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Abstract

The study of non-Newtonian fluids has drawn much scholarly attention because of the wide range of applications they have
in industrial processes, such as plastic, lubrication systems, and in mining operations. When combined with magnetohy-
drodynamic effects their importance widens to more advanced technological and biomedical applications such as magnetic
resonance imaging, medical diagnostics, and hyperthermia treatment. Recent investigations have proven that the addition
of nanosized particles into base fluids improves the thermal performance and the heat transfer efficiency. Nevertheless, heat
transfer in realistic mechanical systems is affected by a huge number of interacting physical parameters, each with different
contribution to overall behavior. In the present study, a sensitivity analysis is conducted to study the effect of some important
parameters, which include internal heat generation, magnetic field strength, and Casson nanofluid properties. The governing
equations are derived from fundamental conservation laws and transformed into a dimensionless form for generalization.
The model is generalized by using Fourier’s and Fick’s laws. Analytical treatment is achieved using the Laplace transform
technique, while the Levenberg—Marquardt algorithm is employed for numerical prediction and validation. Results demon-
strate high accuracy with mean-squared error values below 1071 especially for a fractional nanofluid Casson flow model.
The Levenberg—Marquardt algorithm is utilized, with 70% of the data used for training and 15% allocated for validation and
testing. The findings reveal that momentum increases with decreasing fractional parameters. Table 4 gives the validity of
present work with already published work.

Keywords Laplace transform method - Magnetic field - Nanoparticles - Fractional derivatives - Neural networks - Heat
transfer - Mass transfer - Casson fluid, porous media - Chemical reaction - Suction/injection - Levenberg—Marquardt
algorithm.
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Introduction

Analytical assessment of system responsiveness plays a cru-
cial role in manufacturing processes to evaluate the influence
of diverse input parameters on various fluid flow phenom-
ena. This technique has become integral to contemporary
theoretical and industrial advancements, particularly in the
optimization of control mechanisms across different engi-
neering domains. Beyond its primary applications, such
evaluations have extended their impact into numerous sci-
entific disciplines, including nuclear engineering, ecological
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studies, biomedicine, and socio-economic research. In order
to check the effective responses of the system, it is neces-
sary to established a significant interdependencies among
the factors of input and behavior of output. To explain such
type of connection, many researcher investigated different
types of operators/methods. The formulation/connection
of correlation is the most important/emerging strategies in
these research/techniques. This method/technique evaluate/
verified the relationship between physical parameters/quanti-
ties in engineering discipline and applied sciences. Several
scholars studied/evaluated the computational, numerical, or
analytical technique/methods to worked on problems/models
as given in [1-7].

There are two types of fluid, one is classical Newtonian
fluid, and other is non-Newtonian. These two fluids differ
due to the viscosity property which indicate the flow proper-
ties. This flow property have unique behavior to differ them
in the mechanisms of lubrication, synthesis of polymer,
biomedical discipline, chemical process, applied physics,
applied mathematics, aerodynamic system, material system,
industrial and engineering process. Due to technical impor-
tance/significance in these systems, these fluid have obtained
a crucial momentum. In order to evaluate these problems,
many researcher worked on it. the influence of Caputo opera-
tor on MHD flow of fluid is evaluated by Asjad et al. [8].
Ramzan et al. [9] investigated the channel flow of Casson
fluid via Laplace and fractional operator. Krishna et al. [10]
proposed an analytical approach for fluid motion in parallel
plates with thermal effects. Samniulaga et al. [11] examined
the viscous flow of fluid with heat flux and temperature dis-
tribution, whereas Sheikh et al. [12] observed the unsteady
flow of second grade fluid with modern fractional operator.
Kataria et al. [13] investigated thermochemical diffusion
effects in unsteady magnetohydrodynamic (MHD) motion
past a vertically oscillating plate, while Shah et al. [14] pro-
posed a semi-analytical framework for solving fractional-
order Navier—Stokes equations.

This memory effect is very important for effectively simu-
lating physical, biological, and economic systems including
viscoelastic materials, anomalous diffusion, and financial
markets, where what happened in the past has a big impact
on what happens now. Fractional calculus has gained great
prominence in the research of fluid mechanics due to its
versatile applicability. For example, Sene [15] used a frac-
tionalized Caputo operator to study the flow of viscous New-
tonian fluids, while Razzaque and colleagues [16] examined
the effect of fractional-based thermal and mass diffusion.
Chu et al. [17] created an analytical scheme of the nanofluid
motion dependent on Caputo—Fabrizio fractional derivative.
Recently, there are a number of fractional derivatives such
as Caputo, Caputo—Fabrizio, and Atangana—Baleanu deriva-
tives that have been explored in the field of scientific litera-
ture [18, 19].
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Convective motion in porous media is crucial for a vari-
ety of practical applications, including cooling nuclear
reactors, solar thermal collection, geothermal energy sys-
tems, agricultural storage solutions, and temperature con-
trol for porous frameworks. Temperature and concentration
gradients are the major forces of heat and mass transfer in
such applications. Extensive research has been conducted
on these phenomena because of their importance in such
diverse fields as aerospace engineering, polymer processing,
power generation, and boundary layer control. Recent pro-
gress in MHD-driven convective heat transport has opened
the door to new discoveries. Siyal et al. [20] looked into how
MHD affects convective thermal and mass transport. They
used both Fourier’s and Fick’s principles to study fluids that
are different from each other. Ramzan and Abbas [21-22]
[built on this work by using generalized Brinkman nanofluid
models that were based on the work of Fourier and Fick.
Baaleanu et al. [23] also worked on a new fractional operator
that uses proportional Caputo derivatives to solve hard fluid
mechanics problems.

