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Abstract

In this study, equidistant ruled surfaces generated by the Darboux vector, which has
significant kinematic importance and characterizes the instantaneous rotation of a moving
frame, are investigated specifically for the Frenet frame. By establishing a structural
relationship between a surface and its equidistant ruled surface, transition formulas are
provided for shape operators, Gaussian and mean curvatures, and fundamental forms,
revealing that the equidistant surface is a scaled transformation of the original one. The
obtained results demonstrate that both surfaces are developable and that the geometric
properties of the equidistant ruled surfaces can be expressed dependently on each other.
Furthermore, it is shown that the geometric character of the equidistant surface, including
the invariance of asymptotic lines and the preservation of umbilical points under constant
angle conditions, is determined by the rotational dynamics of the base curve. These findings
constitute a theoretical foundation for cases involving the use of Darboux axes of different
frames in higher dimensions or the investigation of similar structures in different geometric
spaces. The geometric interpretation of this theoretical framework is elucidated through
the fundamental properties of the surfaces. Finally, a concrete example is presented, where
the symmetry of the central planes of the equidistant ruled surfaces at appropriate points is
visualized using Maple 2017 software.
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MSC: 53A04; 53A05

1. Introduction
In three-dimensional Euclidean space E3, a ruled surface is defined as the surface

generated by the motion of a straight line along a specific curve [1–5], while broader studies
on the properties of constant angle and constant curvature ruled surfaces in Minkowski
space have also been conducted [6–8]. These surfaces find extensive applications in diverse
fields such as architectural design, computer-aided geometric design, and kinematics [9].
The geometric properties of ruled surfaces have also been studied practically in engineering,
specifically in spatial axis prediction for spiral tubes [10] and 3D surface reconstruction [11].
Furthermore, detailed geometric analyses have been conducted on surfaces with specific
structural properties, including surfaces foliated by curves, quadric surfaces, and transla-
tion surfaces [12–14].

The concept of parallel p-equidistant ruled surfaces was first introduced by Valeontis
in 1986. He defined these surfaces such that the generator vectors of two ruled surfaces are
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parallel along their striction curves, and the distance between their polar planes remains
constant [15]. Following this conceptualization, the algebraic and integral invariants of
p-equidistant surfaces were examined extensively [16–19]. Researchers also extended this
definition by considering different frames; for instance, parallel p-equidistant surfaces were
investigated using modified orthogonal frames [20]. As interest in these structures grew,
the subject of parallel equidistant ruled surfaces gained depth through the selection of
different generator vectors and investigations in various spaces. Researchers analyzed
parallel z-equidistant ruled surfaces by selecting the normal vector of the striction curve’s
Frenet frame as the generator [21] and parallel q-equidistant ruled surfaces by selecting
the binormal vector [22]. In terms of dimensional generalization, parallel p-equidistant
ruled surfaces have been expanded to higher-dimensional spaces [23]. Parallel to these
developments, the geometric properties of equidistant ruled surfaces have been studied
in various ambient spaces. In the Dual space, parallel equidistant ruled surfaces have
been characterized [24]. In Minkowski space, specific attention has been given to parallel
p-equidistant ruled surfaces [25–27].

Previous studies have extensively investigated parallel equidistant surfaces generated
by various frame vectors; however, these works primarily focus on positional parallel ruled
surfaces defined by standard static vector fields. The choice of the Darboux vector as the
generator introduces a unique geometric significance. Unlike standard basis vectors, the
Darboux vector represents the instantaneous axis of rotation of the frame moving along
the curve, and ruled surfaces generated by this vector have been the subject of specific
investigation [28]. Consequently, constructing a ruled surface with the Darboux vector
transforms the kinematic properties of the curve, specifically its rotational dynamics, into
the static geometric invariants of the surface. Therefore, this study distinguishes itself from
previous works by utilizing the Darboux vector to bridge the gap between the rotational
dynamics of curves and the theory of ruled surfaces. Furthermore, the Darboux vector is
significant as it exists in higher-dimensional spaces only in odd dimensions of the form
2n + 1 [29].

In this study, the selection of the Darboux vector as the generator signifies that the
ruled surface is generated by a rotation axis carried kinematically along the curve. The
characteristic polynomials, first and second fundamental forms, and shape operators of the
derived parallel d-equidistant ruled surfaces are analyzed in detail. Based on the obtained
findings, the geometric interpretations and algebraic invariant properties of two surfaces S
and S∗ are presented.

2. Preliminaries
Let r : I → E3 be a unit speed curve and {V1(t), V2(t), V3(t)} denote the Frenet frame

of α. The Frenet formulas are given by

V′
1 = κV2, V′

2 = −κV1 + τV3, V′
3 = −τV2. (1)

where κ = ⟨V1, V
′
2⟩ and τ = ⟨V2, V

′
3⟩ denote the curvature and torsion of α, respectively.

The Darboux vector is defined as W(t) = τ(t)V1(t) + κ(t)V3(t). Its normalized form,
the unit Darboux vector, is given by C = W

∥W∥ . If θ = ∠(W, V3) denotes the angle between
W(t) and V3(t), then sin θ = τ

∥W∥ and cos θ = κ
∥W∥ . Consequently, the unit Darboux vector

can be expressed as [30]
C(t) = sin θV1(t) + cosθV3(t) . (2)
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Let M be a surface in E3 and let N be the unit normal vector field of M. Let D denote
the Riemannian connection on E3. For all X ∈ χ(M), the definition is given by

S(X) = DX N. (3)

The transformation defined by S : χ(M) → χ(M) is called the shape operator or the
Weingarten transform on M. The shape operator is a linear transformation [3]. Let M be a
surface in E3. For 1 ≤ q ≤ 3, let Iq : χ(M)× χ(M) → C∞(M, R)

I(X, Y) = ⟨X, Y⟩, I I(X, Y) = ⟨S(X), Y⟩, I I I(X, Y) = ⟨S2(X), Y⟩ (4)

the function Iq defined in this form is called the q-th fundamental form on the surface M [3].
These functions are called the first, second, and third fundamental forms on the surface M.
Let M be a surface in E3. If the principal curvatures of M at point P are k1(P), k2(P), the
Gaussian curvature at point P is [3]

K(P) = k1(P)k2(P). (5)

Let M be a surface in E3. If the principal curvatures of M at the point P are k1(P), k2(P),
the mean curvature at P is [3]

H(P) =
k1(P) + k2(P)

2
. (6)

Let M be a surface in E3. The fundamental forms on M are denoted by I, I I, I I I,
respectively. The Gaussian curvature K and the mean curvature H satisfy the following
relation [3]:

I I I − HII + KI = 0. (7)

Let M be a surface in E3 and α be a curve in M. Let T be the tangent vector field of α

and S be the shape operator of M. The curve α is said to be a curvature line on M if the
tangent vector field T corresponds to the principal directions of S along α.

