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ABSTRACT ARTICLE HISTORY

This paper investigates the resonant nonlinear Schrodinger equation (RNSE) with para- Received 3 May 2025

bolic law nonlinearity, modeling optical pulse propagation in nonlinear optical fibers. Revised 23 July 2025

By employing the Kumar-Malik approach, we have derived some analytical soliton sol- ~ Accepted 19 September 2025

utions for the considered equation. These solutions are in the form of Jacobi elliptic,
hyperbolic, trigonometric, exponential functions are obtained by this analytical K ; .

X - ST . . umar—Malik approach;
approach. Dark, bright, singular, and periodic wave solitons are created by selecting parabolic law nonlinearity;
proper values for the parameters. The new results are compared with previously Schrodinger equation;
obtained results. In addition, the physical properties of the presented solutions are solitons
represented by 2d, contour and 3d graphs created by selecting appropriate constant
parameters. The findings of this study are novel. The acquired results highlight the
simplicity, efficacy, and dependability of this method in the analysis of various nonlin-
ear models encountered in the fields of mathematical physics and engineering.
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1. Introduction

Mathematical models, which are usually nonlinear partial differential equations (NPDEs), used to various
complicated phenomenon in nature, quantum mechanics, optics, control theory, signal processing,
plasma physics, electrical chemistry, system identification, image processing, medicine, control systems,
and so on (Ala et al.,, 2020; Ding et al.,, 2022; Farooq et al.,, 2025; Izgi et al., 2024; Kopgasiz & Yasar, 2023;
Murad et al., 2025; Murad & Omar, 2025; Tagbozan & Kurt, 2023). Therefore, obtaining the exact solutions
of the NPDEs are especially important (Khater, 2023; Raissi et al., 2019; Zhou & Yan, 2021). Many authors
have studied different models using different methods, such as Riccati-Bernoulli sub-ODE method (lzgi,
2023; Saglam & Ahmad, 2025), the Kumar-Malik approach (Kumar & Malik, 2024; Saglam & Malik, 2024),
the Kudryashov-expansion method (Alquran et al., 2021), the sine-cose method (Arshed et al., 2018), the

simplest equation method (Kudryashov, 2022), the extended (%)-expansion method (Kopgasiz et al.,,

2022), Jacobi elliptic functions approach (Shamseldeen et al.,, 2017), bifurcation theory (Younas et al.,
2025), Adomian’s decomposition method (Behera et al, 2022) and the exponential method (Razzaq
et al., 2024).

In the study of NPDEs, lump, travelling wave, and soliton solutions are essential tools with wide appli-
cations in materials science, optics, and plasma physics. Different types of soliton solutions have been
observed in the literature, such as bright solitons, dark solitons, M-W shape solitons. For example, Wang
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et al. obtained bright soliton solutions for the (24 1) dimensional general nonlinear Schrodinger equa-
tion system using the Hirota technique (Wang et al., 2021). Bekir and Zahran observed dark soliton solu-
tions for the Kundu-Eckhaus equation by means of the method of the extended simple equation (Bekir
& Zahran, 2020). Qiao, found M-W soliton solutions for the two-dimensional Euler equation using the
approximation method (Qiao, 2007).

Many mathematical equations, including the Sasa-Satsuma model (Murad et al, 2024), the
Schrodinger model (Hao et al., 2004), the Kadomtsev-Petviashvili Il (KPIl) model (Chakravarty & Kodama,
2008), the Bogoyavlenskii-Schiff (BS) model (Yu et al., 1998), and the Korteweg-de Vries model (Hirota &
Satsuma, 1981), are known to model the behavior of optical solitons.

In quantum mechanics, a mathematical model known as the Schrodinger equation is used to explain
how quantum states behave over time. The diverse range of nonlinear Schrodinger equations (NLSEs)
has proven essential in physics, mathematics, biology, and other domains. Natural phenomena such as
waves in deep surface water, Langmuir waves in thermal plasma, rough waves in oceans, and light trans-
mission in optical fiber cables can be modeled and explained using them. Furthermore, they have been
used in a wide range of fields, including molecular biology, stochastic mechanics, nuclear physics, fluid
dynamics, water surfaces, plasma physics, elastic media, and many more (Chakravarty & Kodama, 2008;
Ibrahim et al,, 2023; Pan et al,, 2024; Younas et al., 2020; Yu et al., 1998; Zayed et al., 2008). Researchers
introduce RNSE, a new class of nonlinear Schrodinger equations (Zayed et al., 2008). RNSE is used to
describe the propagation of an optical pulse in nonlinear optical fibers.

The aim of this paper is to obtain new analytic solutions for the RNSE with parabolic law nonlinearity
(Zayed et al., 2008) having the form

e+ e+ (o + 'y + o (1 )u—o, = v, m
where ¥ = /(x,t) is a complex function describing optical pulse propagation in nonlinear optical fibers
and represents the normalized complex pulse envelope amplitude in nonlinear optical fibers, as well as
a, b, ¢, and d are non-zero real constants. Different solutions for Eq. (1) are obtained using the extended

auxiliary equation method (Zayed & Alurrfi, 2016), the (% 16) -expansion method (Zayed & Alurrfi, 2015),

the new mapping method (Zayed & Al-Nowehy, 2017), modified Kudryashov method (Seadawy et al.,
2021), the (m +%) improved expansion method (Gao et al,, 2019), modified simple equation method

(Ali et al, 2017), the new extended direct algebraic method (Vahidi et al., 2021) and the (j>6 model
expansion method (Zayed et al., 2008) and so on.

