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A B S T R A C T

Nanotechnology plays a vital role in heat transport due to its wide range of applications, significantly contrib
uting to fields such as bioengineering, space exploration, biosensor research, semiconductor technology, and 
advanced electronics. The primary objective of this analysis is to examine the Casson fluid model for heat and 
mass transport between stretchy rotating disks, incorporating copper and titanium oxide nanoparticles into a 
sodium alginate base fluid. This analysis encompasses the effects of mixed convection, chemical reactions, 
convective conditions, activation energy, and thermal radiation. The bvp4c method is utilized to solve the 
resultant equations. Tables and Figures offer a clear depiction of the results. Understanding the thermal char
acteristics of hybrid fluids is crucial to energy systems, biological fluid dynamics, and engineering applications, 
where fluid flow and heat transfer are critical to system performance. At lower disk, the skin friction improved by 
10.24% and 12.36% relative to the higher values of the magnetic and Cason parameters. The Schmidt number 
reduces mass-transfer gradients by 18.1%, whereas the activation energy decreases by 13.7%. The volume 
fractions of the selected nanoparticles vary from 0.02 to 0.04, and the heat transfer rates for the hybrid nanofluid 
increases 12% for the hybrid nanofluid as compared to the nanofluid. The hybrid nanofluid significantly affects 
flow distributions.

1. Introduction

Hybrid nanofluids are typically formed by dispersing nanoparticles 
in base fluids such as water, oil, or ethylene glycol. Classically, indi
vidual nanoparticles may consist of graphene, carbon nanotubes, or 
other materials known for their exceptionally high thermal conductiv
ity. The presence of two or more nanoparticle types significantly alters 
the thermal and rheological properties of hybrid nanofluids. Interactions 

among these nanoparticles change thermophysical properties, thereby 
enhancing the fluid' s overall thermal performance. Abderahmane et al. 
[1] explored the three- dimensional dynamics of HNF inside a cubic 
resonator under a magnetic field. In 1995, Choi et al. [2] introduced the 
concept of nanofluids, revolutionizing heat transfer science by demon
strating their superior thermal transport capabilities. Mord et al. [3] 
examined the effects of apparent pressure and viscosity on Al2O3/H2O- 
based nanofluids, focusing on implications for polymer science and 

* Corresponding authors.
E-mail addresses: hakeemullah1@gmail.com (H. Ullah), as.abdoalrahman@mu.edu.sa (A.S.A. Omer), ibmahariq@gmail.com (I. Mahariq). 

Contents lists available at ScienceDirect

Results in Engineering

journal homepage: www.sciencedirect.com/journal/results-in-engineering

https://doi.org/10.1016/j.rineng.2026.109979
Received 22 January 2026; Received in revised form 2 March 2026; Accepted 8 March 2026  

Results in Engineering 30 (2026) 109979 

Available online 9 March 2026 
2590-1230/© 2026 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by- 
nc-nd/4.0/ ). 

https://orcid.org/0000-0002-1027-7690
https://orcid.org/0000-0002-1027-7690
https://orcid.org/0000-0002-7222-3014
https://orcid.org/0000-0002-7222-3014
https://orcid.org/0000-0001-9832-1424
https://orcid.org/0000-0001-9832-1424
mailto:hakeemullah1@gmail.com
mailto:as.abdoalrahman@mu.edu.sa
mailto:ibmahariq@gmail.com
www.sciencedirect.com/science/journal/25901230
https://www.sciencedirect.com/journal/results-in-engineering
https://doi.org/10.1016/j.rineng.2026.109979
https://doi.org/10.1016/j.rineng.2026.109979
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


climate change models. The combination of nanoparticles improves 
thermophysical properties by reducing gas bubble size, thereby 
increasing heat transfer efficiency, as noted by Abu-Nab et al. [4]. This 
improvement is attributed to the nanoparticles' ability to modify the 
fluid' s thermal conductivity and other properties, leading to more 
effective heat transfer in systems such as cooling mechanisms and heat 
exchangers. The reduced gas bubble radius lowers thermal resistance, 
thereby optimizing heat transfer performance. Abu-Nab et al. [5] 
applied the Plesset- Zwick technique to analyze the PRT nanofluid model 
around an N- dimensional spherical bubble. Research has shown that in 
nonlinear multi bubble systems, Al2O3- water- based nanofluids exhibit 
increased multi bubble dynamic growth. Furthermore, numerical 
studies [6,7]have investigated heat and mass transfer in nanofluid flow 
between two parallel plates, and the results demonstrate strong agree
ment with existing literature, thereby validating the consistency and 
accuracy of the findings. Ramesh et al. [8] examined the two- dimen
sional flow of a Maxwell magneto- nanofluid moving on a stretching 
surface to investigate the combined action of thermal and concentration 
boundary layer behavior, convective boundary conditions, and passive 
nanoparticle volume fraction control. Sheikholeslami et al. [9] investi
gated magneto- hydrodynamic (MHD) nanofluid flow containing dust 
particles, incorporating copper nanoparticles in H2O and kerosene oil as 
base fluids. Ramesh et al. [10] examined how activation energy and 
chemical reactions affect the flow of a viscoelastic fluid across a 
stretching surface. Rashidi et al. [11] investigated the flow of a water- 
based copper nanofluid.

Rotating magnetohydrodynamic (MHD) flows are based on the 
principle that magnetic fields can induce electric currents in a moving 
electrically conductive fluid. Typical examples of such fluids include 
electrolytes, plasmas, and liquid metals. Magnetohydrodynamic flow 
can influence different flow systems by exerting a Lorentz force on the 
fluid. Investigation of magnetohydrodynamic flow has attracted 
considerable attention in recent years due to its relevance across various 
fields of science and engineering [12–14]. Ramesh et al. [15] investi
gated the flow behavior of hybrid carbon nanotubes on a slip surface 
with an applied magnetic field. The impact of slip on entropy structure 
in magnetohydrodynamic (MHD) flow over a rotating disk was inves
tigated by Arikoglu et al. [16]. Madhukesh et al. [17] analyzed the dy
namics of a steady, incompressible, and magnetized Casson Maxwell 
non-Newtonian nanofluid in the confinement between two porous 
disks that are in motion or stationary. Mohanty et al. [18] explored the 
unsteady 2-dimensional boundary sheet flow of a nanofluid above a 
stretching/shrinking sheet, including the effects of heat radiation, and 
found that a rise in nanoparticle concentration improves both velocity 
and temperature. Nonlinear radiative MHD flows of nanoliquids driven 
by a rotating disk have been studied [19–22], accounting for the inter
action between the conductive fluid and the applied heat flux.