Let M be a surface in E3 and let S be the shape operator at the point P ∈ M. Two
tangent vectors Xp, Yp ∈ TM(P) are called conjugate if

⟨S(Xp), Yp⟩ = 0. (8)

For a tangent vector Xp ̸= 0, if
⟨S(Xp), Xp⟩ = 0 (9)

then the direction Xp is said to be an asymptotic direction at point P on M.
The curve α, which admits Xp M as its tangent vector at point ∀P ∈ α, is called an

asymptotic line on M.
Let D̄ be the standard Riemann connection of Euclidean space E3 and let D be the

Riemann connection of manifold M. For every pair of X and Y vector fields on M, the
following equation holds:

D̄XY = DXY + V(X, Y) (10)

where V is a vector-valued tensor field representing the second fundamental form of the
manifold M. This equation is called the Gauss equation [31]. Here, DXY and V(X, Y) are
the tangent and normal components of D̄XY, respectively. Let ζ be a normal vector field of
M. Then D̄Xζ can be expressed in terms of its tangent and normal components as follows:

D̄Xζ = −Aζ(X) + D⊥
X ζ. (11)
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This equation is known as the Weingarten equation. Here, Aζ is a self-adjoint linear
transformation from TM(P) → TM(P) at each point P ∈ M and D⊥ is the metric connection
on the unit normal bundle of M.

From this point onward, we will use the notation Aζ to refer to both linear transforma-
tions and its matrix representation.

A ruled surface in E3 is a surface that contains a one-parameter family of straight lines.
Thus, a ruled surface can be parametrized as

φ : I ×R → E3, φ(t, v) = r(t) + vX(t) (12)

where r(t) is called the base curve and X(t) is the generator vector of ruled surface [3].
Let the unit tangent vectors of two curves called base curves r : I → E3 and r∗ : I → E3

be denoted by V1 and V1
∗, respectively. These are also referred to as the generator vectors.

The corresponding ruled surfaces are given by the parametric equations φV1(t, v) = r(t) +
vV1(t) and φV∗

1
(t, v) = r(t) + vV∗

1 (t) in E3.
If the generator vectors V1 and V1

∗ are parallel, and the distance p between the
corresponding polar planes (Sp{V2, V3}) at suitable points is constant, then the pair of
ruled surfaces is called a p-equidistant ruled surface pair [15].

Let r and r∗ be two curves with associated Frenet frames V1, V2, V3 and V1
∗, V1

∗, V1
∗,

respectively, at the points r(t) and r∗(t). Let C and C∗ be the unit Darboux vectors of the
Frenet frames of the curves r(t) and r∗(t), respectively. Then the ruled surfaces generated
by these Darboux vectors are given by

φC(t, v) = r(t) + vC(t) and φC∗(t, v) = r∗(t) + vC∗(t).

If the vectors C and C∗ are parallel and the distance d between the corresponding
central planes Sp{V1, V3} at suitable points is constant, then the pair of ruled surfaces is
called a d-equidistant ruled surfaces pair. For d-equidistant ruled surfaces, let θ denote
the angle between the vectors C and V3, and let θ∗ denote the angle between C∗ and V∗

3 .
Furthermore, let α denote the angle between the vectors V1 and V∗

1 (as well as between V3

and V∗
3 ). Then, the corresponding moving frames {V1, V2, V3} and {V∗

1 , V∗
2 , V∗

3 } are related
by the transformation V∗

1
V∗

2
V∗

3

 =

cos α 0 sin α

0 1 0
sin α 0 cos α


V1

V2

V3

, (13)

where α = θ∗ − θ [18].
Let the curvature and torsion of the base curves of the d-equidistant ruled surfaces be

denoted by κ and τ, respectively. The following relation holds between these curvatures:

κ∗ = (κ cos α − τ sin α)
dt
dt∗

, and τ∗ = (κ sin α + τ cos α)
dt
dt∗

(14)

The distance between the central planes at the corresponding points of the d-
equidistant ruled surfaces is

d =
κ
(

1 + p′ − κ2

κ2+τ2

)
− τ

(
q′ + κτ

κ2+τ2

)
κ2 + τ2 (15)

Here, p denotes the distance between the polar planes Sp{V2, V3} at the correspond-
ing points, and q denotes the distance between the asymptotic planes Sp{V1, V2} at the
corresponding points [18].
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3. Parallel Darboux Equidistant Ruled Surfaces in E3

In differential geometry, a ruled surface is constructed by the motion of a straight
line along a base curve. While standard ruled surfaces are well-defined, this study specifi-
cally focuses on the surfaces generated by the Darboux vector of the curve. The primary
objective of this section is to investigate the geometric relationship between a ruled sur-
face and its parallel d-equidistant counterpart. Rather than analyzing these surfaces in
isolation, we establish transition formulas that transfer the geometric properties of the
original surface to the equidistant one. To this end, we commence by defining the shape
operator, as it constitutes the fundamental structure encapsulating the local curvature,
principal directions, and geometric character of the surface.Building upon this definition,
the algebraic relationship derived between the corresponding shape operator matrices
reveals the intrinsic correspondence between the two surfaces S and S∗. This correlation
demonstrates that the geometric properties of the equidistant surface are not independent
but are proportionally related to the main surface, which is a defining characteristic of their
parallel and equidistant geometry.

Theorem 1. Let S and S∗ be parallel d-equidistant ruled surfaces. The relationship between the
matrices corresponding to the shape operators is given by:

S∗ =
( dt

dt∗
)2(

1 +
α′

θ′

)
S. (16)

Proof. Let S and S∗ be parallel Darboux equidistant ruled surfaces with the following
parameterizations:

S : φ(t, v) = γ(t) + vC(t) and S∗ : φ∗(t∗, v) = γ∗(t∗) + vC∗(t∗). (17)

We start by differentiating the unit Darboux vector C(t) = sin θV1 + cos θV3 given in (2).
Using the Frenet Formula (1), the derivative is obtained as:

C′(t) = (θ′ cos θ + κ sin θ)V1 + (τ cos θ − κ sin θ)V2 − (θ′ sin θ + τ cos θ)V3.