In the present research, we investigate Eq. (1) using the Kumar-Malik approach. This method has not
been examined by other researchers, according to a study of earlier research on RNSE with a parabolic
law nonlinearity model. Additionally, this method is not used to derive the soliton solutions reported in
this study, and the effect of parameters has not been investigated in the literature to date. This high-
lights a significant gap in the literature. By presenting this approach and providing a comprehensive
model analysis, our work fills this gap. In the field of optics, these approaches are very effective and
powerful for obtaining soliton solutions to NPDEs. We obtains a variety of optical soliton patterns, such
as bright and dark.

The paper is divided into the following sections: Section 2 describes the method to be used. We
obtained soliton solutions of the mentioned equation in Section 3. The graphical representation of these
calculations and the results to provide a physical understanding of the results and some discussions are
presented in Section 4. Finally, Section 5 presents the concluding remarks of the study.

2. The Kumar-Malik approach

Assume that we have a NPDE as follows:

P(lﬁ, lpx' l//rr l//xxr %n %n ) =0, (2)

where u = u(x, t) is function of x and t and containing its partial derivatives.
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We summiarized the essential components of Kumar-Malik approach (Kumar & Malik, 2024; Saglam &
Malik, 2024).
Phase 1. We use the following transformation

Y t) =U(Q), <= x—u) (3)

where v represents the wave speed constant. Inserting Eq. (3) into Eq. (2) gives an ODE as
o,U, U U",..)=0. (4)

Phase 2. Suppose that Eq. (4) has the following solution as
U(E) = Ao+ A (&) + Aap(E)” + ... + Angp(&)", (5)
where the constants A's (i = 1,2,...,N) and the function ®(&) accomplishes the first order differential
equation
’ 2 4 3 2

() = [Bio(&)* + Bad(&) + Bsp(&) + Bad(&) + Bs) ©)

Here /3,’.5, (i=1,2,..,5) are arbitrary constants. In Subsection 2.1 the use of Eq. (6) was given.

Phase 3. Using the balance principle in Eq. (4), the value of N is determined.

Phase 4. The polynomial of ¢(&)¢’(¢) is obtained by inserting Eq. (5) and its derivatives according to
Eqg. (6) into Eq. (4). Collecting all coefficients of different powers and setting them equal to zero gives an
algebraic system in the u nknown parameters v,A/s (i = 1,2,..,N),$;(j = 1,2,...,5). The solutions of
Eqg. (4) are achieved by solving the obtained system.

Phase 5. Finally, using the solutions of Eq. (4) and the transformation Eq. (3), we can construct the
analytic solutions of the NPDE Eq. (2).

2.1. Solutions of Eq. (6)

Considering the following four different cases, we offer the analytic solutions of Eqg. (6). The following
notations are used throughout the manuscript.

s1= (4B1Bs = B3), 52= (16813~ 563), 3= (88155 —353). @)
Family 1. If §, = /;% ps = 0, then we get the Jacobi elliptic solutions of the Eq. (6) as follows:

Sub-family 1.1. When 1 <0, s7>0,then

¢o1(f):—&+& cn< mLLIRP ): (8)

4, 4, NG
B2 . B B2 2,/51
=———=*x-—=d ) . 9
Pl = =g, ”(4 = ) ©
Sub-family 1.2. When 8, <0, s <0, s; <0, then
_ B Vs VBis1 . V5182
¢03(€)_ 4'31— 4_'[))1 Cn( 2ﬁ1 ér 251 >r (10)
__ b Vs (Vs 2V
$oa(C) = a8, 4, n< 48, < 5 ) (1
Sub-family 1.3. When 8, <0, s; > 0ands; <0, then
_ B Vs V=bisi . B
d)OS(é) - 4ﬁ1 - 4ﬁ1 nc( 2ﬁ‘| G 2\/§>r (12)

N = Y
$os(&) = 48, 4f, nd<4 7 & 5 ) (13)
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Sub-family 1.4. When f;s; > 0 and s;s5, > 0, then

_ /32 +& V Bisi \/ 52
$o7() 4[),1 48, nc( 25, g, >, (14)
_ B 4+ P2 Pa V P52 £ 5152
$os (&) = 4ﬂ1 48, nd( 4p, S > (15)
Sub-family 1.5. When f, > 0, s, <0, then
__ P b
boo(&) = Tap, 4ﬁ1 ) (16)
_ B + _ﬁ152 B,
(]510(6) - 4ﬁ1 4ﬂ1 < 4ﬂ1 ,: _5 > (17)
G B (B VS
q’)ﬂ(g) 4,31 4‘31 sn <4\/‘—' é/ )r (18)
_ /32 + P2 B, vV —his2 B,
Pl =g ", S“( o F) "
Famnly 2. If f,= /;;2/;; ps = 64ﬁ3, then we reach the hyperbolic and trigonometric solutions of the
Eq. (6) a
Sub—family 2.1. When 8, >0, s3 <0, then
_ B V=3
$13(¢) = TaB, T ap, tanh( 4f, 5>, (20)
. 7_,32 +\/—_53 VP83
014(&) = 4_ﬁ1_ a5, coth( a5, é) (2Mm
Sub-family 2.2. When f, > 0, s3> 0, then
__P Vs frs3
() = "2, = ap, ta"( af, 5)’ 22
B S V) 2
Del) = "2, ap, c°t< ap, é)' 2

