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ABSTRACT

This paper establishes criteria for controllability and observability in a class of linear time-invariant impulsive differential-algebraic

equations (DAEs) defined on a time scale. Controllability is defined as the ability to transfer the system state from any initial
condition to any desired state within a finite time interval using an appropriate control input. Observability is characterized as
the ability to uniquely determine the initial state from output measurements over a finite time interval. The main contributions
are the derivation of necessary and sufficient conditions for both state controllability and state observability. These conditions are

formulated in terms of rank-based tests and the properties of Gramian matrices, which are constructed using the Drazin inverse

to handle the system’s algebraic constraints and impulsive dynamics. The theoretical results are validated by solving a illustrative
controllability and observability problem, demonstrating the efficacy of the proposed approach.

MSC2020 Classification: 34A37, 93B05, 93B07

1 | Introduction

A differential algebraic equation is a type of differential equation
in which the derivatives (in general) are not expressed explic-
itly and derivatives of some of the dependent variables may not
appear in the equations at all. The general form of a system of
differential algebraic equations (DAEs) is given by

G(t,z,2) =0,

where ¢ is an independent variable, z is state vector, and z is
derivative of z with respect to ¢.

DAEs are useful for modeling different practical problems in
chemical engineering, electrical networks, mechanical systems,

multibody dynamics, and economics, see for example, [1, 2],
which often cannot be modeled by standard ordinary DAEs.
Especially DAEs have then been discovered to be appropriate for
modeling and simulation of the dynamical procedures. In gen-
eral, these equations are implicit differential equations. While
in simple case, these equations are combination of differential
equations along with algebraic constraints, from which the name
DAEs comes from. A huge solution theory for DAEs has been
developed, which can be looked up in [3, 4]. Gantmacher dis-
cusses the classical solution of DAEs in his famous book, see [5].
Gantmacher’s focus is actually on Kronecker canonical form but
he does not consider non smooth homogeneities and inconsistent
initial values. It is noticed that the determination of Kronecker
canonical form is numerically ill posed in practical problems.
Therefore, researchers take interest in other solution formulas.
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Hence, an efficient tool to analyze the linear differential algebraic
system is with the help Drazin inverse (DI) [6]. Let X € C™", a
matrix F € C™" such that satisfies F¥*'X = FK, X FX = X, and
FX = XF,iscalled the DI of F and denoted by F”. The DI of any
square matrix always exist and unique, see in [4]. There are appli-
cations of DI to solve linear differential algebraic control system
[7, 8].

DAEs found its way into control theory after the work of
Rosenbrock [9]. He developed ideas of describing linear systems
by polynomial system matrices. Subsequently, Rosenbrock [10],
Luenberger [11], and Verghese et al. [12] have contributed a lot in
area of control theory. Controllability and observability are two of
the most fundamental concepts in modern control theory. They
have close connections to observer design, quadratic optimal con-
trol, pole assignment, structural decomposition, and so forth, see
[13]. The concept of controllability provides helps for the design
of control law. On the other words, observability describes an abil-
ity to use partial information to figure out the whole system states.
Kalman [14] was the first one, who proposed the concept of con-
trollability and observability. Controllability and observability of
time varying DAEs have already been discussed, see [15, 16].

Impulsive control systems are used as a mathematical tool for
analyzing the behavior of most real-life processes. The mathe-
matical tool for designing impulsive control systems is the the-
ory of these equations, which expresses processes that change
their states at certain non fixed or fixed moments in the form
of jumps. In recent years, some results on differential alge-
braic sytems with impulsive control have been reported, see
for example, [17-21]. Several important developments have
been reported in the literature regarding observer and controller
design for fractional-order dynamical systems, particularly in
observer-based control, nonlinear Hadamard fractional systems,
unknown input observer design, and conformable fractional state
estimation problems [22-25], demonstrating the growing inter-
est in generalized dynamical frameworks and motivating further
extensions to impulsive differential-algebraic systems on time
scales.

However, to the best of our knowledge, there has been no result
about the controllability and observability of system of impulsive
differential algebraic equations on time scale, where time scale
is a nonempty closed subset of R. There was a gap that no the-
ory can deal collectively with both the continuous and discrete
cases in one place. Bohner and Peterson added significant work
in the time scales calculus, see [26, 27]. While advanced control
designs for complex systems are actively developed [28, 29], and
existence analyzes for differential equations remain a focus [30],
the foundational concepts of controllability and observability for
this specific hybrid system class have been overlooked.

Extending the existing results of impulsive descriptor systems
to the time-scale setting is not straightforward due to sev-
eral mathematical difficulties. The singularity of the descriptor
matrix produces hidden algebraic constraints, while the unified
continuous-discrete structure of time scales complicates the con-
struction of solution trajectories. In particular, establishing the
regressivity of the transformed coefficient matrix depends criti-
cally on the graininess function, which has no counterpart in the
classical continuous-time case. Furthermore, impulsive effects

interact with the natural jumps of the time scale, making the
derivation of state transition matrices and Gramian-based con-
trollability and observability criteria significantly more delicate.
These challenges motivate the present generalization and sub-
stantially broaden the previous continuous-time results. In this
paper, we investigate state controllability and state observabil-
ity of impulsive differential algebraic system on time scale. We
derive the necessary and sufficient conditions on controllability
and observability for the impulsive differential algebraic system
on time scale.

