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ABSTRACT
This paper establishes criteria for controllability and observability in a class of linear time-invariant impulsive differential-algebraic
equations (DAEs) defined on a time scale. Controllability is defined as the ability to transfer the system state from any initial
condition to any desired state within a finite time interval using an appropriate control input. Observability is characterized as
the ability to uniquely determine the initial state from output measurements over a finite time interval. The main contributions
are the derivation of necessary and sufficient conditions for both state controllability and state observability. These conditions are
formulated in terms of rank-based tests and the properties of Gramian matrices, which are constructed using the Drazin inverse
to handle the system’s algebraic constraints and impulsive dynamics. The theoretical results are validated by solving a illustrative
controllability and observability problem, demonstrating the efficacy of the proposed approach.
MSC2020 Classification: 34A37, 93B05, 93B07

1 | Introduction

A differential algebraic equation is a type of differential equation
in which the derivatives (in general) are not expressed explic-
itly and derivatives of some of the dependent variables may not
appear in the equations at all. The general form of a system of
differential algebraic equations (DAEs) is given by

𝐺(𝑡, 𝑧, 𝑧̇) = 0,

where 𝑡 is an independent variable, 𝑧 is state vector, and 𝑧̇ is
derivative of 𝑧 with respect to 𝑡.

DAEs are useful for modeling different practical problems in
chemical engineering, electrical networks, mechanical systems,
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multibody dynamics, and economics, see for example, [1, 2],
which often cannot be modeled by standard ordinary DAEs.
Especially DAEs have then been discovered to be appropriate for
modeling and simulation of the dynamical procedures. In gen-
eral, these equations are implicit differential equations. While
in simple case, these equations are combination of differential
equations along with algebraic constraints, from which the name
DAEs comes from. A huge solution theory for DAEs has been
developed, which can be looked up in [3, 4]. Gantmacher dis-
cusses the classical solution of DAEs in his famous book, see [5].
Gantmacher’s focus is actually on Kronecker canonical form but
he does not consider non smooth homogeneities and inconsistent
initial values. It is noticed that the determination of Kronecker
canonical form is numerically ill posed in practical problems.
Therefore, researchers take interest in other solution formulas.
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Hence, an efficient tool to analyze the linear differential algebraic
system is with the help Drazin inverse (DI) [6]. Let 𝑋 ∈ ℂ𝑛×𝑛, a
matrix 𝐹 ∈ ℂ𝑛×𝑛 such that satisfies 𝐹𝑘+1𝑋 = 𝐹𝑘,𝑋𝐹𝑋 = 𝑋, and
𝐹𝑋 = 𝑋𝐹 , is called the DI of𝐹 and denoted by𝐹𝐷. The DI of any
square matrix always exist and unique, see in [4]. There are appli-
cations of DI to solve linear differential algebraic control system
[7, 8].

DAEs found its way into control theory after the work of
Rosenbrock [9]. He developed ideas of describing linear systems
by polynomial system matrices. Subsequently, Rosenbrock [10],
Luenberger [11], and Verghese et al. [12] have contributed a lot in
area of control theory. Controllability and observability are two of
the most fundamental concepts in modern control theory. They
have close connections to observer design, quadratic optimal con-
trol, pole assignment, structural decomposition, and so forth, see
[13]. The concept of controllability provides helps for the design
of control law. On the other words, observability describes an abil-
ity to use partial information to figure out the whole system states.
Kalman [14] was the first one, who proposed the concept of con-
trollability and observability. Controllability and observability of
time varying DAEs have already been discussed, see [15, 16].

Impulsive control systems are used as a mathematical tool for
analyzing the behavior of most real-life processes. The mathe-
matical tool for designing impulsive control systems is the the-
ory of these equations, which expresses processes that change
their states at certain non fixed or fixed moments in the form
of jumps. In recent years, some results on differential alge-
braic sytems with impulsive control have been reported, see
for example, [17–21]. Several important developments have
been reported in the literature regarding observer and controller
design for fractional-order dynamical systems, particularly in
observer-based control, nonlinear Hadamard fractional systems,
unknown input observer design, and conformable fractional state
estimation problems [22–25], demonstrating the growing inter-
est in generalized dynamical frameworks and motivating further
extensions to impulsive differential-algebraic systems on time
scales.

However, to the best of our knowledge, there has been no result
about the controllability and observability of system of impulsive
differential algebraic equations on time scale, where time scale
is a nonempty closed subset of ℝ. There was a gap that no the-
ory can deal collectively with both the continuous and discrete
cases in one place. Bohner and Peterson added significant work
in the time scales calculus, see [26, 27]. While advanced control
designs for complex systems are actively developed [28, 29], and
existence analyzes for differential equations remain a focus [30],
the foundational concepts of controllability and observability for
this specific hybrid system class have been overlooked.

Extending the existing results of impulsive descriptor systems
to the time-scale setting is not straightforward due to sev-
eral mathematical difficulties. The singularity of the descriptor
matrix produces hidden algebraic constraints, while the unified
continuous-discrete structure of time scales complicates the con-
struction of solution trajectories. In particular, establishing the
regressivity of the transformed coefficient matrix depends criti-
cally on the graininess function, which has no counterpart in the
classical continuous-time case. Furthermore, impulsive effects

interact with the natural jumps of the time scale, making the
derivation of state transition matrices and Gramian-based con-
trollability and observability criteria significantly more delicate.
These challenges motivate the present generalization and sub-
stantially broaden the previous continuous-time results. In this
paper, we investigate state controllability and state observabil-
ity of impulsive differential algebraic system on time scale. We
derive the necessary and sufficient conditions on controllability
and observability for the impulsive differential algebraic system
on time scale.

The paper is organized as follows: Section 2 presents the ele-
mentary facts and preliminary results. In Sections 3 and 4, the
main results about controllability and observability for the impul-
sive differential algebraic systems on time scale are given, respec-
tively. Section 5 contains the concluding remarks.

2 | Preliminaries

Consider ℝ𝑛 be space of 𝑛 dimensional column vectors with a
norm || ⋅ ||. A time scale T is a non-empty closed subset of ℝ.
The notations [𝑎, 𝑏] ∶= {𝑡 ∈ T; 𝑎 ≤ 𝑡 ≤ 𝑏}, where 𝑎, 𝑏 ∈T. The set
of all rd-continuous functions 𝑔 ∶ T → ℝ𝑛 will be denoted by
𝐶𝑟𝑑(T,ℝ𝑛) that are continuous at every right dense point and is
finite at every left dense point. The set of rd-continuous (respec-
tively rd-continuous and regressive) functions 𝐴 ∶ T → 𝑀𝑛(ℝ)
is denoted by 𝐶𝑟𝑑(T,𝑀𝑛(ℝ)) (respectively by 𝐶𝑟𝑑(T,𝑀𝑛(ℝ))).
Moreover, We recall that a matrix-valued function 𝐴 is called
regressive if 𝐼 + 𝜇(𝑡)𝐴(𝑡) is invertible∀ 𝑡 ∈T, where 𝐼 is 𝑛 × 𝑛 iden-
tity matrix. We refer to [26, 27] for more information on time
scales. Consider an impulsive differential algebraic system on
time scale as follows:

S1: =

⎧⎪⎪⎨⎪⎪⎩

𝐹𝑧Δ(𝑡) = 𝑃𝑧(𝑡) +𝑄𝑢(𝑡), 𝑡 ≠ 𝑡𝑖

𝑧
(
𝑡+
𝑖

)
=

(
1 + 𝑑𝑖

)
𝑧
(
𝑡𝑖
)
, 𝑡 = 𝑡𝑖, 𝑖 = 1, 2, . . . ,

𝑦(𝑡) = 𝑅𝑧(𝑡),
𝑧
(
𝑡0
)
= 𝑧0,

where T is an unbounded above time scale with bounded
graininess, T0 ∶=

[
𝑡0,∞

)
∩T,

[
𝑡𝑘−1, 𝑡𝑘

)
∈T0, and 𝑑𝑖 ∈ ℝ are con-

stants. Throughtout this paper, we suppose that 𝐹 , 𝑃 ∈ 𝐶𝑟𝑑(T0,𝑀𝑛(ℝ)), 𝑄 ∈ 𝐶𝑟𝑑(T0,𝑀𝑛×𝑚(ℝ)), 𝑅 ∈ 𝐶𝑟𝑑(T0,𝑀𝑝×𝑛(ℝ)),
𝑧 ∈ ℝ𝑛 is the state variable, 𝑢 ∈ ℝ𝑚 is the control input, 𝑦 ∈ ℝ𝑝

is the output, and 𝑧Δ is delta derivative of 𝑧. Also, consider that
system S1 holds the following assumptions:

(A1): 0 ≤ 𝑡0 < 𝑡1 < · · · < 𝑡𝑘 < . . . , provided that lim𝑘→∞ 𝑡𝑘 = ∞
and 𝑡𝑘 ∈T are right dense.

