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Abstract

This article extends new left-sided (L.S) fractional derivatives and integrals to higher
orders with respect to another (wrta) function ¢, which involves a weighted func-
tion w and the modified generalized Mittag-Leffler function (GMLF) in the context
of Riemann-Liouville (RL) and Caputo operators. Additionally, several operators of
non-singular kernels are deduced as special cases of the study. Also, some impor-
tant properties of the proposed operators are proved. Building on the new general
Q-operator of a function wrta function ¢, we introduce its reciprocal operator and
present the general fundamental relations between the left and right (L&R) sides to
any (w, p)-fractional integrals and derivatives. As a consequence, we have derived
the right-sided (R.S) definitions of our proposed operators, along with their charac-
teristics. Furthermore, fixed point theorems (FPTs) of the Banach and Schaefer are
utilized to examine the qualitative results of solutions for (w, ¢)-Caputo fractional
integro-differential equations (IDEs). Finally, two mathematical applications are
demonstrated to confirm the effectiveness of our outcomes.
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1 Introduction

The concept of fractional calculus is the generalization of derivatives and integrals of
non-integer orders, and it dates back to L’Hopital, who raised the question about the
derivative of order % [1-3]. After that, a lot of studies in these fields were conducted
by more authors; we refer the researcher to [4, 5]. The non-local fractional deriva-
tives categories are two types depending on the kernel kind: a singular kernel, such
as RL [1], Caputo [1], Hadamard [6], and Hilfer [4] derivatives, and a nonsingular
kernel type, such as Caputo-Fabrizio (CF) with exponential kernel [7], and Atangana-
Baleanu (AB) [8]; for their applications, we indicate the readers these works [9-15].

Recently, the scope of fractional operators has been expanded, including tempered
and weighted fractional operators, see [16, 17]. Furthermore, the fractional operator
wrta function is an important class of fractional operators, and it was discussed in
[18]. Also, another important aspect of the fractional operator is a weighted fractional
calculus wrta function, it is appeared for the first time in 2012 by Agrawal [19, 20].
He derived general class of operators called the weighted fractional calculus wrta
function. After that, the new operator was generalized to differointegration wrta
function in 2018 by Fernandez and Baleanu [21], and it was extended to the higher
fractional order by Abdeljawad et al. [22].

These (w, @)-fractional derivatives/integrals are applied practically since they
enable the researcher or model developer to select the kernel of memory as well as
the time or space scale that better suits real data phenomena than power-law kernels.
Moreover, they provide a framework that could unify many other classic and recent
fractional derivatives/integrals as special forms, so that a universal theory could
tackle various demands in applications [23, 24]. These fractional operators with a
kernel of any type could be applied in the domains where the classical models of
ordinary or partial differential equations seem to erroneously capture real phenom-
ena, such as biology, transport phenomena, climate phenomena, or any other type of
complex systems that depend on memory. From the point of analysis of applications,
the formulations with any kernel are applied for formulating, analysis, as well as
numerical solutions for fractional ordinary differential equations [25] and references
cited therein.

In the literature, several research papers have been proposed to explain the exis-
tence and uniqueness (EaU) results of the solutions by using FPTs, and they have been
applied in many different scopes such as geometry, topology, engineering, analysis,
and physics. On the other hand, FPT is a powerful technique to investigate the EaU of
the solution of nonlinear problems and systems. Particularly, in 2019, Al-Refai and
Jarrah [26] established a unique solution to a nonlinear fractional initial problem via
the weighted Caputo-Fabrizio fractional derivative. Gudade et al. [27] proved the
EaU of a non-negative solution for non-linear differential problem via the fractional
AB operator. In 2023, Thabet et al. [28] investigated the EaU results of the k—tem-
pered fractional implicit differential problem wrta function by utilizing the Banach
FPT. Furthermore, Khan et al. [6] discussed the sufficient criteria for the existence
of a solution of a modified AB fractional hybrid system. Zahra et al. [29] presented
appropriate constraints for the EaU of a solution to an initial value problem involv-
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ing weighted Caputo derivatives wrta function in a Sobolev space. The Banach FPT
and a successive approximation method used by Othmane et al. [25] to show the EaU
of the solution to a Volterra integral problem containing the weighted RL fractional
derivative wrta function. Benia et al. [30] studied a weighted fractional boundary
value problem of variable order wrta function. Authors in [31] investigated the suf-
ficient criteria that confirm the solutions to an (w, ¥)-fractional impulsive differential
inclusions in an infinite dimensional space.

Many researchers are developing new definitions of fractional derivatives based
on the complexity of application forces. In 2016, Caputo and Fabrizio introduced a
nonsingular fractional operator with exponential kernel [7]. After that, Atangana and
Baleanu derived another nonsingular fractional operator involving MLF kernel [8].
In 2018, the operator involving the GMLF with three parameters was derived by [32,
33]. Then, authors [26] established fractional Caputo-Fabrizio-Caputo (CFC) opera-
tor wrta function involved the weighted function. Also, Al-Refai drove the fractional
Atangana-Baleanu-Caputo (ABC) derivative included the weighted function [34].
Very recently, Thabet et al. presented a new generalized weighted fractional deriva-
tive and integral wrta function via modified GMLF of fractional order o € (0, 1) [35],
which unifies aforementioned fractional operators in one form.

