which lmplles that 2‘090:2 (192 - ]/19 - 192}/i + 19&]/) m

=y, 9>2.
The coefficient multiplier is given by C(d) = 8% — y9 — 9%y A + 9y.
We factorize this as:

lag| <

C@ =991 -yA)—y(1 =]

Since 9 >2,0< A< 1,and 0 <y < 1, it follows that 9(1 — yA) >
2(1 = y4) > y(1 = A). Therefore, C(9) > 0 for all 9 > 2 ensuring that
the denominator in the coefficient estimates is always positive and
non-zero. Hence Eq. (2.1) holds.

Corollary 2.1 (Extremal Function). Let f € SM;”’ﬁ(y). Then

02 o g2 rpm'-! _
séw P9 =PI F T gy By 0 SO
1=y @@ -1)+p)E,
g LEPT@O=DAPELm) 22

(Fpym9=1(92 — y9 — 92y A+ 94y)

If suitable values of parameters are replaced in the above theorem, then
following corollaries are obtained.

Using the assumption that « = 1 and g = 1 in (2.2), the outcome
obtained a corollary kindred to the result of Porwal [7].
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(=DM + (1= yh= DEME )
@ =M ) + (=7 d+ DM )

L © 9 pym~!
v Xl T @D+ E p(m)

FO-1
F+1

1 (1 myge S PO
ag ¢ +(1-74 A)Zg:z f(a(8—1)+ﬂ)Ea,p(m)a'9

g&—l

T, ST HymI-1

arpmd~!

- — )22 DT g - © _(@P=9TpmIt 9oy
Q=0+ C =D mpEgm ¢ T YA+ D X TG nanE, ;m 96

. 9—1,_ 2 23, 025 _
—}/+28=2 matgg ( }’19+19 19}.]/ 9“2 19+19j.]/+19/1)

= ' _ 8] %
2-7r+ 2.9:2 T(a(9—1)+5) Eq p(m)

© ___pmil

. Y+ Yoes T(a(9—=1)+B)Eq 5(m

agld 129 —y9+ 92 - 922y + 21— 9+ Ay — 92)

sapl T (9 4+ 97 = 924y — 924 — 9+ 94y + 90)

rpmd-1

Q=1 = Z5s Tt 0" Q0 =y 9+ 82 = 92y + 92— 0+ 0y — 9)

Box I.

Corollary 2.2. If m > 0, then F(m, {) is in C(4, ) if and only if

Z aln(l = Aa) — a(l = A)]

n=2
where « >0,0< A< 1, e U

mn—l e~ m

ol (2.3)

la,| <1—a.

Using the assumption that « = 1, = 1 and n = 1 in (2.2), the
outcome obtained a corollary kindred to the result of Altintas and
Owa [51].

Corollary 2.3. A function f(¢) defined by (1.1) is in the class C(4, a) if

and only if

o

Zn(n— Aan—a+ Aa)la,| < 1-a.
n=2

where a >0,0< A< 1, ¢ €U

Example 2.1 ([51]). The Corollary 2.2 for the subclass F(m, ) is in C(A)
is given by

sl mn—le—m
Y nfn(l = Aa) — a(l = H] ——a,| < 1 -« 2.4
- (n—1)!
n=2
where a >0,0<A<1,m>0, ¢ € U. Since, m =a = A = 0.5, we have
0.5(n—1)!e%
la,| < —.
1n(0.751 — 0.25) (0.5)n~1
lay| < 0.6595, |as| < 1.099.

Example 2.2. The Theorem 2.1 for the class f € SM s ,(r) and
fQ) =¢+ Y0, a9’ Then

\ r(pm~!
Zéwz =70 = P ) e B e <7
where a, >0, m>0,0<4i<1,0<y<1,¢(€U.Sincem=a=A=p
=05,7=0
we have

T0.5(9 — 1) +0.5) Ey55(0.5)
lasl < (9)(1'0.5)0.5%-1

and specifically

lay] < 0.4346, |a;| < 0.3423.