Using fractional CPC methods, Chu et al. [24] looked into
the properties of rate-type fluids when there are limits on
heat and mass flow. Ahmad et al. [25] created a fractional-
ized MHD model to study fluid dynamics that are not steady
and cannot be compressed, taking into account heat transfer.
Ramzan et al. [26] looked at MHD and mass diffusion using
a fractional operator. Nanofluids, which are known for being
better at transferring heat, have become an important area
of study. Ahmad et al. [27] looked at how silver and cop-
per nanofluids acted in porous structures. They found that
the way they moved changed depending on the governing
parameters. Bibi et al. [28] looked at how Williamson MHD
fluid particles move in three dimensions, and Ramzan et al.
[29] looked at how heat moves through nanofluid systems.
A few other studies have looked into how MHD nanofluid
flows affect things, as seen in [30—40].

In this study, we use the Prabhakar derivative to look into
MHD motion in a Casson nanofluid flow along a surface that
is perpendicular to it. We also include chemical reactions
and thermal sources in a porous medium. The governing
equations are formulated utilizing generalized frameworks
for mass and heat transport. Laplace transformation meth-
ods are used to semi-analytically solve the resulting non-
dimensional differential equations with initial and boundary
conditions. The results are shown in graphs that show how
velocity profiles, thermal distributions, and concentration
changes under different physical conditions.

Research gap
The classical Casson fluid model has been extensively stud-

ied; however, the application of fractional derivatives, par-
ticularly the Prabhakar fractional derivative, remains scarce.
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The lack of exact analytical solutions for complex boundary
conditions and flow geometries in fractional fluid models
presents a major gap in the current literature. Moreover,
while ANNs have shown potential for solving nonlinear
equations, their application to fractional Casson fluid models
is relatively new. This study fills the gap by:

e Introducing the Prabhakar fractional derivative in fluid
dynamics to better capture memory and non-local effects.

e Utilizing Artificial Neural Networks (ANN) for solving
complex fractional differential equations in Casson flu-
ids.

e The model is validated and benchmarked against analyti-
cal and numerical technique to overcome the limitations
of previous studies.

Aims

The aim of present study utilizes the Prabhakar derivative
to explore MHD motion in a Casson nanofluid flow along
a perpendicular surface, incorporating chemical reactions
and thermal sources within a porous media. The governing
equations are developed using generalized mass and heat
transport frameworks. The resultant non-dimensional differ-
ential equations with initial as well as boundary constraints,
are semi-analytically solved by Laplace transformation tech-
nique and its significance by using ANN which gives the
memory effects in long rang to seek the accuracy.

Objectives

¢ Investigation of Model: By using fractional operator with
non-local and memory effect, nanoparticles of Casson
fluid model is investigated.

e Performance of ANN: The model is optimized by using
algorithm of Levenberg—Marquardt to improve the effi-
ciency and accuracy in describing the behavior of nano-
particles of Casson flow model with Prabhakar operator.

e Assessment with solution of Benchmark: The validity
of ANN Casson fluid model is checked by comparing
experimental data and solution of benchmark.

e Significance in Engineering Areas: It has important sig-
nificant in many areas of engineering such as chemical
process, polymer process, biomedicine, agricultural, and
petroleum industry.

Novelty

The novelty of present study utilizes the Prabhakar deriva-
tive to model MHD motion in a Casson nanofluid flow along
a perpendicular surface with non-local and more complex
memory as compared to traditional/previous operators.

The Fick’s and Fourier’s laws are used to develop the flow
model with ANN. The present study introduces a Leven-
berg—Marquardt-based computational framework for solving
the fractional flow model, and experimental data used for
validity are the novelty of this study. As opposed to con-
ventional numerical methods, the proposed methodology
exhibits an improved convergence acceleration and accuracy
to deal with nonlinear dynamics with memory dependence.
Integrating Casson nanofluids with the Prabhakar fractional
operator and ANN is an advanced “triple-threat” approach
to thermal science that can bridge the gap between non-
Newtonian fluid mechanics, advanced calculus, and machine
learning as tools for solving heat transfer problems that are
beyond the ability of conventional analytical techniques.

e Hybrid Modeling of Casson Nanofluids: The current
study presented here performs a hybrid Casson nanofluid
model that includes cobalt (Co) and brass nanoparticles
to study the yield-stress-dependent flow characteristics.
The presence of both nanoparticle species introduced at
the same time changes the microstructure of the base
Casson fluid, therefore having a significant effect on the
yield-stress threshold, thermal conductivity and momen-
tum transport characteristics.

e Application of Prabhakar Fraction Operator: The gov-
erning momentum and energy equations are developed
based on Prabhakar fractional derivative with Mittag—
Leffler stretched kernel. This operator successfully cap-
tures the memory effects and anomalous diffusion and
non-local heat transfer mechanisms so that it provides a
more realistic representation of the interactions of hybrid
nanoparticles in comparison with the classical integer-
order models.

e Predictive Optimization According To ANN: An arti-
ficial neural network (ANN) of multilayer perceptron
(MLP) is used to train the nonlinear correlation between
the fractional parameters (alpha, beta, gamma) and some
important physical parameters such as skin friction and
Nusselt number. By using this method, it is possible to
forecast the thermal performance extremely rapidly with-
out continually solving computationally costly fractional
differential equations.