(A2): 𝑧(𝑡+
𝑘
) ∶= limℎ→0+ 𝑧(𝑡𝑘 + ℎ), 𝑧

(
𝑡𝑘
)
= 𝑧(𝑡−

𝑘
) ∶= limℎ→0−

𝑧(𝑡𝑘 − ℎ).

(A3): Matrix pencil (𝐹 , 𝑃 ) is regular, that is, ∃ 𝑐 ∈ ℂ such that
𝐹𝑐 − 𝑃 is invertible.

Recall from [31], index of a matrix 𝐹 , denoted by 𝐼𝑛𝑑(𝐹 ), is the
smallest non negative integer 𝑟 such that rank 𝐹 𝑟 = rank 𝐹 𝑟+1.
A matrix 𝐹𝐷 ∈ 𝐶𝑟𝑑(𝑀𝑛(ℝ)) is called the DI of a matrix 𝐹 if
𝐹𝐷𝐹 = 𝐹𝐹𝐷, 𝐹𝐷𝐹𝐹𝐷 = 𝐹𝐷 and 𝐹𝐷𝐹 𝑟+1 = 𝐹 𝑟, where 𝑟 is the

index of the matrix. Note that, DI of a matrix always exists and
unique, see [7]. Steps to compute DI 𝐹𝐷 of a matrix 𝐹 are:
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(a) Find 𝑊 ,𝑉 (a pair of matrices), with 𝑊 ∈ 𝐶𝑟𝑑(𝑀𝑛×𝑠(ℝ)),
𝑉 ∈ 𝐶𝑟𝑑(𝑀𝑠×𝑛(ℝ)) such that rank 𝑊 = rank 𝑉 = rank
𝐹 = 𝑠 and 𝐹 = 𝑊 𝑉 .

(b) Compute non-singular matrix 𝑉 𝐹𝑊 ∈ 𝐶𝑟𝑑(𝑀𝑠×𝑠(ℝ)).

(c) Finally, 𝐹𝐷 = 𝑊 (𝑉 𝐹𝑊 )−1𝑉 .

DI can also be expressed in terms of Jordan canonical form as:

𝐹 = 𝑆

[
𝐽 0
0 𝑁

]
𝑆−1, 𝐹𝐷 = 𝑆

[
𝐽−1 0

0 0

]
𝑆−1, where 𝐽 constitutes the

Jordan blocks corresponding to non-zero eigen values and 𝑁 is
nilpotent, that is, 𝑁𝑘 = 0, while 𝑁𝑘−1 ≠ 0. From this representa-
tion of 𝐹𝐷. We can see (from [8]) that: R(𝐹𝐷) =R(𝐹 𝑟), (𝐹𝐷) =
 (𝐹 𝑟), and ℝ𝑛 =R(𝐹𝐷)⊕ (𝐹𝐷).

Remark 2.1. When T= ℝ, 𝑧
(
𝑡+
𝑖

)
=

(
1 + 𝑑𝑖

)
𝑧
(
𝑡𝑖
)
= 0, 𝑄 = 𝐼,

we have the following initial value problem

𝐹𝑧′(𝑡) = 𝑃𝑧(𝑡) + 𝑢(𝑡)

𝑧
(
𝑡0
)
= 𝑧0, (1)

where 𝑧(⋅) ∈ ℝ𝑛×1, 𝐹 , 𝑃 ∈ ℝ𝑛×𝑛 and 𝑢(⋅) ∶ ℝ → ℝ𝑛 is a
vector-valued function and 𝑧′ is ordinary derivative of 𝑧. If
𝐸 is non-singular matrix, then differential algebraic equation
is equivalent to an ordinary differential equation of the form
𝑧′(𝑡) = 𝐸−1𝐴𝑧(𝑡) + 𝑔. When 𝐸 is a singular matrix, the solution
of homogeneous initial value problem may be inconsistent, that
is, there may not exist a solution. If there is a solution, it need
not be unique. For example, the following system

7𝑧 ́
1 (𝑡) + 𝑧2(𝑡) = 𝑢(𝑡),

7𝑧 ́
1 (𝑡) + 𝑧2(𝑡) = 𝑢(𝑡),

is inconsistent. And for the following system

𝑧′1(𝑡) − 5𝑧1(𝑡) = 𝑔1

5𝑧′3(𝑡) − 𝑧2(𝑡) = 𝑔2

𝑧3(𝑡) = 𝑔3,

for any given 𝑔1 and 𝑧1, the first equation has unique solution.
If 𝑔3 is differentiable, the solutions of 𝑧2(𝑡) = 𝑔2 − 5𝑔 ́

3 𝑧3(𝑡) = 𝑔3.

Hence, the solutions exists if 𝑧2(0) = 𝑔 ́
2 (0) − 𝑔3(0), 𝑧3(0) = 𝑔3(0).

Hence, if the solution exists, it is unique.

Now, premultiplying first equation of system S1 with (𝐹𝑐 − 𝑃 )−1,

we have:

S2: =

⎧⎪⎪⎨⎪⎪⎩

𝐹𝑧Δ(𝑡) = 𝑃𝑧(𝑡) +𝑄𝑢(𝑡), 𝑡 ≠ 𝑡𝑖

𝑧
(
𝑡+
𝑖

)
=

(
1 + 𝑑𝑖

)
𝑧
(
𝑡𝑖
)
, 𝑡 = 𝑡𝑖, 𝑖 = 1, 2, . . . ,

𝑦(𝑡) = 𝐶𝑧(𝑡),
𝑧
(
𝑡0
)
= 𝑧0,

where 𝐹 = (𝐹𝑐 − 𝑃 )−1𝐹 , 𝑃 = (𝐹𝑐 − 𝑃 )−1𝑃 ,𝑄 = (𝐹𝑐 − 𝑃 )−1𝑄.

The matrices 𝐹 , 𝑃 , and 𝑄 satisfy further properties, see
[32, Remark 2.5 and Lemma 2.6].

Remark 2.2. Regressivity is not preserved under the DI in
general.

The following example justifies the above remark:

Example 2.3. Let 𝐹 =
[
− 2 0
0 0

]
, 𝐹

𝐷
=

[
− 1

2
0

0 0

]
. Let us con-

sider the time scales such that 𝜇(𝑡) = 2, then 𝐼 + 𝜇(𝑡)𝐹 =[
1 + (2)(−2) 0

0 1

]
=

[
− 3 0
0 1

]
. det

(
𝐼 + 𝜇(𝑡)𝐹

)
= −3 ≠ 0. So 𝐹 is

regressive. Now computing 𝐼 + 𝜇(𝑡)𝐹
𝐷
=

[
1 + (2) −1

2
0

0 1

]
=
[

0 0
0 1

]
.

It is clear that det
(
𝐼 + 𝜇(𝑡)𝐹

𝐷
)
= 0.Hence, 𝐹

𝐷
is not regressive.

Theorem 2.4. Let 𝐹 be a square matrix and let 𝜇(𝑡) be scalar
valued function. Assume 𝐹 is regressive, that is, 1 + 𝜇(𝑡)𝐹 is invert-
ible, 𝐹 have a Drazin decomposition 𝐹 = 𝐹𝑠 + 𝐹𝑛, where 𝐹𝑠 is
semisimple, 𝐹𝑛 is nilpotent, and 𝜎

(
𝐹

)
∩
{
− 1

𝜇(𝑡)
,−𝜇(𝑡)

}
= ∅, then

DI 𝐹
𝐷

is also regressive.

Proof. For a matrix 𝐹 , its DI satisfies, 𝜆 ≠ 0 become 𝜆−1, zero
eigenvalue map to zero. So,

𝜎

(
𝐹
𝐷
)
=

{
𝜆−1 ∶ 𝜆 ∈ 𝜎

(
𝐹

)
, 𝜆 ≠ 0

}
∪ {0}.