Using the relations sin θ = τ
∥W∥ and cos θ = κ

∥W∥ , the coefficient of V2 vanishes (κ sin θ −
τ cos θ = 0). Thus, the derivative simplifies to:

C′(t) = θ′ cos θV1 − θ′ sin θV3.

For a ruled surface φ(t, v) = r(t) + vC(t), the parameter of the striction curve is given by
v = − ⟨r′(t),C′(t)⟩

⟨C′(t),C′(t)⟩ . Substituting r′(t) = V1 and the calculated C′(t) into this formula yields:

v = −⟨V1, θ′ cos θV1 − θ′ sin θV3⟩
∥θ′ cos θV1 − θ′ sin θV3∥2 = − θ′ cos θ

(θ′)2 = −cos θ

θ′
.

Substituting this parameter into the surface equation, the striction curve γ(t) is explicitly
determined as:

γ(t) = r(t)− cos θ

θ′
C(t).

Substituting γ(t) into Equation (17), the ruled surface φ(t, v) becomes:

φ(t, v) = r(t)− cos θ

θ′
C(t) + vC(t).
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Differentiating the surface φ(t, v) with respect to t and v, we obtain

φt(t, v) =
(

1 +
θ′ sin2 θ + θ′′ cos θ sin θ

(θ′)2 − cos2 θ + vθ′ cos θ
)

V1

+
( θ′ sin θ cos θ + θ′′ cos2 θ

(θ′)2 + cos θ sin θ − vθ′ sin θ
)

V3,

φv(t, v) = sin θV1 + cos θV3.

The inner product of these vectors is ⟨φt, φv⟩ ̸= 0. When the Gram-Schmidt orthogonaliza-
tion method is applied to the vectors φt and φv, the vectors X and Y are obtained as

X = sin θV1 + cos θV3, Y = vθ′ cos θV1 − vθ′ sin θV3. (18)

The set {X, Y} forms an orthogonal system, which constitutes a basis for the space χ(S). If
the normal vector field of the surface S is denoted by, N = X ∧ Y = vθ′V2, then the unit
normal vector of the surface, denoted by N0, is N0 = V2. The shape operator on the ruled
surface S is defined as a linear transformation S : χ(S) −→ χ(S) such that

S(X) = λ1X + λ2Y, S(Y) = µ1X + µ2Y, (19)

for some real numbers λ1, λ2, µ1, µ2 ∈ R. Using relations (3) and (18), we obtain

S(X) = 0, S(Y) = κV1 + τV3. (20)

The relations (20) with the help of scalars λ1, λ2, µ1 and µ2 are obtained as

λ1 = ⟨S(X), X⟩ = 0, λ2 = ⟨S(X), Y⟩ = 0,

µ1 = ⟨S(Y), X⟩ = 0, µ2 = ⟨S(Y), Y⟩ = −vθ′
√

κ2 + τ2.

If the matrix corresponding to the shape operator of the linear transformation S is denoted
by S, then it is given by

S =

[
0 0
0 −vθ′

√
κ2 + τ2.

]
(21)

Hence, the principal curvatures of the surface S are determined as

k1 = 0, k2 = −vθ′
√

κ2 + τ2. (22)

Similarly, the shape operator S∗ of the ruled surface S∗ is obtained. If the vector
C∗(t) = sin θ∗V∗

1 + cos θ∗V∗
3 is differentiated, we have

C∗ ′(t∗) = θ∗
′
cos θ∗V∗

1 − θ∗
′
sin θ∗V∗

3 .

If this expression is substituted into the striction equation, it becomes

γ(t∗) = r∗(t∗)− cos θ∗

θ∗
′ C∗(t∗).

Substituting this expression into relation (17) yields the ruled surface φ∗(t∗, v) as

φ∗(t∗, v) = r∗(t∗)− cos θ∗

θ∗
′ C∗(t) + vC∗(t).
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The derivatives of the surface φ∗(t, v) with respect to t∗ and v are given by

φ∗
t (t

∗, v) =
(

1 +
θ∗

′
sin2 θ∗ + θ∗

′′
cos θ∗ sin θ∗

(θ∗
′
)2

− cos2 θ + vθ′ cos θ∗
)

V∗
1 (23)

+
( θ∗

′
sin θ∗ cos θ∗ + θ∗

′′
cos2 θ∗

(θ∗
′
)2

+ cos θ∗ sin θ∗ − vθ∗
′
sin θ∗

)
V∗

3

and
φ∗

v(t
∗, v) = sin θ∗V∗

1 + cos θ∗V∗
3 . (24)

The inner product of the vectors φ∗
t (t

∗, v) and φ∗
v(t∗, v) taken on the surface φ∗(t∗, v)

satisfies ⟨φt∗ , φ∗
v⟩ ̸= 0. Then, if the Gram Schmidt orthogonalization method is applied to

the system {φ∗
t , φ∗

v}, we obtain

X∗ = sin θ∗V∗
1 + cos θ∗V∗

3 , Y∗ = vθ∗′ cos θ∗V∗
1 − vθ∗

′
sin θ∗V∗

3 . (25)

Thus, the orthogonal system {X∗, Y∗} forms a basis for the space χ∗(S∗). Let the normal
vector field of the surface S∗ be denoted by N∗. In this case, N∗ = vθ∗

′
V∗

2 . The unit normal
vector of the surface is given by N∗

0 = V∗
2 . For the shape operator S∗ : χ∗(S∗) −→ χ(S∗)

and for a, b, c, d ∈ R, the linear transformation S∗ associated with the ruled surface S∗ is
defined by

S∗(X∗) = aX∗ + bY∗, S∗(Y∗) = cX∗ + dY∗. (26)

From (23), (24) and (26), we obtain

S∗(X∗) = 0, S∗(Y∗) = κ∗V∗
1 + τ∗V∗

3 . (27)

Using the relations in (27), the scalar coefficients a, b, c and d are calculated as

a = ⟨S∗(X∗), X∗⟩ = 0, b = ⟨S∗(X∗), Y∗⟩ = 0,

c = ⟨S∗(Y∗), X⟩ = 0, d = ⟨S∗(Y∗), Y∗⟩ = −vθ∗
′√

κ∗2 + τ∗2.