¢ Integrated Multiphysics > Al Framework: The proposed
framework synergistically integrates non-Newtonian
Casson fluid dynamics, the hybrid nanoparticle enhance-
ment, advanced fractional calculus and machine learning
optimization. This integrated methodology provides both
high fidelity and physical modeling and efficient com-
putational prediction to make it suitable for real-time,
energy-efficient, engineering application.
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Significance
This study’s use of fractional derivatives provides:

e A more accurate representation of non-Newtonian fluid
behavior, including long-term memory effects, in engi-
neering applications.

e Improved predictions for fields like biomedical engineer-
ing, oil recovery, and polymer processing, where tradi-
tional models fail to capture the complex behavior of
fluids.

e An efficient computational framework using ANN to
solve fractional differential equations, reducing the com-
putational cost compared to traditional methods.

Model formulation

The corporeal perfect of the liquid movement involves a
perpendicular, porous, infinite vertical plate, within the
framework of natural convection flow of a nanofluid. Pri-
marily, at time t* = 0, the plate and the nanofluid are at rest
with temperature T and concentration C%. For t* > 0, The
plate starts to moves with velocity f(#*) with temperature
T/ and concentration C, respectively. Figure 1 represents
a schematic diagram of the physical model and the bound-
ary layer flow configuration for a nanofluid over a vertical
plate in the presence of magnetic field with the following
flow assumption

Incompressible unsteady flow is considered.

Injection/suction is added in the flow.

The direction of plate is along x(’)* -axis

The infinite length of plate used in the model.

The fluid contains suspended nanoparticles.

A uniform transverse magnetic field is applied.

A first-order chemical reaction parameter is considered

for generative/consuming the reactants.

Ignoring the Hall influence.

e The initial heat and attentiveness of the liquid are
denoted by 77 and concentration C¥. As time pro-
gresses (* > 0), the fluid velocity adhere to the no slip
borderline form, matching the speed of the plate.

e All flow variables are independent of the xg direction

with the plate extending infinitely along this direction.

The linear momentum Eqgs. 7, 9 by employing Bouss-

inesq’s approximation and above supposition
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Fig. 1 The geometry of the flow problem
Oug (Yo, 1) 1.07(yy, %)
Phnt ™ 5 + 7, ) = (1 + ;)—ayo
- Uhnfﬂguo(%s ) + (PP pns8(T* = T2 )— D
uo(yo, 1)
- % + (PP )i (C* = C;),
1
shear stress 7 is
Ou(yo, 1)
T = Yl @
hnf ayo
Thermal Eq. is
oT* (¥, 1) 0q* (g, 1)
(P + 0" 0% = ——— = (3)
q(yy, *) is given by
oT* (g, 1*)
i TR )
Diffusion Eq. is
9C* 0o, 1) * * 0J* (yy, 1*) * *
o + Vo) (g, ) = —T —Ry(C* =C7),
(%)
(0 1) is
0C* (yg, 1)
T (9. 1) = =D ————. ©)
0 9
The model’s IBC [7] are
uy(yo- 1) =0, T, 1) = TZ, C* (v, 1) = CL, 17 =0,
(7N
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gy, 1) = U H(t), T* (v, t*) =T C*(yp, ") =C; y=0,
(®
uy(yo = 00,*) > 0, T*(yy = o0,1*)
&)

-0, C*(yy = 00,*) >0, *>0.

here,

Phnt = - quo)[(1 - ¢cu3Zn2)pDW + ¢cu3Zn2pcu3Zn2] + ¢C0pC0’

o = Hpw
hnf — s
(1= ez (1 — ¢25)

R ‘[GCO(I +2¢c,) +20,4(1 — d)Co)]

" Geo(l = deo) + 0w+ deo) |

[O-cu3Zn2(1 + 2¢cu32n2) + 2O-DW(I - ¢cu3Zn2)]

Oh¢ = O s

of ov GCUBZHZ(]‘ - ¢cu3Zn2) + O-DW(Z + ¢cu3Zn2)

(PBr dpne = (1 = o)1 — ¢cu3zllz)(ﬂﬂ'[*)
pw + Deu,zn, (PP )eu,zn, 1 + Do (PPr+)co

(PP Innt = (1 = o) l(1 = ey 70, )(PBer)

pw + ¢CU3Zn2 (Pﬂc* )CU3Zn2] + ¢Co(pﬁc* )Cco7

(pcp)hnl' =(1- ¢Co)[(1 - ¢Cu32n2)(pCp)
pw t ¢cu;Zn2 (pcp)cu;an] + ¢C0(pcp)C07

I<cu3Zn2 + 21<DW - 2qscu3an (KDW Kcu;Zn,)
Kcu3Zn2 + 2I(DW + ¢cu3Zn2 (KDW

Ky = Kpw [

cu3 Zn, )

K o = [KCO + 2Ky — 2¢pco (Kip —
hnf —

KCO)]
Ko + 2Kpp + o (K .

- KCo)

Application of boundary condition

e The model makes it easy to create methods for high-
efficiency thermal systems including heat exchangers and
insulation units using hybrid nanofluids.

e The analytical framework is the basis of the improvement
of cooling performance in solar collectors, nuclear reac-
tors, geothermal units and systems for electronic devices
exposed to magnetic fields.

e The obtained results are related to the optimization of
porous medium reactors, filtration systems and adsorp-
tion processes involving coupled heat and mass transport
phenomena.

e Through regulated MHD heat transmission, the work
helps with biological applications such magnetic drug
targeting and hyperthermia.

e In addition, the results obtained are relevant for aero-
space thermal protection systems, magnetohydrodynamic
flow control processes, and advanced materials process-
ing procedures which involve heating that is temperature
dependent.