Let 𝐹 is regressive, so it satisfies 1 + 𝜇(𝑡)𝜆 ≠ 0, for all 𝜆 ∈
𝜎

(
𝐹

)
,∀𝑡. This implies 𝜆 ≠ − 1

𝜇(𝑡)
. If 𝜆 ≠ 0, then eigenvalues of

1 + 𝜇(𝑡)𝐹
𝐷

are 1 + 𝜇(𝑡)𝜆−1 and if 𝜆 = 0, then eigenvalue is 1. So
singularity occurs only if

1 + 𝜇(𝑡)𝜆−1 = 0

which implies 𝜆 = −𝜇(𝑡). From regressivity of 𝐹 , 1 + 𝜇(𝑡)𝜆 ≠ 0
implies that 𝜆 ≠ − 1

𝜇(𝑡)
. Now compare for 𝐹 , 𝜆 = − 1

𝜇(𝑡)
. For 𝐹

𝐷
,

𝜆 = −𝜇(𝑡). This cannot both occur for the same spectral struc-
ture unless spectrum intersects a time varying forbidden set but
assumption exclude this intersection thus 1 + 𝜇(𝑡)𝜆−1 ≠ 0 ∀𝑡. All
eigenvalues of 1 + 𝜇(𝑡)𝐹

𝐷
are nonzero. So 1 + 𝜇(𝑡)𝐹

𝐷
is invertible

for all 𝑡. Hence, 𝐹
𝐷

is regressive. ◽

Lemma 2.5. Let 𝜇(𝑡) be scalar graininess function and
𝐹 , 𝑃 ∈ ℝ𝑛×𝑛. Assume that 𝜇max = sup |𝜇(𝑡)| < ∞, 𝐹

𝐷
exists

and 𝜇max.𝜌
(
𝐹
𝐷
𝑃

)
< 1. Then, 𝐹

𝐷
𝑃 is regressive.

Proof. Let 𝜆 ∈ 𝜌

(
𝐹
𝐷
𝑃

)
, then eigenvalues of 𝐼 + 𝜇(𝑡)𝐹

𝐷
𝑃 are

1 + 𝜇(𝑡)𝜆. we estimate

|𝜇(𝑡)𝜆| ≤ 𝜇max𝜌
(
𝐹
𝐷
𝑃

)
< 1

hence, |1 + 𝜇(𝑡)𝜆| ≥ 1 − |𝜇(𝑡)𝜆| > 0

so
1 + 𝜇(𝑡)𝜆 ≠ 0 ∀𝑡

hence
𝐼 + 𝜇(𝑡)𝐹

𝐷
𝑃 is invertible

thus, 𝐹
𝐷
𝑃 is regressive.
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Example 2.6. Let us consider the time scales such that

𝜇(𝑡) ∈ [0, 1] for all 𝑡. Let 𝐹 =
[

1 0
0 0

]
, 𝐹

𝐷
=

[
1 0
0 0

]
, and 𝑃 =[ 1

2
0

0 1

]
, then 𝐴 = 𝐹

𝐷
𝑃 =

[
1 0
0 0

][ 1
2

0
0 1

]
=

[ 1
2

0
0 1

]
. 𝜎(𝐴) =

{
1
2
, 0

}
.

Now, computing

𝐼 + 𝜇(𝑡)𝐴 =

[
1 + 𝜇(𝑡)

2
0

0 1

]

det(𝐼 + 𝜇(𝑡)𝐴) =
(

1 + 𝜇(𝑡)
2

) ≥ 1 > 0. Hence, 𝐼 + 𝜇(𝑡)𝐴 is invert-
ible. This implies that 𝐴 is regressive. ◽

Throughout in this paper,

(A4) : Matrix 𝐹
𝐷
𝑃 satisfies the regressive property.

Define the consistency space∗
𝑖

for discussing controllability and
observability of S2 (or S1) as:

∗
𝑖
∶=

{
𝑧0 ∈ ℝ𝑛 such that there exists 𝑢 ∈ ℝ𝑚,

𝑧 is a solution of S2(or S1) with 𝑧(0) = 𝑧0

}
.

Moreover, we can express the solution of S2 (or S1) as:

Lemma 2.7. Suppose that assumptions (A1)–(A4) are satis-
fied. The solution of impulsive system S2 (or S1) is given by

𝑧(𝑡) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑒
𝐹
𝐷
𝑃

(
𝑡, 𝑡0

)
𝐹
𝐷
𝐹𝑧0 + ∫

𝑡

𝑡0

𝑒
𝐹
𝐷
𝑃
(𝑡, 𝜎(𝜏))𝐹

𝐷
𝑄𝑢(𝜏)Δ𝜏

+
𝑟−1∑
𝑞=0

(
𝐹
𝐷
𝐹 − 𝐼

)(
𝐹𝑃

𝐷
)𝑞
𝑃
𝐷
𝑄𝑢𝑞(𝑡), for 𝑡 ∈

[
𝑡0, 𝑡1

]
𝑘∏
𝑖=1

(
1 + 𝑑𝑖

)
𝑒
𝐹
𝐷
𝑃

(
𝑡, 𝑡0

)
𝐹
𝐷
𝐹𝑧0 +

𝑘∑
𝑗=1

𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑖

)
×∫

𝑡𝑗

𝑡𝑗−1

𝑒
𝐹
𝐷
𝑃
(𝑡, 𝜎(𝜏))𝐹

𝐷
𝑄𝑢(𝜏)Δ𝜏

+∫
𝑡

𝑡𝑘

𝑒
𝐹
𝐷
𝑃
(𝑡, 𝜎(𝜏))𝐹

𝐷
𝑄𝑢(𝜏)Δ𝜏

+
𝑟−1∑
𝑞=0

(
𝐹
𝐷
𝐹 − 𝐼

)(
𝐹𝑃

𝐷
)𝑞
𝑃
𝐷
𝑄𝑢𝑞(𝑡),

for 𝑡 ∈
(
𝑡𝑘, 𝑡𝑘+1

]
,

𝑘 = 1, 2, . . . ,
(2)

where 𝑟 = 𝐼𝑛𝑑(𝐹 ) and 𝐼 is 𝑛 × 𝑛 identity matrix.

3 | Controllability

In this section, some ideas and equivalent criteria associated with
the controllability of impulsive differential algebraic system are
proved and discussed. Likewise the concept of controllability dis-
cussed in [32], the definition for controllability of impulsive dif-
ferential algebraic system is given as follows:

Definition 3.1. [32] If given any initial state 𝑧0 ∈ ∗
𝑖
, ∃ a

piecewise rd-continuous input signal 𝑢(⋅) provided that the cor-
responding solution of the impulsive system S2 (or S1) satisfies
𝑧(𝑡𝑓 ) = 0. Then, the impulsive system S2 (or S1) is controllable on
[𝑡0, 𝑡𝑓 ] with 𝑡𝑓 > 0.

For introducing equivalent criteria of controllability of the impul-
sive system S2 (or S1), the controllability Gramian matrices are
defined as follows:

𝑖 ∶= (
𝑡0, 𝑡𝑖−1, 𝑡𝑖

)
= ∫

𝑡𝑖

𝑡𝑖−1

(
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄

)
×
(
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄

)⊤
Δ𝜏,

and

𝑘 ∶= (
𝑡0, 𝑡𝑘, 𝑡𝑓

)
= ∫

𝑡𝑓

𝑡𝑘

(
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄

)
×
(
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄

)⊤
Δ𝜏,

for 𝑖 = 1, 2, . . . 𝑘, and ⊤ represents the conjugate transpose.

Theorem 3.2. Suppose that assumptions (A1)–(A4) are satis-
fied:

(a) If there exist at least 𝑙 ∈ {1, . . . , 𝑘 + 1} such that
(𝑡0, 𝑡𝑙−1, 𝑡𝑙) is invertible then, the impulsive system S2
(or S1) is controllable on [𝑡0, 𝑡𝑓 ], (𝑡𝑓 ∈ (𝑡𝑘, 𝑡𝑘+1]).

(b) Assume that 𝑑𝑖 ≠ −1, (𝑖 = 1, 2, . . . , 𝑘), if the impulsive sys-
tem S2 (or S1) is controllable on [𝑡0, 𝑡𝑓 ], (𝑡𝑓 ∈ (𝑡𝑘, 𝑡𝑘+1]), then
rank

[0 1 · · ·𝑘

]
= 𝑛.