The comparative evaluation of the two examples indicates that the
coefficient bounds obtained for the subclass F(m,{) € C(A) exhibit
smaller initial coefficients (|a,| and |a;|), reflecting stronger control
over the functional behavior near the origin. On the other hand,
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the bounds established for the class f € SM"Z"JL ,(r) yield more re-
strictive estimates for higher order coefficients due to the influence
of the Gamma Mittag-Leffler normalization. Consequently, the latter
results demonstrate greater sharpness, imposing a stronger limitation
on coefficient growth for large indices.

Example 2.3. The extremal function (2.2) for the subclass SMZ ﬁ(y)
is given by

& (1=)T@®—D+PE,pm)

J@r=c g; T PymI=1(92 —y8 — 2y A+ 9iy)~

where m, 2, >0,0<y<1,0<4A< 1, €.
Since,

cm=a=f=1

e m¥l =1
cE(D=el=e
cy=4=05

So the function (2.2) becomes:

fO=¢+ §<:2

Example 2.4. The extremal function (2.2) for the subclass SM‘T,/J(Y)
is given by

S (1=)T@® =D+ PE,pm)

= + 5
rer=¢ ; (CHMI=1(92 — y9 — 92y A+ IAy)
where m,a,$>0,0<y<1,0<1<1,{el.

Since,

-m:a:ﬂ:l

. m:‘)—l =1
cE(D=el=e
cy=1=05

So the function (2.2) becomes:

_ e 4e .3
JO=8+30+ 3¢

Example 2.5. The extremal function (2.2) for the subclass SMZfﬁ(y)
is given by
4

(I =p)(a@—1)+ P)E, ;(m)
ro=¢+y -

9=2

9.
(THmO=-1(92 —y9 — 92y A+ 94y)”

where m,a,>0,0<y<1,0<41< 1, €U.
Since,
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em=a=p=1
e m¥l =1
cE(D=e'=e
cy=4=05

So the function (2.2) becomes:
_ en e.3, 3e.q
f(C)—C+SC +6C + HC
Example 2.6. The extremal function (2.2) for the subclass SMY ﬂ(y)
is given by

o A=NI@®-D+PEpm)

=+ ’
f@ =< 9z=:2 (FBYmO=1(92 — 8 — 92y 2+ 947)
where m,a,f>0,0<y<1,0<i<L¢{el.

Since,

cm=a=p=2

.y:ﬂ:O.S

So the function (2.2) becomes:
3E,,(2)
=

where, the function E, ;4(z) is the two-parameter Mittag-Leffler func-
tion, defined by the series:

fO=¢c+

[

Ea,ﬂ(z) = 2 m,

k=0

for a > 0,8 > 0.
For a =2, f =2, and z = 2, we get:
[se]

Eypp(@)= )

k=0

2k
Tk +2)

Let us compute a few terms to approximate this:

0

eo. P11,
TQ0+2 T@ 1
1

ey 2 _2_ 21
@ 3 -6 3
2

a. 2_4_ 4 _1
T®) 5 120 30
3

k=3: 2 _8_8 _ 1
T® 71 5040~ 630
4

k=4: —2 16 _ 16 441%10°5,

T(10) _ 9! ~ 362880

Summing the first few terms:

1.1 1 s
S — 4+ —— +441x 1075 ~ 1 +0. ) .001
T35 " g TA4IX10 +0.333 + 0.0333 + 0.00159

+0.000044 ~ 1.368

EyQ) 1+

So, numerically, E,,(2) ~ 1.368, accurate to three decimal places.
So the function becomes:

f(&) =¢ +0.8208¢2

Theorem 2.2 (Extreme Points). Let

FO=C fo@) =t + 3 g DICO D+ DEym)_,
1e) =6, Jole)= B T Bm—192 =9 — Pya+ i)

9=2
Then f € SM: ﬂ(y) strictly in the event that

9>2.