Generalized fractional model

The dimensionless parameters are

. U 1 0 N N "
=, = y =-— T
3 T -TX . rC, Gr* = vgpPr (T = T)
= PE Ol=
w &) v 1
o Ry veleC-C) R
U% 2 U? b pUg 9
* V2 C* _ C*
T 0 =2 = =g
KIU] kUl W - 0 0
(10)

where the Prandtl number Pr* gives the ratio of momen-
tum to thermal diffusivity. The thermal and solutal Grashof
numbers Gr* and Gm* represent buoyancy effects due to tem-
perature and concentration differences. The radiation param-
eter R* shows radiative heat influence, while the magnetic
parameter M* reflects magnetic field strength. The perme-
ability parameter KL indicates porous resistance, and the heat
generation parameter Q* accounts for internal heat effects.
The dimensionless concentration C* describes normalized
concentration variation, and the Schmidt number Sc* gives
the ratio of momentum to mass diffusivity.
Equation (2) by [41]

(y.0) = —b, D7 2220 a”(y 2 (11)

From Egs. (1), (10), and (11) we have

ou 0%u
by— 0t - Sb Dya =b ADfa >+ b,GrT(y,t) — byMu(y, t)—

bll(‘ u(y,t) + b.GmC(y, 1).

12)
Equation (4) is generalized by [42, 43]
oT(y, 1)
=-D —~.
q ‘" ay (13)

From Egs. (3), (10), and (13) we have
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oT oT _ y azT(y, t) ¥ _ ' p—-1rv
coPro- = SCla—y =¢,Df o (14)  E,, h0)= ; (t=pY T E, ylalt = p)*)e(p)dp, ey
Eq. (6) is generalized by [42, 43] and
9C(y, 1) C(y + n)x"
J=-D . 15 E (=Y —/ W% € C,Re(a) > 0
S 1s) £ 2;) TG san: 1+Pan€CRe@ >0,
We obtain from Egs. (5), (10), and (15) (22)
) with €qq-plast) = tﬂ_lE;ﬁ(ata) with t€R,y,p,a,n € C,

or "y Sc U gy

where

d)cu Zn P d)
b() =(- (I)Co) [(1 - d)cu;an) + pcu;an - 2] + coo ’
’ ’ Ppw Ppw

by =1 = Peyz0, 111 = o 7>,

(pcu; n,
T )DW
(phr)ow
¢cu3Zn2
by = (1= dey) [(1 _ ¢cu3Zn2) + (Pﬂc*)cu32n2 (pﬂ—)]
Cc* /DWW
(PP )ow
d)cu;an
cog =1 = dc,) [(1 = Peu,zn,) + (pCp)Cu3Zn2W:|
p/DW
(PColow

ut=0,y)=0, T¢=0,y)=0, Ct=0,y)=0, y>0,

17)
ult,y=0=f®, Tt,y=0=Ct,y=0=t t>0,

(18)
uly —» 0,t) > 0, T(y » 00,1) > 0, C(y » 00,1) >0, ¢t>0.

(19)

The model is evaluated by regularized operator of Prabhakar.
Let0 < b < m, where m € zand h € AC'(0, b)

Cry Y n _ Y . n

Dmﬁ’ah(t) = E(x,m—ﬁ,ah @®= ea,_mn(a,t) x g(f)

, - (20)
= / (t=pY"PET (at = p)))g"(p)dp,
0

where
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The regularized operator of the Prabhakar operator on
the Laplace form is

L{¢D’

o.p.a

(asng!(n)} = Lie,]

g0} =L{e;] o

a.q—p

(@ }L{g(n)}.

(23)
The classical Fourier and Fick laws are recovered in the case
of f =0 = «a as given below for the Prabhakar fractional
operator:

oT

g1y, 1) = Di&aa_y' (24)
oC

J, 1) = Dfx,ﬁ,aa—y. (25)

Superiority of Prabhakar fractional
derivative to Caputo and Riemann-Liouville
operators

In the present investigation the Prabhakar fractional deriv-
ative is used because of its excellent ability to describe the
generalized effects of memory and multi-rate relaxation
processes. In contrast to the Caputo and Riemann-Liou-
ville derivatives, which are limited by single rate power
law kernels, the Prabhakar operator involves a stretched
Mittag—Leffler function, thus providing an increased flex-
ibility. It retains physical meaningful initial conditions,
converges to the classical derivatives in the limit case,
and it allows complex thermal and solutal behaviors to
be simulated well for unsteady nanofluid flows, making it
more suitable for the current model (Table 1). Also, the
properties of nanofluid as shown in Table 2.

Evaluation of model
Evaluation of mass distribution

By using Laplace transform on Eq. (16), we obtained
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gScC — Scs<qﬂ(1 - hq‘”‘)") % qcoPrT — (¢ (1 - hq_”)yclS(;—g =c <qﬂ(1 - hq"’)’) 375
_ (26) 2
*C(y,q) _ (29)
- Bl — hg~?) | —2 17 _
= <q (1—=hg™) ) 5 ScCR. subject to
subject to T0.q)=q7". (30)
C(y » 00,9) = 0,, g 2=C0,q). (27)  PutEq. (30) in Eq. (29), we have
Put Eq. (27) in Eq. (26), we have o0y . [§+ (g)z+w/}(f’]r3;1_a)y] 31)
,q)=q ‘e .
C(y,q) = q %e . By using [44, 45] algorithm to solve Eq. (31) numerically.