Family 3. If B, = 2%, Bs = 22%&37 then we obtain hyperbolic and trigonometric solutions of the Eq. (6)
as follows: 1 1

Sub-family 3.1. When 8, <0, s3 <0, then

_ B L V7253 v 2P1s3
$17(8) = Tap, T ap, sech( 48, f)- (24)
Sub-family 3.2. When 8, > 0, s3> 0, then
_ By V253 V/2p153
h15(&) = - ap. = ap, csch ( a5, é) : (25)

Sub-family 3.3. When 8, > 0, s3 <0, then

Pro() = — P2 2 V7252 seC<” 253 é>, (26)

4B, 4
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¢20(f):—fﬁz1i v 4_;153 csc(V ;Zlf 153 é>. 27)

Family 4. If B, =B, =B; =0, B3 > 0, then we get solution of the Eq. (6) in the following form
4pp;

b2 (&) = - ~- (28)
(4p2 e ﬁaC_ﬁ1ﬁ3 e ﬁ3€)
3. Soliton solutions for Eq. (1)
Let us consider the following complex wave transformation,
U(x,t) =U(¢) x exp(i(-kx + wt)), E=x—at, o #0. (29)

Here x and w are constants. Plugging Eq. (29) into Eq. (1) and separating the imaginary part from the
real part, we get the following equation

o = —2dx, (30)
(a+d)U" - (ar? + w)U + bU? + cU® =0, (31)

where (") is a second order derivative. Using the principle of balancing between the terms U° and U”,
we obtain N :%. So, we get the solution of Eq. (31),

U =+/v(, (32)
and V(&) is a function of &. Inserting Eq. (32) into Eq. (31) then we gain,

3 (@ DYV (€)= V(&) = (@ + @)V (&) + V() + V*(¢). (33)

Balancing V(&)V”(&) with V4(&) in Eq. (33), we get N =1. Therefore, Eq. (33) has the following
solution:

V(&) = Ao +Ai1(E) (34)
The following algebraic system is obtained by inserting Eq. (34) into Eq. (33),

3 d)A?
4:7(0—’—4) 1% +CA‘1‘:0,

d) (4A.A 2A?
¢(§)3:(G+ )( oAy + 1ﬁ2)+bA?+4CAoA?ZO,

4
d) (3A0A1 3, + A2
ooy : DA 4‘ﬁ2 EA5) (i 4 o) A2 + 36042 + 6cAIA2 — 0, (35)
AoA
P& (‘Hd)f‘”[%— 2(ark? + w)AoA1 + 3bAZA; + 4cA3A; =0,
d) (AoA: By — A2
$(9)°: @+ ) 041ﬁ4 1ﬁ‘:’)—(a;<2+w)Aé+bA3+cA3:o,

By solving the above algebraic system of equations, the following sets of solutions are obtained for

each case. ,
Family 1. Given f3, = %,
1

Set 1
[~ 3625 +4erc >
3b - ac 3b?
Ay =0, A1:i k=Y 4 d:M. (36)

25’ B, ' Cﬁ%

ps = 0, then we get the following sets of solutions:

Application of the methodology, the Jacobi elliptic solutions of Eq. (1) are as follows:
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Sub-family 1.1. If §; <0, s; >0, then
Sub-family 1.2. If f; <0, s, <0, s, <0, then
?Zgl ( 4/;21 ( x— ot), V;?)) % exp (i(=kx + ot)),
S
Sub-family 1.3.1f §; <0, 51 >0, s <0, then

Sub-family 1.4. If §;s7 >0, 575, > 0, then

Wy (x,t) = ?Z)tc)g; ( 4%—&—4% < Y [2;51 (x — at), ?)) x exp (i(=kx + wt)),
Vg(x, t) = iﬁg; <—E + 4%1 nd ( 2\/5?_52>> x exp (i(—xx + wt)).
Sub-family 1.5. If §; > 0, s, <O, then
3bﬁ1 —S7 .

Wo(x, t) = 25, ( a5 4ﬂ1 ( (x — at), >> x exp (i(—kx + wt)),
o) = 305, ( e ( i ﬂ—;)) x exp (i(—rx + o),

Wy (x 1) = ;ﬁg; (—4% + \/ﬂz_sn <4\B/ﬁ_ (x — at), \//32—52>> x exp (i(—kx + wt)),

1
Yo (x,t) = iig; <—4ﬁ—ﬁz1—|—4ﬁ?21 ( : ;51152 (x — at), \/ﬁ_2_52>> x exp (i(—xx + wt)).

Set 2.