According to theoretical concepts, Joule heating is the generation of 
heat due to resistive losses during the conversion of electrical energy 
into thermal energy. Electricity and the design and operation of elec
trical devices make extensive use of this phenomenon. Allowing for 
investigation by Reddy et al. [23]. The studies [24,25] analyzed the 
outcome of Joule heating in Cu/water nanofluid sideways, an extending 
and constricting chamber, individually. Madhu et al. [26] explored the 
influences of nonlinear and linear as well as quadratic thermal radia
tions and activation energy on the flow of a hybrid nanofluid over an 
oblique stagnation point on a cylinder. According to Yan et al. [27] The 
dimensionless Eckert number, arising from Joule heating, significantly 
affects the extension of the thermal boundary layer. Ding et al. [28] 
Studies of materials with high thermal conductivity, e.g., alumina-based 
composites, suggest that base-fluid-filled interactions play an important 
role in determining heat-transfer behaviour and should be accounted for 
in the analysis of thermal transport in hybrid nanofluids. Chamkha, et al. 
[29] examined the MHD flow of a hybrid nanofluid (HNF) with the effect 
of Joule heating and thermal radiation between two parallel plates. Li 
et al. [30] investigated to focus on determining the influence of the 

induced magnetic field on the flow of hybrid nanofluid on a stretching 
surface, which takes into account the endothermic/exothermic reactions 
between chemicals, and the concentration of discharge of the waste. Li 
et al. [31] observed the influence of Joule heating on nanofluid move
ment over a porous channel.

Non-Newtonian fluids are commonly developed across various sec
tors, including cosmetics, food production, biomedical engineering, and 
industrial manufacturing. The unique properties of non-Newtonian 
fluids play an important role in progressing renewable energy and sus
tainable procedures. The Casson model, a specific non-Newtonian fluid 
model, exhibits shear-thinning behaviour and stress-dependent charac
teristics. Ullah et al. [32] examined non-Newtonian fluid flow to 
investigate the influence of chemical reactions and thermal radiation on 
an extending sheet within a porous medium. Wajihah et al. [33] 
explored the rheological properties of blood, with its dilatational 
behaviour and the development of solid-like layers in non-Newtonian 
fluid flow with confined channels. They also found that the pulsatile 
nature of blood flow creates a complex, dynamic environment that 
significantly affects transient, non-uniform fluid-mechanical conditions. 
Shamshuddin et al. [34] studied the motion of a non-Newtonian 
Prandtl-HNFs over a stretching surface, considering the effects of mul
tiple slip conditions and varying chemical reactions. Jeelani et al. [35] 
examined the behaviour of alumina-copper ethylene-based (MHD) 
hybrid nanofluid (HNF), flowing above a stretching sheet, with focus on 
the effects of solar energy and plate suction. The outcomes confirmed 
that increased solar radiation and stronger magnetic parameters 
significantly increase the temperature of the HNF flow. Hussain et al. 
[36] investigated the flow of a non-Newtonian hybrid nanofluid (HNF) 
over a stretching sheet, accounting for slip effects. The results indicate 
that fluid velocity decreases as the Casson parameter increases. Reddy 
et al. [37] studied the behaviour of a non-Newtonian fluid under the 
influence of an inclined magnetic field. Meenakumari et al. [38] 
examined the flow of a Casson nanofluid to explore the physical char
acteristics of convective heat and mass transfer over an extending sur
face. Ilango et al. [39] investigated the effect of Brownian motion and 
thermophoresis on the flow of a Casson nanofluid over a stretching 
sheet, including the influence of an induced magnetic field.

The researchers have significantly contributed to the understanding 
of heat transfer between coaxial disks under various physical and ther
mal conditions. The theoretical foundation of the current study is based 
on findings from numerous numerical calculations and analytical 
research. Ramzan et al. [40] conducted a comparative study of the 
nanofluid flow and hybrid nanofluid flow between a pair of rotating 
coaxial disks. They used the bvp4c solver and Response Surface Meth
odology (RSM) to obtain numerical solutions to the governing equa
tions. Shehzad et al. [41] studied the magnetohydrodynamic (MHD) 
flow of an incompressible Maxwell nanofluid over a rotating disk, taking 
into account the effect of thermophoretic viscous flow within the 
framework of the CattaneoChristov heat flux model. Their findings 
revealed that, with increases in the Deborah number and the magnetic 
parameter, the velocity profiles decrease. Noreen et al. [42] analysed the 
heat transfer properties of two coaxial disks through the Cattaneoheat 
flux model of ternary hybrid nanofluids. Their quantitative results 
indicated that the fluid temperature increased with the thermal radia
tion parameter. Rehman et al. [43] investigated the flow of a hybrid 
nanofluid between two rotating, stretchable coaxial disks and examined 
the effects of various nanoparticle shapes. They reported that increasing 
the rotational parameter increases tangential velocity, whereas 
increasing the stretching of the lower disk decreases it. Kumar et al. [44] 
compared dusty-fluid flow of SWCNTs and MWCNTs suspended in water 
over a rotating elongated disk with non-uniform heat sources and sinks. 
Their findings indicate that the SWCNT-based fluid exhibits higher 
tangential and radial shear stresses and higher heat-transfer rates than 
the MWCNT-based fluid. Zhang et al. [45] examined MHD flow and heat 
transfer in a fractional Oldroyd-B nanofluid trapped between two co
axial cylinders using the finite difference method. They found that, 
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compared with copper, copper oxide, and titanium oxide nanoparticles, 
silver nanoparticles increase the thermal conductivity of diesel oil. 
Hayat et al. [46] investigated the heat transfer between coaxial 
stretchable disks, including Joule heating, thermal stratification, and 
radiative effects. Ullah et al. [47] extended such models by incorpo
rating advanced physical effects, improving the realism of thermal 
transport analysis. Lone et al. [48] focused on nanofluids and entropy 
generation, showing enhanced thermal performance compared to con
ventional fluids. Alghamdi et al. [49] investigated hybrid nanofluids 
with magnetic and fractional effects, demonstrating significant im
provements in heat transfer efficiency. Sharma et al. [50] provided 
foundational results on convective heat transfer, which serve as a basis 
for subsequent studies. Abas et al. [51] incorporated radiation and 
complex thermophysical properties, with an emphasis on applications in 
energy and radiation systems. Finally, Hosseinzadeh et al. [52] exam
ined nanofluid flow under complex conditions and confirmed the posi
tive effect of nanoparticles on thermal performance. Sudarmozhi et al. 
[53] integrated AI-based neural networks with Williamson blood flow 
models, incorporating Soret Dufour effects and tetra hybrid nano
particles, demonstrating improved predictive capability for biomedical 
heat transfer applications. Advanced non-Newtonian and higher-order 
fluid models were further explored by Ahmad et al. [54], who devel
oped numerical algorithms for fourth-grade nanofluid flow over a Riga 
plate, demonstrating significant improvements in thermal performance 
with aluminum alloy nanoparticles. Kapustenko et al. [55] investigated 
heat transfer enhancement in compact heat exchangers with different 
channel geometries, confirming that geometric optimization plays a 
critical role in thermal efficiency. Szűcs [56] employed coupled 
CFD–FEM simulations to analyze the thermal characteristic length, 
providing deeper insight into multiphysics heat-transfer modeling. 
Optimization of thermal systems is addressed by Orosz et al. [57–61] 
who utilized graph-theoretic approaches for heat exchanger network 
synthesis, achieving minimum energy consumption and enabling effi
cient industrial implementation. In applied thermal systems, Kovács 
et al. [58] studied convective and radiative heat transfer in lithium-ion 
batteries, highlighting safety and performance implications, whereas 
Morauszki et al. [59] examined combustion and heat-transfer processes 
in internal-combustion engines, thereby contributing to energy-system 
optimization. Szűcs [60] investigated compressibility effects in porous 
materials, showing their impact on fluid flow and thermal transport 
behavior in complex media.