Motivated by the above fractional operator [35], the main objective of this study
is to extend the L.S (w, ¢)-fractional derivatives and integrals, which involve the
modified GMLF to higher orders a € (k, k + 1), k € N. Furthermore, we investigate
various results related to the new fractional operators, including the series forms of
these operators, the relationship between Caputo and RL versions, the fundamen-
tal calculus theorem for these operators, and their (w, ¢)-Laplace transformation.
Additionally, we introduce reciprocal operator of the new general Q-operator [36],
then we present the general fundamental relations between the L&R sides of (w, )
-fractional integrals and derivatives. Accordingly, we derive the R.S definitions of our
proposed operators and establish their properties due to the duality of the L.S. Lastly,
as an application, we explore the EaU of the solution to (w, ¢)-Caputo fractional
IDEs involving these new derivatives.

This paper is divided into several sections. In Sect. 2, we introduce some important
definitions and lemmas. In Sect. 3 and Sect. 4, we extended the new (w, p)-fractional
derivatives and integrals involving the modified GMLF to higher orders in the sense
of RL and Caputo types. In Sect. 5, we introduced the R.S definitions of our proposed
operators by using the general reflection operator () and its reciprocal. In Sect. 6, we
use the new operators to explore the solution of the (w, ¢)-Caputo fractional IDEs.
Finally, in Sect. 7, we present some illustrative examples to validate our new results.

2 Preliminaries

Here, we offer some fundamental definitions and lemmas of the fractional calculus,
which are closely related to our study analysis.

Definition 2.1 [35] Let ¢ : [a,b] — R is a non-decreasing function on [a, b], such
that ¢’ (r) # 0, Vr € [a, b]. Assume that Re(p) > 0,7,8 > 0,a € (0,1),0 € R and
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f(r) is continuous on [a, b]. The L.S (w, ¢)-fractional derivative of order « in the set-
ting of RL involving the modified GMLF is presented by

(RDa,Bmu )(r) -

a,0,W,p

oa) 1 Lod (" oo r) — o(s))) (wf)(s)ds
1—a w(r) @/(T)%\/a IR D (0] = o) (ehl)de, 2.)

where A\, = =%, d(cv) is normalization function with §(0) = (1) =1, w is a

weighted function, such that w > 0 on [a, ], and E}'7, is the modified version of
GMLF defined as:

Aa(p(r) — ()t
( 2.2)

L7 (Nas (9(r) = 9(5))) = D (0): = T30

=0

Furthermore, the !’ L.S (w, ¢)-fractional derivative in the setting of Caputo involv-
ing the modified GMLF is presented by:

(DL = 1k [ B0 (0l0) = 9061 (holID (). 23)

th

And the corresponding o' L.S generalized (w, ¢)-fractional integral of f is given as

below:
(222,0)0) = 3 Cloni) = s (MELE 0, 04
=0

where LTI+ is the L.S-RL integral operator [23], which defined as

RLu 7“271 ' ) — ()" Y (8)(wf) (s)ds
(U M)0) = S | (P = e0)" PN @)

and the R.S-RL integral operator [23], defined as

b s) — ()"
("1, o) (1) = ;J((g / GO wé() D s)ics)ds, 2.6)

such that I'() = [~ e~ r#~tdr, p > 0.

Definition 2.2 [23,24] Letn € N, w is a non zero weighted function, and ¢ is strictly
differentiable function, then the (w, o)-derivative of n'" order is given as
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n 1 n— _ w—l r Dr " wh) (r
(Da,w7tpf)( ) Da ,w @(Da w Lpf)( ) - ( )(QD/(T)) ( f)( )7 (27)
(D} o) (1) = Db s DELA() = wr) (Sos ) (D)

b,w,p b,w, o\ bw,p 90/(7,.) ’

where D, = ., w™!(r) = 5, and (wf) (r) = w(r)(r).

Lemma2.3 (/24]). For n € Nandf € ACJ}LI [a, ), one has

O (T DL = i) -ty 3 PO AL (Deyip)
() (D7, 1 ) = )
(

,
(i) (F¥Dg, , I8, o)) = (FEIE ) (r)

of) :
(iv) L:w}w{(RLIgw wf)( r)}H(s) = sTH Ly o {F(r) }(s);
(s)

() Lok (Dl D) = 5 Lur oA }5) — i) 577177 (25) () o)

() Lol ()0lr) — 0la))1}s) = T2 9> 1,550,

a, B eN;

Theorem 2.4 (Banach's FPT) [37]: Consider Il : G — G be a contraction opera-
tor, such that G is a Banach space. Then, there is only one fixed point for II in G.

Theorem 2.5 (Schaefer’s FPT) [38]: Let a Banach space denoted by G, and
II : G — G is a completely continuous mapping. For some o € (0, 1), there is a
bounded set U = {c € G: ¢ = o II ¢}. So the map II owns a fixed point.