1= ngfo(©)

9=1

where ng >0 and Y5 g = 1.
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Proof. Assume that

1@ =Y ngfo(©),

9=1
where ny > 0 and Y3, 7y = 1. Then By substituting the definition of
f9(£), we obtain

— A= -1+ pHE, ;(m)

=+
: .92:; W T pm192 = 79— 2y A+ 94y)

S U=F@® = 1)+ P E, ym)T ym*™" (9 = y9 — 8y A+ 94y)
- 82,:2'13 (IPmO=1(92 — y9 — 92y A+ 92y)

=1 =nI'@@®-1D+pE,z(m) Z g

9=1
=0 =-pIr@@-D+PE, ;(m(1—n) <=y (a@—1)+pE, z(m)
which shows that f € SM('fﬁ(y).

Conversely, suppose that f €
1-N) I (@@-D+P)E,
( 7)_(0!( )+B)Eq 5(m) 9=23. ..
(I PmI=1(92—y9—92y 1+94y)
Let

Sngﬁ(m). Since |ay| <

(TpmP=1(9% = y9 — 92y A+ 94y) -
Ny = "71:1_2'7.9-
9=2

A =PT@@ -1+ pE, s(m)

Then we obtain

1@ =Y ngfy©).

9=1

Theorem 2.3 (Convex of Order ¢). Let f € SMZ', ﬂ(y), then the function
f is called the convex of order ¢ in |{| < R;, where

R3.=.Af<(1—GXFﬁMW‘%ﬁz—y8—82y1+sxw

1

=
,@8>2). (@25
19(’9_‘7)(1_Y)F(a(19_1)+ﬂ)Ea,ﬁ(m)> @z @9

where o, >0,0<y<1,0<1<1,{ €U

Proof. Assuming that |{| < R; and the inequality (2.5) are valid, it is
demonstrated that

[9M(9)

l1-o. 2.
o= @6)

1

. (=) BmO~1 (92 =y 9—92y A+9Ay) -1
It is adequate to show that [{| < <&(9—a) =P T @O~ 1+ Ep o) , @
>2).

To ensure the inequality (2.6) holds, it is sufficient that

Yoy 99 — Dags®!
1+ Y0, 9ay89-!

‘Sl—a.

o

0 (s
219(,9 —Dagl¢)* ' <1+ Z,9as|g|3*1 —6-0 Z 9ayl¢|*".

9=2 9=2 9=2

D =o9aylc)” < (1-0).

9=2

1
l-0 -1
—_— 9>2).

From the coefficient bound for f € SM 5 ,(r), we have,

A =NI'@@d -1+ pE, ;(m)

lag| < =5 9—1(92 2 :
Do (T HMI=1(92 — y9 — 92y A+ 9Ay)

Using this bound in the inequality above gives:

1

-1
> ,(82>2).

0l < ((1 —o)IPym*~ 1 (92 —y9 — 92y A1+ Ay)
"\ -0) A=y (a(n—1)+BE, z(m)
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Theorem 2.4 (Starlike of Order o). Let f € SM”" ﬂ(y), then f is starlike
of order ¢ in |{| < R,, where

—inf ((1 — o) P)m* 1 (92 —y9 — 2y 1+ Ay)
@ =0) A=y (@®— 1)+ PE, s(m)

where a,>0,0<y<1,0<1<1,¢ el.

=
> 922, (27)

Proof. Assuming that |{| < R, and the inequality (2.7) are valid, it is
demonstrated that

ST P, @.8)
VAC9)
It is adequate to show that
1
9-1092 _ 2 ey
] < < — o) T pm’~1(9? —y9 -9 yA+19Ay)> 9-1 (932
—0) (1 =pIa@d -1+ PE, ;(m)

To ensure the inequality (2.8) holds, it is sufficient that

‘4’ + 230:2 19004“9 :
g + Z;;z a19§19

D= 9aylel < (0 - DA+ Y aglel* .