After reviewing the literature cited above, the authors assert that the 
following novelty and objectives are addressed in the model.

1.1. Novelty

The following unique contributions that make this research novel 
are; 

1. A non-Newtonian model (Casson model) was utilized for this study.
2. Copper and titanium oxide nanoparticles dissolved in a sodium 

alginate base fluid.
3. The MHD and mixed convection effects are incorporated into the 

momentum equation.
4. Convective boundary conditions are introduced for temperature at 

the rotating disks.
5. Concentration equation for hybrid nanofluid reported with activa

tion energy term.

1.2. Objectives

The following are the primary goals of the current study: 

1. To create a thorough mathematical model for the mixed convection 
MHD flow of a Casson hybrid nanofluid between two infinitely 

rotating parallel disks with nanoparticles (TiO2 − Cu)suspended in a 
sodium alginate (SA) based fluid.

2. To include a variety of realistic physical effects, such as thermal ra
diation, Brownian motion, thermophoresis, Arrhenius activation 
energy, Joule heating, magnetic field (Lorentz force), and chemical 
reaction.

3. To use MATLAB's bvp4c solver to find precise numerical solutions of 
the resulting boundary value problem.

4. To examine how important dimensionless parameters affect axial 
and tangential velocities, temperature, and concentration profiles.

1.3. Research questions

The following research questions are addressed in this study; 

1. How does the mixed convection parameter affect the flow velocity?
2. Which type of nanofluid has a higher heat transfer rate under 

augmented values of nanoparticles?
3. How do Biot number, Reynold number, and Thermal radiation affect 

the rate of heat transfer?
4. Which type of nanofluid has superior effects on flow distribution 

profiles?

2. Statement of problem

Consider the axisymmetric, incompressible, and steady three- 
dimensional flow of a (HNF) composed of (TiO2 − Cu) nanoparticles 
suspended in a base fluid of (SA) between two infinite parallel and 
rotating disks. The coordinate system (r, θ, and z) has its respective 
velocities are u, v and w. A consistent magnetic field β0 is applied in the 
z-direction, influence the fluid flow. This study integrates Casson hybrid 
nanofluid, with thermal radiation, and Joule heating in the energy 
equation while Arrhenius activation function is considered in mass 
equation to develop the mathematical model. The upper and lower disks 
stand positioned at z = h and z = 0 respectively. Furthermore, the 
angular velocities of the lower and upper disks are represented by Ω1and 
Ω2respectively. It is considered that the fluid is subjected to temperature 
variations, where the lower disk maintains a surface temperature of 
T1while the upper disk at a temperatureT2. Heat transfer occurs among 
these surfaces, influencing the thermal performance of the HNF. The 

Fig. 1(a). Geometry of the problem.
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temperature gradient plays an important role in the energy transport 
mechanism, affecting convection, radiation, and Joule heating effects 
within the system. The concentration of the lower and upper disks are C1 
and C2 respectively.the geven coordinate system of cylindricl are use to 
create the follwing model which show Fig.1(a). Using the above as
sumptions the governing equation are [42,43,62].

2.1. Continuity equation

1
r

∂
∂r

(ru) +
∂w
∂z

= 0, (1) 

Here u, v and ware the velocity components along their respective 
coordinate’s direction in x-axis, y-axis and z− axes.

2.2. Momentum equation

u
∂u
∂r

−
v2

r
+ w

∂u
∂z

= −
1

ρhnf

∂p
∂r

+
μhnf

ρhnf

(

1+
1
β

)(
∂2u
∂z2 +

∂
∂r

(u
r

)
+

∂2u
∂r2

)

−
σhnf

ρhnf
B2

0u +
(ρβT)hnf

ρhnf
g(T − T2), (2) 

u
∂v
∂r

+
vu
r
+ w

∂v
∂z

=
μhnf

ρhnf

(

1+
1
β

)(
∂2v
∂z2 +

∂
∂r

(v
r

)
+

∂2v
∂r2

)

−
σhnf

ρhnf
B2

0v, (3) 

u
∂w
∂r

+ w
∂w
∂z

= −
1

ρhnf

∂p
∂z

+
μhnf

ρhnf

(

1+
1
β

)(
∂2w
∂z2 +

1
r

∂w
∂r

+
∂2w
∂r2

)

, (4) 

This equation represents the balance of forces acting on the fluid 
element. The effect of the magnetic field, the mixed convection term and 
the Casson model are incorporated. Furthermore, the density of the 
hybrid nanofluid is denoted by ρhnf , dynamic viscosity μhnf and electrical 
conductivity is σhnf .

2.3. Temperature equation

This equation represents heat transfer, including Joule heating, 
thermophoresis, and thermal radiation. Moreover, DBrepresents the 
Brownian diffusion coefficient, T is the temperature, and DTmeans the 
thermophoretic coefficient. The average absorption coefficient is deno
ted byk∗, while σ∗represents the Stefan-Boltzmann constant.

u
∂T
∂r

+ w
∂T
∂z

=
khnf

(
ρCp
)

hnf

(
1
r

∂
∂r

(

r
∂T
∂r

)

+
∂2T
∂z2

)

+
1

(
ρCp
)

hnf

(
1
r

∂
∂r

(

r
∂T
∂r

)

+
∂2T
∂z2

)
16σ∗T3

2
3k∗

+

(
ρCp
)

np(
ρCp
)

hnf

[

DB

(
∂T
∂z

∂C
∂z

+
∂T
∂r

∂C
∂r

)

+
DT

T2

((
∂T
∂z

)2

+
1
r

∂T
∂r

+

(
∂T
∂r

)2)]

+
σhnf B2

0(
ρCp
)

hnf

(
u2 + v2),

(5) 

Fig. 1(b). Flow chart of bvp4c.
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2.4. Concentration equation

u
∂C
∂r

+ w
∂C
∂z

= DB

(
1
r

∂
∂r

(

r
∂C
∂r

)

+
∂2C
∂z2

)

+
DT

T2

(
∂2T
∂z2 +

1
r

∂T
∂r

+
∂2T
∂r2

)

− χr

(
T
T2

)n

exp
(
− Eb

k0T

)

(C − C2).

(6) 

It is also known as the mass equation with thermophoretic phe
nomena and activation energy. Here (C) denotes the concentration of 
fluid, (χr) chemical reaction rate and (C2) concentration away from the 
surface.

In Eqs. (1–6) the three velocity components are allied with the cy
lindrical coordinates (r,θ,z) withu, v and w.

2.5. Boundary conditions

The corresponding boundary conditions are defined [47]. 
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

u=(b1r),v=(Ω1r), w=0, khnf

(
∂T
∂z

)

=
(
− hf

(
Tf − T

))
, C=(C1),

at lower disk z=0,

u=(b2r), v=(rΩ2), w=0, T=T2, C→C2

atupper disk z= h,

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

.