The paper is organized as follows: Section 2 presents the ele-
mentary facts and preliminary results. In Sections 3 and 4, the
main results about controllability and observability for the impul-
sive differential algebraic systems on time scale are given, respec-
tively. Section 5 contains the concluding remarks.

2 | Preliminaries

Consider R” be space of n dimensional column vectors with a
norm || -||. A time scale T is a non-empty closed subset of R.
The notations [a, b] := {t € T;a <t < b}, Where a, b €T. The set
of all rd-continuous functions g : T — R”" will be denoted by
C,,(T,R") that are continuous at every right dense point and is
finite at every left dense point. The set of rd-continuous (respec-
tively rd-continuous and regressive) functions 4 : T - M, (R)
is denoted by C,,(T, M,(R)) (respectively by C,,R(T, M,(R))).
Moreover, We recall that a matrix-valued function A is called
regressiveif I + u(t)A(r) isinvertible V¢ €T, where I isn X niden-
tity matrix. We refer to [26, 27] for more information on time
scales. Consider an impulsive differential algebraic system on
time scale as follows:

Fz5(t) = Pz(t) + Qu(t),t # 1,
zZ(rf) = (1+d)z(t,). 1 =1;,i = 1,2, ...,
¥(t) = Rz(?),

z(ty) = z,,

where T is an unbounded above time scale with bounded
graininess, T, := [fy, 00)NT, [1,_;.1,) €T,, and d; € R are con-
stants. Throughtout this paper, we suppose that F,P € C,;
R(Ty, M,(R)), Q € C,;R(Tg, M, (R)), R € C,yR(Ty, M., (R)),
z € R" is the state variable, u € R” is the control input, y € R?
is the output, and z2 is delta derivative of z. Also, consider that
system S, holds the following assumptions:

(Al): 0Lty<t;<--- <t < ...
and ¢, €T are right dense.

, provided that lim,_, t, = o

(A2): z(r)) :=lim,_ ¢ 2(t; + h),
z(t, — h).

z(1,) = 2(t7) 1= lim,,_-

(A3): Matrix pencil (F, P) is regular, that is, 3 ¢ € C such that
Fc¢ — P isinvertible.

Recall from [31], index of a matrix F, denoted by Ind(F), is the
smallest non negative integer r such that rank F”" = rank F'+!,
A matrix F? € C,,R(M,(R)) is called the DI of a matrix F if
FPF = FFP FPFFP = FD and FPF™! = F’, where r is the
index of the matrix. Note that, DI of a matrix always exists and
unique, see [7]. Steps to compute DI F? of a matrix F are:
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(a) Find W,V (a pair of matrices), with W € C,,R(M,,,(R)),
V eC, ,R(M,,(R)) such that rank W = rank ¥V = rank
F=sand F=WV.

(b) Compute non-singular matrix VFW € C,,;R(M,(R)).

(c) Finally, FP = W(VFW)™ V.

DI can also be expressed in terms of Jordan canonical form as:

- a4 opp_ g0
F=S5 ]S ,FP = S[ 0 0
Jordan blocks corresponding to non-zero eigen values and N is
nilpotent, that is, N¥ = 0, while N¥~! # 0. From this representa-
tion of FP. We can see (from [8]) that: R(FP) =R(F"), N'(FP) =
N(F"), and R” =R(FP) @ N'(FP).

]S‘l, where J constitutes the

Remark2.1. When T=R,z(f)=(1+4d,)z(1;)=0,0=1,
we have the following initial value problem

FZ/(t) = Pz(t) + u(t)
z(ty) = 2. 6]

where z()€eR™,F,PeR™ and u():R->R" is a
vector-valued function and z’ is ordinary derivative of z. If
E is non-singular matrix, then differential algebraic equation
is equivalent to an ordinary differential equation of the form
Z'(f) = E7'Az(t) + g. When E is a singular matrix, the solution
of homogeneous initial value problem may be inconsistent, that
is, there may not exist a solution. If there is a solution, it need
not be unique. For example, the following system

7z, (1) + z,(t) = u(?),
7z, (1) + z,(t) = u(?),

is inconsistent. And for the following system

Z;(Z) -5z, =g

524(1) = z,(1) = &,

z3(1) = g3,
for any given g, and z,, the first equation has unique solution.
If g, is differentiable, the solutions of z,(f) = g, — Sg3' z5(t) = g5.

Hence, the solutions exists if z,(0) = gz' (0) — g5(0), z5(0) = g5(0).
Hence, if the solution exists, it is unique.