Theorem 2.6 (Ascoli-Arzela Theorem) [39] Consider Y C G, where G is a Banach
space, then Y is called a relatively compact set if Y is uniformly bounded and equi-
continuous set.

3 Higher-order fractional derivatives
Definition 3.1 Suppose that ¢ : [a, b] — R is a non-decreasing function on [a, b], such
that ¢'(r) # 0, Vr € [a, b]. Assume that Re(p) > 0,7,8 > 0,a € (k,k+1),0 € R

and f(r) is continuous on [a, b]. The higher order a‘* L.S (w, ¢)-fractional derivative
in the setting of RL involving the modified GMLF is presented by
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| <

(k41— a)w(r) <<P't7‘) dr>k+l ./ar ¢'(S)ER, (Aa—r, ((r) — @(5))) (W) (s)ds

where v = a — k, g = (kfl ka)), k=0,1,2,...,and 6(v) is normalization func-
tion with 6(0) = 0(1) = 1, and E}"/, is the modified version of GMLF given in Eq.
2.2).

Remark 3.2

(i) If k = 0, then Definition 3.1 reduces to the L.S (w, ¢)-fractional derivative in
the RL sense involving the modified GMLF with « € (0, 1) [35].

(i) By puttinga —k =+ =0, 0 =p =1 and w(r) = 1 into Definition 3.1, we
find the (-ABR derivative of fractional higher orders [22].

(iii) Byputtinga —k=~v=p,0=pu=1,w(r) =1, and p(r) = r into Defini-
tion 3.1, we have the ABR derivative of fractional higher orders [40].

(iv) By putting v = 8 = o = u = 1, into Definition 3.1, one finds the (w, p)-CFR
derivative of fractional higher orders [26].

(v) Byputtingy =8 =0 = pu=1and w(r) = 1, into Definition 3.1, one obtains
the ¢-CFR derivative of fractional higher orders [26].

(vi) Byputtingy=8=0=p=1, o(r) =r and w(r) = 1, into Definition 3.1,
we have the CFR derivative of fractional higher order s [41].

(vii) Definition 3.1 returns to the integer derivative of order k + 1, if we take
v, B, 0 = 1, 0(r) =71, w(r) =1, and o — k + 1. Also, for u € (0,1) the
Definition 3.1 owns singular kernel.

Definition 3.3 Suppose that ¢ : [a, b] — R is a non-decreasing function on [a, b], such
that ¢’ (r) # 0,Vr € [a, b]. Assume that Re(u) > 0,7v,8 > 0, € (k,k+1),0 € R,
and f € H'(a,b). The higher order o’ L.S (w, o)-fractional derivative in the setting
of Caputo involving the modified GMLF is presented by

(CDaﬁWHf)( ) (CDVﬁ’YM Dk 7‘)

= ~(k fl__kl 7‘)/ E’YG Aa— kv o(r) — (s ))) '(s)w(s )Détlwf( )ds.

Remark 3.4

(i) Ifk = 0, then Definition 3.3 reduces to the L.S (w, )-fractional derivative in the
setting of Caputo involving the modified GMLF with o € (0,1) [35].
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(i) By puttinga —k ==, 0 = pu=1 and w(r) = 1 into Definition 3.3, we
find the ¢ — ABC derivative of fractional higher orders [22].

(iii) Byputtinga —k=~v=p,0=pu=1,w(r) =1, and p(r) = r into Defini-
tion 3.3, we get the ABC derivative of fractional higher orders [40].

(iv) Byputtingy = 8 = 0 = p = 1, into Definition 3.3, one finds the (w, ¢) — CFC
derivative of fractional higher orders [26].

(v) Byputtingy =8 =0 = pu=1and w(r) = 1, into Definition 3.3, one obtains
the ¢ — CFC derivative of fractional higher orders [26].

(vi) Byputtingy=8=0=pu=1, ¢(r) =r, and w(r) = 1, into Definition 3.3,
we have the CFC derivative of fractional higher orders [42].

(vii) Definition 3.3 returns to the integer derivative of order k + 1, if we take
v, B, 0 = 1,0(r) =7, w(r) =1, and o — k + 1. Also, for u € (0,1) the
Definition 3.3 owns singular kernel.