If the matrix corresponding to the shape operator of the linear transformation S∗ is denoted
by S∗, then

S∗ =

[
0 0
0 −vθ∗′

√
κ∗2 + τ∗2

]
. (28)

Accordingly, the principal curvatures k∗1 and k∗2 of the surface S∗ are found to be

k∗1 = 0, k∗2 = −vθ∗′
√

κ∗2 + τ∗2. (29)

Substituting Equation (14) into the expression for k∗2, we obtain

k2
∗ = −v(α′ + θ′)(

dt
dt∗

)2
√

κ2 + τ2.

If this expression is substituted into Equation (28), the matrix of the shape operator S∗ is
found as

S∗ =

0 0

0 −v(α′ + θ
′
)(

dt
dt∗

)2
√

κ2 + τ2

.
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Hence, the following relation holds between the shape operator matrices S and S∗: S∗ =( dt
dt∗
)2(

1 +
α′

θ′

)
S

These algebraic results demonstrate that the shape operators S and S∗ are structurally
equivalent. Since the unit normals coincide (N = N∗), both operators share the same
principal directions. Furthermore, the parallelism of the Darboux vectors (W ∥ W∗) fixes
the instantaneous axis of rotation, ensuring that the ruled character of the surface is
preserved. Thus, the transformation describes a uniform rescaling of curvature by the
distance d, rather than a fundamental change in the surface’s geometric nature.

Theorem 2. Let K and K∗ be the Gaussian curvatures, and H and H∗ be the mean curvatures of
the parallel d-equidistant ruled surfaces S and S∗, respectively. Then, the following relations hold:

K∗ = K = 0, H∗ = H
( dt

dt∗
)2

−
( dt

dt∗
)2

vα′
√

κ2 + τ2 (30)

Proof. From Equations (21) and (28), we obtain K = detS = 0, K∗ = detS∗ = 0, which
implies that K = K∗ = 0. Similarly, using Equations (21) and (28), the mean curvatures are
found as

H =
TraceS

2
= −vθ

′√
κ2 + τ2

2
, H∗ =

TraceS∗

2
=

−vθ∗
′√

κ∗2 + τ∗2

2
(31)

If the equations in (14) are substituted into Equation (31), then H∗ takes the form given in
Equation (30).

Based on these results, the following conclusions can be drawn:

Conclusion 1. (i) The parallel d-equidistant ruled surfaces S and S∗ are developable surfaces.
(ii) If the angle α is constant and the ruled surface S is minimal, then the ruled surface S∗ is also

minimal.

Theorem 3. For a vector field Z in χ(S) to also belong to χ(S∗), the following relations must
hold:

a∗ = a − p sin θ − q cos θ, z = 0, b∗vθ∗
′
= bvθ

′ − p cos θ + q sin θ (32)

Here, the coefficients correspond to Z = aX + bY, Z∗ = a∗X∗ + b∗Y∗ and−→
γγ∗ = pV1 + zV2 + qV3.

Proof. Let us determine the conditions under which a vector field Z ∈ χ(S) also lies in
χ(S∗). Since χ(S) = Sp{X, Y} and χ(S∗) = Sp{X∗, Y∗} we have

X = sin θV1 + cos θV3, Y = vθ′ cos θV1 − vθ′ sin θV3,

and
X∗ = sin θ∗V∗

1 + cos θ∗V∗
3 , Y∗ = vθ∗

′
cos θ∗V∗

1 − vθ∗
′
sin θ∗V∗

3 .

If we consider α = θ∗ − θ, and use the trigonometric identities

sin θ∗ = sin(θ + α), cos θ∗ = cos(θ + α). (33)

the corresponding transformations between the vector systems can be obtained. From
relations [18], the vectors (33), X∗ and Y∗ are found as

X∗ = X, Y∗ =
dt
dt∗
(
Y + vα′(cos θV1 − sin θV3)

)
. (34)
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A vector Z ∈ χ(S) can then be expressed as

Z = (a sin θ + bvθ′ cos θ)V1 + (a cos θ − bvθ′ sin θ)V3. (35)

Similarly, for the vector Z∗ ∈ χ(S∗) with respect to basis {X∗, Y∗} Z∗, and using rela-
tion (34), the vector Z∗ is found to be

Z∗ = (a∗ sin θ + b∗v(θ′ + α′)
dt
dt∗

cos θ)V1 + (a∗ cos θ − b∗v(θ′ + α′)
dt
dt∗

sin θ)V3. (36)

From Figure 1, the vector Z∗ can be written as

Z∗ = Z − γγ∗. (37)

Substituting Equations (35) and (36) using
−→
γγ∗ = pV1 + zV2 + qV3 we obtain

Z∗ = Z − (pV1 + zV2 + qV3)

(
a∗ sin θ + b∗v(θ′ + α′)

dt
dt∗

cos θ
)
V1

+
(
a∗ cos θ − b∗v(θ′ + α′)

dt
dt∗

sin θ
)
V3

=

(
a sin θ + bθ′v cos θ − p

)
V1 − zV2

+
(
a cos θ − bθ′v sin θ − q

)
V3

.

If the necessary algebraic manipulations are performed, the following system of equations
is obtained:

a∗ sin θ + b∗v(θ′ + α′)
dt
dt∗

cos θ = a sin θ + bvθ′ cos θ − p,

z = 0,

a∗ cos θ − b∗v(θ′ + α′)
dt
dt∗

sin θ = a cos θ − bvθ′ sin θ − q.

From these relations, the coefficients a∗ and b∗vθ∗
′

are obtained as given in Equation (32).

Figure 1. Z and Z∗ vectors.

Theorem 4. Let S and S∗ be parallel d-equidistant ruled surfaces. Then, the following relations
hold between the fundamental forms of the ruled surfaces S and S∗:

I∗q = (
dt
dt∗

)2q−2(1 +
α′

θ′
)q−1 Iq, 1 ≤ q ≤ 3. (38)

Proof. Before deriving the algebraic relations between the fundamental forms, we first
justify the compatibility of the tangent bases {X, Y} and {X∗, Y∗} under the reparame-
terization. Since the unit Darboux vectors are parallel (C ∥ C∗), the generator vector is
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invariant, implying X∗ = X as derived in (34). Furthermore, since the surfaces are parallel
d-equidistant, they share the same unit normal vector field N = N∗. Consequently, the
orthogonal complement basis vectors Y and Y∗ must be collinear. By using the definition of
Y∗ in (34) and substituting the relation Y = vθ′(cos θV1 − sin θV3) from (18), we establish
the linear correspondence:

Y∗ =
dt
dt∗
(
Y + vα′(cos θV1 − sin θV3)

)
=

dt
dt∗

(
1 +

α′

θ′

)
Y.