By using [45, 46] algorithm to solve Eq. (28) numerically.
Evaluation of Energy field

Equation (14) is evaluated via Laplace transform as

Table 1 Comparison of fractional derivatives

Momentum distribution
Equation (12) is solved via Laplace transform as

on
boit — Sh,gP(1 — hg™®) =
qogu 19°( q )0y

= [Ab, 14’ (1 - hq-a)f‘;iy”;‘ — byMit + b,GrT (32)
— b, Kt + b,GmC,

subject to

f(q) = u(0,q). (33)

Property

Caputo

Riemann-Liouville

Prabhakar

Kernel type

Memory effect

Initial conditions

Flexibility

Reduces to classical derivatives

Modeling capability

Power-law

Single-rate

Physical (classical form)
Moderate

Yes (fora = 1)

Limited anomalous behavior

Power-law

Single-rate

Non-physical (fractional form)
Moderate

Yes (fora = 1)

Limited anomalous behavior

Stretched Mittag—Leffler
Multi-rate (generalized memory)
Physical (classical form)

High

Yes (for specific parameters)

Enhanced anomalous behavior
and relaxation

Table 2 Properties of nanofluid

Property A1 K™! o/sm” plkg m™> K/W mk™! C/Jkg™' K
Distilled water 275 % 1074 0.050 x 10~ 998.203 0.613 4182

Brass 18.09 x 1076 159 % 107° 8530 109 0.00038
Cobalt 0.000013 1.7 %1077 8900 100 0.00042
Titanium oxide 0.90000 2.6x107° 4250 8.9538 686.2
Nickel 0.0000134 0.0144 x 10™° 89.08 90.7 0.44
Graphite 0.00011 3.3 % 10? 2260 200 720
Thorium 0.000011 0.0063 x 10° 11724 54 0.12
Arsenic 5.6x107° 0.0030 x 10° 5727 50 0.33
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K S . K7'b, +gby + byM
212A\ 24 A (= hg ey
1(v.9) = H(e AT =g Ly

S s . Kb +qu +h4M
224N 2 Ab g (1 =gy
q“zbzGr[e 19%(

Prcoq
U= hgy

hq~ “)V
Prcygq 2 S, 5y Prcygq Kby + qby + byM . (34)
c1qP(1 = hg=*)y c1q?(1 — hg=*)r biAgP(1 — hg=)r
[ \J S S, K~'b, + gby + byM ] [ScS (scs) Scq + RSc
| ——+
2b3Gm[ 24 b AgP(1 — hq—o)r 2 W ]
ScS (ScS 2+ _Scq+RSc |7 ScS (ScS 2+ Scq + RSc K~'b, + gqby + byM
q/f(1 — hg—oy qP(1 — hg=—)r biAgP(1 — hg=*)r

By using [44, 45] algorithm to solve Eq. (34) numerically.
Also, numerical analysis of Laplace inverse transform for
velocity distribution as shown in Table 3.

Skin Friction

From Eq. (34), the 7 can be calculated as

Kb, + gby + byM
b AP (T = hgy

*"[LJ< s
} = —L*‘i{H(q)e 12
dy

_1J om
T=-L '{—
9y ly=0

(ERER
-2b2c;r[e 24

‘b1 +gby + byM
"TAbygP (1= hgey

Methodology of machine learning

The methodology of machine learning involves a struc-
tured approach to developing models that can learn from
data and make predictions or decisions. It typically begins
with data collection, where relevant and high-quality data
are gathered. This is followed by data preprocessing,

Prcoq
clqﬂ(l — hg@)r ]

2 —1
5 (5)2_,_& —s|34 (§)2+ Preog _ (Kb +gby + bu,M + (35)
2 2 c1qP(1 — hg=y 2 2 c,¢°(1 = hq—o)r b AP (1 — hg—)y
[5 \J S o, K™'b, +qby +b,M [SCS (5cs) Scq + RSc
Ko 4gh +0.M ) TSces
q-2b3Gm[ 24 bAgP(1 = hg=)" 2 TP —hgey ]

SCS (E)z Scg+RSc | _g|Ses ScS (SLS‘)2 Scg+RSc |
@’ (1 = hq=ey qP (1L = hg~y

Kb, + gb, +b4M> }

biAqP(1 — hg=*) V=0
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Table 3 Numerical analysis of Laplace inverse transform for velocity
distribution

y Tzou’s algorithm  Stehfest’s algorithm ~ Zakians’s algorithm
0.1  1.181900 1.194900 1.204300
0.4 1.344900 1.344800 1.344200
0.7 1.264800 1.264700 1.264900
1.0 1.114400 1.114300 1.114250
1.3 0.968840 0.968720 0.968740
1.6 0.855640 0.855520 0.855510
1.9 0.778250 0.778130 0.778130
2.2 0.730110 0.730000 0.730000
2.5 0.702360 0.702250 0.702250

Table 4 Comparison of published models with this work

M Haqetal. [13] Sheikh et al. Ramzaneta.  Present model
[12] [21]

0.0 —-1.10701 —1.10706 —1.10713 —1.10719

0.5 —-1.3167546 —1.3167571 —1.3167582 —1.3167594

1.0 —1.5373458  —1.5373372 —1.5373386 —1.5373391

1.5 —1.645956 —1.645969 —1.645983 —1.645998

2.0 —1.8458811  —1.8932502 —1.8932532 —1.8932546

which includes cleaning, normalization, and feature engi-
neering to enhance the data set’s quality.

Next, a suitable machine learning algorithm is chosen
based on the nature of the problem to be solved-under
supervision, unsupervised or reinforcement learning. The
model is then trained on a subset of the data, during which
it learns patterns and relationships. Hyper-parameter tuning
and optimization techniques are used in order to optimize
the performance. Upon completion of the training process,
the model is evaluated with validation and testing data sets
to test its accuracy, precision, recall, and other performance
metrics. Finally, the model is implemented for practical
application in the real world, with regular monitoring and
updates being performed in order to maintain the effective-
ness of the model over time. The model is depicted in Fig. 2.
The system of equations 12,14,16 are solved by using LMA.