Proposition 3.5 The series form of the higher order o L.S (w, ©)-fractional deriva-
tive involving the modified GMLF which are given in Definition 3.1 and Definition 3.3
can be represented, respectively, as follows:

i . D(vi+ p) RLI'yi-‘ru—k—lf(T)

Rpa,B,7,
( D Vsl )(T) 'F(,Bl+ﬂ) a,w,p

0.0.,¢ k+1—a —

)‘31 R (vi+ ) RLIvi+p
)T (Bi + p) Lo

Mg

(ODLEZE) () =

a,0,w,p

k+1
k —|— 1—a) Do Fr),
1:0
respectively, where RLIS’ZJUL k=1) , and RLI”“"‘“ are RL-fractional integrals de-

fined in Eq.(3.1)

Proof Since the series of the modified version of GMLF which is given in Eq. (2.2) is
locally uniformly convergent for all complex domains. Thus, the Definition 3.1 can
be represented as below:

o(la—k) 1 (
(k+1 704)0.)(7") @

_ o(la—k) 1 ( 1 i)kﬂ
(k+1—a) w(r) \¢'(r) dr

" S, Mak(0) =
<[ OO

Lod ) & . _/\fyfkr(m'juu) 1
(ga’(r) dr) Z )i (OIT(Bi+p) T(vi+p)

<[ " (5) () — () T ) () ds
_ (5(0&*]{‘) Z( )Z/\Z kF(7i+u) 1 ( 1 d>(k+1)(w( )RLI"/eruf)(T)

(RD“ B, “f)( )

a,0,w,p

) P OR e (olr) = ) i)

a

))m+u—1

(wf)(s)ds

(k+1—a) yard g ()T (Bi + ) w(r) QO’(T)E aw,p
_ -k S T\ T'(yi+ ) i p—
0 Oy e 10
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Next, the Definition 3.3 can be represented as follows:

s ot L OB i (o) = )l DEL e

Sa—k) 17 S N (e) — ()T
(k+1—a)w(r)/ el g ()T (B + p) w($)Dg L f(s)ds

(“DaTILR) () =

i A T(vi+ p) 1
k+1—a — DIT(Bi + ) w(r)D(vi+ p)

x / T99’(8)(s0(7")—<p(5))"7+" (s DAL f(s)ds

i AL D(vi 4 ) RLIwﬂLDkH i(r).
k+1—a = (O)IT(Bi + p) P A e

Hence, finished the proof. o

Proposition 3.6 The (w,y)-Laplace transform for (RDZ‘ f[j gf) (r) and
( D:50:15) (1) are represented as

a,0,w,p

C- Mok D(vi+ 1)

Lo A ("DLELLEN (M)} () = ,mw 2O G 4 st Lo OO
IpaBon 3 M
Lol CDIZENOD6) = s > () ity e
k
X [$HL o AF ()} (s) — w(a) Y 8" (D], o P)(a)].
=0
Proof In view of Proposition 3.5, and Lemma 2.3, we get
Lol (DR ) 0) = 2 S ek EL ) et )
g DO kJrlfa ) & OIC(Bi+p) —F @
S N D(vi+ 1)
k+1—a Z; i)l ﬂziu)swﬂt it Lue i)} s).

Next,
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o — > by i
Lo (DI MHE) = Lo > N (e I
Sla—k) & X T(vi+ p)
= T2 SO s e
T (k4+1-q)4 Z(U)l ()T (Bi + p)svitr
k

X[ +1£ { Zsk] awgpf )}

Jj=0

Lo {(Da ) (1)} (5)

Thus, the required result is satisfied. o

Lemma 3.7 For a € (k,k+ 1), the relationship between the RL and Caputo ver-
sions of the L.S (w, @)-fractional derivatives involving the modified GMLF for a func-
tion | is given as

ola—k
(“DERIER () = (RD:fffzsf)m ~w(a >(k(+1 _ L)
(U a— k “/l + 1) (o(r) — <,a(a))WI’J”"—""’*'J'_1 | 3.
) Z Z (51 + p,) ("Y’L -+ "w— k +j) (D(L,w,gaf)(a)'

1=0 j=0

Proof According to Lemma 2.3 (vi), and Proposition 3.6, one has

Lo {(ODGETER) (1)} (s)

_ dla—k) &, NG Thitm
S s e B )0 ) Dl ]

j=0

Sa—k) N, T(yi+ p)
zmz(”)’ z)'F(ﬂeru’)Yij/: o Loeli(})
Sla—k) — AW Dvi+ ) Jy
O S G s 2 DL 0
= Lo {("DGITER) (1)} (s)
Sla—k) X X T(yi+ ) (yi+ p— k + ) ;
~wla )mz;( >i(i)!F(5i]:rlt)r(7i+lt7k+j)sv'?+u*k+j (Dawpf)(@)
= Lo {(FDEITER (M)} (s

b= ) s (@) T+ ) Lo (1) () — (@) T T (s)
W) 1= a) ZZ (T(Bi + WD (vi+p— k + )

(D, P (a)-

In view of the Laplace inverse, the proof has done. o
In what follows, we infer for the first time the relationship between higher order ABC
and ABR fractional derivatives; also the relationship between higher order CFC and
CFR fractional derivatives.

Corollary3.8 If a —k=~v=0, c = pu=w(r) = 1, and p(r) = r, we obtain the
relationship between higher order ABC and ABR fractional derivatives as follows:
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% ;}En—k‘j—kﬂr] ()\n,fk., (r— a)aik> (r— a)jfk(D{‘lf)(a).