This linear relation confirms that the orthogonality of the frame is preserved (⟨X∗, Y∗⟩ = 0),
and the transition is governed strictly by the scaling factors. The basic forms I, II, and III of
the ruled surface S for Z, T ∈ χ(S) are given by the basic forms I., I I. and I I I. of the ruled
surface S for ∀Z, T ∈ χ(S) from (4) are given by

I(Z, T) = ⟨Z, T⟩, I I(Z, T) = ⟨S(Z), T⟩, I I I(Z, T) = ⟨S2(Z), T⟩. (39)

Similarly, the basic forms of the S∗ ruled surface, denoted by I∗, I I∗ and I I I∗, can be
expressed using relation (16) as

I∗(Z, T) = I(Z, T)

I I∗(Z, T) = (
dt
dt∗

)2(1 +
α′

θ′
)I I(Z, T)

I I I∗(Z∗, T) = (
dt
dt∗

)4(1 +
α′

θ′
)2 I I I(Z, T). (40)

From relations (39) and (40), a general relation, such as (38) is obtained.

Theorem 5. Let S and S∗ be parallel d-equidistant ruled surfaces. For the principal curvature
directions of S to also be principal curvature directions of S∗, a necessary and sufficient condition is
that the angle α is constant.

Proof. Let X be the principal curvature direction of S . Then, S(X) = kX holds. Using

relation (16), we have S∗(X) =
( dt

dt∗
)2(1 + α′

θ′
)
kX. If α is constant, then S∗(X) =

( dt
dt∗
)2kX,

which shows that X is also a principal curvature direction of S∗. Conversely, let Y be a
principal curvature direction of S∗. Then S∗(Y) = λY holds. From relation (16), we have

S∗(Y) =
(dt∗

dt
)2( θ′ + α′

θ′
)
λY. If α is constant, then S∗(Y) =

(dt∗

dt
)2

λY showing that Y is
also a principal curvature direction of S .

Theorem 6. Let S and S∗ be parallel d-equidistant ruled surfaces.

(i) If the angle α is constant, the umbilical points of S are also umbilical points of S∗.
(ii) The flat points of S are also flat points of S∗.

Proof. (i) Let P be an umbilical point of S . Then the shape operator satisfies S = λI2, λ ∈ R.
Using relation (16), S∗(X) = λ2 I2, λ2 ∈ R, which shows that P is also an umbilical point
of S∗

(ii) Let P be the flat point of S , i.e., S = 0. From relation (16), it follows that S∗(X) = 0
so P is also a flat point of S∗.

Conclusion 2. (Geometric Interpretation of Theorems 6 and 7): These findings prove that funda-
mental geometric properties, such as umbilical points and flat points, are symmetrically preserved
between different pairs of surfaces, particularly under the condition of constant α. Geometrically,
this preservation is guaranteed because the condition α = const implies an isogonal correspondence,
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where the relative angular velocity between the moving frames vanishes (α′ = 0). In the absence of
this relative rotation, the tangent bundle undergoes a rigid transformation without shearing, thereby
preserving the isotropic nature of umbilical points and the vanishing curvature of flat points across
the parallel ruled surfaces.

Theorem 7. Let S and S∗ be parallel d-equidistant ruled surfaces.

(i) If α ̸= const., the conjugate tangent vectors of S are also conjugate tangent vectors of S∗.
(ii) The asymptotic directions of S are also the asymptotic directions of S∗.

Proof. (i) For conjugate tangent vectors XP, YP ∈ TS ∈ (P), we have ⟨S(XP), YP⟩ = 0 From
relations (16) and (34), this becomes

⟨S(XP), YP⟩ = (
dt∗

dt
)3(

α′

α′ + θ′
)
〈

S∗(XP
∗), (YP

∗)
〉

.

Since α′ ̸= 0, it follows that
〈

S∗(X∗
P), Y∗

P

〉
= 0, showing that XP and YP are also conjugate

tangent vectors of S∗ when α is not constant.

(ii) If XP is an asymptotic direction of S , then
〈

S(XP), XP

〉
= 0. Substituting relations

(16) and (34) yields 〈
(

dt∗

dt
)2(

α′

α′ + θ′
)S∗(XP), XP

〉
= 0

which simplifies to 〈
S∗(XP), XP

〉
= 0.

Hence, XP is also an asymptotic direction of S∗.

Conclusion 3. The asymptotic lines of S are also the asymptotic lines of S∗.

Theorem 8. Let PS (λ) and PS∗(λ) be the characteristic polynomials of the shape operator matrices
corresponding to the parallel d-equidistant ruled surfaces S and S∗, respectively. Then, the following
relation holds:

PS∗(λ) = (
dt
dt∗

)2PS (λ) + λ2(1 − (
dt
dt∗

)2)+ vα′λ
√

κ2 + τ2 (41)

Proof. Let S and S∗ be the matrices of the shape operators of S and S∗, respectively. Their
characteristic polynomials are

PS (λ) = λ2 − (k1 + k2)λ + (k1.k2) and PS∗(λ) = λ2 − (k∗1 + k∗2)λ + (k∗1.k∗2).

Setting H = k1 + k2, H∗ = k∗1 + k∗2, K = k1k2 = 0 and K∗ = k∗1k∗2 = 0, we have

PS (λ) = −Hλ + λ2 and PS∗(λ) = −H∗λ + λ2. (42)

Substituting relation (30) into this expression gives PS∗(λ) as in (41).

Theorem 9. The shape operators of S and S∗ parallel d-equidistant ruled surfaces satisfy
the relation:

PS∗(S∗) = (
dt
dt∗

)4(1 +
α′

θ′
)(PS (S) + Svα′

√
κ2 + τ2). (43)

This establishes the relationship between the characteristic polynomials of the corresponding matrices:

(
dt
dt∗

)4(1 +
α′

θ′
)Svα′

√
κ2 + τ2) = 0.
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Proof. From the relation (42) and the Cayley Hamilton theorem,

PS (S) = 0, PS∗(S∗) = 0. (44)

Substituting relations relations (16) and (30) into PS∗(S∗) = 0 gives the result in (43).