9=2 9=2

> (0 = 9lagle|*™ < (o - 1)L

9=2
From the coefficient bound for f € SM™ g, ,(r), we have,

A =nI@@®-1)+p)E,z(m)
- ZB L Hm*1(9% —y9 — RyA+94y)

lagl <

Using this bound in the inequality above gives:

I¢ <

1
<(1 — o) I P)m* 1 (92 —y9 — yi+ 19)4/)) a1
(9 >2).
O =0) A= (a@—-1)+pE, (m)
Theorem 2.5 (Close-to-convex of Order o). Let f € SM” ﬁ(y), then f is
close-to-convex of order ¢ (0 < ¢ < 1) in the disc |{| < Rz, where

1

) 2. @9

R, i=inf (1= o) T Pym~1 (9% —y9 — 9%y A + 94y)
3o 9 (= T@@®— D)+ PE, ,(m)

where a, />0, 0<y<1,0<1i<1, {el.

Proof. Assuming that |{| < R; and the inequality (2.9) are valid, it is
demonstrated that
"¢ -1<1-o. (2.10)

It is adequate to show that

¢l < (“

To ensure the inequality (2.10) holds, it is sufficient that

— )T Hm®~ (9% —y9 — 92y i+ 94y)
9 (=@~ 1)+ PE, 5(m)

=
> L9 >2).

[se]
1+ 9ap¢”' =11 < 1-0.
9=2

Y a1’ <1-0.
9=2

|c|19 1 -0
19Iasl
From the coefficient bound for f € S MY " (), we have,

A =NT@®-1)+PE, z3(m)
T XS, HmII (9 =y — 2y A+ 94y)

lagl <
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Using this bound in the inequality above gives:

Il < ((1 — )T Pym’~ (9% =y — 9>y A+ 8y)
B S (L= (a@®—1)+ PE, z(m)

Theorem 2.6 (Growth Theorem). Let f({) = & + Y, lagl¢ 9 belongs to
class f € SM'”ﬂ(y), then for || = r*, we have
A =nI@@d-1)+pE, z(m)
T (TRmO-L(92 — y8 — 9274 + 84y)
N A =L @@—=1)+PE, (m)
(FPmS=1(92 —y9 — 92y A+ 9Ay)
where a,f>0,0<y<1,0<1<1,{ el.

=
> (922

e

P LIl <r*

)2, (2.11)

Proof. Since

regym'!

m _ 9
M &) =6+ 92:; T (@@ — D)+ f) Eqy(m) a0t

and

(=N (@@ 1)+ pE, 4(m)
92 —y9 — 2y A+ 9Ay)(I fymd-1"
We know that

lagl <

FO=¢+ Y agl

9=2
Then

IFOI<r + ) agr™),
9=2

which implies that

1F©Ol <r + i (i@ D% Dl ) vy

r r

- & (TPHmMI=1 (92 —y9 — 92y A+ 94y)

substituting the bound derived above
A= -1+ pPE, z(m)

(TPMO=1(92 — y9 — 92y A+ 9y)

Similarly, using the reverse triangle inequality, we deduce

N A =-I@@-D+PpE, ;(m)
lfOl=r - PPy 5 ).
(THMO=1(92 — y9 — 92y A + 9Ay)
This approach eliminates arbitrary truncation and yields a strict upper
bound.

*)2.

lfFOI<r +

Theorem 2.7 (Distortion Theorem). Let f(¢) =
class f € SM;”’ﬂ(y), then for || = r*, we have
20 =) (a@ = 1)+ PE, s(m)
T (TRmO-L(92 — y8 — 9274 + 94y)
20 =pI@a@® -1+ PE, ;(m)
(T2 — 79— 9274+ 97r)
where o, >0,0<y<1,0<1<1,¢ el.

C+ Yo, lagle? belong to

LSO

(2.12)

Proof. Since

.o rg)m!
MO = 2 TG4 B By

9
agl

and
A =L@ —1)+pPE, s(m)
= (CHmI-1(92 = 8 — P2y A+ 94y)
We know that

FO=¢+ Y apl’.

9=2
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Then
IO <1+ ) 9ayl1°,
9=2
which implies
20 =L@ -+ PHE, g(m)
(TRm-1(92 — 79— 9274+ 047)
Similarly, using the reverse triangle inequality, we deduce
20 =L@ -+ PHE, g(m)
(TRm-1(92 — 79— 9274+ 04y)

Therefore, the result is sharp.