(*FEDEN() = (DN -

Corollary3.9 Ifvy = =0 =pu=w(r) = 1, and p(r) = r, we find the relationship
between higher order CFC and CFR fractional derivatives as below:

k 7. - .
(7D 1) (1) = (TR )(1) ~ s S B (s (= ) (7= o) D @)
j=0

Remark 3.10 We note the following:

(1) If k=0, then a € (0,1), and Corollary 3.8 coincides with the relationship
between ABC and ABR fractional derivatives which is given [8].

(ii) If £ =0, then « € (0,1), and Corollary 3.9 coincides with the relationship
between CFC and CFR fractional derivatives which is given in [26].

4 Higher-order fractional integral

This section presents a generalized (w, )-integral of fractional higher orders which
corresponds to the Caputo and RL versions of the (w,)-fractional derivatives
involving the modified GMLF, and investigate some properties related to new frac-
tional derivative and integral definitions. In the rest of study, for simplicity, if v = 3,

then “D2 fff; can be written as CDg‘ 55 o

Definition 4.1 Consider a function f to be continuous on [a,b]. Let a € (k, k + 1),
o €R, >0, and Re(u) > 0. The higher order o' L.S generalized (w, ¢)-frac-
tional integral is given as follows:

(I8 D) = (16w 10k 1) (1)

= Igw P ZC 0,1) = )1 U5y )(RL12€;,$+1f) (r)

= ; C(o, Z)ﬁ(ﬂ; " @lezﬁw ;:)Jrlf) (r)
_ - (a,k)z‘
_ZC(U Z)(k‘-i-l—a)l 15(a— )

=0

(RL Zﬁ,;;;+k+1f) (T’)

where C(0,i) = (7), v = a — k, and FFIP 71+ is defined in Eq. (2.5).
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Remark 4.2 For specifically parameters (3, o, o, i, w,, we observe the existing defi-
nitions in the literature as follows:

th 1.8 generalized (w, )

(1) By putting k£ = 0 into Definition 4.1, we obtain the «
-fractional integral, where o € (0, 1) [35].

(ii) By putting 8 =, 0 = p =1, w(r) = 1, and ¢(r) = r into Definition 4.1, we
get the AB integral of fractional higher orders [40].

(iii) By putting 8 =0 =pu =1, ¢(r) =, and w(r) = 1, into Definition 4.1, we
return to the CF integral of fractional higher orders [42].

(iv) By putting 8 = «, ¢(r) = r, and w(r) = 1, into Definition 4.1, one gets the AB
integral of fractional higher orders with GMLF function [33].

(v) By putting 8 = «,0 = = 1, and w(r) = 1, into Definition 4.1, one finds the ¢
-AB integral of fractional higher orders [22].

(vi) Definition 4.1 returns to an integral of order k+1, if we take
Byp,0— Lp(r)=r,w(r)=1anda — k+ 1.

Proposition 4.3 The following relations hold:

a,0,w,p a,0,w,p ]

k i
O 18,0t 06 = 1) - 30 PO A oy

i1 B.a Aa—k, (o(r) — p(a
W engon e = {f(r) - i Qoo GO 2D iy
f(r), ifp#1,Re(l—p)>0,Re(if—p+1)>0.

Proof

(i) Letv=a—k,k=0,1,...,werecall (Proposition 3.12, part (iii) [35]), Lemma
2.3 (i), and Defs. 3.3, 4.1, we find

(278 ODET o ) (1) = (G o lek o “DEgl o Do oF) (7)

a,w, P a,0,w,¢ a,0,w,p
, w(a)
= Ilc;,w,ga (Dg,w,apf(r) - w(r) ch;,w,ga (a)>

el
|
—

=i(r) — w7 3 PO () i)

7!

1=0
1 ( 1 d )’“ (wf)(a) (¢(r) — p(a)*
w(r) \¢'(r) dr k!
k i i
= i(r) - w () Y AP <w,tr)d> () ()
k i
_ f(r) _ Z (SO(T) Z'SO(G)) (Dz w#}f)( )
1=0
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(i) Letv =a —k,k=0,1,..., werecall (Proposition 3.12, part(vi) [35]), Lemma
2.3 (it), and Defs. 3.3, 4.1, we find

(CDS,E.Z)LLP ) :(Cngf)LpDﬁwcp zwcngfupf)( )
= (‘Do g IZ 5’5 oh) ()
E —

{f r) == (j((:)) o) (Wh(a), if p=1;

f(r), ifyu # 1, Re(1 — p) > 0, Re(if —p+1) > 0.
BJ _
_ {f ry - 21 Gk (f(; L= (e,
f(r), ifp #1, Re(1 — p) > 0, Re(if — p+ 1) > 0.
Hence, the proof is completed. o

5 General Q-operator

Samko et al. [18] introduced the reflection operator . This operator is used to con-
vert L.S fractional differentiation/ integration to R.S differentiation/ integration, and it
is given by Qf(r) = f(a + b — r), for any function f(r) defined on [a, b]. In classical
fractional calculus, the following identities hold: I$ Qf = @ Iff and D Qf = Q Dyf.
Very recently, Fan and Huang [36], derived the general Q-operator to convert the L.S
to R.S in fractional calculus wrta function ¢, which is defined as: For any f be a func-
tion defined on [a, b], and ¢ : [a, b] — R is a non-decreasing function on [a, b, such
that ' (r) # 0, Vr € [a, b], the general Q-operator is given as

Qi(r) =T (¢ (p(a) +¢(b) — @(r)),  Vr € [a,b], (5.1)
and satisfies Q%f(r) = f(r) [36], as below:

Q*i(r) = QQF(r) = QF (¢ " (p(a) + ¢(b) — ¢(r)))
=f (¢ (e(a) + o(b) — ¢ (97" (p(a) + (b) — ¢(r))))) = f(r).