In MATLAB, the “nftool” command is used to employ
BLMM-ANN. The selection of parameters are important for
the performance of network and hidden neurons are selected
carefully to minimize error. The 15% data are contributed
for validation, 15% data for validation, and remaining 70%
data for training.

Advantages: The model has this benefit:

(A) Better accuracy in complicated fluid flows: Fractional
derivatives improve accuracy by taking into account
memory effects and long-range interdependence in
fluids. ANNSs assist find approximate solutions to
nonlinear fluid equations, which means that you don’t
have to use complicated numerical approaches as often.
A more accurate representation of fluids in the real
world: The Casson fluid model with fractional operators
is a good way to represent biological fluids including
blood flow, polymers, and industrial lubricants. ANN
uses experimental data to improve the model so that it
may be used in real life.

Good performance in terms of computing: Solutions
based on ANN are quicker than standard finite differ-
ence or finite element approaches, which cuts down on
the time it takes to do calculations. Fractional models
are more versatile than traditional integer-order models
because they need fewer parameters.

Strong against Nonlinearity: Thermal diffusion flows,
porous media, and nanofluids may all benefit from the
usage of ANN as it can solve nonlinear and coupled
PDEs in Casson fluid mechanics.

(B)

©)

D)

Simplicity:

(A) ANN Makes Approximation Automatic: ANN learns
how to solve difficult differential equations using train-
ing data instead than doing it by hand. Lessens the need
for complicated math procedures like Laplace trans-
forms or perturbation approaches.

Simple to Use with New Tools: It is straightforward
to use ANN-based fluid models using libraries like
TensorFlow, PyTorch, and SciPy. Matlab, Python
(SymPy, FractionalDiffEq), and Julia all support
fractional calculus.

(B)

Fig.2 Schematic depiction of Hidden layer Output layer
the architecture of the neural
network used for the Casson Input Output
fluid model, adapted from TQ_J W Tﬁj—‘ W r
Abbas et al. [43] — ®‘ A7 s @l / PO=DQ

Do b il =

1 1
. A a— E———
10 1
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(C) No Need for Analytical Solutions: Solving traditional
fractional Casson models is quite hard because they
use complicated arithmetic. ANN gets around this by
learning straight from data.

Disadvantages:

(A) Training Computational Complexity: Training an ANN
demands a lot of data and a lot of computing power,
particularly when deep learning is used. The fractional
derivative formulation makes ANN training more com-
plicated since it adds more hyperparameters.

(B) Sensitivity to hyperparameters: It’s hard to choose the
correct ANN architecture, such as the number of hid-
den layers, the kind of activation function, and the opti-
mizer. Fine-tuning fractional-order parameters, like the
Caputo derivative order, takes a lot of trial and error.

(C) Not being able to understand it: ANN is typically a
black box, which makes it hard to understand how
it learns about the behavior of fractional Casson
fluids. Traditional models provide clear mathematical
formulas, whereas ANN merely gives numbers.

(D) Limited Generalization: If ANN is trained on data
that isn’t enough or is biased, it won’t be able to apply
what it learned to new Casson fluid situations. When
ANN settings are too tuned, fractional models may
occasionally overfit.

Conclusion: Fluid models with ANN and fractional opera-
tors offer higher accuracy and computational efficiency in
modeling complex fluid flows. However, they come with
challenges like training complexity, hyper parameter sensi-
tivity, and limited interpretability.

Incorporation of Prabhakar fractional
derivative into ANN architecture

Convergence criterion

To ensure the robustness of the numerical approach using the
Laplace transform and Artificial Neural Networks (ANN),
the following convergence criteria are applied:

1. Relative Error:

—(n+l) —(n)
-X

[X

Error, =

—m
X

Convergence is reached when the relative error is below
a threshold (typically 1073).
2. Residual Norm:

@ Springer

N
Residual,, = Z 'E[f] - RIX] ’
i=1

The solution converges when the residual is less than
1076,
3. ANN Training Error:

e In training, the true error and predictions of ANN is
monitored by using mean-squared error (MSE).

e By using several stable epochs and minimum values
of MSE convergence is obtained.

4. ANN Performance:

e By using known experimental data, classical or
analytical values against the performance of ANN’s
is validated.

e When true values have minimum deviation from
ANN’s prediction, the reliable solution is considered.

5. Grid Independence:

e When numerical techniques or Laplace transforms are
used, the solution of grid refinement is not influenced.

Error analysis and performance comparison

The ANN model outperforms traditional models in terms of

accuracy, as indicated by lower MSE and higher R? values

as given in Table 5.

This comparison demonstrates the superior performance
of the ANN model in predicting fluid flow dynamics.

Incorporation of the Prabhakar fractional

derivative in ANN

The artificial neural network (ANN) incorporates the Prab-
hakar fractional derivative through the following process:

e Use of Laplace Transform: The governing equations
involving the Prabhakar derivative are first transformed

Table 5 Performance comparison of models

Model MSE R?

ANN (proposed) 0.0024 0.98
Caputo derivative 0.0042 0.95
Riemann-Liouville 0.0051 0.93
Prabhakar derivative 0.0033 0.96
Classical model 0.0105 0.89
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into algebraic form using the Laplace transform, making
them easier to handle in the ANN framework.

o  Custom Loss Function: The loss function is customized
to include both the deviation of the predicted solution as
well as the error of the Prabhakar fractional behavior.