Proof. First, consider that ∃ at least one 𝑙 ∈ {1, . . . , 𝑘 + 1}
such that the controllability Gramian 𝑙−1 is invertible. Then,
for given 𝑧0 ∈ ∗

𝑖
,−1

0 = −1(𝑡0, 𝑡0, 𝑡1),−1
𝑙−1 = −1(𝑡0, 𝑡𝑙−1, 𝑡𝑙),

choose 𝑢(𝑡) to be:

𝑢(𝑡) ∶=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝑡)

)
𝐹
𝐷
𝑄

)⊤−1
0 ×

(
−𝑒

𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
𝐹
𝐷
𝐹𝑧0

)
×𝑎𝑙

(
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝑡)

)
𝐹
𝐷
𝑄

)⊤−1
𝑙−1𝐹

𝐷
𝐹𝑧0,

× for 𝑡 ∈
(
𝑡𝑙−1, 𝑡𝑙

]
0, for 𝑡 ∈

[
𝑡0, 𝑡𝑓

]
∕
(
𝑡𝑙−1, 𝑡𝑙

]
,

(3)
where 𝑎𝑙 as a constant satisfies

∏𝑘

𝑗=1(1 + 𝑑𝑗) + 𝑎𝑙
∏𝑘

𝑗=𝑙(1 + 𝑑𝑗) =
0. And solution (2) of S2 (or S1) at 𝑡 = 𝑡𝑓 becomes

𝑧
(
𝑡𝑓
)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
𝐹
𝐷
𝐹𝑧0 + ∫

𝑡𝑓

𝑡0

𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+
𝑟−1∑
𝑞=0

(
𝐹
𝐷
𝐹 − 𝐼

)(
𝐹𝑃

𝐷
)𝑞
𝑃
𝐷
𝑄𝑢𝑞

(
𝑡𝑓
)
, for 𝑡𝑓 ∈

[
𝑡0, 𝑡1

]
𝑘∏
𝑖=1

(
1 + 𝑑𝑖

)
𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
𝐹
𝐷
𝐹𝑧0 +

𝑘∑
𝑗=1

𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑖

)
×∫

𝑡𝑗

𝑡𝑗−1

𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+ ∫
𝑡𝑓

𝑡𝑘

𝑒
𝐹
𝐷
𝑃
(𝑡, 𝜎(𝜏))𝐹

𝐷
𝑄𝑢(𝜏)Δ𝜏

+
𝑟−1∑
𝑞=0

(
𝐹
𝐷
𝐹 − 𝐼

)(
𝐹𝑃

𝐷
)𝑞
𝑃
𝐷
𝑄𝑢𝑞

(
𝑡𝑓
)
,

for 𝑡𝑓 ∈
(
𝑡𝑘, 𝑡𝑘+1

]
,

𝑘 = 1, 2, . . . .
(4)
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Pre-multiplying Equation (4) by 𝐹
𝐷

and using Equation (3) in
Equation (4), we have

𝐹
𝐷
𝑧
(
𝑡𝑓
)
= 0. (5)

Pre-multiplying Equation (5) by 𝑃
𝐷

, we have

𝑃
𝐷
𝐹
𝐷
𝑧
(
𝑡𝑓
)
= 0.

Next, 𝑃
𝐷
𝐹
𝐷
= 𝐹

𝐷
𝑃
𝐷

implies that 𝐹
𝐷
𝑧
(
𝑡𝑓
)

belongs to kernel of(
𝑃
𝐷
)

and 𝑃
𝐷
𝑧
(
𝑡𝑓
)

belongs to kernel of
(
𝐹
𝐷
)

. Finally, we obtain

𝑧
(
𝑡𝑓
)
= 0.

Hence, the impulsive system S2 (or S1) is controllable.

To show the reverse implication, consider that the impulsive sys-
tem S2 (or S1) is controllable and rank

[0 1 · · ·𝑘

] ≠ 𝑛, then
∃ a non-zero vector 𝑧𝛼 ∈ ∗

𝑖
provided that

𝑧⊤
𝛼
𝑗−1𝑧𝛼 = 0 and 𝑧⊤

𝛼
𝑘𝑧𝛼 = 0, for 𝑡 ∈

(
𝑡𝑗 , 𝑡𝑗+1

]
, 𝑗 = 1, 2, . . . 𝑘

(6)
from equations in (6), we get

∫
𝑡𝑗

𝑡𝑗−1

𝑧⊤
𝛼

(
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄

)(
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄

)⊤
𝑧𝛼Δ𝜏 = 0,

(7)
and

∫
𝑡𝑓

𝑡𝑘

𝑧⊤
𝛼

(
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄

)(
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄

)⊤
𝑧𝛼Δ𝜏 = 0,

(8)
since, the integrand in both the Equations (7) and (8) is nonneg-
ative. Thus, we have

‖‖‖‖𝑧⊤𝛼 𝑒𝐹𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄
‖‖‖‖2

= 0.

It implies that

𝑧⊤
𝛼

(
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄

)
= 0. (9)

Furthermore, the controllability of impulsive system S2 (or S1)
implies that (from Equation (4)):

0 = 𝑧
(
𝑡𝑓
)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
𝐹
𝐷
𝐹𝑧0 + ∫

𝑡𝑓

𝑡0

𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+
𝑟−1∑
𝑞=0

(
𝐹
𝐷
𝐹 − 𝐼

)(
𝐹𝑃

𝐷
)𝑞
𝑃
𝐷
𝑄𝑢𝑞

(
𝑡𝑓
)
, for 𝑡𝑓 ∈

[
𝑡0, 𝑡1

]
𝑘∏
𝑖=1

(
1 + 𝑑𝑖

)
𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
𝐹
𝐷
𝐹𝑧0 +

𝑘∑
𝑗=1

𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑖

)
×∫

𝑡𝑗

𝑡𝑗−1

𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+∫
𝑡𝑓

𝑡𝑘

𝑒
𝐹
𝐷
𝑃
(𝑡, 𝜎(𝜏))𝐹

𝐷
𝑄𝑢(𝜏)Δ𝜏

+
𝑟−1∑
𝑞=0

(
𝐹
𝐷
𝐹 − 𝐼

)(
𝐹𝑃

𝐷
)𝑞
𝑃
𝐷
𝑄𝑢𝑞

(
𝑡𝑓
)
,

for 𝑡𝑓 ∈
(
𝑡𝑘, 𝑡𝑘+1

]
,

𝑘 = 1, 2, . . . .
(10)

By substituting 𝑧0 = 𝑧𝛼 in Equation (10) and using semi-group
property of exponential matrix, we get

0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
𝐹
𝐷
𝐹𝑧𝛼 + 𝑒

𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
∫

𝑡𝑓

𝑡0

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+
𝑟−1∑
𝑞=0

(
𝐹
𝐷
𝐹 − 𝐼

)
𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝑡𝑓

)(
𝐹𝑃

𝐷
)𝑞

𝑃
𝐷
𝑄𝑢𝑞

(
𝑡𝑓
)
, for 𝑡𝑓 ∈

[
𝑡0, 𝑡1

]
𝑘∏
𝑖=1

(
1 + 𝑑𝑖

)
𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
𝐹
𝐷
𝐹𝑧𝛼 +

𝑘∑
𝑗=1

𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑖

)
× 𝑒

𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
∫

𝑡𝑗

𝑡𝑗−1

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+ 𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
∫

𝑡𝑓

𝑡𝑘

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+
𝑟−1∑
𝑞=0

(
𝐹
𝐷
𝐹 − 𝐼

)
𝑒
𝐹
𝐷
𝑃

(
𝑡𝑓 , 𝑡0

)
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝑡𝑓

)(
𝐹𝑃

𝐷
)𝑞

𝑃
𝐷
𝑄𝑢𝑞

(
𝑡𝑓
)
,
for 𝑡𝑓 ∈

(
𝑡𝑘, 𝑡𝑘+1

]
,

𝑘 = 1, 2, . . . ,

then, we have

0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝐹
𝐷
𝐹𝑧𝛼 + ∫

𝑡𝑓

𝑡0

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+
𝑟−1∑
𝑞=0

(
𝐹
𝐷
𝐹 − 𝐼

)
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝑡𝑓

)(
𝐹𝑃

𝐷
)𝑞

×𝑃
𝐷
𝑄𝑢𝑞

(
𝑡𝑓
)
, for 𝑡𝑓 ∈

[
𝑡0, 𝑡1

]
𝑘∏
𝑖=1

(
1 + 𝑑𝑖

)
𝐹
𝐷
𝐹𝑧𝛼 +

𝑘∑
𝑗=1

𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑖

)
×∫

𝑡𝑗

𝑡𝑗−1

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+∫
𝑡𝑓

𝑡𝑘

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+
𝑟−1∑
𝑞=0

(
𝐹
𝐷
𝐹 − 𝐼

)
𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝑡𝑓

)(
𝐹𝑃

𝐷
)𝑞

×𝑃
𝐷
𝑄𝑢𝑞

(
𝑡𝑓
)
,

for 𝑡𝑓 ∈
(
𝑡𝑘, 𝑡𝑘+1

]
,

𝑘 = 1, 2, . . . .

(11)

Pre-multiplying Equation (11) by 𝐹
𝐷

and simplifying, we get

0 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝐹
𝐷
(
𝑧𝛼 + ∫

𝑡𝑓

𝑡0

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

)
for 𝑡𝑓 ∈

[
𝑡0, 𝑡1

]

𝐹
𝐷

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝑘∏
𝑖=1

(
1 + 𝑑𝑖

)
𝑧𝛼 +

𝑘∑
𝑗=1

𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑖

)
×∫

𝑡𝑗

𝑡𝑗−1

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+∫
𝑡𝑓

𝑡𝑘

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

⎞⎟⎟⎟⎟⎟⎟⎟⎠
for 𝑡𝑓 ∈

(
𝑡𝑘, 𝑡𝑘+1

]
,

𝑘 = 1, 2, . . . .