(7) 

The physical behavior of the boundary conditions of the hybrid 
nanofluid between two rotating disks is given in Eq. (7). At a lower diskz 
= 0, the boundary conditions are u=(b1r),v=(Ω1r), in which b1 and 
Ω1representing linear stretching and rotation of the lower disk. The 
boundary condition w = 0shows an impermeable surface with no mass 

flux. The term khnf

(
∂T
∂z

)

=
(
− hf

(
Tf − T

))
shows the convective conditions 

at the surface of the lower disk, which represent the transport of heat 
from the hot fluid to the disk surface with heat coefficienthf . Further
more, at the upper disk z= h the boundary conditions are u=(b2r), v=
(rΩ2) in which b2 and Ω2representing linear stretching and rotation of 
the upper disk. The temperature and concentration of nanoparticles 
fixed at both disks are T=T1, C=C1 at lower and T=T2, C=C2 at the 
upper disk, indicating controlled surface temperature and concentration 
levels.

The thermophysical properties of NFs and HNFs are Lone et al. [48]; 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

μhnf

μf
=

1
(
1 − ∇p1

)5/2,

ρhnf

ρf
=

[(
1 − ∇p1

)
ρf +∇p1ρp1

]

ρf
,

σhnf

σnf
= 1 +

3
(
∇p1σp1

σf
− 1
)

∇p1

(
∇p1σp1

σf
+ 2
)

−

{(
∇p1σp1

σf
− 1
)

∇p1

}

khnf

kf
= 1 +

3
(
∇p1kp1

kf
− 1
)

∇p1

(
∇p1kp1

kf
+ 2
)

−

{(
∇p1kp1

kf
− 1
)

∇p1

}

(
ρCp
)

hnf
(
ρCp
)

f

=

[(
1 − ∇p1

)(
ρCp
)

f +∇p1
(
ρCp
)

p1

]

(
ρCp
)

f

,

(ρβT)hnf

(ρβT)f
=

[(
1 − ∇p1

)
(ρβT)f +∇p1(ρβT)p1

]

(ρβT)f

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

μhnf

μf
=

1
(
1 − ∇p1 − ∇p2

)5/2,

ρhnf

ρf
=

(
1 − ∇p2

)[(
1 − ∇p1

)
ρf +∇p1ρp1

]
+∇p2ρp2

ρf
,

σhnf

σnf
= 1 +

3
(
∇p1σp1 +∇p2σp2

σf

)

− 3
(
∇p1 +∇p2

)

2 +

(
∇p1σp1 +∇p2σp2
(
∇p1 +∇p2

)
σf

)

−

{(
∇p1σp1 +∇p2σp2

σf

)

−
(
∇p1 +∇p2

)
}

khnf

kf
=

(
∇p1kp1 +∇p2kp2(

∇p1 +∇p2
)

)

+ 2kf − 2
(
∇p1 +∇p2

)
kf + 2

(
kp1∇p1 + kp2∇p2

)

(
∇p1kp1 +∇p2kp2
(
∇p1 +∇p2

)

)

+ 2kf +
(
∇p1 +∇p2

)
kf − 2

(
kp1∇p1 + kp2∇p2

)

(
ρCp
)

hnf
(
ρCp
)

f

=

(
1 − ∇p2

)[(
1 − ∇p1

)(
ρCp
)

f +∇p1
(
ρCp
)

p1

]
+∇p2

(
ρCp
)

p2
(
ρCp
)

f

,

(ρβT)hnf

(ρβT)f
=

(
1 − ∇p2

)[(
1 − ∇p1

)
(ρβT)f +∇p1(ρβT)p1

]
+∇p2(ρβT)p2

(ρβT)f

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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Here ∇is nanoparticle volume fraction and p1, and p2 stands for first 
and second nanoparticle.

The similarity variables are defined as [51]:  

Using the similarity transformation to obtain the flowing odes; 
(

1+
1
β

)

f iv(η) + A2

A1
Re
(

2f(η)f ʹ́ʹ(η)+2H(η)Hʹ(η) − A3

A2
Mf ʹ́ (η)

)

+
A4

A2
Riθʹ(η)= 0, (9) 

(

1+
1
β

)

Hʹ́ (η) + A2

A1
Re
(

2f(η)Hʹ(η) − 2H(η)fʹ(η) − A3

A2
MH(η)

)

= 0, (10) 

1
A2

Pʹ(η) + 4Ref(η)fʹ(η) + 2A1

A2

(

1+
1
β

)

f ʹ́ = 0, (11) 

1
Pr

1
A6

(A5 + Rd)θʹ́ (η) + 1
A6

(
Nbθʹ(η)ϕʹ(η) + Nt(θʹ(η))2)

+Re
(

2f(η)θʹ(η) + EcM
A3

A6

(
(fʹ(η))2

+ (H(η))2)
)

= 0,
(12) 

ϕʹ́ (η) + Re

⎛

⎜
⎜
⎝

2Scf(η)ϕʹ(η) + 1
Re

Nt
Nb

θʹ́ (η)−

Sckr

(

(1 + αθ(η))nexp
(

−
E

1 + αθ(η)

))

ϕ(η)

⎞

⎟
⎟
⎠ = 0, (13) 

The boundary conditions are: 

BCs(f ,H,P,θ,ϕ)

⎧
⎨

⎩

f(0) = 0, fʹ(0) = γ1, f(1) = 0, fʹ(1) = γ2,

H(0) = 1, H(1) = Ω,P(0) = 0, ϕ(0) = 1,
A5θʹ(0) = − B1(1 − θ(0)), θ(1) = 0,ϕ(1) = 0,

⎫
⎬

⎭
(14) 

In the above equations the dimensionless parameters are, M = σf β2
0

ρf Ω1
is 

magnetic parameter Pr =
(ρCP)f vf

kf
is Prandtl number, α = Tf − T2

T2 
is temper

ature difference, Nb =

(
(ρCf )nf

DB(C1 − C2)

(ρCf )f
vf

)

is Brownian motion factor, Sc =

vf
DB 

is Schmidt number, Nt =

(
(ρCf)np

DT(Tf − T2)

(ρCf )f
T2vf

)

is thermophoresis factor, 

kr =
χrh2

vf 
is chemical reaction rate, Rd =

16σ∗T3
2

3k∗kf
is thermal radiation E = Eb

k0T2 

is activation energy. Ec = h2Ω1
2

(Cp)f(Tf − T2)
is Eckert number, Ri = Gr

Re2 is 

Richardson number, Gr =
gβT (T1 − T2)h3

v2
f

is Grashof number, B1 =
hf
kf

̅̅̅̅
vf
Ω1

√
is 

Biot number Re = Ω1h2

vf 
is Reynolds number, Ω = Ω2

Ω1 
is a rotation perim

eter, γ2 = b2
Ω1

, γ1 = b1
Ω1 

are starching parameters, respectively. 

Moreover,A1 =
μhnf
μf

,A2 =
ρhnf
ρf

,A3 =
σhnf
σf

, A4 =
(ρβT )hnf
(ρβT )f

A5 =
khnf
kf

, andA6 =

(ρCp)hnf

(ρCp)f
are thermophysical constants.