Now, premultiplying first equation of system S, with (Fc¢ — P)™%,
we have:

FzA(t) = Pz(1) + Qu(t),t # 1,

zZ(th) = (14d)z(1;) .t =1,,i=1,2, ...,
y(@) = Cz(1),

(1) = z,,

where F =(Fc—P)"'F,P=(Fc—P)'P,Q=(Fc-P)Q.
The matrices F,P, and Q satisfy further properties, see
[32, Remark 2.5 and Lemma 2.6].

Remark 2.2. Regressivity is not preserved under the DI in
general.

The following example justifies the above remark:

p— —_ —D —_= O
Example 2.3. Let F = [ 2 0],F = [ 2 ] Let us con-
00 0 0

sider the time scales such that u(f) =2, then I+ u()F =
1+@0=2) 0] = [_ 3 0]. det (1 + M(z)f) =—3#0. S0 F is

0 1 01
1+2)7 0] _[0 0]

—D
regressive. Now computing I + u(t)F = 0 =10 1l

—D —D
Itis clear that det (1 +u(®F ) = 0. Hence, F isnot regressive.

Theorem 2.4. Let F bea square matrix and let u) be scalar
valued functlon Assume F is regressive, that is, 1 + u(t)F is invert-
ible, F have a Drazin decomposition F= F + F,, where F, is

semisimple, F, is nilpotent, and 0'< ) N { y(t)} =@, then

W0’
—D
DI F  is also regressive.

Proof. For a matrix F, its DI satisfies, A # 0 become A™!, zero
eigenvalue map to zero. So,

U(FD> = {/1— zeG( ) /I;EO}U{O}.
Let F is regressive, so it satisfies 1+ u(r)A #0, for all 1 €
a(?),Vt. This implies A # —ﬁ. If 1 # 0, then eigenvalues of

—D
1+ u@®F are 1+ u()A~! and if 1 = 0, then eigenvalue is 1. So
singularity occurs only if

1+u®A™* =0

which implies 4 = —y(t) From regressivity of F, 1 + u()A ;é 0
implies that 4 # —m Now compare for F, A = —”— For F ,
A = —u(t). This cannot both occur for the same spectral struc-
ture unless spectrum intersects a time varying forbidden set but
assumption exclude this intersection thus 1 + u(r)A~! # 0 Vvz. All

—D _

eigenvaluesof 1 + u(r)F arenonzero.So1+ u(t)F isinvertible
—D

for all . Hence, F is regressive. O

Lemma 2.5. Let u(t) be scalar graininess function and

— —D

F,P e R™". Assume that pg,, =sup|u(®)| <o, F exists
—D— —D—

and #max~P<F P) < 1. Then, F P is regressive.

—D— —D—
Proof. Letie p(F P), then eigenvalues of I + u()F P are
1+ u(t)A. we estimate

—D—
MO < e (F P) <1

hence,
1+ u®Al =21 —|u@®Al >0
SO
1+ u(HA #0Vt
hence

—D—
I+ u(®)F P isinvertible

—D—
thus, F P is regressive.
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Example 2.6. Let us consider the time scales such that

— 10| —=p 10 —
u() €[0,1] for all ¢. Let F = [0 O],F = [0 O]’ and P =

1 rl 1
50 —=D— =0 0
2 |, then A=F P= IE =12 _U(A)z{l,o}.
01 00|{0 1] [01 2
Now, computing
1+42 ¢
I+ uA = 2
| O 1

det(l + u(H)A) = (1+ %) >1> 0. Hence, I + u(t)A is invert-
ible. This implies that A is regressive. m]
Throughout in this paper,

—D—
(A4) :Matrix F P satisfies the regressive property.

Define the consistency space v; for discussing controllability and
observability of S, (or S;) as:

V.

1

=+ ._ ) 2z € R" such that there exists u € R",
z is a solution of S,(or S;) with z(0) = z, '

Moreover, we can express the solution of S, (or S;) as:

Lemma 2.7. Suppose that assumptions (Al)-(A4) are satis-
fied. The solution of impulsive system S, (or S;) is given by

t
eco(1,10)F Fzy + / eco(t,o(x)F Qu(r)At

r=1

q_p—
+ FP P Qui(t), fort € |ty,1

(77 -1)(7) -
k k k
[T(1+d)ezos(t.16)F FZO+ZH (1+4d;)

Z(t) =4 i=1 j=li=j

X/ anF(t, G(T))FDEM(T)AT

[

t
+/, efnf(t, O'(T))FDEM(T)AT

PR (P - 1) () P, € )
@)

where r = Ind(F) and I is n X n identity matrix.

3 | Controllability

In this section, some ideas and equivalent criteria associated with
the controllability of impulsive differential algebraic system are
proved and discussed. Likewise the concept of controllability dis-
cussed in [32], the definition for controllability of impulsive dif-
ferential algebraic system is given as follows:

Definition 3.1. [32] If given any initial state z, € ij, Ja
piecewise rd-continuous input signal u(-) provided that the cor-
responding solution of the impulsive system S, (or S,) satisfies
z(t;) = 0. Then, the impulsive system S, (or S,) is controllable on
[to,1 ;1 With 7, > 0.