3b (—52 + —Szﬂ%)
AO = ’ A1 =

368, (( wry/oof) | )

8csy

. 306%B5 8, — 9b2/32+8cw52 g
o 8acs, o

With the parameters given above, the Jacobi elliptic solutions to the Eq. (1) are given as follows:

Sub-family 1.1. If §; <0, s > 0, then

Yis(x,t) = —% (1 +cn< : 2_2151 (x — at), 2{3/%

Zﬁzc
acs, — 3b? B,
sy ’

>> x exp (i(—xx + wt)),
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b
Via(x, t) = _30 (1 +dn < \/_ (x — at), 2\/5_1>> x exp (i(—xx + wt)). (51)
Sub-family 1.2. If §; <0, s <0, s;<0,then
Yis(x, t) = 8cﬁ2 <ﬁ2 +v/=s2¢n ( 2551152>> x exp (i(—kx + wt)), (52)
Vie(X,t) = 8cﬁ (ﬁz—i—\/_dn ( 2, - ,2‘/521_52>> x exp (i(—kx + wt)). (53)

Sub-family 1.3.If §; <0, s >0, s;<0,then

Yar(xt) = (‘ﬁ—% (—&+\/__52nc<” s (x = at), ﬁ)))

4c” 2B, \ 4B, 4B 25, 25 (54)
x exp (i(—xx + wt)),
(3 b b B 2
et = ( 4c ~ 2ch, ( ap, " ap, ™ (4 =y > ))) (55)
x exp (i(—xx + wt)).
Sub-family 1.4. If f;57 >0, 515, > 0, then
[ 3b 3bp B B V Bist V5152
Yro(x,t) = <_4_C_Tﬁ; (—ﬁ—k“—ﬁinc( 5 (x — at), >, ))) (56)
x exp (i(—kx + wt)),
_ [ _3b 3bp Ba | B V Brs2 2\/515,
Yoolx,t) = <_E_Tﬁ;<_m+4ﬁ1 d( 48, (x —at), 5 ))) (57)

x exp (i(—xx + wt)).

Sub-family 1.5. If §; > 0, s, <O, then

_ (36 3B [ By By B o =52
‘/’2‘(“)_< 4c 2cﬁ2< 4ﬂ1+4ﬁ1n (4\//71 b= ot), B> >>> (58)

x exp (i(=kx + wt)),

lﬁzz(X,t) = <—3—b_%<_ﬁ_2+\/__szns<\/;—ﬁ;;(x_at)’ ﬁZ )))

4c  2ch, \ 4B, AP, 4, =53 (59)
x exp (i(—xx + wt)),
(b (b (v
Vas (%) = ( 4c 2P, ( 4B, " 4p, sn( \/E(X o) b, ))) (60)
x exp (i(=kx + wt)),
_ (36 368 (_ By By [V=Fis2 p
You(X:1) (‘E_Tﬂ; (-ﬁ-&—ﬁsn( 44, b= at) —252>>> 61)
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The parameters sq, s, and s3 are given by Eq. (7).

Remark: By substituting the following parameters into the equation, different solutions obtained:

3623, 3, +4wch’ 2
3b 3b LV P — 3b?
AQ A1 = ——ﬁ1 K= 4ac d — aCﬁZ + B'I ) (62)

4C zﬁzcl BZ ' Cﬁ%

Family 2. Given B, = By Bs = then we obtained the following set:

8p? 64[33 ’
3b(—$3 + —53ﬁ§> 3bp, <(_S3+s— 2_53132)_'_ 1)
A _— I A - I
8cs3 k 2p,¢ (63)

[ 3b%+ 16cw d acss — 3b%,
K=\|——FF— =
16ac cs3

Using the method’s procedure, the following hyperbolic and trigonometric solutions exist for Eq. (1):
Sub-family 2.1. If §; > 0 and s3 < 0, then

Yos(x,t) = —Z—[Z (1 + tanh( V=hhss (x - at))) x exp (i(—kx + wt)), (64)

3b -
Va6 (X, 1) ~ac (1 + coth( b > (x — at) )) x exp (i(—xx + wt)). (65)
Sub-family 2.2. If f; > 0 and s3 > 0, then
3b
Wy (X, 1) = ~ac 1+ tan - ot) x exp (i(—xx + wt)), (66)
Yag(x,t) = _3b 1+ cot - at) X ex X + ot)). (67)
BT 8¢ 4[31 ’ P (i(=x

In the solutions Eqgs. (64)-(67) the soliton velocity is given by Eq. (63) while the parameters s;, s,
and s; are represented by Eq. (7).
Family 3. Given 5, = b5y b5 = 202’ and applying the method we have the solutions set as follows:

8p2 " 25643
3b <—253 + 4/ —253ﬁ§> ?,bﬂ1 ((_253+2— "5_253[%)4, 1)
Ao = , A= ’ ,
0 16¢s3 k 2p,¢ (68)
. [ 15b? + 64cw de 2acss — 3b%p,
n 64ac ' a 2cs; ‘
With above parameters, the hyperbolic and trigonometric solutions to Eq. (1) are given as follows:
Sub-family 3.1. If §; < 0 and s3 < 0, then
3b \/2[15
WX, 1) = ~ % (1 + sech( ? 2 (x — 0t)>) x exp (i(—xx + wt)). (69)
1

Sub-family 3.2. If f; > 0 and s3 > 0, then

Yao(x, t) = _?E;_lc) (1 + csch( > 55153 (x - at))) x exp (i(—kx + ot)). (70)
1
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Sub-family 3.3. If §; > 0 and s3 < 0, then