3. Physical quantity

The surface drag forces for both disks are described mathematically 
as; 

Cfx =
τw|z = 0
ρhnf (r)

2 , Lower disk

Cfx =
τw|z = h
ρhnf (r)

2 , Lower disk
(15) 

In equation number (18) τw =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
τ2

θ z + τ2
r z

√
,with τθz, τrzare the shear 

stress respectively at lower disks in radial as well as tangential direction 
using equation number (8) in (15) we have 

τrz =

(

1 +
1
β

) μhnf ∂u
μf ∂z

⃒
⃒
⃒
⃒
⃒
z=0

=
1
Re

(

1 +
1
β

) μhnf

μf
f ʹ́ (0),

τθz =

(

1 +
1
β

) μhnf ∂v
μf ∂z

⃒
⃒
⃒
⃒
⃒
z=0

=
1
Re

(

1 +
1
β

) μhnf

μf
Hʹ(0),

τrz =

(

1 +
1
β

) μhnf ∂u
μf ∂z

⃒
⃒
⃒
⃒
⃒
z=h

=
1
Re

(

1 +
1
β

) μhnf

μf
f ʹ́ (1),

τθz =

(

1 +
1
β

) μhnf ∂v
μf ∂z

⃒
⃒
⃒
⃒
⃒
z=0

=
1
Re

(

1 +
1
β

) μhnf

μf
Hʹ(1),

(16) 

Making use of Eq. (16) in Eq. (17)
Lower disk 

Cfl = ReCfx =

(

1+
1
β

) μhnf

μf

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(f ʹ́ (0))2
+ (Hʹ(0))2

√

, (17) 

At upper disk 

Cfu = ReCfx =
1
Re

(

1+
1
β

) μhnf

μf

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(f ʹ́ (1))2
+ (Hʹ(1))2

√

, (18) 

Mathematically the Nusselt number at the lower at the lower and 
higher disks are express as; 

Nul =
hqw

kf
(
Tf − T2

)

⃒
⃒
⃒
⃒
z=0

, Lower disk

Nuu =
hqw

(T1 − T2)

⃒
⃒
⃒
⃒
z=h

, Upper disk
(19) 

In Eq. (19) we have 

qw = − khnf
∂T
∂z

⃒
⃒
⃒
⃒
z=0

+ qr|z, (20) 

Using Eq. (8) in (20) we have;
At lower disk 

Nul = −

(
khnf

kf
+

4
3

Rd
)

θʹ(0), (21) 

At upper disk 

⎧
⎪⎪⎨

⎪⎪⎩

u = (Ω1rfʹ(η)), v = (Ω1rH(η)), w = ( − 2Ω1hf(η)), η =
(z

h

)
,

p = − ρf Ω1vf

(

P(η) + r2 ∈

2h2

)
(

θ(η)
(
Tf − T2

)
+ T2

)
= T, (ϕ(η)(C1 − C2) + C2) = C.

⎫
⎪⎪⎬

⎪⎪⎭

(8) 
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Table 1 
A comparative analysis of the uniqueness of the envisioned model.

Name Ramzan et al. 
[40]

Shehzad et al. 
[41]

Noreen et al. 
[42]

Rehman et al. 
[43]

Kumar et al. 
[44]

Zhang et al. 
[45]

Hayat et al. 
[46]

Present 
work

Casson model No No No No No No No Yes
Mixed convection No No No No No No No Yes
Sodium alginate base 

fluid
No No No No No No No Yes

Activation energy No No No Yes No No No Yes
Convective condition No No No No No No No Yes
Rotating disks Yes Yes Yes Yes Yes Yes Yes Yes
Bvp4c Yes No Yes Yes No No No Yes

Fig. 2. Influence of Reynold number (Re) on axial velocity (f(η)), where β = 2.0,M = 0.1, γ1 = 0.4, γ2 = 0.5,Ri = 0.2.

Fig. 3. Influence of Reynolds number (Re) on tangential velocityH(η), where β = 2.0,M = 0.1, γ1 = 0.4, γ2 = 0.5, Ω = 1.0.
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Nuu = −

(
khnf

kf
+Rd

)

θʹ(1), (22) 

For the hybrid nanofluid Sherwood number are define as; 
[

Shx = −
hqm

DB(C2 − C1)

]

, (23) 

Where qm is the mass flux which is define as; 

qm|z = − DB
∂C
∂z

⃒
⃒
⃒
⃒
z=0

. (24) 

Thus the Sherwood number is reduced as; 

Shxl = − ϕʹ(0) (25) 

At upper disk 

Shxu = − ϕʹ(1) (26) 

Re = Ω1h2

νf
is local Reynolds number.

4. Numerical procedure

In this study, we utilize MATLAB’s bvp4c numerical solver to solve 
the structure of non-linear ODEs subject to the boundary conditions. The 
bvp4c method is applied across a range of governing parameter values to 
comprehensively investigate the problem. Set the absolute and relative 
tolerance 10− 6for the results below to ensure the accuracy and maintain 
computational efficiency. The flow chart of bvp4c method is given in 
Fig. 1(b).

Key Features of bvp4c; 

Fig. 4. Influence of magnetic field parameter (M) on velocity profile f(η),where β = 2.0,Re = 2.1, γ1 = 0.4, γ2 = 0.5,Ri = 0.2.

Fig. 5. Influence of magnetic field parameter (M) on tangential velocity H(η),where β = 2.0,Re = 2.1, γ1 = 0.4, γ2 = 0.5,Ω = 1.0.
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➢ Solves both linear and nonlinear boundary value problems.
➢ Uses adaptive mesh refinement.
➢ Efficient for smooth solutions. 

y(1) = f(η), y(5) = H(η), y(9) = θʹ(η),
y(2) = fʹ(η), y(6) = Hʹ(η), yʹ(9) = θʹ́ (η),
y(3) = f ʹ́ (η), yʹ(6) = Hʹ́ (η), y(10) = ϕ(η),
y(4) = f ʹ́ʹ(η), y(7) = P(η), y(11) = ϕʹ(η),
y(4) = f ʹ́ʹ(η), yʹ(7) = Pʹ(η), yʹ(11) = ϕʹ́ (η),
yʹ(4) = f ʹ́ʹ́ (η), y(8) = θ(η),

(27) 

yʹ(4) = −
A2

A1

(

Re
(

2y(1)y(4)+2y(5)y(6) −
A3

A2
My(3)

)

+
A4

A2
Riy(8)

)/(

1+
1
β

)

,

(28) 

yʹ(6) = −
A2

A1
Re
(

2y(1)y(6) − 2y(5)y(2) −
A3

A2
My(5)

)/(

1+
1
β

)

,

(29) 

yʹ(7) = − 4A2Rey(1)y(2) − 2A1

(

1+
1
β

)

f(3) (30) 

yʹ(9) =

−
1
A6

(
Nby(9)y(11) + Nt(y(9))2)

− Re
(

2y(1)y(9) + EcM
A3

A6

(
(y(2))2

+ (y(5))2)
)

= 0,
1
Pr

1
A6
(A5 + Rd)

(31) 

Fig. 6. Influence of stretching ratio parameter (γ1) on velocity profilef(η). Where β = 2.0,M = 0.1,Ri = 0.3, γ2 = 0.5,Re = 2.1.