For introducing equivalent criteria of controllability of the impul-
sive system S, (or S;), the controllability Gramian matrices are
defined as follows:

w,

1= W(to, ti_l,tl.) =/i<efnﬁ(to,6(1))FD§>
t

i-1

X (eFDF (1‘0, O'(T))FD§>TAT

and
i —D—
W, = W(to,tk,tf) =/ <efnﬁ(t0,a(1))F Q)
Ty
—D—\T
x (epop (10, 0(@)F Q) Ar
fori =1,2, ...k, and T represents the conjugate transpose.

Theorem 3.2. Suppose that assumptions (A1)-(A4) are satis-

fled:

(a) If there exist at least 1€ {1,...,k+1} such that
W(ty,t,_1,t;) is invertible then, the impulsive system S,
(or S) is controllable on [t,1 1, (t; € (ty, 141 ])-

(b) Assume that d, # —1,(i = 1,2, ..., k), if the impulsive sys-
tem S, (or Sy) is controllable on [ty, t 1, (t; € (t;,1,1]), then
rank [Wy W, --- W] =n.

Proof.  First, consider that 3 at least one I € {1, ...,k+1}
such that the controllability Gramian W,_, is invertible. Then,
for given zy € V,, Wyl = Wl(ty, g, 1,), Wik = Wkt 1,_,.1,),
choose u(t) to be:

—D—\ T —D—
(efnﬁ(zo,a(z))FDQ) Wit x (—efoF(tf,to)FDFz())
xal(ef 7(10,6(1))F Q) FDFZO,
ut) 1=
x for 1 € (1,_.1)]
0, for 1 € [tg.1,]/(1,_1.1,],
(3)

where g, as a constant satisfies Hj;l(l +d;)+ a,Hj;l(l +d) =
0. And solution (2) of S, (or S;) at t = 7, becomes

z(1)
,DF(tf,tO)FDon+/[efn;(tf,a(r))FDau(r)Ar

Ty
S (FT () ), oty <

k k

k
[1(+d)ezos(ts.10)F Fz0+ZH (1+4d,)
1
I

i= j=li=j

Il
A

X/ eFDF(tf,a(r))fnau(‘r)Ar
t

Jj-1

I —D—
+/ eFDF(I,U(T))F Qu(t)At

k

o ——D\0—D— for i, € (1144
n (F F—I)(FP )P Wi,), T Vel
;0 Q1) k=1,2,....

4)
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Pre-multiplying Equation (4) by fD and using Equation (3) in
Equation (4), we have

—D

F z(t;) =0. 5

Pre-multiplying Equation (5) by ?D, we have
PUF (1)) = 0.
—D—D —D—D —D
Next, P F = F P implies that F z(¢,) belongs to kernel of
(FD> and FDz(t 1) belongs to kernel of (FD ) Finally, we obtain

z(tf) =0.
Hence, the impulsive system S, (or S, ) is controllable.

To show the reverse implication, consider that the impulsive sys-
tem S, (or S, ) is controllable and rank [W, W, - - - W, ] # n, then

—_—
3 a non-zero vector z, € V, provided that

zZ, W _1Z4 —OandzTsz =0, forte j,tjﬂ],j:l,z,...k
(6)

from equations in (6), we get

/tt/zT< (to,a(r))F Q)( (zo,a(r))F Q) z,AT1 =0,

J-1

@)
and
/I/ZT< (ZO,O'(T))F Q)( (to,a(‘r))F Q) z, AT =0
k ®

since, the integrand in both the Equations (7) and (8) is nonneg-
ative. Thus, we have

ZIeFDF (to, a(r))F
It implies that
Zl— (eF”F (to, a(r))FD§> =0. )

Furthermore, the controllability of impulsive system S, (or S;)
implies that (from Equation (4)):

0=z(tf)

—D— Iy _Dp—
,DF(tf,to)F on+/ eFDF(zf,a(T))F Qu(r)At
r—1 ’
+Z(FDF— 1)(FP*) P 0ut (1)), for 1, € [10.1,]

k k

k
H (1+d,) e (t,,10)F Fz0+ZH (1+4d,)

=<1 j=li=j

X/ ( f,a(r)>F Qu(T)A‘r
'

J=1

By substituting z, = z, in Equation (10) and using semi-group
property of exponential matrix, we get

—D—
eFDFStf,tO)F Fzy +ezos(1,1,)

f —D—
/ 77(1‘0,6(1))F Qu(t)At

0

r=1

A 2 (FF = 1)epy(to0)ers(innt ) (FP' )
q=0

PDQuq( 7). for i, € [15.1,]
k ko k

[1(t+d)emos(ty10)F an+ZH (1+d,)