Y3 (xt) = —% (1 + sec (”;?3153 (x - at))) x exp (i(—xx + wt)), (71)
1

Yaa(x,t) = — g (1 + ¢sc <7V;;ﬁ153 (x — o’t))) x exp (i(—kx + wt)). (72)
1

For solutions Eqgs. (69)-(72), the soliton velocity is given by Eq. (68) while the parameters s;, s, and
s3 are represented by Eq. (7).
Family 4. Given 5, =0, f,=0, f; =0 and then we achieve

B
~ Baf; 1562 + 64cw 16ach; — 3b2
B __ ol

A = — 5. e —] = _— =
0 8¢ ! c 64ac 16¢fs

Adhering the method, we have the following solution of the Eq. (1):

Usbot) = | -2 3bpﬁ3\/__g_;
33V ) — 8c 2C(4p2 exp (\/B_;(X— Gt)) — B1Bs exp <_\/B;(X—gt))) (74)

x exp (i(—xx + wt)).

For solutions Eq. (74) the soliton velocity is given by Eq. (73) while the parameters s;, s,, and s; are
described by Eq. (7).

4. Graphical representation and discussion

This section displays a graph of a few soliton solutions that have been obtained and express various
behaviors for different values of the unknown constants. In Zayed et al. have discovered different type
soliton solutions for RNLSE with parabolic law nonlinearity using the new ¢°-model expansion method
(Zayed et al., 2008). However, the RNSE with the parabolic law nonlinearity has been applied to the
Kumar-Malik approach in this study. We obtained the solutions in the periodic, bright, anti-kink, and
dark types, and we conducted a graphic analysis on them.

Figure 1 shows the solution to nonlinear wave equations with amplitude and phase periodic waves.
They are defined by the frequency and amplitude modulation that is controlled by the system parame-
ters. Periodic solitons are features of many physical systems, such as optical materials, photonic wave-
guides, and nonlinear lattices.

Figure 2 anti-kink soliton solutions represent a structure in systems described by nonlinear differential
equations, in particular of the opposite sign of kink solitons. These solutions are often used to under-
stand topological and phase transition properties of systems. For example, anti-kink solitons arising in
sine-Gordon equations or nonlinear Schrodinger equations can be important for modeling a phase

-
<

-4

()
Figure 1. View of travelling waves Eq. (39) fora =2, B; = -3, B, =0.08, B; =5, ©=0.7, b=0.03, c=0.3.
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g l p 5 -1
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(b) ©

Figure 2. 2d, contour and 3d plots anti-kink soliton solution of |Vy5(x,t)| with b=4, B, =3, B, =1, B; = -2,
a=-2,p=07,c=2 0=17.

[Was v 0)|

[ 1)]

w6 0|

4
2
0

2

06 =4
2 2

1
08
06
—4 -2 0 2 4
‘

(b) ()
Figure 3. Bright soliton solutions in the Eq. (65) witha= -2, B;, =-3, B, =1, B3=2, b=4, c=2, 0o =1.7.

05

w

04

was )]

(@ (b) (c)

Figure 4. Dark soliton solutions in [{33(x,t)| witha= -2, B, =-3, B3=2, b=4, c=2, ©=17,p=5.

transition in physical systems in the opposite direction. These solutions play a critical role in understand-
ing the dynamics and structure of systems ranging from quantum field theory to solid state physics.
Figure 3 bright soliton solutions are solutions to finite energy nonlinear wave equations exhibiting
localized behavior. They are identified by their phase change, peak amplitude, and propagation velocity.
Bright solitons are found in a variety of physical systems, such as optical materials.
Figure 4 a wave type known as a dark type soliton has a localized intensity notch or dip. It is identi-
fied by high amplitude regions enclosing low amplitude regions. Dark solitons are commonly
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encountered in nonlinear optics and Bose-Einstein condensates. They are also present in many other
physical systems, such as water waves and plasma physics.

Solitons are generally remarkable occurrences that have been studied for a long time in various fields
of physics and engineering. They are also widely used in optical metamaterials, signal processing, pho-
tonic waveguides, ultrafast lasers, data transfer, and quantum computing.

5. Conclusion

This work has investigated optical soliton for the RNLSE with power law of nonlinearity in metamaterials
or fiber. The Kumar-Malik approach has been used to obtain numerous solutions of optical solitons.
These solutions are expressed of Jacobi elliptic, trigonometric, exponential, and hyperbolic functions.
Numerous exact wave solutions, such as periodic Figure 1 and anti-kink Figure 2 and bright Figure 3
and bright Figure 4, have been derived. These findings are potentially useful in the fields of materials
science, photonic waveguide, optical laser, and ultrafast laser. They also have an important impact on
our knowledge and understanding of electromagnetic wave propagation in metamaterials. With a power
law of nonlinearity, the discovered solutions for the RNLSE are completely new and have not been pub-
lished in any previous study. With the aid of Maple, we verified the results by substituting them back
into the given model. Future research will examine the RNLSE with power law nonlinearity’s more exact
solution form.

Authors contribution

All authors contributed equally in the preparation, drafting, editing, and reviewing of the manuscript.