Fig. 7. Influence of stretching ratio parameter (γ2) on velocity profilef(η). Where β = 2.0,M = 0.1,Ri = 0.3, γ1 = 0.5,Re = 2.1.
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yʹ(11) = − Re
(

2Scy(1)y(11)+
1
Re

(
Nt
Nb

)

yʹ(9) − Sckr(1 + αy(8))nexp
(

−
E

1 + αy(8)

)

y(10)
)

(32) 

The following are the newly modified boundary conditions: 

ya(1) − 0, ya(2) − γ1 yb(1) − 0, yb(2) − γ2 ya(5) − 1, yb(5) − Ω,

ya(7) − 0, A5ya(9) + B1(1 − ya(8)), yb(8) − 0, yb(10) − 0, yb(10) − 0.
(33) 

5. Validation

This section includes the validation of the present work with the 
published work in the literature to show the accuracy of the model. 
Table 1 Table 3 shows the comparative results of fʹ́ (0)and − gʹ(0)with 
the work published by Hosseinzadeh et al. [52]. These results show a 
close agreement with the published one, which provide evidence for the 
validation of the present work.

6. Results and discussion

This section presents graphical representations of fluid profiles for 
numerous key parameters, accompanied by brief details for better 
clarity. The governing flow equations are transformed into a system of 
ordinary differential equations (ODEs) using suitable similarity trans

Fig. 8. Influence of rotation parameter Ω on tangential velocity H(η),where β = 2.0,Re = 2.1,M = 0.3, γ1 = 0.4, γ2 = 0.5,Ω = 1.0.

Fig. 9. Influence of convective parameter (Ri) on velocity profilef(η),where β = 2.0,M = 0.1, γ1 = 0.4, γ2 = 0.5,Rd = 0.4,Re = 2.1.
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formations. The resulting ODEs are then solved numerically using the 
bvp4c method in MATLAB. The investigation achieve for magnetic 
perimeter (M), Reynolds number (Re), Schmidt number (Sc), Eckert 
number (Ec), Mixed convective parameter (Ri), chemical reaction 
(kr)Brownian motion (Nb), activation energy (E), Biot number (B1) 
thermophores factor (Nt), Prandtl number (Pr), rotation parameter (Ω), 
stretching parameters (γ1, γ2), Casson parameter, (β) on axial and 
tangential velocities, (f(η)),(H(η)), temperature, (θ(η)), and concentra
tion profile (ϕ(η)).

6.1. Velocities distributions

Fig. 2 shows the consequences of Reonf(η). This Figure shows a rise 
in f(η) is disclosed with an increase inRe. The augmentation of the 
Reynolds number is physically linked to the predominance of inertial 

forces over viscous resistance, facilitating a more unrestricted axial 
movement of the fluid. At elevatedRe, increased fluid inertia amplifies 
momentum transfer, resulting in rapid axial flow, as illustrated in Fig. 2. 
Furthermore, the increase in tangential velocity H(η)is attributed to less 
viscous damping at elevatedRe, which allows rotational effects to 
amplify and augment circumferential fluid motion, as illustrated in 
Fig. 3. Fig. 4 visualize the impact of Monf(η). The intensification in M 
declinesf(η). Physically magnetic field ascribed to the Lorentz force, 
which counteracts the velocity of the electrically conductive fluid and 
diminishes axial momentum. The magnetic dampening effect enhances 
flow resistance, resulting in a decrease in axial flow, as illustrated in 
Fig. 4. Correspondingly, the tangential velocity H(η)diminishes as a 
result of magnetic resistance that opposes rotational motion and dissi
pates kinetic energy, as elucidated in Fig. 5. Fig. 6 depicts the effect of γ1 
onf(η). This Figure demonstrates an increasing trend in f(η) with the rise 

Fig. 10. Influence of Casson parameter (β) on velocity profilef(η). Where M = 0.3,Re = 2.0, γ1 = 0.4, γ2 = 0.5,Ri = 0.1.

Fig. 11. Influence of Casson parameter (β) on velocity profileH(η). Where M = 0.3,Re = 2.1, γ1 = 0.4, γ2 = 0.5,Ri = 0.1.
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ofγ1. This increase in f(η)with growth γ1can be physically interpreted as 
a result of the intensified pulling action exerted by the stretched surface 
on the fluid. As the stretching factor escalates, the surface of the lower 
disk expands more swiftly, transferring increased momentum to the 
neighbouring fluid layers. The augmented momentum transfer enhances 
the fluid motion in the axial direction, resulting in an elevation off(η). 
The consequences of γ2on f(η)is dipected in Fig. 7. This decrease in 
f(η)with the increase inγ2, physically ascribed to the redistribution of 
fluid momentum resulting from enhanced surface stretching. As the 
upper disk undergoes increased stretching, it facilitates augmented 
radial fluid motion along the disk surface. The augmented radial 
transport redirects momentum from the axial direction and modifies the 
pressure distribution between the disks. As a result, the resistance to 
axial motion escalates, diminishing the axial flow and causing a 

significant decrease in f(η)over the flow region. Fig. 8 is shows the 
impression of Ω on H(η). The increase in H(η)with the enhancement of Ω 
is attributable to the intensified rotational motion exerted by the disks 
on the fluid. As Ω increases, the fluid adjacent to the disk surface un
dergoes heightened circumferential acceleration, hence augmenting 
momentum in the tangential direction. The augmented rotational en
ergy is conveyed by viscous forces to neighbouring fluid layers, ampli
fying the overall tangential motion. Consequently, increased rotation 
enhances the swirling flow, intensifies centrifugal effects, and elevates 
the influence of disk rotation on circumferential fluid dynamics. The 
scattering of the Ri onf(η) of HNF is shown in Figs. 9. A higher (Ri) in
creases the fluid velocity because it increases the buoyancy force 
(Ri∝Gr), which in turn affects the fluid's speed because of the combined 
effects of the temperature gradient ratio and inertial forces. Fig. 10

Fig. 12. Influence of Reynolds number (Re) on temperature profileθ(η), where β = 2.0,M = 0.1,Nt = 0.3,Rd = 0.4,B1 = 0.6, Ec = 0.5,Nb = 0.2.

Fig. 13. Influence of magnetic field parameter M on temperature profile θ(η),where β = 2.0,Re = 0.1,Nt = 0.3,Rd = 0.4,B1 = 0.4, Ec = 0.5,Nb = 0.2.
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illustrate the variance in f(η) as a function ofβ . The results indicate that 
f(η) rise with the rising β factor. Due to the introduction of tensile stress, 
the thickness of the boundary layer diminishes as the Casson factor in
creases. The increase in yield stress associated with the βsubsequently 
enhancesf(η). The same effect is seen in H(η)against higher values of β in 
Fig. 11.

6.2. Temperature profiles

The influence of several parameters on thermal profiles θ(η) is seen in 
Figs. 12–19.