0=<i=1 j=1i=j

X e (tf,to)/ e— F(fo,O'('[))FDQu(T)AT

j-1

Iy —D—
+epos (rf,to)/ efnﬁ(to,a(r))F Qu(t)At

+Z(FDF — 1)epg (. t0)epoz(1ar,) (FP)'
q=0

fort, € (t3.t41]-

P ou(1,),
k=1,2,...,

then, we have

—_D— Iy —_D—
F Fz,+ / efo?(to,a(r))F Qu(t)At

0
r—1
+ 2 (FF = 1)epoyliot,) (FP)'
q=0
x P Oul (t,). for zf [IO, 1]

k
H (1+4d,) F Fz, +ZH 1+d,)
i=1

Jj=li=j

x / ezo (15, 0(0)F Qu(r)Ar an

-

I —D—
+ / anF(tO,O'(T))F Qu(t)At

r—1
+ 2 (FF = 1)epoyliot,) (FP)'
q=0

for i, € (1,144,

x P 0ullt,),
k=12, ....

Pre-multiplying Equation (11) by fD and simplifying, we get

—D i

F <za+/ eprs (IO,G(T))F Qu(r)AT) fors, € [to,tl]
k o ko k
H( d)z, + Y [[(1+4)

j=Vi=j

1
F x/ ean IO,G(T))FDQM(T)AT

o
Il
A

fort, € (1. 1444]-
k=1,2,....

+ e tO,O'(T))F Qu(t)At

F P

v =D (12)
+ eFDP(t,a(T))F Qu(t)At DD  —D—>D
0 Since F P =P F ,soEquation (12) implies that
- /—D— ——D\9—D— fort, € (tpthyels
+Z<FDF—1><FPD)QPDQuq(tf), or 7 € (it
=0 k=L2.... P +/tf (0. 0( ))FDE (0)A eker(FD)
zZ, e—o—(ty,0(t u(t)At
(10) «r ), TP
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and

_D Iy —D
F (za+/ e-o(t0.0(0)F QM(T)AT> eker(P ) (13)

0

fort, € [1.1,]. Also,

ﬁ(1+d,-)za

i=

P’ +ZH (1+4d,) /

Jj=1i=j

ezo(19.0(0)F Quir)Ar

i —D—
+/t anF(to,a(T))F Qu(t)At

k

S ker(FD)

e (to, U(T))FDéu(T)AT

j= lt—J

Iy —D—
+/ efnﬁ(to,a(r))F Qu(t)At
Tk
e ker(P"), (14)
fort, € (tptin] k=12, ...

By using [32, Remark 2.7], from (13) and (14), we have

Z, +/ e (zo,o(r))F Ou(r)At for 1 € [to. 1]

k

H (1+d,)

i=1
k k

0=1
+> [J(1+4d) / e-v=(tg.0(2)) for 1, € (111

L= k=1,2,....
F Qu(r)Ar

Iy —D—
+ / eFDF(Z‘O,O'(T))F Qu(r)At

Pre-multiplying Equation (12) by zI and using Equation (9),
we have

2
2l =

which is contradiction to that z # 0. Thus, this completes our
proof. m]

Theorem 3.3. Suppose that assumptions A1-A4 are satisfied,
the necessary and sufficient condition for impulsive system S, (or

S,) to be controllable on [ty.1 ], (t; € (t3:1441]) is

rank Q. = n,
where Q. = [fD@(fD?)fD@ . |<FD;>n_1FD§],

Proof.  The proof of this theorem is on the similar pattern as in
[32, Theorem 3.4]. m|

Example 3.4. Consider the following impulsive differ-
ential algebraic system on arbitrary time scales such that

Hiax-1.354328 < 1.
FzA(t) =Pz(t)+ Qu(), t#1t;, i=1,2, ...
6i—5
z(1*) = %Z(T), t =1, where t, = 6i=-5)
0.5 1
zl|0.5([=]0]| t €10.5,27.5], (15)
0.5 0
and
500 571
F=|o40lP=]243]|
060 896
5
o=|9lc=[421]
7

The impulsive points satisfy (A1) and (A2). It is clear that matrix
F is not invertible and rank (F) = 1. Moreover, for ¢ € C, det
(Fc — P) # 0, that is matrix pencil is regular. Hence (A3) holds.
Taking ¢ = 1 + 3i, we have

15i =7 -1
Fc—P=|-2 12i -3},
-8 —=3+18i -6

and

(Fc—P)7!

0.0268 — 0.0709i —0.0498 — 0.1540i 0.0204 + 0.0888i
=| 0.0307 +0.0332i 0.2288 — 0.2522i —0.1195 + 0.1206i
—0.1508 + 0.1700i 0.7086 + 1.0177i —0.4958 — 0.5372i.