Theorem 10. For the basic forms and mean curvatures of parallel d-equidistant ruled surfaces of S
and S∗, the following relation holds:

I I I∗ − H∗ I I∗ = (
dt
dt∗

)4(1 +
α′

θ′
)(I I I − HII) + (

dt
dt∗

)4(1 +
α′

θ′
)vα′

√
κ2 + τ2 ≡ 0

where (
dt
dt∗

)4(1 +
α′

θ′
)vα′

√
κ2 + τ2 = 0.

Proof. For the basic forms and mean curvatures of parallel d-equidistant ruled surfaces,
we have I I I − HII + KI ≡ 0, I I I∗ − H∗ I I∗ + K∗ I∗ ≡ 0 From this, it follows that I I I∗ −
H∗ I I∗ = 0. which implies

( dt
dt∗
)4
(1 +

α′

θ′
)vα′

√
κ2 + τ2 = 0.

Theorem 11. The derivative operators of parallel d-equidistant ruled surfaces S and S∗ satisfy the
following relation:

D∗
X∗Y∗ = (

dt
dt∗

)DXY + (
dt
dt∗

)DX M − ⟨S(X), Y⟩V2 +
( dt

dt∗
)3(

1 +
α′

θ′

)〈
S(X), Y + M

〉
V2 (45)

where M = vα′(cos θV1 − sin θV3).

Proof. The unit normals of S and S∗, which are parallel d-equidistant ruled surfaces, are
given by N0 = V2 and N∗

0 = V∗
2 , respectively. Let the Riemann connection in E3 be denoted

by D, and the derivative operators on S and S∗ be denoted by D and D∗, respectively.
Then, the Gaussian equations of the surfaces can be expressed as

DXY = DXY + ⟨S(X), Y⟩V2, D∗
X∗Y∗ = DX∗Y∗ + ⟨S∗(X∗), Y∗⟩V∗

2 . (46)

Considering the relations given in (16) and (34), namely M = vα′(cos θV1 − sin θV3) the
derivative D∗

X∗Y∗ can be written as

D∗
X∗Y∗ = (

dt
dt∗

)DXY + (
dt
dt∗

)DX M + (
dt
dt∗

)3(1 +
α′

θ′
)⟨S(X), Y + M⟩V2.

Finally, substituting Equation (46) into the above expression leads to the relation given
in (45).

Theorem 12. Let S and S∗ be parallel d-equidistant ruled surfaces. If an α curve is both asymptotic
and geodesic in S , a necessary and sufficient condition for it to be a geodesic in S∗, is DTT = 0.

Proof. Let T be the tangent of the α curve. If the curve is asymptotic and geodesic in S ,
then ⟨S(T), T⟩ = 0 and DTT = 0. From Equation (45) we have D∗

TT is

D∗
TT = DTT − ⟨S(T), T⟩V2 + (

dt
dt∗

)3(1 +
α′

θ′
)
(
⟨S(T), T⟩V2

)
+ DTT = 0.

Thus, if DTT = 0, it follows that D∗
TT = 0, completing the proof.
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Theorem 13. The following relations hold between the arc lengths of the spherical indicatrices of
the striction curves of parallel d-equidistant ruled surfaces S and S∗:

SV∗
1
= cos αSV1 − sin αSV3 , SV∗

2
= SV2 , SV∗

3
= sin αSV1 + cos αSV3 , (47)

where α is constant.

Proof. The arc length of the curve (V1
∗) is denoted by SV∗

1
and the angle α is constant.

Then

SV∗
1
=
∫ t

0
κ∗dt∗ =

∫ t

0
(κ cos α − τ sin α)dt = cos α

∫ t

0
κdt − sin α

∫ t

0
τdt = cos αSV1 − sin αSV3 .

Similarly, SV∗
2

and SV∗
3

can be obtained in the same manner (see [3]).

Theorem 14. In E3, let S and S∗ be parallel d-equidistant ruled surfaces. Let the spherical
indicatrix curvatures and radii of curvature of the generator vectors V1 and V1

∗ be denoted by
κV1 , κV∗

1
and ρV1 , ρV1

∗ , respectively. Then the following relations hold:

κV∗
1
=

κκV1

κ∗
dt
dt∗

and ρV1
∗ =

ρV1 κ∗

κ

dt∗

dt
. (48)

Proof. Let r∗ = r∗(t) be the underlying curve of the ruled S∗. Differentiating, we obtain

V∗
1 =

dr∗

dt∗
, V∗

1
′
= κ∗V∗

2 , V∗
1

′′
= −κ∗2V1

∗ + κ∗
′
V2

∗ + κ∗τ∗V3
∗ and

∥V∗
1
′ ∧ V∗

1
′′
∥ = κ∗2

√
κ∗2 + τ∗2. Denoting the curvature function by κV1

∗ and the radius of
curvature by ρV1

∗ , from [32], we have κV1
∗

κV1
∗ =

√
κ∗2 + τ∗2

κ∗
=

√
κ2 cos2 α − 2κτ cos α sin α + τ2 sin2 α

+κ2 sin2 α + 2κτ sin α cos α + τ2 cos2 α(
κ cos α − τ sin α

) dt
dt∗

=

√
κ2 + τ2(

κ cos α − τ sin α
) dt

dt∗

Finally, κV1
∗ and ρV1

∗ are given by (48).

Theorem 15. In E3, let S and S∗ be parallel d-equidistant ruled surfaces. Let the spherical
indicatrix curvature and radius of curvature of the central normal vectors V2 and V2

∗ be denoted by
κV2 , κV∗

2
and ρV2 , ρV2

∗ , respectively. Then

κV2
∗ = κV2 and ρV∗

2
= ρV2 (49)

Proof. Taking the first and second derivatives of the spherical indicatrix curve of the central
normal vector (V2

∗), we have V2
∗ ′ = −κ∗V1

∗ + τ∗V3
∗,

V2
∗ ′′ = −κ∗

′
V1

∗ − (κ∗2 + τ∗2)V2
∗ + τ∗ ′V3

∗. Then ∥V2
∗ ′∥3 = (κ∗2 + τ∗2)

3
2 and |W∗∥ =√

κ∗2 + τ∗2 Denoting the curvature function of the spherical indicatrix by κV2
∗ , we obtain

κV2
∗ =

∥V2
∗ ′ ∧ V2

∗ ′′∥
∥V2

∗ ′∥3
=

√
∥W∗∥6 + (−κ∗

′
τ∗ + κ∗τ∗ ′)2

∥W∗∥3 .