Fig. 12 illustrates the impact of Re on the temperature profile. Higher 
Reynolds number indicates stronger inertial forces. This leads to a rise in 
fluid velocity and improved viscous debauchery. Viscous dissipation 

converts kinetic energy into thermal energy, affecting an increase in 
temperature within the fluid the thermal θ(η)profile boosts. Increased 
fluid velocity and stronger viscous dissipation are the results of inertial 
forces predominating over viscous forces, as shown by higherRe. This 
mechanism raises the fluid's temperature by converting kinetic energy 
into thermal energy, θ(η)increases. This is due to improved viscous 
dissipation higher velocity gradients change more kinetic energy into 
thermal energy via internal friction. This self-heating machinery is 
dangerous in high-speed rotating machinery where cooling efficiency 
must balance frictional heating. Fig. 13 shows the outcome of M 
onθ(η)of the TiO2 − Cu/Ag of Hybrid nanofluid. An improvement in the 
temperature profile is noted with increasing magnetic intensity. Physi
cally, a stronger magnetic field increases the resistance experienced by 
fluid particles, which leads to greater energy dissipation and 

Fig. 14. Influence of Brownian motion (Nb) on temperature profile θ(η),where β = 2.0,M = 0.1,Nt = 0.3,Rd = 0.4,B1 = 0.6, Ec = 0.5,Re = 0.2.

Fig. 15. Influence of Eckert number (Ec) on temperature profile θ(η),where Nt = 0.3, β = 2.0,Re = 0.4,Rd = 0.6,M = 0.3,B1 = 0.5,Nb = 0.2.
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consequently elevates the temperature distribution. Fig. 14 shows the 
effects of Nb onθ(η). The temperature profile θ(η) is established to 
improve as Nb values rise. The increased random motion of nano
particles at explains this behavior greaterNb, which improves the fluid's 
tiny energy transmission. The flow's thermal properties are strengthened 
because of the nanoparticles' internal energy being more successfully 
transformed into thermal energy. Therefore, as Fig. 14 makes evident, 
an increase in the Brownian motion parameter directly leads to 
increased temperature distributions. The influence of Ec on θ(η)is seen in 
Fig. 15, demonstrating an increase in θ(η) corresponding to a rise inEc. 
The increase in θ(η) with the enhancement ofEc, physically elucidated as 
a result of heightened viscous dissipation inside the fluid. An elevated Ec 
signifies that the kinetic energy of the fluid is being transformed more 
efficiently into internal energy as a result of viscous processes. This 

process produces more heat, elevating the fluid temperature. As a result, 
the fluid absorbs additional energy, leading to an increase in tempera
ture distribution. This effect is primarily significant in high-speed or 
high-viscosity flows, when viscous heating greatly impacts thermal 
transport and energy properties. The effect of the radiation parameter 
(Rd)on the temperature profile θ(η) is seen in Fig. 16. Thermal radiation 
contributes an additional heat flux following the Roseland approxima
tion. The temperature rises when (Rd) increases. Physically, radiative 
heat transmission becomes more intense as the (Rd) parameter rises, 
giving the working fluid greater thermal energy. As the coordination 
engages added heat after radiative bases, the fluid hotness increases 
owed to this extra energy. The impression of B1 on θ(η)is shown in 
Fig. 17. Growth in B1 intensify the θ(η)distribution. Mathematically, 

B1 =
hf
kf

̅̅̅̅̅
vf
Ω1

√
, which shows that B1is related to heat transfer coefficient hf 

Fig. 16. Influence of thermal radiation Rd on temperature profile θ(η),where Nt = 0.3, Ec = 0.6,M = 0.3,B1 = 0.6, β = 2.0,Nb = 0.2.

Fig. 17. Influence of thermal radiation B1 on temperature profile θ(η),where Nt = 0.3,Re = 2.1, Ec = 0.6,M = 0.3,Rd = 0.5,Nb = 0.2.

S. Aziz et al.                                                                                                                                                                                                                                     Results in Engineering 30 (2026) 109979 

14 



. Higher values of B1 amplifies the thermal transport which significantly 
esclates the θ(η).

6.3. Concentration profile

Fig. 18 illustrates the influence of kr on ϕ(η). From this here, we 
deduced that the greater kr diminishesϕ(η). Higher values of kr diminish 
the boundary layer thickness of a nanoparticle distribution. The 
decrease in the boundary layer leads to a diminished distribution of 
nanoparticle concentration. Fig. 19 illuminates the outcome of the Nb on 
theϕ(η). Brownian motion rises to random nanoparticle movement, 
while thermophoresis is particle migration due to temperature gradi
ents. As Nb increases, the concentration profile decreases. Higher values 
of Nb increase the random motion of nanoparticles, which decreases 

quantity dispersion and weakens the solutal absorption. The impact of 
the Sc on the concentration field of hybrid nanofluids is seen in Fig. 20. 
Mass diffusivity decreases with increasingSc, resulting in a drop in 
ϕ(η)profile. A greater concentration gradient in the fluid results from 
higher Sc values, which signify lower molecular diffusion rates. Fig. 21
illustrates the effect of E on ϕ(η). This Figure indicates that a higher 
Eincreasesϕ(η). Higher values of E augment the boundary layer thick
ness of a nanoparticle distribution. This increase in the boundary layer 
leads in an amplified distribution of nanoparticle concentration. As a 
result ϕ(η)distribution enhanced with E.

6.4. Comparison graphs

A comparative examination of the nanofluid and hybrid nanofluid on 

Fig. 18. Influence of chemical reaction rate kr on concentration profileϕ(η). Where Nt = 0.3,Re = 2.1, Sc = 0.1, E = 0.6,Nb = 0.2.

Fig. 19. Influence of Brownian motion Nb on concentration profile ϕ(η),where Nt = 0.3,Re = 2.1, Sc = 0.1, E = 0.6, kr = 0.2.
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velocities and temperature concentration profiles is presented in Fig. 22. 
Hybrid nanofluids exhibit a more pronounced alteration in velocity 
fields than mono-fluids due to their enhanced effective thermal con
ductivity and modified rheological properties, indicating superior mo
mentum transport capacity and flow regulation Fig.23. The axial and 
tangential velocities often increase with nanoparticle complexity Fig.24
due to enhanced energy-exchange mechanisms. The hybrid nanofluids 
demonstrate significant improvements in thermal characteristicsFig.25, 
attributable to enhanced heat-transfer efficiency arising from elevated 
thermal conductivity and improved microscale energy diffusion. 
Conversely, concentration profiles demonstrate steeper gradients in 
hybrid nanofluids, attributable to enhanced mass diffusivity and the 
interaction between particles and fluids. The results demonstrate that 
hybrid nanofluids outperform than nanofluid.

6.5. Table discussion

Table 2 delineates the numerical values of thermophysical proper
ties. Table 3 presents a validation of the current study against previously 
published research. Table 4 represents the influence of the magnetic 
parameter (M), stretching ratio parameter (γ1), and Casson fluid 
parameter (β) on the skin friction at the lower and upper disk. The skin 
friction is found to increase with the M, γ1and β at the bottom disk. The 
higher the magnetic field, the stronger the Lorentz force; thus, its effect 
is maximal at the lower disk, whereas at the top disk it decreases. As a 
result, the surface drag increases at the lower disk. The γ1 increase the 
skin friction at both disks. This effect is due to the enhancement of 
stretching velocity, which results in the skin friction increase at both 
disks. Furthermore, the variation in β also improve the skin fiction at 

Fig. 20. Influence of Schmidt number (Sc) on concentration profile ϕ(η),where Nt = 0.3,Re = 2.1, kr = 0.6, Ec = 0.6, E = 0.5,Nb = 0.2.