(12)
Since 𝐹

𝐷
𝑃
𝐷
= 𝑃

𝐷
𝐹
𝐷
, so Equation (12) implies that

𝑃
𝐷
(
𝑧𝛼 + ∫

𝑡𝑓

𝑡0

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

)
∈ ker

(
𝐹
𝐷
)
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and

𝐹
𝐷
(
𝑧𝛼 + ∫

𝑡𝑓

𝑡0

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

)
∈ ker

(
𝑃
𝐷
)
, (13)

for 𝑡𝑓 ∈
[
𝑡0, 𝑡1

]
. Also,

𝑃
𝐷

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝑘∏
𝑖=1

(
1 + 𝑑𝑖

)
𝑧𝛼

+
𝑘∑
𝑗=1

𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑖

)
∫

𝑡𝑗

𝑡𝑗−1

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+∫
𝑡𝑓

𝑡𝑘

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

⎞⎟⎟⎟⎟⎟⎟⎟⎠
∈ ker

(
𝐹
𝐷
)

and

𝐹
𝐷

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝑘∏
𝑖=1

(
1 + 𝑑𝑖

)
𝑧𝛼

+
𝑘∑
𝑗=1

𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑖

)
∫

𝑡𝑗

𝑡𝑗−1

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+∫
𝑡𝑓

𝑡𝑘

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

⎞⎟⎟⎟⎟⎟⎟⎟⎠
∈ ker

(
𝑃
𝐷
)
, (14)

for 𝑡𝑓 ∈
(
𝑡𝑘, 𝑡𝑘+1

]
, 𝑘 = 1, 2, . . . .

By using [32, Remark 2.7], from (13) and (14), we have

0 =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑧𝛼 + ∫
𝑡𝑓

𝑡0

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏 for 𝑡𝑓 ∈

[
𝑡0, 𝑡1

]
𝑘∏
𝑖=1

(
1 + 𝑑𝑖

)
𝑧𝛼

+
𝑘∑
𝑗=1

𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑖

)
∫

𝑡𝑗

𝑡𝑗−1

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

+∫
𝑡𝑓

𝑡𝑘

𝑒
𝐹
𝐷
𝑃

(
𝑡0, 𝜎(𝜏)

)
𝐹
𝐷
𝑄𝑢(𝜏)Δ𝜏

for 𝑡𝑓 ∈
(
𝑡𝑘, 𝑡𝑘+1

]
,

𝑘 = 1, 2, . . . .

Pre-multiplying Equation (12) by 𝑧⊤
𝛼

and using Equation (9),
we have ‖𝑧‖2 = 0;

which is contradiction to that 𝑧 ≠ 0. Thus, this completes our
proof. ◽

Theorem 3.3. Suppose that assumptions A1–A4 are satisfied,
the necessary and sufficient condition for impulsive system S2 (or
S1) to be controllable on

[
𝑡0, 𝑡𝑓

]
,
(
𝑡𝑓 ∈

(
𝑡𝑘, 𝑡𝑘+1

])
is

𝑟𝑎𝑛𝑘 Qc = 𝑛,

where Qc =
[
𝐹
𝐷
𝑄|(𝐹𝐷

𝑃

)
𝐹
𝐷
𝑄| · · · |(𝐹𝐷

𝑃

)𝑛−1
𝐹
𝐷
𝑄

]
.

Proof. The proof of this theorem is on the similar pattern as in
[32, Theorem 3.4]. ◽

Example 3.4. Consider the following impulsive differ-
ential algebraic system on arbitrary time scales such that
𝜇max.1.354328 < 1.

𝐹 𝑧Δ(𝑡) = 𝑃𝑧(𝑡) +𝑄𝑢(𝑡), 𝑡 ≠ 𝑡𝑖, 𝑖 = 1, 2, . . .

𝑧
(
𝑡+
)
= 1

3
𝑧(𝑡), 𝑡 = 𝑡𝑖 where 𝑡𝑖 =

(6𝑖 − 5)
2

𝑧

⎛⎜⎜⎜⎝
⎡⎢⎢⎢⎣
0.5
0.5
0.5

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎠ =

⎡⎢⎢⎢⎣
1
0
0

⎤⎥⎥⎥⎦, 𝑡 ∈ [0.5, 27.5], (15)

and

𝐹 =
⎡⎢⎢⎢⎣
5 0 0
0 4 0
0 6 0

⎤⎥⎥⎥⎦, 𝑃 =
⎡⎢⎢⎢⎣
5 7 1
2 4 3
8 9 6

⎤⎥⎥⎥⎦,

𝑄 =
⎡⎢⎢⎢⎣
5
9
7

⎤⎥⎥⎥⎦, 𝐶 =
[
4 2 1

]
.

The impulsive points satisfy (A1) and (A2). It is clear that matrix
𝐹 is not invertible and rank (𝐹 ) = 1. Moreover, for 𝑐 ∈ ℂ, det
(𝐹𝑐 − 𝑃 ) ≠ 0, that is matrix pencil is regular. Hence (A3) holds.
Taking 𝑐 = 1 + 3𝑖, we have

𝐹𝑐 − 𝑃 =
⎡⎢⎢⎢⎣

15𝑖 −7 −1
− 2 12𝑖 −3
− 8 −3 + 18𝑖 −6

⎤⎥⎥⎥⎦,
and

(𝐹𝑐 − 𝑃 )−1

=
⎡⎢⎢⎢⎣

0.0268 − 0.0709𝑖 −0.0498 − 0.1540𝑖 0.0204 + 0.0888𝑖
0.0307 + 0.0332𝑖 0.2288 − 0.2522𝑖 −0.1195 + 0.1206𝑖
− 0.1508 + 0.1700𝑖 0.7086 + 1.0177𝑖 −0.4958 − 0.5372𝑖.

⎤⎥⎥⎥⎦
Pre-multiplying first equation of impulsive differential algebraic
system (15) with (𝐹𝑐 − 𝑃 )−1, we obtain

𝐹𝑧Δ(𝑡) = 𝑃𝑧(𝑡) +𝑄𝑢(𝑡), 𝑡 ≠ (6𝑖 − 5)
2

, 𝑖 = 1, 2, . . . (16)

where

𝐹 = (𝐹𝑐 − 𝑃 )−1𝐹 =
⎡⎢⎢⎢⎣

0.1342 − 0.3546𝑖 −0.0767 − 0.0831𝑖 0
0.1534 + 0.1661𝑖 0.1981 − 0.2854𝑖 0
− 0.7540 + 0.8498𝑖 −0.1406 + 0.8477𝑖 0

⎤⎥⎥⎥⎦,

𝑃 = (𝐹𝑐 − 𝑃 )−1𝑃 =
⎡⎢⎢⎢⎣

0.1981 + 0.0479𝑖 0.1725 − 0.3131𝑖 0
− 0.3450 + 0.6262𝑖 0.0543 + 0.3088𝑖 0
− 3.3035 − 1.4121𝑖 −2.6837 + 0.4260𝑖 −1

⎤⎥⎥⎥⎦,
and

𝑄 = (𝐹𝑐 − 𝑃 )−1𝑄 =
⎡⎢⎢⎢⎣
− 0.1712 − 1.1188𝑖
1.3757 − 1.2596𝑖
2.1527 + 6.2488𝑖

⎤⎥⎥⎥⎦.
6 Asian Journal of Control, 2026
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Following the steps to find DI of 𝐹 , we get

𝑊 =
⎡⎢⎢⎢⎣

0.1342 − 0.3546𝑖 0
0.1534 + 0.1661𝑖 0.1333 − 0.2666𝑖
− 0.7540 + 0.8498𝑖 −0.2667 + 0.5332𝑖

⎤⎥⎥⎥⎦,
𝑉 =

[
1 0.1334 − 0.2668𝑖 0
0 1 0

]
.

Now, computing

𝑉 𝐹𝑊 =

[
− 0.0962 − 0.1684𝑖 −0.0632 + 0.0105𝑖
0.1573 − 0.0430𝑖 −0.0497 − 0.0908𝑖

]
,

which is a non-singular matrix. The desired DI is given by

𝐹
𝐷
=

⎡⎢⎢⎢⎣
0.6668 + 3.0006𝑖 −1.0008 0
2.0007 − 0.0006𝑖 1.5004 + 3.0008𝑖 0

− 6.2255 − 10.0015𝑖 0.3358 − 6.0027𝑖 0

⎤⎥⎥⎥⎦.