Disclosure statement

No potential conflict of interest was reported by the author(s).

Data availability statement

No data was used for the research described in the article.

References

Ala, V., Demirbilek, U., & R. Mamedov, K. (2020). An application of improved Bernoulli sub-equation function method
to the nonlinear conformable time-fractional SRLW equation. AIMS Mathematics, 5(4), 3751-3761. https://doi.org/
10.3934/math.2020243

Ali, A., Seadawy, A. R, & Lu, D. (2017). Soliton solutions of the nonlinear Schrodinger equation with the dual power
law nonlinearity and resonant nonlinear Schrodinger equation and their modulation instability analysis. Optik,
145, 79-88. https://doi.org/10.1016/j.ijle0.2017.07.016

Alquran, M., Yousef, F., Alquran, F., Sulaiman, T. A, & Yusuf, A. (2021). Dual-wave solutions for the quadratic-cubic
conformable-Caputo time-fractional Klein-Fock-Gordon equation. Mathematics and Computers in Simulation, 185,
62-76. https://doi.org/10.1016/j.matcom.2020.12.014

Arshed, S., Biswas, A., Abdelaty, M., Zhou, Q., Moshokoa, S. P., & Belic, M. (2018). Optical soliton perturbation for
Gerdjikov-lvanov equation via two analytical techniques. Chinese Journal of Physics, 56(6), 2879-2886. https://doi.
0rg/10.1016/j.cjph.2018.09.023

Behera, S., Aljahdaly, N. H., & Virdi, J. P. S. (2022). On the modified (G'/G2)-expansion method for finding some ana-
lytical solutions of the traveling waves. Journal of Ocean Engineering and Science, 7(4), 313-320.

Bekir, A., & Zahran, E. H. (2020). Bright and dark soliton solutions for the complex Kundu-Eckhaus equation. Optik,
223, 165233. https://doi.org/10.1016/j.ijle0.2020.165233

Chakravarty, S., & Kodama, Y. (2008). Classification of the line-soliton solutions of KPIl. Journal of Physics A:
Mathematical and Theoretical, 41(27), 275209. https://doi.org/10.1088/1751-8113/41/27/275209

Ding, C. C,, Zhou, Q., Triki, H., & Hu, Z. H. (2022). Interaction dynamics of optical dark bound solitons for a defocus-
ing Lakshmanan-Porsezian-Daniel equation. Optics Express, 30(22), 40712-40727. https://doi.org/10.1364/0OE.
473024


https://doi.org/10.3934/math.2020243
https://doi.org/10.3934/math.2020243
https://doi.org/10.1016/j.ijleo.2017.07.016
https://doi.org/10.1016/j.matcom.2020.12.014
https://doi.org/10.1016/j.cjph.2018.09.023
https://doi.org/10.1016/j.cjph.2018.09.023
https://doi.org/10.1016/j.ijleo.2020.165233
https://doi.org/10.1088/1751-8113/41/27/275209
https://doi.org/10.1364/OE.473024
https://doi.org/10.1364/OE.473024

372 @ F. N. K. SAGLAM ET AL.

Farooq, K., Hussain, E., Younas, U., Mukalazi, H., Khalaf, T. M., Mutlib, A., & Shah, S. A. A. (2025). Exploring the wave's
structures to the nonlinear coupled system arising in surface geometry. Scientific Reports, 15(1), 11624. https://doi.
org/10.1038/s41598-024-84657-w

Gao, W., Ismael, H. F., Husien, A. M., Bulut, H., & Baskonus, H. M. (2019). Optical soliton solutions of the cubic-quartic
nonlinear Schrodinger and resonant nonlinear Schrodinger equation with the parabolic law. Applied Sciences,
10(1), 219. https://doi.org/10.3390/app10010219

Hao, R, Li, L., Li, Z., Xue, W., & Zhou, G. (2004). A new approach to exact soliton solutions and soliton interaction for
the nonlinear Schrodinger equation with variable coefficients. Optics Communications, 236(1-3), 79-86. https://doi.
org/10.1016/j.optcom.2004.03.005

Hirota, R., & Satsuma, J. (1981). Soliton solutions of a coupled Korteweg-de Vries equation. Physics Letters A, 85(8-9),
407-408. https://doi.org/10.1016/0375-9601(81)90423-0

Ibrahim, S., Ashir, A. M., Sabawi, Y. A, & Baleanu, D. (2023). Realization of optical solitons from nonlinear
Schrodinger equation using modified Sardar sub-equation technique. Optical and Quantum Electronics, 55(7), 617.
https://doi.org/10.1007/s11082-023-04776-y

Izgi, Z. P. (2023). Analytical simulations of the Q-ball dynamics model in theoretical physics. Modern Physics Letters B,
37(34), 2350165. https://doi.org/10.1142/50217984923501658

Izgi, Z. P., Sahoo, S., Rezazadeh, H., Hosseinzadeh, M. A., & Salahshour, S. (2024). Studies on electromagnetic waves
for ferromagnetic materials. Optical and Quantum Electronics, 56(6), 985. https://doi.org/10.1007/s11082-024-
06792-y

Khater, M. M. (2023). Novel computational simulation of the propagation of pulses in optical fibers regarding the disper-
sion effect. International Journal of Modern Physics B, 37(09), 2350083. https://doi.org/10.1142/50217979223500832