IF'Ol<1+

I/ Orz1-

Definition 2.1 (Littlewood Subordination Theorem [36].). Given that f
and g in U are analytic with f(¢) < g(¢), then

2r 2r
/Olf(C)l“d€S/0 18()1#d0. > 0.

and ¢ =re?, 0<r<1.

Theorem 2.8 (Integral Means of Inequalities). If f € SM 5 and
suppose that

(A =pIan—-1)+PE, ;(méEy
(FPmM =192 —y9 — 92y A+ 9y)
If there exists w({) given by

g =¢+ ,9=2.3,...1&|=1.

o1 (TPmO71 B2 =y — 92y A+ 92y)
WO = )@= D+ B)E, 5(mE;

(s}
9-1
2 agl" .

9=2

then [1£(O)1#d6 < [71g(O)|*d0, for ¢ = re?, 0 <r <1, u>0.

Proof. We need to demonstrate that in order to finish the theorem

oL (I =PI @® = 1)+ P)E, ;(méE,
1+ =lrde < -
/0 11+ ayc™|

2z
1+ =1|1qe.
“~ /0 | (CPm*~1(92 —y9 — 92y A1+ 191}/){ !

It is sufficient to demonstrate that using the Littlewood subordination
theorem

A=y -1+ PE, ,;méy o |
IPmO=1(92 —y9 — 92y A+ 9Ay) '

o0
T+ Y <1+
9=2

Let
> A —-Nl@@ -1+ HE, mE
1 -1 1 ’ .
+325a8€ <+ o _719—192y/1+l9/1y)(w(o)
Therefore
S (HMO (92 =y 8 — Py i+ 90y) &
oyt = Ze TR g9 = SyAk ) Ly

(1 - J/)F(a(19 - 1) + ﬂ)En,ﬂ(m)g:‘) 9=2

Hence w(0) = 0.
Furthermore, if f € A satisfy Yo, (9 — y9 — 9yi + 94y)
r@gm-! _
Tao-h4p Eppom 98] <A =7)-

oot _ | BN =9 = Pyat 9an) |y et <
O = | e = D DE,yme, | 21 <1<

3. Signal and image processing applications

The operator introduced in this manuscript,

rm’!

3.1
I'(@(® - 1)+ BE, ;(m) S

9
ayg&”,

M (fE)=¢+ 32_2

defines the new subclass Sy 5. )- Theorems 2.1-2.8 establish proper-
ties such as coefficient constraints, growth and distortion bounds, radii
of starlikeness/convexity, and the integral means inequality. These
results ensure that applying the operator produces transformations that
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0.5

Im(w)

0.5 1
Re(w)

Fig. 1.

Image of the unit disc under the mapping f(¢) = ¢ +0.906093 ¢2.

1.5

£

0.5

0.5

Im(C)

Fig. 2. 3D plot of |f(¢)| where f(¢) = ¢ + (e/3)¢2.

are injective, energy-bounded, and structurally stable. To demonstrate
that these theoretical bounds translate into practice, we apply a dis-
crete analogue of M{;’fﬁ to real signals and images. In the discrete
domain, the action of the operator corresponds to convolution with a
Mittag-Leffler-type fractional kernel,

kan) o Eqy(=(n/2)). xgult) = (kg % )0,

which mirrors the coefficient weighting in (3.1). This kernel introduces
memory and Poisson-type weighting, analogous to the role of m,«, 8,
and A in the analytic operator.

3.1. Fractional smoothing of noisy signals

Fig. 9 shows a time signal contaminated with long-memory noise
and the filtered output obtained using the Mittag-Leffler fractional
kernel. The signal remains bounded and does not overshoot, a di-
rect manifestation of the growth and distortion inequalities (Theorems
2.6-2.7), which mathematically ensure that

L'l

and

FA(9]

cannot grow beyond the bounds imposed by the operator coefficients.
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+(e/6)¢3 + (3e/11)¢*.

{+(e/5)¢

Fig. 6. 3D plot of |f(&)| for f()

Fig. 3. Mapping of unit disc under f(¢) = ¢ + (0.906093)¢? + (0.72557)¢3.