If
dt
dt∗

is constant, this equation becomes

κV2
∗ =

√
∥W∗∥6(

dt∗

dt
)6 + (

dt∗

dt
)6(−κ∗

′
τ∗ + κ∗τ∗ ′)2

(
dt∗

dt
)3∥W∗∥3

(50)
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Here, the quantities W∗, κ∗
′
, τ∗ ′ and κ∗

′
τ∗ + κ∗τ∗ ′ are expressed as

∥W∗∥ =
√

κ∗2 + τ∗2 =
√

κ2 + τ2 dt
dt∗

= ∥W∥ dt
dt∗

,

−κ∗
′
τ∗ + τ∗ ′κ∗ = (

dt
dt∗

)3(κ′τ + κ2α′ + κτ′ + τ2α′). (51)

If these expressions are substituted into (50) and the special case where α′ is constant is
considered, we obtain

κV2
∗ =

√
∥W∥6 + (−κ′τ + τ′κ)2

∥W∥3 .

From [32], it follows that κV2
∗ = κV2 . If the radius of curvature is denoted by ρV2

∗ , then
ρV2

∗ = 1
κV2

∗ = ρV2 . This completes the proof.

Theorem 16. Let S and S∗ be parallel d-equidistant ruled surfaces in E3. Let V3 and V3
∗ denote

the central tangent vectors, and let their spherical indicatrix curvatures and radius of curvature be
represented by κV3 , κV∗

3
and ρV3 , ρV3

∗ , respectively. Then the following relations hold:

κV3
∗ =

κV3 τ

τ∗
dt
dt∗

and ρV3
∗ =

ρV3
∗τ∗

τ

dt∗

dt
(52)

Proof. Taking the first and second derivatives of the spherical indicatrix curve (V3
∗), we

obtain V3
∗ ′ = τ′V2

∗ and
V3

∗ ′′ = κ∗τ∗V1
∗ − τ∗ ′V2

∗ − τ∗2V3
∗. Here, V3

∗ ′ ∧ V3
∗ ′′ = τ∗3V1

∗ + κ∗τ∗2V3
∗ and

∥V3
∗ ∧ V3

∗ ′′∥ = τ∗2∥W∗∥, Therefore, the curvature function of the spherical indica-

trix (V3
∗) is κV3

∗ =
∥W∗∥

τ∗ . Using the relations in (51) κV3
∗ and ρV3

∗ can be expressed
as in (52).

Example 1. Let the base curves of ruled surfaces φC(t, v) and φC∗(t, v) be defined respectively as

r(t) =
(√3

3
sin(

√
3t),

√
2,

√
3

3
cos(

√
3t)
)
, r∗(t) =

(2
√

3
3

sin(
√

3t),
√

6
3

, 2

√
3

3
cos(

√
3t)
)
,

The Darboux vectors and the corresponding curvatures of r and r∗ are obtained as

D = (0,
√

3, 0), C = (0, 1, 0), κ(t) =
√

3, τ(t) = 0,

D∗ = (0,

√
3

2
, 0), C∗ = (0, 1, 0), κ∗(t) =

√
3

2
, τ∗(t) = 0

Hence, the ruled surfaces generated by these vectors are

φC(t, v) =
(√3

3
sin(

√
3t),

√
2,

√
3

3
cos(

√
3t)
)
+ v(0,

√
3, 0),

φC∗(t, v) =
(2

√
3

3
sin(

√
3t),

√
6

3
, 2

√
3

3
cos(

√
3t)
)
+ v(0,

√
3

2
, 0).

The striction lines γ(t) and γ∗(t) of the ruled surfaces φC(t, v) and φC∗(t, v) are given by

γ(t) =
(√3

3
sin(

√
3t),

√
2 −

√
3 cos θ

dt
dθ

,

√
3

3
cos(

√
3t)
)

,

γ∗(t) =
(2

√
3

3
sin(

√
3t),

√
6

3
−

√
3

2
cos θ∗

dt
dθ∗

,
2
√

3
3

cos(
√

3t)
)
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Since γγ∗ = γ∗ − γ and cos θ =
κ√

κ2 + τ2
= 1 and cos θ∗ =

κ∗√
κ∗2 + τ∗2

= 1, we obtain γγ∗

are found as

γγ∗(t) =

(√
3

3
sin(

√
3t),

√
6

3
−
√

2 −
√

3
2

dt
dθ∗

+
√

3
dt
dθ

,

√
3

3
cos(

√
3t)

)
.

Let p and q denote respectively the distances between the polar and asymptotic planes. Then,

p =

√
3

3
sin(

√
3t), q =

√
3

3
cos(

√
3t). From Equation (15), the distance d between the central

planes is

d =

√
3

3
cos(

√
3t).

Let the central planes be H = Sp{V1, V3} and H∗ = Sp{V1
∗, V3

∗}. For any X ∈ H and X∗ ∈ H∗,
from ⟨−→γX,

−→
C ⟩ = 0 and ⟨

−−−→
γ∗X∗,

−→
C∗⟩ = 0 the corresponding plane equations are:

H...y
√

3 −
√

6 + 3
dt
dθ

= 0,

H∗...y∗2
√

3 − 2
√

2 + 3
dt

dθ∗
= 0.

Case 1: t = 0
At t = 0 the striction points and distance d are

γ(0) =
(
0,
√

2 −
√

3
dt
dθ

,

√
3

3
)
, γ∗(0) =

(
0,

√
6

3
−

√
3

2
dt

dθ∗
,

2
√

3
3
)
, d =

√
3

3
.

The Darboux vectors are parallel at the striction point. Let A and B be points on the central
planes H and H∗, respectively:

A(0,
√

2 −
√

3
dt
dθ

, 0) ∈ H, B(0,

√
6

3
−

√
3

2
dt

dθ∗
, 0) ∈ H∗.