To check the regressivity of 𝐹
𝐷
𝑃 , the eigenvalues of 𝐹

𝐷
𝑃

are 0,−0.083477 − 1.351753𝑖,−0.083153 + 1.351303𝑖. The spec-
tral radius is 𝜌

(
𝐹
𝐷
𝑃

)
= 1.354328. It means 𝜇max.1.354328 < 1.

So Lemma 2.5 holds and 𝐹
𝐷
𝑃 is regressive. Hence,

𝑄c =
⎡⎢⎢⎢⎣

1.8662 + 0.0008𝑖 6.1242 − 0.0015𝑖 5.7104 − 0.0026𝑖
5.5006 + 0.0000𝑖 −6.4847 − 0.0031𝑖 8.8438 + 0.0047𝑖

− 17.2229 − 0.0036𝑖 −7.4443 + 0.0149𝑖 45.5257 − 0.0185𝑖

⎤⎥⎥⎥⎦,
since 𝑟𝑎𝑛𝑘 𝑄c = 3, it implies that impulsive differential algebraic
system (15) (correspondingly (16)) is controllable on [0.5, 27.5].

4 | Observability

In this section, some ideas and equivalent criteria associated with
the observability of impulsive differential algebraic system are
proved and discussed. Likewise the concept of observability dis-
cussed in [32], the definition for observability of impulsive differ-
ential algebraic system is given as follows:

Definition 4.1 ([32]). If any initial state 𝑧
(
𝑡0
)
= 𝑧0 ∈ ∗

𝑖
is

uniquely determined by the corresponding input signal 𝑢(𝑡) and
output signal 𝑦(𝑡), 𝑡 ∈

[
𝑡0, 𝑡𝑓

]
,
(
𝑡𝑓 ∈

(
𝑡𝑘, 𝑡𝑘+1

])
. Then, the impul-

sive differential algebraic system S2 (or S1) is said to be state
observable on

[
𝑡0, 𝑡𝑓

]
,
(
𝑡𝑓 > 𝑡0

)
.

Next, to discuss the equivalent criteria for observability of the
impulsive differential algebraic system S2 (or S1), we define the
following matrices

𝑀𝑖+1
𝑖

= 𝑀
(
𝑡0, 𝑡𝑖, 𝑡𝑖+1

)
= ∫

𝑡𝑖+1

𝑡𝑖

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
×𝑅⊤𝑅

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)
Δ𝜏, (17)

for 𝑖 = 1, 2, . . . , 𝑘,

𝑀
𝑓

𝑘
= 𝑀

(
𝑡0, 𝑡𝑘, 𝑡𝑓

)
= ∫

𝑡𝑓

𝑡𝑘

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
𝑅⊤

×𝑅

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)
Δ𝜏, (18)

and

𝑀1
0 = 𝑀

(
𝑡0, 𝑡0, 𝑡1

)
= ∫

𝑡1

𝑡0

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
𝑅⊤

× 𝑅

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)
Δ𝜏, (19)

Theorem 4.2. Suppose that assumptions (A1)–(A4) are sat-
isfied, the impulsive differential algebraic system S2 (or S1) is
observable on

[
𝑡0, 𝑡𝑓

]
,
(
𝑡𝑓 ∈

(
𝑡𝑘, 𝑡𝑘+1

])
, if and only if observability

Gramian matrix

𝑀
(
𝑡0; 𝑡𝑓

)
= 𝑀1

0 +
𝑘−1∑
𝑗=1

𝑖∏
𝑗=1

(
1 + 𝑑𝑗

)
𝑀𝑖+1

𝑖

+
𝑘∏
𝑗=1

(
1 + 𝑑𝑗

)
𝑀

𝑓

𝑘
,

is invertible, where
(
1 + 𝑑𝑖

) ≥ 0, 𝑖 = 1, 2, . . . 𝑘,𝑀𝑖+1
𝑖

,𝑀
𝑓

𝑘
, and𝑀1

0
are defined in Equations (17–19), respectively.

Proof. Suppose that the matrix 𝑀
(
𝑡0; 𝑡𝑓

)
is invertible, the out-

put of the impulsive differential algebraic system S2 (or S1) is:

𝑦(𝑡)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑅𝑒
𝐹
𝐷
𝑃

(
𝑡, 𝑡0

)
𝐹
𝐷
𝐹𝑧0 + ∫

𝑡

𝑡0

𝑅𝑒
𝐹
𝐷
𝑃
(𝑡, 𝜎(𝜏))𝐹

𝐷
𝑄𝑢(𝜏)Δ𝜏

+𝑅
𝑟−1∑
𝑞=0

(
𝐹
𝐷
𝐹 − 𝐼

)(
𝐹𝑃

𝐷
)𝑞
𝑃
𝐷
𝑄𝑢𝑞(𝑡), for 𝑡 ∈

[
𝑡0, 𝑡1

]
𝑘∏
𝑖=1

(
1 + 𝑑𝑖

)
𝑅𝑒

𝐹
𝐷
𝑃

(
𝑡, 𝑡0

)
𝐹
𝐷
𝐹𝑧0 +

𝑘∑
𝑗=1

𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑖

)
×∫

𝑡𝑗

𝑡𝑗−1

𝑅𝑒
𝐹
𝐷
𝑃
(𝑡, 𝜎(𝜏))𝐹

𝐷
𝑄𝑢(𝜏)Δ𝜏

+∫
𝑡

𝑡𝑘

𝑅𝑒
𝐹
𝐷
𝑃
(𝑡, 𝜎(𝜏))𝐹

𝐷
𝑄𝑢(𝜏)Δ𝜏

+
𝑟−1∑
𝑞=0

𝑅

(
𝐹
𝐷
𝐹 − 𝐼

)(
𝐹𝑃

𝐷
)𝑞
𝑃
𝐷
𝑄𝑢𝑞(𝑡),

for 𝑡 ∈
(
𝑡𝑘, 𝑡𝑘+1

]
,

𝑘 = 1, 2, . . . ,

from Definition 4.1, observability of S2 (or S1) is equivalent to the
observability of 𝑦(𝑡), given as follows:

𝑦(𝑡)

=

⎧⎪⎪⎨⎪⎪⎩

𝑅𝑒
𝐹
𝐷
𝑃

(
𝑡, 𝑡0

)
𝐹
𝐷
𝐹𝑧0, for 𝑡 ∈

[
𝑡0, 𝑡1

]
𝑘∏
𝑖=1

(
1 + 𝑑𝑖

)
𝑅𝑒

𝐹
𝐷
𝑃

(
𝑡, 𝑡0

)
×𝐹

𝐷
𝐹𝑧0, for 𝑡 ∈

(
𝑡𝑘, 𝑡𝑘+1

]
, 𝑘 = 1, 2, . . . ,

(20)

as 𝑢(𝑡) = 0. Now pre-multiplying both sides of (20) by(
𝑒
𝐹
𝐷
𝑃

(
𝑡, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
𝑅⊤ and integrating from 𝑡0 to 𝑡𝑓 with respect
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to 𝑡, we have

∫
𝑡𝑓

𝑡0

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
𝑅⊤𝑦(𝜏)Δ𝜏

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∫
𝑡1

𝑡0

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
𝑅⊤𝑅𝑒

𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹Δ𝜏

+
𝑘−1∑
𝑖=1

𝑖∏
𝑗=1

(
1 + 𝑑𝑗

)
∫

𝑡𝑖+1

𝑡𝑖

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
𝑅⊤

×𝑅𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹Δ𝜏

+
𝑘∏
𝑗=1

(
1 + 𝑑𝑗

)
∫

𝑡𝑓

𝑡𝑘

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
𝑅⊤

×𝑅𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹Δ𝜏

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑧0 (21)

Keeping in view Equations (17–19), an Equation (21) yields that

∫
𝑡𝑓

𝑡0

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
𝑅⊤𝑦(𝜏)Δ𝜏 (22)

=

(
𝑀1

0 +
𝑘−1∑
𝑗=1

𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑖

)
𝑀

𝑗+1
𝑗

+
𝑘∏
𝑖=𝑗

(
1 + 𝑑𝑗

)
𝑀

𝑓

𝑘

)
𝑧0. (23)

It is clear that left-hand side of Equation (22) depends on system
output 𝑦(⋅) and an algebraic expression in 𝑧0. Since the matrix
𝑀

(
𝑡0, 𝑡𝑓

)
is invertible, the initial state can be uniquely deter-

mined by the corresponding output of the system 𝑦(⋅).

Conversely, consider that the matrix 𝑀
(
𝑡0, 𝑡𝑓

)
is not invertible,

then ∃ 𝑥 ≠ 0 and 𝑥 ∈ ∗
𝑖

such that

𝑥⊤𝑀
(
𝑡0, 𝑡𝑓

)
𝑥 = 0.