Furthermore, the following identities regarding (-fractional calculus are fulfilled:
15 ,Qf = QLy f, and D% ,Qf = @Dy,

In what follows, we define the reciprocal of the new general Q-operator, and we
denote it by Q.

Definition 5.1 Reciprocal of the general Q-operator r(Q for a function f defined on
[a, b], wrta function ¢, such that ¢’ (r) # 0, Vr € [a, b] is defined as:
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rQJ(r) =

1
Vr € la,b
Qf(r)v E [ ) ]7 (52)

where Qf is given in (5.1).

Remark 5.2. We note the following:

RQ(r) = RQROS() = Q <Qfl(r)) — QQj(r) = f(r),

and RQQj(r) = % — Q RQf(r).

Now, inspired by the new general (Q-operator and its reciprocal g(), which are defined
in (5.1) and (5.2), respectively, we present the general fundamental relations between
the L&R sides of (w, ¢)-fractional calculus as follows:

B 0we@F=QL, f and Db o  Qf=QDj, f Yu>0,  (53)

Lemma 5.3 The relations between the L&R sides of (w, p)-RL-fractional integral can
be address as follows:

(RLIZ rRQw, gan)( ) (QRLIZ) w cpf) (T)’ and (RLIgRQw wQﬂ (T)
= (QRLIa,w,Lpf)( )

Proof In the light of formulations (2.5) and (2.6), we obtain

1

(e RQuw, ¢Qf) (r)= PR BINM) /a ((r) - <,0(s))'hlgo'(s)(w*1 f) (97" (p(a) + (b) — ¢(s))) ds.

We introduce the change of variable z = ¢~ (¢(a) + ¢(b) — ¢(s)), for s € [a, 7],

then p(x) = ¢(a) + ¢(b) — ¢(s), sowefindthatz € [b, ™" (¢(a) + @(b) — (7)),
and by taking the total differential of both sides, we have ¢/ (x)dx = —¢'(s)ds. Tt

follows that

(FFLY 1 gu. o @) (1)

_ Qu(r)
[(p) / Hp(a)+e(b)—p(r)) (tp

= (™1, §)(r).

(r) = ¢(a) = @(b) + (@) "¢ (@) (W™ ) () da

Thus, the required result is satisfied. o
In what follows, we investigate the relations between the L&R sides of (w, p)-frac-
tional operators involving the modified GMLF.
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Lemma 5.4 Assume that Re(u) > 0,v,8> 0,a€ (k,k+1),0 €R, and
f€ H!(a,b). Then,

1 (PGS, L QN ()= (QFDYLIEf)(r),  and  (FDGITE, L QF)(r)
= (Q"DgIk ) (r).

2. (ODG e @D ()= (QEDEIIEN (), and  (CDEE, L QD(r)
= (QDgLLA) ()

3 (0H QN (r)= (QIEEE §)(r), and (52 g @) (1)
= (QIzZn D).

Proof 1 In view of Definition 3.1, we have

0(a—k) 1 ( 1 d)k+1

a,B,7, = — dr
(RDa,U,nélw-ﬂP Qf) (r) - (k +1- O‘) RQW(T)

¢'(r) dr
x / ¢ () EFS (Mai (9(r) = 9()) (@™ 1) (¢7" (¢(a) + ¢ (b) — ¢(s))) ds.

We introduce the change of variable z = ¢~ (¢(a) + ¢(b) — ¢(s)), for s € [a, 7],
then p(z) = ¢(a) + ¢(b) — ¢(s),sowefindthatz € [b, o (p(a) + @(b) — @(r))],
and by taking the total differential of both sides, we have ¢’ (x)dx = —¢'(s)ds. It
follows that

B _ da—k) 1 d\k+1
(RD“"E"RQW"P Qf) (r) = (k+1—-a) Qu(r) (c,o’(r) %)
b
X /Q( )w’(fﬂ) EYS (Aa—ks (9(r) — @(a) — o(b) + ¢(2))) (W™ §)(z)dx
_ 0(a—k) B ol 1 ik“
b
X /Q( )90'(1‘) EYS (Aaks (9(r) — p(a) = ¢(b) + ¢(2))) (W™ f)(z)da
d(a—k) X . 1 d N\ k1
= 1o 0 (G ar)

b
X /Q(T) ¢'(z) Eg:u (Aa—kw (p(z) — Q(,o(r)))(w— f)(z)dz

= (QDyII) (r).