Since the distance between A and B is

√
3

3
, if

dt
dθ

=
1
3
−

√
2

3
and

dt
dθ∗

= −2
√

6
3

are chosen,
the points A and B are obtained.

A(0,
√

2 −
√

3
3

+

√
6

3
, 0), B(0,

√
6

3
+
√

2, 0).

Substituting into the striction lines gives

γ(0) = (0,
√

2 −
√

3
3

+ 1,

√
3

3
), γ∗(0) = (0,

√
6

3
+
√

2,
2
√

3
3

).

For t = 0 and v ∈ (−4, 4), the striction curve and the ruled surface are shown in Figure 2,
and the distance d between the central planes at the corresponding points is illustrated in
Figure 3.
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Figure 2. d-equidistant ruled surfaces.

Figure 3. Distance d at appropriate points for t = 0.

Case 2: t =
π
√

3
18

For t =
π
√

3
18

striction points γ, γ∗ and distance d are

γ
(π

√
3

18

)
=
(√3

6
,
√

2 −
√

3
dt
dθ

,
1
2

)
, γ∗

(π
√

3
18

)
=
(√3

3
,

√
6

3
−

√
6

2
dt

dθ∗
, 1
)

, d =
1
2

.

The Darboux vectors are again parallel at the striction point. Let A and B be two points of
the central planes. These points are

A
(
0,
√

2 −
√

3
dt
dθ

, 0
)
∈ H, B

(
0,

√
6

3
−

√
3

2
dt

dθ∗
, 0
)
∈ H∗.

Since the distance between A and B is
1
2

, if
dt
dθ

=
6
3
−

√
2

3
and

dt
dθ∗

= −
√

3
3

are chosen, the
points A and B are obtained as follows

A
(
0,

√
6

3
, 0
)
, B

(
0,

√
6

3
+

1
2

, 0
)
.

Substituting in the striction equations gives

γ
(√3π

18

)(√3
6

,

√
6

3
,

1
2

)
, γ∗

(√3π

18

)
=
(√3

3
,

√
6

3
−
√

2 +
1
2

, 1
)

.
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For t =

√
3π

18
and v ∈ (−4.4), the distance d of the central planes at the corresponding

points is shown in Figure 4.

Figure 4. Distance d at appropriate points for t =

√
3π

18
.

Maple visualizations confirm the theoretical findings for parallel d-equidistant ruled
surfaces. The nested cylinders in Figure 2 result directly from the vanishing torsion (τ = 0)
of the base curves. Since τ = 0, the Darboux vectors align with the constant binormal
direction, creating generalized cylinders with translational symmetry. The calculated
principal curvatures (k2 = 0) analytically confirm this structure. Since K = 0, the surfaces
are developable, but they are not minimal because the mean curvature is non-zero (H ̸= 0).
Additionally, Figures 3 and 4 display the Central Planes (H and H∗) rather than the
surfaces themselves. These planes act as reference frames for the d-equidistant condition.
The distance between these planes in the figures matches the calculated values (d =

√
3

3
and d = 1

2 ) exactly. Thus, the visual results align with the algebraic findings regarding
parallelism and the fixed distance between the central planes.

4. Conclusions
In this study, equidistant ruled surfaces generated by Darboux vectors in three-

dimensional Euclidean space were analyzed in in detail, and their geometric and differential
properties were systematically examined. By deriving transition formulas for shape op-
erators and curvatures, we established that the geometry of the equidistant surface is a
scaled transformation of the original one. Our analysis proved that both surfaces are devel-
opable (K = K∗ = 0) but generally not minimal (H ̸= 0). A central theme throughout our
investigation was the exploration of the intrinsic geometric correspondence between the
two surfaces. Specifically, we demonstrated that asymptotic lines are essentially invariant,
while principal directions and umbilical points are preserved under the condition of a
constant angle α. The geometric interpretation of these theoretical results, supported by
Maple visualizations, bridges the gap between abstract algebraic invariants and tangible
spatial properties.

Building upon these concrete geometric interpretations established in Euclidean 3-
space (E3), future research aims to expand this framework in several strategic directions.
Primarily, since the Darboux vector is defined only in odd-dimensional spaces, we aim
to extend these findings to higher-dimensional Euclidean spaces (E2n+1). In addition, the
Darboux vector obtained using the Frenet frame can be reconsidered by employing the
Bishop and alternate moving frames, and the equidistant ruled surfaces generated by
this vector can be examined in detail. Moreover, the proposed approach can be extended
to non-Euclidean geometries, including Lorentz–Minkowski, Dual, and Galilean spaces.
Comparative analyses carried out in these different metric spaces are expected to reveal
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how the geometric properties of equidistant ruled surfaces vary depending on the chosen
frame and the underlying metric structure. The concrete E3 model developed in this paper
will serve as a fundamental benchmark for these analytical generalizations, facilitating the
interpretation of complex geometric structures in future studies.
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Nomenclature

Symbol Description
E3 3-Dimensional Euclidean space
r(t) Unit speed curve (Base curve)
{V1, V2, V3} Frenet frame field (Tangent, Normal, Binormal vectors)
κ, τ Curvature and Torsion of the curve r(t)
r∗(t∗) Unit speed base curve of the parallel ruled surface S∗

{V∗
1 , V∗

2 , V∗
3 } Frenet frame field of the curve r∗ (Tangent, Normal, Binormal)

κ∗, τ∗ Curvature and Torsion of the curve r∗

W(t) Darboux vector
C(t) Unit (normalized) Darboux vector
θ Angle between the Darboux vector W and the binormal vector V3

S Ruled surface generated by the Darboux vector C(t)
S∗ Parallel d-equidistant ruled surface to S
φ(t, v) Parametrization of the ruled surface
γ(t) Striction curve of the ruled surface
d Constant distance between the central planes of the surfaces
α Angle difference function (α = θ∗ − θ)
S Shape operator (Weingarten map) or its matrix representation
K, H Gaussian and Mean curvatures
k1, k2 Principal curvatures
I, I I, I I I First, Second, and Third Fundamental Forms
D, D Riemannian connection operators
N, N0 Normal vector field and Unit normal vector of the surface
dt
dt∗ Derivative ratio between the parameters of the curves
Sp{V1, V3} Central plane spanned by Tangent and Binormal vectors
κVi , ρVi Curvature and radius of curvature of the spherical indicatrix curves
∗ Indicates parameters associated with the parallel d-equidistant ruled surface
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