Since 1 + 𝑑𝑖 ≥ 0 and 𝑀𝑖+1
𝑖

, 𝑀
𝑓

𝑘
are positive semi-definite matri-

ces. Therefore, for 𝑖 = 0, 1, . . . 𝑘 − 1,

𝑥⊤𝑀𝑖+1
𝑖

𝑥 = 0 (24)

and
𝑥⊤𝑀

𝑓

𝑘
𝑥 = 0. (25)

Put 𝑥 = 𝑧0, then from Equations (20) and (24), (25), we get

∫
𝑡𝑓

𝑡0

𝑦⊤(𝜏)𝑦(𝜏)Δ𝜏

=
𝑘−1∑
𝑖=0∫

𝑡𝑖+1

𝑡𝑖

𝑦⊤(𝜏)𝑦(𝜏)Δ𝜏 + ∫
𝑡𝑓

𝑡𝑘

𝑦⊤(𝜏)𝑦(𝜏)Δ𝜏

= ∫
𝑡1

𝑡0

𝑧⊤0

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
𝑅⊤𝑅𝑒

𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹𝑧0Δ𝜏

+
𝑘−1∑
𝑖=1

(
𝑘∏
𝑗=1

(
1 + 𝑑𝑗

))2

∫
𝑡𝑖+1

𝑡𝑖

𝑧⊤0

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
× 𝑅⊤𝑅𝑒

𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹𝑧0Δ𝜏

+

(
𝑘∏
𝑗=1

(
1 + 𝑑𝑗

))2

∫
𝑡𝑓

𝑡𝑘

𝑧⊤0

(
𝑒
𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹

)⊤
× 𝑅⊤𝑅𝑒

𝐹
𝐷
𝑃

(
𝜏, 𝑡0

)
𝐹
𝐷
𝐹𝑧0Δ𝜏

which returns into the following equation

∫
𝑡𝑓

𝑡0

𝑦⊤(𝜏)𝑦(𝜏)Δ𝜏 = 𝑧⊤0 𝑀
1
0𝑧0 +

𝑘−1∑
𝑖=1

(
𝑘∏
𝑗=1

(
1 + 𝑑𝑗

))2

𝑧⊤0 𝑀
𝑖+1
𝑖

𝑧0

+

(
𝑘∏
𝑗=1

(
1 + 𝑑𝑗

))2

𝑧⊤0 𝑀
𝑓

𝑘
𝑧0

= 0.

Therefore, we have

∫
𝑡𝑓

𝑡0

‖𝑦(𝜏)‖2Δ𝜏 = 0. (26)

This follows that

0 = 𝑦(𝑡)

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑅

(
𝑒
𝐹
𝐷
𝑃

(
𝑡, 𝑡0

)
𝐹
𝐷
𝐹

)
𝑧0, 𝑡 ∈

[
𝑡0, 𝑡1

]
𝑙∏

𝑗=1

(
1 + 𝑑𝑖

)
𝑅

(
𝑒
𝐹
𝐷
𝑃

(
𝑡, 𝑡0

)
𝐹
𝐷
𝐹

)
𝑧0,

for 𝑡 ∈
(
𝑡𝑙, 𝑡𝑙+1

]
,

𝑙 = 1, 2, . . . , 𝑘 − 1,
𝑘∏
𝑗=1

(
1 + 𝑑𝑖

)
𝑅

(
𝑒
𝐹
𝐷
𝑃

(
𝑡, 𝑡0

)
𝐹
𝐷
𝐹

)
𝑧0, for 𝑡 ∈

(
𝑡𝑘, 𝑡𝑓

]
(27)

from (27), it implies that system is unobservable on
[
𝑡0, 𝑡𝑓

]
, 𝑡𝑓 ∈(

𝑡𝑘, 𝑡𝑘+1
]
, which is contradiction. ◽

Theorem 4.3. Suppose that assumptions A1–A4 are satisfied.
The necessary and sufficient criteria for impulsive differential alge-
braic system S2 (or S1) is observable on

[
𝑡0, 𝑡𝑓

]
, 𝑡𝑓 ∈

(
𝑡𝑘, 𝑡𝑘+1

]
, is

rank (Q) = 𝑛,

where Q=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐶

𝐶

(
𝐹𝑃

𝐷
)

𝐶

(
𝐹𝑃

𝐷
)2

⋮

𝐶

(
𝐹𝑃

𝐷
)𝑛−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Proof. The proof of this theorem is on the similar pattern as in
[32, Theorem 4.3]. ◽

Example 4.4. Consider the following impulsive differential
algebraic system on arbitrary time scale such that 𝜇max < 1.0204,
where the matrices are defined as

𝐹𝑧 ́ (𝑡) = 𝑃𝑧(𝑡) +𝑄𝑢(𝑡), 𝑡 ≠ 𝑡𝑖, 𝑖 = 1, 2, . . . (28)

𝑧
(
𝑡+
)
= 1

3
𝑧(𝑡), 𝑡 = 𝑡𝑖 where 𝑡𝑖 =

(6𝑖 − 5)
2

𝑦(𝑡) = 𝐶𝑥(𝑡) (29)

𝑧

⎛⎜⎜⎜⎝
⎡⎢⎢⎢⎣
0.5
0.5
0.5

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎠ =

⎡⎢⎢⎢⎣
1
0
0

⎤⎥⎥⎥⎦, 𝑡 ∈ [0.5, 27.5]
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𝐹 =
⎡⎢⎢⎢⎣
5 0 0
0 4 0
0 6 0

⎤⎥⎥⎥⎦, 𝑃 =
⎡⎢⎢⎢⎣
15 0 0
0 56 8
1 14 2

⎤⎥⎥⎥⎦,

𝑄 =
⎡⎢⎢⎢⎣
5
9
7

⎤⎥⎥⎥⎦, 𝐶 =
[
11 17 13

]
.

The impulsive points and conditions (A1) and (A2) satisfy. It is
clear that det 𝐹 = 0, so 𝐹 is not invertible and rank 𝐹 = 2. More-
over, there exists 𝑐 ∈ ℂ, such that det (𝐹𝑐 − 𝑃 ) ≠ 0, that is matrix
pencil is regular. Taking 𝑐 = 1, we have

𝐹 − 𝑃 =
⎡⎢⎢⎢⎣
− 10 0 0

0 −52 −8
0 −8 −2

⎤⎥⎥⎥⎦
and

(𝐹 − 𝑃 )−1 =
⎡⎢⎢⎢⎣
− 0.1 0 0

0 −0.05 0.2
0 0.2 −1.3

⎤⎥⎥⎥⎦
Pre-multiplying first equation of impulsive differential algebraic
system (28) with (𝐹𝑐 − 𝑃 )−1, we obtain

𝐹𝑧 ́ (𝑡) = 𝑃𝑧(𝑡) +𝑄𝑢(𝑡), 𝑡 ≠ (6𝑖 − 5)
2

, 𝑖 = 1, 2, . . . (30)

where

𝐹 = (𝐹 − 𝑃 )−1𝐹 =
⎡⎢⎢⎢⎣
− 0.5 0 0

0 1 0
0 −7 0

⎤⎥⎥⎥⎦,

𝑃 = (𝐹 − 𝑃 )−1𝑃 =
⎡⎢⎢⎢⎣
− 1.5 0 0

0 0 0
0 −7 −1

⎤⎥⎥⎥⎦
and

𝑄 = (𝐹 − 𝑃 )−1𝑄 =
⎡⎢⎢⎢⎣
− 0.5
0.95
− 7.3

⎤⎥⎥⎥⎦
Following the steps to find DI of 𝑃 , we get

𝑃
𝐷
=

⎡⎢⎢⎢⎣
− 0.6667 0 0

0 0 −0.14
0 −0 −0.02

⎤⎥⎥⎥⎦.
and

𝐹𝑃
𝐷
=

⎡⎢⎢⎢⎣
0.333 0 0

0 0 −0.14
0 −0 0.98

⎤⎥⎥⎥⎦
Eigenvalues are 0.333, 0, 0.98. Thus, 𝜌

(
𝐹𝑃

𝐷
)
= 0.98.

𝜇max(0.98) < 1 which implies that 𝜇max <
1

0.98
and 𝜇max < 1.0204.

Hence, 𝐹𝑃
𝐷

is regressive. Hence,

Q =
⎡⎢⎢⎢⎣

11 17 13
1.2223 539 11
3.6668 −77 −11

⎤⎥⎥⎥⎦.
Since, rank(Q) = 3. This implies that the considered impulsive
differential algebraic system on time scale is observable.