151

05

-05 1

-1.5

)

Fig. 7. Mapping of unit disc under f(¢)

w

(

Re

¢ +0.8208¢2.

+ (de/15)83.

{+ (/3

Fig. 4. 3D plot of |f ()| for f()

Re(w)

£ +0.8208¢2.

Fig. 8. 3D plot of |f(¢)| for f(£)

Fig. 5. Mapping of unit disc under f(¢) = ¢ + (0.543647)¢% + (0.453047)¢° +

(0.740854)4.
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| Time signal: clean, n0|sy, and fractlonal kernel smoothed
’ Clean S|gnal
Noisy signal
] Fractional-kernel smoothed
0.5 q
(0]
©
=
30 i
IS
<<
-0.5
-1
15 \ \ \ \
0 200 400 600 800 1000

Sample index

Fig. 9. Time signal: clean, noisy, and fractional-kernel smoothed. Bounded
smoothing behavior corresponds to the growth/distortion bounds proven in
Section 2.

Power Spectral Density (PSD): noisy vs smoothed

102

10°

1072

Power

108

Noisy
Smoothed
10710 ' '
10° 102 107
Frequency (normalized)

10°

Fig. 10. PSD comparison (log-log scale): the fractional smoother suppresses
noise while preserving dominant spectral components, consistent with the
coefficient bounds of Theorem 2.1.

Fig. 10 shows the power spectral density (PSD). The reduction of
high-frequency energy is consistent with the coefficient constraints of
Theorem 2.1, which restrict the magnitude of the induced mapping.

To demonstrate that the proposed operator is not merely speculative
but offers measurable improvements in signal processing tasks, we
performed a quantitative error analysis on the signal smoothing experi-
ment shown in Fig. 9. We compared the performance of the noisy signal
against the signal filtered by our proposed Mittag-Leffler convolution
operator M7 5 The performance was evaluated using two standard
metrics: Mean Squared Error (MSE) and Peak Signal-to-Noise Ratio
(PSNR). The MSE measures the average squared difference between the

estimated signal and the original clean signal, defined as:

N
1 . ;
MSE = — Z‘("czean[ﬂ = Xitrereali)?
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Table 1
Quantitative comparison of error metrics for the noisy input versus the Mittag-
Leffler smoothed output.

Signal stage MSE (Mean Squared Error) PSNR (dB) Improvement
Noisy input 0.8464 20.00 -
Proposed M, output  0.2116 26.02 +6.02 dB

The PSNR expresses the ratio between the maximum possible power of
a signal and the power of the corrupting noise, defined as:

MAX3
MSE
where M AX, is the maximum possible signal amplitude. The results of
this analysis are summarized in Table 1.

In Fig. 9 demonstrates the practical application of the operator M7
in signal denoising. It shows that the filtered signal (yellow) effectlvely
suppresses long memory noise while remaining strictly bounded, vali-

dating the Growth and Distortion bounds derived in Theorems 2.6 and
2.7.

PSNR = 10log;, <

3.2. Image blur and profile diagnostics

For images, pixel intensities can be seen as samples of an analytic
function f. The mapping applied to the image simulates the action
of M ng Fig- 11 shows a synthetic image and a blurred version. Ac-
cordmg to Theorems 2.3-2.5, functions in N () are starlike, convex,
and injective within guaranteed radii. ThlS means that the operator
preserves geometric structure exactly what is observed in the blurred
image where edges remain stable and shapes are not deformed.

Fig. 12 shows the row-intensity profiles. The bounded deviation
between curves reflects the integral means inequality (Theorem 2.8),
which guarantees average bounded variation of the mapping.

4. Discussion

In this paper, we introduce new subclasses of univalent functions,
denoted f € SMZI, ﬂ(y), defined within the unit disc U = {¢ € C : || <
1}. These functions are constructed using coefficients derived from a
Mittag-Leffler type Poisson distribution, which connects complex analy-
sis with probability theory. The functions take the form (1.1) where the
coefficients ay reflect the properties of Mittag-Leffler functions. These
mappings transform the unit disc into complex domains, revealing in-
teresting geometric properties. We analyze several key aspects of these
functions, such as Growth and distortion bounds for the magnitude
and derivative of the functions, coefficient estimates that control the
behavior of the Taylor series, convexity, starlikeness, and close-to-
convexity, which ensure the mapping preserves desirable geometric
features, Extreme points, providing important boundary behavior and
sharp coefficient bounds.