Kopgasiz, B. B., Seadawy, A. R., & Yasar, E. (2022). Highly dispersive optical soliton molecules to dual-mode nonlinear
Schrodinger wave equation in cubic law media. Optical and Quantum Electronics, 54(3), 194. https://doi.org/10.
1007/s11082-022-03561-7

Kopgasiz, B., & Yasar, E. (2023). Adaptation of Caputo residual power series scheme in solving nonlinear time frac-
tional Schrodinger equations. Optik, 289, 171254. https://doi.org/10.1016/j.ijle0.2023.171254

Kudryashov, N. A. (2022). Solitary waves of model with triple arbitrary power and non-local nonlinearity. Optik, 262,
169334. https://doi.org/10.1016/j.ijle0.2022.169334

Kumar, S., & Malik, S. (2024). A new analytic approach and its application to new generalized Korteweg-de Vries and
modified Korteweg-de Vries equations. Mathematical Methods in the Applied Sciences, 47(14), 11709-11726.
https://doi.org/10.1002/mma.10150

Murad, M. A. S., & Omar, F. M. (2025). Optical solitons, dynamics of bifurcation, and chaos in the generalized inte-
grable (2 + 1)-dimensional nonlinear conformable Schrodinger equations using a new Kudryashov technique. The
Journal of Computational and Applied Mathematics, 457, 116298. https://doi.org/10.1016/j.cam.2024.116298

Murad, M. A. S., Hamasalh, F. K., Arnous, A. H., Malik, S., Igbal, M., & Nofal, T. A. (2024). Optical solitons with conform-
able fractional evolution for the (3 + 1)-dimensional Sasa-Satsuma equation. Optical and Quantum Electronics, 56,
1733.

Murad, M. A. S., Hamasalh, F. K., Malik, S., Arnous, A. H., & Igbal, M. (2025). Analysis of soliton solutions to the nonlin-
ear conformable Schrodinger equation in weakly non-local media using two analytic algorithms. Nonlinear
Dynamics, 113(10), 11881-11892. https://doi.org/10.1007/s11071-024-10551-9

Pan, C, Wu, G,, Zhang, L., & Zhang, H. (2024). Akhmediev breathers and Kuznetsov-Ma solitons in the cubic-quintic
nonlinear Schrodinger equation. IEEE Photonics Journal, 16(5), 1-7. https://doi.org/10.1109/JPHOT.2024.3457813

Qiao, Z. (2007). New integrable hierarchy, its parametric solutions, cuspons, one-peak solitons, and M/W-shape peak
solitons. Journal of Mathematical Physics, 48(8), 082701. https://doi.org/10.1063/1.2759830.

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for
solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computational
Physics, 378, 686-707. https://doi.org/10.1016/j.jcp.2018.10.045

Razzaq, W., Zafar, A.,, & Raheel, M. (2024). Searching the new exact wave solutions to the beta-fractional Paraxial
nonlinear Schrodinger model via three different approaches. International Journal of Modern Physics B, 38(09),
2450132. https://doi.org/10.1142/50217979224501327

Saglam, F. N. K, & Ahmad, S. (2025). Stability analysis and retrieval of new solitary waves of (2+ 1)-and (3 + 1)-
dimensional potential Kadomtsev-Petviashvili and B-type Kadomtsev-Petviashvili equations using auxiliary equa-
tion technique. Modern Physics Letters B, 39(03), 2450413. https://doi.org/10.1142/5021798492450413X

Saglam, F. N. K., & Malik, S. (2024). Various traveling wave solutions for (2 + 1)-dimensional extended Kadomtsev-
Petviashvili equation using a newly created methodology. Chaos, Solitons & Fractals, 186, 115318. https://doi.org/
10.1016/j.chaos.2024.115318

Seadawy, A. R, Ali, M. N., Husnine, S. M., & Noor, S. (2021). Conservation laws and optical solutions of the resonant
nonlinear Schrodinger’s equation with parabolic nonlinearity. Optik, 225, 165762. https://doi.org/10.1016/j.ijleo.
2020.165762

Shamseldeen, S., Latif, M. A,, Hamed, A. A., & Nour, H. M. (2017). New doubly-periodic solutions for the new inte-
grable non-local modified KdV equation. Journal of Ocean Engineering and Science, 2(4), 245-247. https://doi.org/
10.1016/j,j0es.2017.08.007