5 | Conclusion

This work substantially extends the existing continuous-time
results to impulsive differential-algebraic systems on time scales,
where several mathematical difficulties arise naturally. The sin-
gularity of the descriptor matrix leads to hidden algebraic con-
straints, while the hybrid continuous-discrete structure of time
scales complicates the solution construction. Overcoming these
difficulties, the obtained results broaden and generalize the clas-
sical theory and provide a unified framework for further devel-
opments in descriptor dynamic systems on time scales. We have
developed necessary and sufficient criteria in terms of Gramian
matrices for the controllability and observability of linear time
invariant impulsive differential algebraic control systems on time
scale. We have obtained these criteria using DI approach. Also, we
have presented necessary and sufficient criteria with rank condi-
tions for the controllability and observability of linear time invari-
ant impulsive differential algebraic control systems. Moreover,
we illustrate our results with examples. In future, we may develop
necessary and sufficient criteria for the controllability and observ-
ability of linear time variant impulsive differential algebraic con-
trol systems on time scale.

Author Contributions

Awais Younus: conceptualization, investigation, writing – original draft,
supervision, methodology. Zoubia Dastgeer: investigation, conceptual-
ization, formal analysis, writing – original draft. Thabet Abdeljawad:
conceptualization, formal analysis, validation, writing – review and edit-
ing, investigation, methodology. Meriem Louafi: writing – review and
editing, validation, investigation.

Acknowledgments

The authors express their thanks to the referees for their encouraging
work which improved this paper.

Funding

The authors have nothing to report.

Disclosure

We hereby declare that this manuscript is the original work of the authors
and has not been published or submitted elsewhere. All sources have been
properly cited, and the authors take full responsibility for the authenticity
and accuracy of the content.

Conflicts of Interest

The authors declare no conflicts of interest.

Data Availability Statement

Data sharing not applicable to this article as no datasets were generated
or analyzed during the current study.

Asian Journal of Control, 2026 9

 19346093, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/asjc.70219 by Istanbul G

elisim
 U

niversitesi, W
iley O

nline L
ibrary on [26/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



References

1. U. M. Ascher and L. R. Petzold, Computer Methods for Ordinary Differ-
ential Equations and Differential-Algebraic Equations (SIAM, 1998).

2. P. Daoutidis, “DAEs in Chemical Engineering: A Survey,” in Sur-
veys in Differential-Algebraic Equations I. Differential-Algebraic Equations
Forum, vol. 2 (Springer, 2012).

3. S. L. Campbell, Singular Systems of Differential Equations I (Pitman,
1980).

4. S. L. Campbell, Singular Systems of Differential Equations II (Pitman,
1982).

5. F. R. Gantmacher, The Theory of Matrices (Chelsea Publishing Co.,
1959).

6. S. Trenn, “Solution Concepts for Linear DAEs: A Survey,” in Surveys
in Differential-Algebraic Equations I (Springer Berlin Heidelberg, 2013),
137–172.

7. S. L. Campbell, C. D. Meyer, and N. J. Rose, “Applications of the
Drazin Inverse to Linear Systems of Differential Equations With Singu-
lar Constant Coefficients,” SIAM Journal on Applied Mathematics 31, no.
3 (1976): 411–425.

8. W. Wulling, “The Drazin Inverse of a Singular Unreduced Tridiag-
onal Matrix,” Linear Algebra and Its Applications 439, no. 10 (2013):
2736–2745.

9. H. H. Rosenbrock, State Space and Multivariable Theory (Wiley, 1970).

10. H. H. Rosenbrock, “Structural Properties of Linear Dynamical Sys-
tems,” International Journal of Control 20 (1974): 191–202.

11. D. G. Luenberger, Introduction to Dynamic Systems: Theory, Models
and Applications (Wiley, 1979).

12. G. C. Verghese, B. C. Levy, and T. A. Kailath, “Generalized State-Space
for Singular Systems,” IEEE Transactions on Automatic Control 26, no. 4
(1981): 811–831.

13. W. J. Rugh, Linear System Theory (Prentice Hall, 1996).

14. R. E. Kalman, “Mathematical Description of Linear Dynamical Sys-
tems,” Journal of the Society for Industrial and Applied Mathematics Series
A: Control 1, no. 2 (1963): 152–192.

15. C. J. Wang, “Controllability and Observability of Linear Time-Varying
Singular Systems,” IEEE Transactions on Automatic Control 44, no. 10
(1999): 1901–1905.

16. C. J. Wang and H. E. Liao, “Impulse Observability and Impulse
Controllability of Linear Timevarying Singular Systems,” Automatica 37
(2001): 1867–1872.

17. A. Kothyari, B. Das, S. Bora, and M. N. Belur, “On the Distance to Sin-
gular Descriptor Dynamical Systems With Impulsive Initial Conditions,”
IEEE Transactions on Automatic Control 64, no. 3 (2018): 1137–1149.

18. A. Kumar, M. Paitandi, and M. K. Gupta, “Impulse Eliminations for
Rectangular Descriptor Systems: A Unified Approach,” IEEE Control Sys-
tems Letters 7 (2023): 1357–1362.

19. E. Mostacciuolo, S. Trenn, and F. Vasca, “Averaging for Switched
Impulsive Systems With Pulse Width Modulation,” Automatica 160
(2024): 111447.

20. T. Patel, M. S. Rao, D. Gandhi, J. L. Purohit, and V. A. Shah, “Ma-
chine Learning-Based Fault Estimation of Nonlinear Descriptor Sys-
tems,” International Journal of Automation and Control 18, no. 1 (2024):
1–29.

21. L. A. Vlasenko, A. G. Rutkas, V. V. Semenets, and A. A. Chikriy, “On
the Optimal Impulse Control in Descriptor Systems,” Journal of Automa-
tion and Information Sciences 51, no. 5 (2019): 1–15.

22. A. O. M. Alsharif, A. Jmal, O. Naifar, A. Ben Makhlouf, M. Rhaima,
and L. Mchiri, “Unknown Input Observer Scheme for a Class of Nonlin-
ear Generalized Proportional Fractional Order Systems,” Symmetry 15,
no. 6 (2023): 1233.

23. A. Jmal, O. Naifar, A. B. Makhlouf, N. Derbel, and M. A. Hammami,
“Observer-Based Model Reference Control for Linear Fractional-Order
Systems,” International Journal of Digital Signals and Smart Systems 2,
no. 2 (2018): 136–149.

24. A. Jmal, O. Naifar, M. Rhaima, A. Ben Makhlouf, and L. Mchiri,
“On Observer and Controller Design for Nonlinear Hadamard
Fractional-Order One-Sided Lipschitz Systems,” Fractal and Fractional
8, no. 10 (2024): 606.

25. A. Jmal, O. Naifar, and A. B. Makhlouf, “Observer-Based State Estima-
tion of Conformable Fractional Systems, for Various Nonlinearities,” in In
2023 IEEE 11th International Conference on Systems and Control (ICSC)
(IEEE, 2023), 440–443.

26. M. Bohner and A. Peterson, Dynamic Equations on Time Scales:
An Introduction With Applications (Springer Science & Business Media,
2001).

27. M. Bohner and A. Peterson, Advances in Dynamic Equations on Time
Scales (Birkhäuser, 2003).

28. H. Lv, W. Xiang, and J. Zhu, “Disturbance Observer-Based Adap-
tive Network Event-Triggered Backstepping Synchronization Control for
Fractional Order Chaotic Systems,” Fractals 33 (2025): 2540075.

29. C. Yang, Q. Yang, and Y. Lin, “Adaptive Fuzzy Backstepping Control of
Fractional-Order Nonlinear Systems With Actuator Faults and Unknown
Dead Zones,” Fractals 33 (2025): 2540074.

30. H. Z. Alzumi, W. Shammakh, and A. Ghammi, “Existences Results for
Some 𝑝-Kirchhoff Problems With 𝜓-Hilfer Fractional Derivative,” Frac-
tals 33, no. 4 (2025): 2540097.

31. L. Dai, Singular Control Systems. Lecture Notes in Control and Infor-
mation Sciences (Springer, 1989).

32. A. Younus and A. Zehra, “Controllability and Observability of Linear
Impulsive Descriptor Systems: A Drazin Inverse Approach,” Journal of
Fractional Calculus and Applications 11, no. 2 (2020): 45–61.

Appendix

The following nomenclature is used in this paper:

ℂ𝑛×𝑛 𝑛 by 𝑛 matrix with complex entries

𝑀𝑛(ℝ) 𝑛 by 𝑛 matrix with real entries

𝑀𝑛×𝑚(ℝ) 𝑛 by 𝑚 matrix with real entries

R(F D) range of 𝐹𝐷

 (𝐹𝐷) null of 𝐹𝐷
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