General form of the error functional

The general form of the error functional is expressed as

N

N
L= Y ()~ ) = 4 3, (D270) = D20)) |
i=1

i=1

here, f(t;) denotes the numerical solution evaluated
at the discrete time levels £, while f, () represents
the corresponding exact or reference solution used for
comparison. The operator ‘Z)’P refers to the Prabhakar
fractional derivative, which incorporates memory effects
through its generalized kernel. The parameter A serves
as a regularization constant introduced to control and
balance the contribution of the fractional memory term in
the formulation. This formulation ensures the consistency
between the calculated solution and reference profile, and
at the same time retains the non-local nature of memory
contained in the Prabhakar fractional operator.

Numerical solution strategy

The solution procedure is implemented by standard
numerical optimization techniques/iterative schemes. The

1
%o =p=y=03
0.9 =y

99 o=p=y=05
0.8 W a=p=y=07
\ @ a=p5=y=09

0.5 \

oo AN

MR
A

X
RS
.

o tﬁtikhﬁ——- .

0 025 05 075 1 125 15 175 2

-

Temperature distibution

0.2

governing equations, along with the associated fractional
derivatives are evaluated at discrete time levels. Convergence
is reached by minimizing the error functional, both the
field variables and the fractional derivatives of the field
variables are responsible for the stability and accuracy of
the numerical scheme. This approach effectively represents
the hereditary and memory-dependent nature of the physical
system modeled.

Representation of memory effects

The inclusion of the Prabhakar fractional derivative allows
the correct description of long-range temporal memory
as well as non-local transport phenomena. The fractional
parameters control the strength of memory effects and in
so doing enable this model to make a smooth transition
between classical and anomalous diffusion behaviors.

lllustration of the domain in the engineering
process

In the present case, the physical domain is a rigid plate and
the adjacent fluid region, in which heat and mass trans-
fer phenomenon occurs. The plate serves as a boundary
where velocity, temperature and concentration conditions
are imposed. Such a setup allows the study of momentum
transport, thermal diffusion and species concentration in the
fluid as it develops away from the surface. The chosen area
is representative for many practical engineering and industry
processes related to surface driven transport phenomena.

Best validation performance is 1.0858e-09 at epoch 302
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o :
101 Validation | :
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""""" Best
102
[0]
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=
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5
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3
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Fig. 3 impact of fractional parameters on energy and performance graphs of a = f =y
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Results and discussion

The results define the influence of fractional parameters
and physical variables on flow behavior of the fluid system.
The model takes into account effects from mass and thermal
diffusion, chemical reaction and exothermic processes
under fractional-order dynamics. The analysis shows that
fractional parameter variations have a significant effect on
momentum transport because of modifications in memory

Gradient = 9.3432e-08, at epoch 302

T T T T T T

1010

100 L 4

Gradient

N e ———
1010 I 1 1 1 I I

Mu = 1e-09, at epoch 302

10°

1071° 1 1 1 1 1 |
Validation checks = 0, at epoch 302
4 &
v T T T T T T]
= ¢
s 1
+
O G
0 50 100 150 200 250 300

302 Epochs

strength. Thermal and concentration distributions are found
to be strongly affected by heat generation and chemical
reaction parameters. The numerical and graphical results
confirm the robustness and effectiveness of the proposed
fractional model in capturing complex transport mechanisms
in non-Newtonian fluid flow.

1. Effect of fractional operator on Temperature: Fig. 3

shows how the fluid’s temperature changes with
variations in the fractional operator. The distribution of

Error histogram with 20 bins

T T T T T T T T T T T T T T T

T T T T T
Il Training
100r [ Validation ||
I Test
80 Zero error||

Instances
(o))
o

N
o
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Fig.4 Effect of fractional parameters on concentration and performance graphs of a = f =y
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Fig.5 Training state and error histogram graphs for parameter @ = f =y
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energy is reduced by increasing the magnitude of non-
local and memory effects of fractional operator.
Impact of non-local and memory on Mass Diffusion:
The performance of system is relevant in the process of
absorption/generation or filtration which is effected by
the use of non-local and memory effects of fractional
operator as shown in Fig. 4.

Non-local and memory effect on Momentum Diffusion:
Non-local and memory influence on momentum diffu-
sion is highlighted in Fig. 5. The momentum diffusion is
controlled with raising the magnitude of memory effect.
Superdiffusion: Decreasing fractional parameters often
shifts the system from normal diffusion toward super-
diffusion. In the phase space, this corresponds to parti-
cles sustaining higher velocities over longer distances
because the “drag” or “restoring force” represented by

Table 6 Ranges of parameters

a standard integer derivative is replaced by a non-local
operator that allows for “Levy-type” jumps. Effective
Kinetic Energy: In a fractional framework, the momen-
tum operator is linked to the spatial gradient of a non-
local field. As the fractional order decreases, the gradi-
ent becomes “steeper” in a distributional sense. Reduced
Dissipation: The stretched Mittag—Leffler kernel effec-
tively models a medium that is less “viscous” to the flow
of probability or mass. By stretching the memory, the
system experiences a cumulative “acceleration” effect
where past momentum contributions decay more slowly
than in a Markovian (standard) system.

The ranges of parameters are used in the present studies,

shown in Table 6.