Pre-multiplying first equation of impulsive differential algebraic
system (15) with (Fc — P)™!, we obtain

- - 6i—5
Fz5(1) = Pz(t) + Qu(r), t # % i=1,2, ... (16)
where
[ 0.1342 - 0.3546i —0.0767 — 0.0831i 0
=(Fc—P)'F=| 01534+0.1661i 0.1981 —0.2854 0|,

—0.7540 + 0.8498i —0.1406 + 0.8477i 0

[ 0.1981 +0.0479;  0.1725-0.3131i 0
= (Fc—P)'P=[-03450 +0.6262i 0.0543+0.3088i O |,
—3.3035 - 1.4121i —2.6837 4 0.4260i —1

and
—0.1712 - 1.1188i

1.3757 — 1.2596i
2.1527 + 6.2488i

Q=(Fc—P)'Q=
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Following the steps to find DI of F, we get

0.1342 — 0.3546i 0
W =] 0.1534 +0.1661i 0.1333 — 0.2666i |,
—0.7540 + 0.8498i —0.2667 + 0.5332i

V =

1 0.1334 —0.2668i 0
0 1 o|

Now, computing
— —0.0962 — 0.1684i —0.0632 + 0.0105i
VFW = )
0.1573 —0.0430i —0.0497 — 0.0908i

which is a non-singular matrix. The desired DI is given by

0.6668 + 3.0006i —1.0008 0
—D
F =] 2.0007 —0.0006i 1.5004 + 3.0008i O |-
—6.2255 —10.0015; 0.3358 — 6.0027i O

—D— —D—
To check the regressivity of F P, the eigenvalues of F P
are 0,—0.083477 — 1.351753i,—0.083153 + 1.351303i. The spec-

—D—
tral radius is p<F P) = 1.354328. It means y,,,.1.354328 < 1.

—D—
So Lemma 2.5 holds and F P is regressive. Hence,

1.8662 + 0.0008i  6.1242 — 0.0015; 5.7104 — 0.0026i
0. =] 5.5006 + 0.0000i —6.4847 —0.0031i 8.8438 + 0.0047i |,
—17.2229 — 0.0036i —7.4443 4+ 0.0149i 45.5257 — 0.0185i

since rank Q. = 3, it implies that impulsive differential algebraic
system (15) (correspondingly (16)) is controllable on [0.5, 27.5].

4 | Observability

In this section, some ideas and equivalent criteria associated with
the observability of impulsive differential algebraic system are
proved and discussed. Likewise the concept of observability dis-
cussed in [32], the definition for observability of impulsive differ-
ential algebraic system is given as follows:

Definition 4.1 ([32]). Ifany initial state z(1,) = z, € Ej‘ is
uniquely determined by the corresponding input signal u(¢) and
output signal y(1), € [to. 1], (; € (#41,41])- Then, the impul-
sive differential algebraic system S, (or S,) is said to be state
observable on [to, 1], (1, > ;).

Next, to discuss the equivalent criteria for observability of the
impulsive differential algebraic system S, (or S;), we define the
following matrices

- iy —D—\T
M+ =M(t0,t,,t,-+1)=/ (efnf(r,tO)F F)
t

i

—D—
XRTR<8FDP(T, o) F F)AT, 17)

t —D—\T
M = M(tg,1,.1) =/f<efn;(T,IO)FDF> RT
Tk

xR(e v(7.10)F F)AT (18)
and
M} = M (19, 10.1,) =/tll(eFu (r.1,)F F) RT
X R(epoy(r.10)F F)Ar, (19)
Theorem 4.2. Suppose that assumptions (A1)-(A4) are sat-

isfied, the impulsive differential algebraic system S, (or S;) is
observable on [1.1/], (t; € (t;.141]). if and only if observability
Gramian matrix

is invertible, where (1 +d;) > 0,i =1,2, ...k, M;*l,M[,and M;
are defined in Equations (17-19), respectively.

Proof.  Suppose that the matrix M (1,:1,) is invertible, the out-
put of the impulsive differential algebraic system S, (or S,) is:

(@)
Reo_(1.1)F Fz + / Reo—(1.0()F Qu()Ar

+R§; (F'F-1)(FF") F' Q. for 1€ [ror)

k Kk

k
[](+d)Reos(1.1,) F FZO"'ZH (1+d,)
1
f

i= j=1i=j

x /t Reo—(1.0()F Qu()A

J-1

+ /, Reo_(1.0()F Qu()Ar

for t € (14,114,
k=12,...,

= —_D\9—D—
+qz=;)R<F F—I)(FP )P 0w (1),

from Definition 4.1, observability of S, (or S,) is equivalent to the
observability of y(7), given as follows:

y(®)

RkefD;(Z, tO)FDon, for 1 € [ty 1,]

=1 [T (1 +d) Reo(1,1,) (20)

i=1
XF Fz,, fort e (tetim] k=1,2, ...,

as u(f) =0. Now pre-multiplying both sides of (20) by
—D—\ T
<efpﬁ(t, to) F'F ) RT and integrating from #, to 7, with respect
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to ¢, we have
ty —D—\T
/’O e DP(T,TO)F F) R y(t)Ar

(er
h —D—\T T —D—
/0 ezop(r.10)F F) R Repoy(r.to)F FAz
k=1 i

tiyn —D—\T T
w2 [1(+4, )A (ean(T,IO)F F) R

i=1 j=1

—D—
XRe_o—(z,t))F FAr zo (21
F P

k i DT
+H(1+dj)/ (eFDF(T,ZO)F F) RT
j=1 Ty

—D—
XRe—o(7,1))F FAz

Keeping in view Equations (17-19), an Equation (21) yields that

/,rf( oo (2.10) F F) RTy(0)Ar 22)

0
k-1 k

(M1+ZH (1+d,) M’“+H (1+d;) >z0. (23)
Jj=li=j

It is clear that left-hand side of Equation (22) depends on system
output y(-) and an algebraic expression in z,. Since the matrix
M (1,.1,) is invertible, the initial state can be uniquely deter-
mined by the corresponding output of the system y(-).