2. According to Definition 3.3, one has

o0(a—k) 1
(k+1-—a) rQuw(r)

x [ (i ) = (51)

(CDEITE Q) () =
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We introduce the change of variable z = ¢~ (¢(a) + ¢(b) — ¢(s)), for s € [a, 7],
(

then o(z) = p(a) + p(b) — p(s),sowefind thatz € [b, ! (¢(a) + ( ) — ()],
and by taking the total differential of both sides, we have ¢’ (z)dz = —¢’(s)ds.It fol-
lows that
o, 3,7y, 1k _ (5(0{ B k)
(CDa,f,RQw,ap Qf)(r) = Gtiza) Qu(r)
b o 1 d k1
<[ @ER a0~ 0) = p8) + o) (g ) @ D
_ a—k) YL Ow(r
’ / 7,0 . 1 d ok
<[ @ER Ga (o0) — Qo) (G ) @ e
= (QDEZIEN ).

3. Based on Definition 4.1 and Lemma 5.3, we find

a i . —k 7 ;
(13 090 = 32 €10 = gy (AL )0
i=0
AV .
— Z C(o,1) i —((Z)i—l)é(a _ (QRLszf%ZJrkJrlf) r)
(QI?fm) (r).
Hence, the proof is completed. 5

According to the above Lemma 5.4, we define the higher order of R.S (w, ¢)-frac-
tional operators as follows:

Definition 5.5 Suppose that ¢ : [a,b] — R is a non-decreasing function on [a, b],
such that ©'(r) # 0, Vr € [a, b]. Assume that Re(u) > 0,v, >0, a € (k,k+ 1),
o € R and f(r) is continuous on [a, b]. The higher order a*" R.S (w, p)-fractional
derivative in the setting of RL involving the modified GMLF is presented by

_ +1 b
("D ;:J:; f)(r) = ﬁ (r )<¢/(1)%)H / @' () EYS (Nackr (2(5) = @(r))) (w ™) (s)ds.

And the higher order o' R.S (w, ¢)-fractional derivative in the setting of Caputo
involving the modified GMLF is presented by

(CDa By, ”f) (7”) —

b,o,w,p

_ b
P 1) [ B (s (69 = ()¢ (5) w7 () DEEL o)

Also, the higher order o R.S generalized (w, ¢)-fractional integral is given as
follows:
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« S . —k ‘ 18—
(e = 3 i) gy sy ),

RLyiB—p+k+1
where Ib,w,(p

is the R.S-RL fractional integral.

Lemma 5.6 For a € (k,k+ 1), the relationship between the RL and Caputo ver-
sions of the R.S (w, @)-fractional derivatives involving the modified GMLF for a func-
tion | is given as

a,B.y,m a,B.y.p oa—k
CDI2TEN ) = (D2 mm - ﬁﬁ

N k L(yi + pw(r) (p(b) — ¢(r))
XZZ (@' D(Bi+ (i +p =k + j)

yitpu—k+j—1 (54)
(D}, D(B).

1=0 j=0

Proof According to Lemma 5.4, one obtains that
(D5 b @D (r) = (QEDEIEN (1), and  (RDE705, LQF) () = (QFDy LT ().

And in view of Lemma 3.7, we have

(“Dg ks, Q) (r) = (FDglE QF)(r) - RQW(G)%
)X, T w+ﬂ)(s@( ) = pla) T
" ;g N rRQu(r) T(Bi + )T (vi + p — k + ) (Do s AN
0,7, 1 1 6 ok
= (QRDI; fw eH ) - W(k:—li—)a)

Dt 0000~ ot)
XZZ (N T(Bi+ w)T(vi+ p— k+ §)

_ @B\ (0 1 (a—k)
- (QR bfwvf)(”*wm

(@D, D(a)

1=0 j=0

i i w(r) (p(r) — a Yyit+pu—k+j—1

== 'F(ﬂz+u) (w+u—k+j)

Thus,
£ .87, o(a—k
(QEDLLIER) () = (QFD5l] wf) (r) %m
P (yi + 1) Qu(r) (io(r) — (@)™
XZOJZO (i)' T(Bi + w)T(vi+ p — k + ) (Dg0,0 F)(0)-

By operating general (Q-operator on both sides of the above equation, it implies that
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1 dla—k)
w(b) (k+1—a)

(o)X, D (i + p)w(r) (p(b) —
XEZ (N T(Bi+ )T (vi+p—k+j)

(ODpl ) (r) = (RD L k) (r) —

( ))'yi+,u7k+j 1

(D} .o D).

=0 j=0

Proposition 5.7 The following relations hold:

k i
() 1000 @Dt pir) =i - 3 POZ O i b,

i a B (b _ i) - (T)Eﬁj; Xa-k, (9(b) = @(r)) (W™ H)(b), if p=1;
(ii) cDb fw w(lb fw wf)(r) = { , ifp ;i,(Re(lkf w) > 0,Re(if —p+1) > 0.

Proof
(1) According to Lemma 5.4, one finds that
oo (D hgue QD) = QUL (CDETE D).