https://doi.org/10.1038/s41598-024-84657-w
https://doi.org/10.1038/s41598-024-84657-w
https://doi.org/10.3390/app10010219
https://doi.org/10.1016/j.optcom.2004.03.005
https://doi.org/10.1016/j.optcom.2004.03.005
https://doi.org/10.1016/0375-9601(81)90423-0
https://doi.org/10.1007/s11082-023-04776-y
https://doi.org/10.1142/S0217984923501658
https://doi.org/10.1007/s11082-024-06792-y
https://doi.org/10.1007/s11082-024-06792-y
https://doi.org/10.1142/S0217979223500832
https://doi.org/10.1007/s11082-022-03561-7
https://doi.org/10.1007/s11082-022-03561-7
https://doi.org/10.1016/j.ijleo.2023.171254
https://doi.org/10.1016/j.ijleo.2022.169334
https://doi.org/10.1002/mma.10150
https://doi.org/10.1016/j.cam.2024.116298
https://doi.org/10.1007/s11071-024-10551-9
https://doi.org/10.1109/JPHOT.2024.3457813
https://doi.org/10.1063/1.2759830
https://doi.org/10.1016/j.jcp.2018.10.045
https://doi.org/10.1142/S0217979224501327
https://doi.org/10.1142/S021798492450413X
https://doi.org/10.1016/j.chaos.2024.115318
https://doi.org/10.1016/j.chaos.2024.115318
https://doi.org/10.1016/j.ijleo.2020.165762
https://doi.org/10.1016/j.ijleo.2020.165762
https://doi.org/10.1016/j.joes.2017.08.007
https://doi.org/10.1016/j.joes.2017.08.007

ARAB JOURNAL OF BASIC AND APPLIED SCIENCES 373

Tagbozan, O., & Kurt, A. (2023). Analytical solutions of coupled Boiti-Leon-Pempinelli equation with fractional deriva-
tive. Turkish Journal of Science, 8(1), 19-23.

Vabhidi, J., Zabihi, A., Rezazadeh, H., & Ansari, R. (2021). New extended direct algebraic method for the resonant non-
linear Schrodinger equation with Kerr law nonlinearity. Optik, 227, 165936. https://doi.org/10.1016/}.ijle0.2020.
165936

Wang, L., Luan, Z.,, Zhou, Q., Biswas, A. Alzahrani, A. K, & Liu, W. (2021). Bright soliton solutions of the (2+ 1)-
dimensional generalized coupled nonlinear Schrodinger equation with the four-wave mixing term. Nonlinear
Dynamics, 104(3), 2613-2620. https://doi.org/10.1007/s11071-021-06411-5

Younas, U., Hussain, E., Muhammad, J., Garayev, M., & El-Meligy, M. (2025). Bifurcation analysis, chaotic behavior, sen-
sitivity demonstration and dynamics of fractional solitary waves to nonlinear dynamical system. Ain Shams
Engineering Journal, 16(1), 103242. https://doi.org/10.1016/j.asej.2024.103242

Younas, U., Seadawy, A. R, Younis, M., & Rizvi, S. T. R. (2020). Optical solitons and closed form solutions to the
(3 + 1)-dimensional resonant Schrodinger dynamical wave equation. International Journal of Modern Physics B,
34(30), 2050291. https://doi.org/10.1142/50217979220502914

Yu, S. J., Toda, K, Sasa, N., & Fukuyama, T. (1998). N soliton solutions to the Bogoyavlenskii-Schiff equation and a
quest for the soliton solution in (3 + 1) dimensions. Journal of Physics A: Mathematical and General, 31(14), 3337-
3347. https://doi.org/10.1088/0305-4470/31/14/018

Zayed, E. M. E., & Al-Nowehy, A. G. (2017). Solitons and other exact solutions for a class of nonlinear Schrodinger-
type equations. Optik, 130, 1295-1311. https://doi.org/10.1016/j.ijle0.2016.11.115

Zayed, E. M. E., & Alurrfi, K. A. E. (2015). On solving two higher-order nonlinear PDEs describing the propagation of
optical pulses in optic fibers using the (G'/G, 1/G)-expansion method. Ric. Mat, 64, 167-194.

Zayed, E. M. E,, & Alurrfi, K. A. E. (2016). Extended auxiliary equation method and its applications for finding the
exact solutions for a class of nonlinear Schrodinger-type equations. Journal of Applied Mathematics and
Computing, 289, 111-131. https://doi.org/10.1016/j.amc.2016.04.014

Zayed, E. M. E., Arnous, A. H.,, & Batiha, A. (2008). Some new exact traveling wave solutions for nonlinear partial dif-
ferential equations using an improved general expansion method. Journal of Applied Mathematics and Computing,
202(1), 125-134.

Zhou, Z., & Yan, Z. (2021). Deep learning neural networks for the third-order nonlinear Schrodinger equation: Bright
solitons, breathers, and rogue waves. Communications in Theoretical Physics, 73(10), 105006. https://doi.org/10.
1088/1572-9494/ac1cd9


https://doi.org/10.1016/j.ijleo.2020.165936
https://doi.org/10.1016/j.ijleo.2020.165936
https://doi.org/10.1007/s11071-021-06411-5
https://doi.org/10.1016/j.asej.2024.103242
https://doi.org/10.1142/S0217979220502914
https://doi.org/10.1088/0305-4470/31/14/018
https://doi.org/10.1016/j.ijleo.2016.11.115
https://doi.org/10.1016/j.amc.2016.04.014
https://doi.org/10.1088/1572-9494/ac1cd9
https://doi.org/10.1088/1572-9494/ac1cd9

	Different types of soliton solutions for the resonant nonlinear Schrödinger equation with parabolic law nonlinearity via Kumar–Malik approach
	Abstract
	Introduction
	The Kumar–Malik approach
	Solutions of Eq. (6)

	Soliton solutions for Eq. (1)
	Graphical representation and discussion
	Conclusion
	Authors contribution
	Disclosure statement
	Data availability statement
	References