Explain the order of fractional derivative. The range is selected to the problem the transition from clas-

sical to fractional problems and captures the memory effects and non-local behavior in the fluid

Defines the buoyancy force on fluid. The range is selected to model the free convection flow in both

shows the ratio of mass and momentum diffusivity. The spectrum has fluids such as liquid and gases

Defines the reaction of chemical on fluid. The range is noted to simulate the model for fast and slow the

demonstrate the thermal diffusivity to momentum diffusivity. This range is selected on the base of com-

Parameters Numeric range Justification
Fractional parameter  0.1-1.0
Grashof number (Gr) 102-108

high and low Grashof regimes
Schmidt number Sc~ 0.6-2.5

used in thermal applications and mass diffusion
Chemical reaction (R) 10~'-102

amount of reactant for reaction
Prandt]l number Pr 0.32-0.9

mon properties of fluid
Volume fraction ¢ 0.01-0.1

Represents the amount of nanoparticles in the base fluid. This type of range is selected for typical prop-
erties of nanofluid and have significant impact on fluid

Best validation performance is 1.1179e-08 at epoch 94
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Fig. 6 Training state and error histogram graphs for parameter @ = f =y
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Fig. 8 Effect of fractional parameter on velocity and performance graphs ofa = f =y

Validation using LMM-ANN method 1. Training the ANN Model: The ANN model is trained

by using gradient coefficient, performance of validation

The validation of the model can be treated with LMM-ANN (Mu), and error of mean square.

technique by using the following steps. 2. Convergence Analysis: When gradient and performance

of validation (Mu) are dropped, Figs. 6, 8, and 10 veri-
fied the convergence and number of epochs with MSE
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Best validation performance is 5.1473 at epoch 117
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Fig. 10 Training state and error histogram graphs for parametera = f =y
decays as shown in Figs. 3-5, the accuracy of model is The Fit graphs and error histograms are evaluated in

confirmed.

ErrorAnalysis: LMM-ANN method is used for error
analysis. Discretization error is another crucial issue.

Figs. 6-11. This model is compared with published work
[20] as expressed in Fig. 12.
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Conclusions

In the current research, brass, cobalt, titanium oxide, nickel,
arsenic, and graphite nanoparticles dispersed in water were
formulated as a nanofluid model in the theoretical framework
of the Prabhakar fractional derivative. This model represents a
complex model for the integration of mass and thermal diffusion,
chemical reactions, exothermic processes and effects of porous
media, thus providing a generalized methodology for analysis
of complex transport phenomena. The constituent fractional-
order governing equations are solved analytically using Laplace
transform combined with powerful numerical methods, which
further leads to a hybrid analytical-numerical method with good
accuracy and high computational efficiency.
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Key findings and implications

e The fluid velocity decreases with the fractional param-
eters (a = f = y), highlighting the preponderance of the
memory effects introduced by the fractional operators,
which is of important consequence in the design pro-
cess of engineers.

e Temperature profiles show a decrease trend with
increased fractional values and therefore emphasize
the importance of thermal diffusion mechanisms, in
accordance with Fourier’s law.

e It is seen also that the concentration distributions
decrease with increasing values of fractional parameter,
reflecting the reduced transport memory and the non-
local effects.

e Numerical evaluation confirms the reliability of the
proposed methodology, while the validation is done with
MATHCAD, mean-squared error analysis and regression
diagnostics.

e The data are divided as 15% for testing data, 15% for
validation data, and 70% for training data in the current
flow model.

Limitations

The present study is based on constant thermophysical
properties and idealized boundary conditions. Variations of
nonlinear property behavior, transient boundary effects and
more complex interactions have not been considered.
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Future directions

Subsequent research should extend the model to include non-
Newtonian nanofluids with spatially and temporally variable
properties, inclusion of experimental verification and testing
of industrial-scale applications such as heat exchangers and
dynamically heterogeneous porous media applications.

Practical applications

Core practical applications of this model are:

This model has significant advantages for high-efficiency
heat exchangers. Thermal transfer capability is frequently
limited in conventional fluids like water and thermal oils.
The incorporation of the zinc—cobalt—nickel nanoparticles
increases the thermal conductivity which can be attributed
to its expansive surface area and intrinsic conductivity. With
its use in the industrial cooling units and radiators, this
hybrid Casson nanofluid holds the potential to increase heat
removal rates. The yield-stress properties of the Casson base
fluid allow for better surface coating while the tri-metallic
particles help enhance heat dissipation and thus more com-
pact and energy-efficient systems.

In the field of biomedical engineering, there is a lot of
potential for the model to be used for advanced drug delivery
systems. Biological flow may be realistically simulated with
Casson fluids because of their non-Newtonian behavior, which
is comparable to that of human blood. The magnetic properties
of Nickel and Cobalt nanoparticles allows to drive the nanofluid
by an externally applied magnetic field. Consequently targeted
drug transport to specific sites, e.g., tumorous tissue, becomes
possible, reducing the side effects on the rest of the organism
and increasing the precision of the therapy.

Solar energy system can also take advantage of this
approach by improving thermal performance. Within
direct absorption solar collectors, the working fluid is the
key to the capturing and transportation of the solar heat.
Zinc—cobalt—nickel nanoparticles act as efficient absorbers of
solar radiation, thus increasing the energy uptake compared
to conventional fluids. The inherent viscosity properties of
the Casson fluid help to maintain a homogeneous particle
suspension which reduces sedimentation and guarantees
stable and long-term operation within collector tubes.

In high performance lubrication applications and
applications with extreme mechanical requirements this
model provides tangible benefits. Under the kind of loads
that are typical of industrial machinery and aerospace parts,
regular lubricants often lose their effectiveness. The addition
of metallic nanoparticles enhances the repair of the surface
by filling in the microscopic cracks, while the constituents
of the solid lubricant reduce the level of friction. Moreover,
the fractional formulation encapsulates the complex
stress—strain response of the lubricant under abrupt loading

conditions and therefore gives a better representation of the
actual operation behavior.
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