To support the theoretical findings of this study, a series of 2D and
3D visualizations by using MATLAB are provided. The 2D plots, shown
in Figs. 1, 3, 5, and 7, illustrate the mapping behavior of the unit
disc under the function f. These figures clearly demonstrate geometric
transformations such as stretching, rotation, and reshaping within the
disc. On the other hand, the 3D visualizations, presented in Figs. 2, 4,
6, and 8, display the surfaces of | f(¢)|, Re(f(¢)), and Im(f(¢)). These
plots help in understanding the growth, distortion, and variation of the
function near the boundary of the unit disc. Together, the graphical
results complement the analytical results and offer a deeper insight into
the geometric properties of the newly introduced subclass.

For example, the function

f©=

demonstrates how the unit disc is stretched and curved in specific
directions, as shown as Figs. 2, 4, 6, and 8, surface plot of | f({)].

e, e
C+3C +15C
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Synthetic image (ori

50

100

150

200

250

50 100 150 200 250

Fig. 11. Original vs. blurred image. The shape preservation agrees

Intensity profiles of row 100: original vs blurred
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Fig. 12. Intensity profile (row 100): the bounded difference corresponds to
the integral means inequality of Theorem 2.8.

We also explore integral means inequalities, which give us the
average behavior of the function over circular paths inside the unit
disc. These inequalities deepen our understanding of how these func-
tions behave and their connection to probability distributions. The
combination of theory and visual tools provides a clearer picture of
how these new functions behave and how they map the unit disc. The
graphical representations offer valuable insights into the structure and
behavior of the resulting regions, showing how different coefficients
influence the transformation. The Figs. 2, 4, 6, and 8, in particular,
provide a more thorough view of these changes, helping to reveal
patterns and structures that may not be immediately obvious through
theoretical analysis alone. By bridging the gap between theoretical
results and visualization, these graphs enhance our understanding and
open new directions for research in geometric function theory and
fractional calculus. The results pave the way for further studies, par-
ticularly in the context of geometric transformations and statistical
modeling in complex domains. It connects symbolic analysis with geo-
metric interpretation, helping to identify structural patterns, validate
analytical results, and inspire new research directions in geometric
transformations and fractional calculus based function modeling.

Figs. 9-12 confirm that the practical behavior of the fractional
kernel matches the theoretical results for N 5. ,(r)- The signal examples
show bounded smoothing consistent with the growth and distortion
estimates, while the image results demonstrate structure preservation

Alexandria Engineering Journal 136 (2026) 62-72

Gaussian blurred image
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50 100 150 200 250

with the starlikeness and convexity radii of Theorems 2.3-2.5.

and controlled intensity variation, reflecting the starlikeness/convex-
ity radii and integral means inequality. Thus, the operator behaves
predictably in real filtering tasks, exactly as guaranteed by the theory.

5. Conclusion

In this paper, we have introduced a new subclass of univalent func-
tions, denoted by SM;"’ﬂ’ 1(r), defined through the Mittag-Leffler type
Poisson distribution series. By combining the Mittag—Leffler function
and the Poisson distribution within the framework of geometric func-
tion theory, we established a unified operator that connects fractional
and probabilistic models. Several important geometric properties of the
proposed subclass, including coefficient bounds, growth and distortion
theorems, convexity, starlikeness and close-to-convexity, were derived
and discussed. An integral means inequality was also obtained for
the class. The results presented in this work extend many existing
subclasses of analytic and univalent functions and provide a foun-
dation for further studies involving fractional calculus, probability
distributions and complex analysis. This approach not only enriches
the theory of univalent functions but also opens new directions for ex-
ploring fractional and stochastic models in signal and image processing
application.
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