Fig. 21. Influence of activation (E) on concentration profile ϕ(η),where Nt = 0.3,Re = 2.1, kr = 0.6, Ec = 0.6, Sc = 0.5,Nb = 0.2.
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lower and top disk. Table 5 presents the influence of thermal radiation 
parameter (Rd), Biot number (B1), and Reynolds number (Re) on the 
Nusselt number at both disks. An increase in thermal radiation enhances 
internal thermal energy within the fluid, which thickens the thermal 
boundary layer and hence increase the Nusselt number at the upper disk. 
A reverse trend is observed at the lower disk. In contrast, increasing the 
Biot number B1 intensifies convective heat exchange at the wall. A larger 
B1 represents stronger surface convection relative to internal conduc
tion, which steepens the temperature gradient and therefore raises the 
Nusselt number of both upper and lower disk. Similarly, higher Reynolds 
number Re strengthens fluid motion and convective transport. Enhanced 
circulation improves heat extraction from the surface, leading to a 
consistent rise in the Nusselt number of lower and upper disk. The 
impact of hybrid nanoparticles on the rate of heat transfer at the lower 
and upper disks is presented in Table 6. The results demonstrate that the 

hybrid nanofluid exhibits a significantly higher heat transfer rate 
compared to the single nanoparticle nanofluid. Physically, the addition 
of copper ∇Cuand titanium ∇Tio2 nanoparticles to the base fluid enhances 
its thermophysical properties. The presence of dual nanoparticles in
creases intermolecular interactions and collision frequency within the 
fluid. This intensified collision mechanism raises the temperature energy 
distribution and kinetic activity of the fluid particles, which conse
quently boosts the heat transport capability of the hybrid nanofluid. 
Table 7 demonstrates the impact of Schmidt number (Sc) Reynolds 
number Reand activation energy (E) on the Sherwood number. 
Increasing Sc corresponds to lower mass diffusivity relative to mo
mentum diffusivity. This reduces species diffusion thickness and pro
duces a steeper concentration gradient at the wall, thereby increasing 
the Sherwood number at both disks. Higher activation energy suppresses 
chemical reaction rates inside the fluid, which maintains a stronger 

Fig. 22. Effect of nano and hybrid nanoparticles onf(η).

Fig. 23. Effect of nano and hybrid nanoparticles onH(η).
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concentration difference near the surface and enhances mass transfer. 
Furthermore, the mass transfer rate also escalates against higher Rey
nolds number at lower and upper disk.

Fig. 24. Effect of nano and hybrid nanoparticles onθ(η).

Fig. 25. Effect of nano and hybrid nanoparticles onϕ(η).

Table 2 
The numerical values of nanoparticles and base fluid [49,50,63].

Physical property Cu TiO2 SA

ρ
(
kg /m3) 8933 3.97 × 103 997.1

Cp(J /kgK) 385 765 4.179 × 103

σ
(
Ω.m− 1) 5.96 × 107 1.00 × 10–10 0.05

k(W /mK) 4 × 102 40 0.613
β(1 /K) 1.67 × 10–5 0.9 × 10–5 23 × 10–5

Pr ​ ​ 8.0

Table 3 
Validation of the present work with the previous result when Re = 1.0and∇p1 =

∇p2 = M = γ1 = γ2 = 0, .

fʹ́ (0) − ǵ (0)

Ω Hosseinzadeh 
et al. [52]

Present results Hosseinzadeh 
et al. [52]

Present 
results

− 1.0 0.06666265832 0.0666625431 2.000952 2.00094
− 0.8 0.08394497836 0.0839449346 1.802594 1.80346
− 0.3 0.10394977533 0.10394977521 1.30443 1.30361
− 0.0 0.09996773288 0.09996773287 1.004286 1.004162
− 0.5 0.06663026596 0.06663026575 0.502619 0.502621
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7. Conclusion

This study investigates the effects of mixed convection in magneto
hydrodynamic (MHD) flow of a non-Newtonian Casson hybrid nanofluid 
confined between two rotating disks under convective boundary con
ditions. The analysis incorporates key physical effects such as mixed 
convection, Joule heating, activation energy, and convective boundary 
conditions, together with relevant transport parameters, to provide a 
comprehensive understanding of the systems' coupled thermal and fluid 
dynamic behavior. To address the complexity of the governing equa
tions, appropriate similarity transformations are employed to reduce the 
nonlinear partial differential equations (PDEs) to a system of nonlinear 

ordinary differential equations (ODEs). The resulting system is then 
solved numerically using MATLAB’s bvp4c solver.

The key results are: 

1. Increasing Reynolds number strengthens axial and tangential ve
locities, while a magnetic field suppresses them due to resistive 
Lorentz forces.

2. Lower-disk stretching enhances axial velocity, whereas upper-disk 
stretching reduces it; however, upper-disk stretching increases 
tangential velocity.

3. Rotation boosts transversal velocity, and higher Richardson and 
Casson parameters increase axial flow.

4. Temperature rises with Reynolds number, magnetic field, Brownian 
motion, Biot number, Eckert number, and radiation.

5. Concentration increases with activation energy but decreases with 
Schmidt number, Brownian motion, and chemical reaction.

6. Skin friction grows with lower-disk stretching and the Casson 
parameter at both disks; magnetic effects increase it at the lower disk 
but reduce it at the upper disk.

7. Higher nanoparticle volume fraction enhances heat transfer (Nusselt 
number), especially for hybrid nanofluids.

8. Nusselt number decreases with radiation and Brownian motion but 
increases with Biot and Eckert numbers.

9. Sherwood number increases with Reynolds and Schmidt numbers at 
both disks, while activation energy reduces it at the lower disk but 
raises it at the upper disk.

7.1. Application

The following advanced engineering and biomedical applications 
can benefit from the study's findings: 

❖ Biomedical engineering, namely in the modeling of blood-like Cas
son fluids enhanced with nanoparticles for targeted medication de
livery devices, bio-cooling systems, and artificial organs.

❖ Thermal management systems include disk-type energy storage de
vices, revolving heat exchangers, and cooling of rotating machinery.

❖ Electromagnetic pumps and metallurgical processes employ mag
netohydrodynamic flow control in electrically conducting fluids.

❖ SA-based hybrid nanofluids with (TiO2 − Cu)nanoparticles are used 
in coating and surface engineering for antimicrobial coatings in food 
packaging and medical implants.

❖ Micro-electromechanical systems (MEMS), rotating disk reactors, 
and renewable energy technologies are examples of energy and 
power systems where improved heat and mass transfer is essential.

7.2. Future research work

❖ Several non-Newtonian fluid models used to expand the current 
model.

❖ In the future, several boundary conditions will be included, including 
melting heat transfer, slip, zero mass flux and thermal jump.

❖ It is possible to apply the Xue and CatteneoChristov thermal con
ductivity model.

❖ Examine the effects of multi-component hybrid nanofluids, nano
particle size, and shape.

❖ Add study of entropy generation, catalytic effects, and several 
chemical reactions.

❖ Verify numerical results using lab-scale or experimental research.
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