Conversely, consider that the matrix M (t,,7,) is not invertible,
thend x#0and x € ?* such that

xTM(to,tf)x =0.

Since 1+d; > 0and M]*', M, kf are positive semi-definite matri-
ces. Therefore, fori = 0,1, ...k —1,

xTM*x =0 (24)

and
xX'M/x=o. (25)

Put x = z,, then from Equations (20) and (24), (25), we get

t/ T
/ y ()y(r)Ar

0

-1 ot 1y
=y / Y (@y(AT + / Y (@y(r)AT
Tk

f —D—
=/; z;)'—(epn (T tO)F F) RTRean(T,IO)F FzyAt

0

+ Z(H 1 +d >2/tl+lzg(eFDP(r, tO)FDF>T

i

X RTRefDF(T, tO)F FZOAT

' (H(udﬂ) JAE{C )

j=1

X R™Re—o(1.1,)F FzoAr
75 (%o 0

which returns into the following equation

k

_ 2
/ T(0)y(r)Az = ZTMlz0 + Z(H 1 + d > onMiiHZo
T =

Jj=1
r 2
+ (H(l + dj)> ngksz
j=1
=0.
Therefore, we have
ly
[ oprac=o, (26)
)
This follows that
0=y

-

R(efn;(t, tO)FDF>z0, 1€ [toth]
/

—_D— for t (S (ll’t[ 1],
_ ]1(1 +d)R(ezo5(t10)F F)zo era

(1 +dl-)R(an

-

1~

(1 tO)FDF>z0, fort € (f,.1/]

=1

-

27)

from (27), it implies that system is unobservable on [1,,7/].7, €
(*41441]» which is contradiction. o

Theorem 4.3.  Suppose that assumptions A1-A4 are satisfied.
The necessary and sufficient criteria for impulsive differential alge-
braic system S, (or S,) is observable on [to, tf] i € (tk, tk+1], is

rank (Q) = n,

()
P’

where Q= C(FP

—:D n—-1
C(FP )

Proof.  The proof of this theorem is on the similar pattern as in
[32, Theorem 4.3]. O

Example 4.4. Consider the following impulsive differential
algebraic system on arbitrary time scale such that p,, < 1.0204,
where the matrices are defined as

Fz'(t)=Pz(t) + Qu(t), t #t;, i=1,2, ... (28)
z(tt) = %z(t), t =t, where t, = (61'2_—5)
(0) = Cx(1) (29)
0.5 1
z|lo.5[|=|0}, t €[0.5,27.5]

0.5 0
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[5 00

150 0

F=l0o40|,P=]|0 56 8}
060 1 14 2
5

0= 9,C=[11 17 13].
7

The impulsive points and conditions (A1) and (A2) satisfy. It is
clear that det F = 0, so F is not invertible and rank F = 2. More-
over, there exists ¢ € C, such that det (Fc — P) # 0, that is matrix
pencil is regular. Taking ¢ = 1, we have

[—10 0 o

F—-P= 0 -52 -8
| 0 -8 -2
and ~
-0.1 0 0
(F-P'=| 0 =005 02
0 0.2 -1.3

Pre-multiplying first equation of impulsive differential algebraic
system (28) with (Fc — P)™!, we obtain

- - — 6i—5
Fz' (1) = P(t) + Out), 1 4 ’2 ) =12 .. (30)
where
-05 00
F=(F-P7'F=| 0 1 0}
0 -70
-15 0 0
P=F-P)'P=| 0 0 o0
0 -7 -1
and
-05
0=(F-P)'0=|0095
-73

Following the steps to find DI of P, we get

-0.6667 0 0
P=| o o0 -o014f
0 -0 -0.02
and
0333 0 0
FPo=| 0 0 -014
0 -0 098

—D
Eigenvalues are 0.333, 0, 0.98. Thus, p(FP ) = 0.98.
Himax(0.98) < 1 which implies that i,y < soo and pin,, < 1.0204.

—0D
Hence, FP is regressive. Hence,

Q=[1.2223 539 11
3.6668 —77 —11

Since, rank(Q) = 3. This implies that the considered impulsive
differential algebraic system on time scale is observable.

5 | Conclusion

This work substantially extends the existing continuous-time
results to impulsive differential-algebraic systems on time scales,
where several mathematical difficulties arise naturally. The sin-
gularity of the descriptor matrix leads to hidden algebraic con-
straints, while the hybrid continuous-discrete structure of time
scales complicates the solution construction. Overcoming these
difficulties, the obtained results broaden and generalize the clas-
sical theory and provide a unified framework for further devel-
opments in descriptor dynamic systems on time scales. We have
developed necessary and sufficient criteria in terms of Gramian
matrices for the controllability and observability of linear time
invariant impulsive differential algebraic control systems on time
scale. We have obtained these criteria using DI approach. Also, we
have presented necessary and sufficient criteria with rank condi-
tions for the controllability and observability of linear time invari-
ant impulsive differential algebraic control systems. Moreover,
we illustrate our results with examples. In future, we may develop
necessary and sufficient criteria for the controllability and observ-
ability of linear time variant impulsive differential algebraic con-
trol systems on time scale.
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Appendix

The following nomenclature is used in this paper:

crxn n by n matrix with complex entries
M, (R) n by n matrix with real entries
M, (R) nby m matrix with real entries
R(F D) range of FP

N (FDP) null of FP

Biographies

Awais Younus received his PhD in Control Theory
from Government College University, Lahore, Pak-
istan in 2013. Dr. Younus served as an Assistant Pro-
fessor at the Centre for Advanced Studies in Pure
and Applied Mathematics, Bahauddin Zakariya Uni-
versity, Multan, Pakistan, from 2013 to 2020, and was
promoted to Associate Professor in 2020. He also undertook postdoctoral
research at Fudan University, Shanghai, China, from 2017 to 2019. Dr.
Younus has significantly contributed to the advancement of control the-
ory and its applications.

10

Asian Journal of Control, 2026

85UB01 T SUOWIWIOD BA 181D 3|qeot[dde aup Ag peusenob ae sejole YO ‘s Jo soni Joj AkeiqiTauljuQ 81 U (SUONIPUOD-PUR-SLLIBI WD A8 |1 Ale.q1jBulJUo//:Sdny) SUOTIPUOD pue SWiB | 8U1 89S *[9202/80/92] U0 AkeidiTauljuO AB[IM ‘SeISIBAIUN WISIRD INquess| Aq 6TZ0/ 0Ke/Z00T 0T/I0p/W00" A8 1M Alelqpuljuo//Sdiy Woly pepeojumod ‘0 ‘€609vE6T



Zoubia Dastgeer received her PhD in Mathemat-
ics from the Center for Advanced Studies in Pure
and Applied Mathematics (CASPAM), Bahauddin
Zakariya University, Multan, Pakistan. She is cur-
rently a faculty member in the Department of Math-
) ematics at Baba Guru Nanak University, Nankana
Sahib, Pakistan. Her research interests include control theory, differential
equations, fractional calculus, and time-scale calculus. She has authored
several research articles in leading international journals, including Lin-
ear Algebra and Its Applications, Discrete and Continuous Dynami-
cal Systems-Series S, Filomat, and Nonlinear Engineering. Her current
research focuses on the analysis of descriptor and fractional-order control
systems.

Thabet Abdeljawad is a distinguished mathemati-
cian and educator at Prince Sultan University, and
Istanbul Gelisim University whose research has made
a significant impact in the fields of fractional calcu-
lus, fixed point theory, and nonlinear analysis. He has
2 published more than 1000 articles. His work —ranging
from advancing the theory of fractional differential and difference
equations to exploring innovative fixed point methods— has established
him as a leading figure in applied mathematics. In recognition of his
influential contributions, he was named one of the world’s highly cited
researchers in 2019, 2020, and 2021, underscoring the widespread rel-
evance and enduring impact of his scholarship. His ongoing research
continues to shape modern approaches in mathematical analysis and its
applications in engineering and the physical sciences.

Meriem Louafi is an accomplished lecturer at the
National Higher School of Mathematics in Algeria.
She earned her PhD in Applied Mathematics from the
University of Larbi Tebessi in Algeria in 2022. Her
research is focused on tackling optimal control prob-
lems, particularly those involving missing data and

controllability.

Asian Journal of Control, 2026

85UB01 T SUOWIWIOD BA 181D 3|qeot[dde aup Ag peusenob ae sejole YO ‘s Jo soni Joj AkeiqiTauljuQ 81 U (SUONIPUOD-PUR-SLLIBI WD A8 |1 Ale.q1jBulJUo//:Sdny) SUOTIPUOD pue SWiB | 8U1 89S *[9202/80/92] U0 AkeidiTauljuO AB[IM ‘SeISIBAIUN WISIRD INquess| Aq 6TZ0/ 0Ke/Z00T 0T/I0p/W00" A8 1M Alelqpuljuo//Sdiy Woly pepeojumod ‘0 ‘€609vE6T



	Controllability and Observability Conditions for Impulsive DAEs on Time Scales
	Abstract
	1 | Introduction
	2 | Preliminaries
	3 | Controllability
	4 | Observability

	5 | Conclusion
	Author Contributions
	Acknowledgments
	Funding
	Disclosure
	Conflicts of Interest
	Data Availability Statement
	References
	Biographies