Thus, in view of Proposition 4.3 part (i), one obtains

abp  (Craf L (o(r) = pla))
Ia ,0,RQw, ga( Da,o’,RQw,Lp Qf)( ) Qf( ) Z ] (Da,RQw,gan)(a)
1=0
k i
= Qi) -3 P2 oy i)
i=0 ’
k i
= Qi) -3 PO i i)
1=0 ’

Therefore,

k i
QU DR ) = @i - S0 =D iy,

=0

By operating general (J-operator on both sides of the above equation, it implies that

k i
o eopt =i - S PO ho),

=0
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and it yields the result.

(i1) According to Lemma 5.4, one finds that

Cyo,B,m B CyosBs 1 B
Dim;aQw,so( ZU ;Qw @ Qf(r) =Q Db o’ul) (p(I;)l,o',ulj’Lp ().
Thus, in view of Proposition 4.3 part (ii), one gets

Aa—k, (p(r) — p(a

D U5 0 Q) = { - A e (A0 ) 01
Qf(r), ifp#1,Re(l—p)>0,Re(if—p+1)>0

_ {Q () = Q(rET (ar, (9(r) — (@) (@™ D), if p=1;
Qf(r), ifp#1,Re(1—p)>0,Re(if—p+1)>0.

Then,

cpabn qebu ooy — JQIT) Qu(NEST (Macik, (@(r) = ¢(a))) (W™t P(b), if p=1;
@ Db T D) {Qf(r), if u;éfRe( — ) >0, Re(if — p+1) > 0.

By operating general (Q-operator on both sides of the above equation, we find

@B (1008 _ 1) = w(MERT (Aaks (0(0) — (1)) (@™ H(B), if p=1;
“D;, fw %ﬁ(lbjwf) (r) = {f(r), if p ;i Re(lk— p) >0, Re(if —p+1) > 0.

Thus, the result is fulfilled. ]

6 Application to fractional integro-differential equations

This part applies the new derivative to exploring the solution of the following frac-
tional IDEs involving (w, ¢)-Caputo derivative of the modified GMLF:

©CDeBE2)(r) = f (r,xm, / TQ(?:SJ(S)MS) . refwb)
e1(we)(a) + ex(w)(b) = ca, 6.1)
dl(wx) ( )+d2(Wl') (b):dg, c,di € R,i=1,2,3,

where ¢D®8# is the (w,)-Caputo fractional derivative with modified
a,0,w,p ® p

GMLF, for o€ (1,2), B>0, Re(u)#1, o€R, and the functions
fila, b)) x RxR =R, g:[a,b] x [a,b] x R — R are continuous. Furthermore,
c1 + ¢ # 0, and dy+dy # 0.

Let A := C(J = [a, ], R) symbolize the Banach space of all continuous functions
x with the supremum norm ||z|| = sup,.¢|, 5| |#(7)], and the weighted Banach space

is defined as:
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Co(J =a,b],R) = {z € C(J, R)|(wx)(r) e C(J,R)},

equipped with the norm

|zl = sup |(wz)(r)
rela,b|

)

where (wz)(r) = w(r)z(r).

Lemma 6.1 Let h € Cy,(J,R), and ¢ € C*(J,R), a € (1, 2), and Re(p) # 1. The
solution of (w, )-Caputo fractional IDEs:

(“Dgrlhpx)(r) = b(r), 7€ [a,b],
c1(wz)(a) + ca(wx)(b) = cs, (6.2)
dy(wz)(a) + da(wz),(b) = d3, ciydi €R,i=1,2,3,

is given by the form:

2(r) = w71 () [01 = w2 () — 9(0)) (s — Paw(BIEEL (D)) — Yoo (B)IZEL b(b)]
+0 M) () — (@) (s — PawOITEL HO)) + 1555 (),

3 C2 ds do

where = , = , — ) =__ "
1 c1 + c2 Ve c; + c2 ¥s d; + dg V4 d; + do

Proof By operating 122 on both sides of Eq.(6.2), we get

a,0,w,p

Thus, by using Proposition 4.3, part (i), one has
2(r) = wH(r)[(w)(a) + (o(r) = () (we),(a)] + ASTLD(),  (64)
that is
(w2)(r) = (wa)(a) + (p(r) = p(a) (wa),(a) + w(r)ATTE, b)(r). (6.5
Using the boundary condition ¢; (wa)(a) + ca(wz)(b) = cs, we find
c1(we)(a) + e2(wz)(a) + e2(p(b) — p(a)) (wa)iy(a) + 2 w(B)IFEE b(b) = ca.

It implies that

1

(wr)(a) = ——[es = e2 (1) = pl@) () (@) = 2 wDIEEL HO)]. (6
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Also, by using the boundary condition d; (wx),(a) + d2(wx),(b) = d3, we obtain

), (0) + do(w)(a) +do Y Olori) 5= ;;le;()a (P ) )=
i=0

which yields that
(o) = G [d?’ —d2 i Clovi) 2" (RLTiAm1 wh)(b)]
® di +do pard 2= a) (e —1) o 6
1 .
- dl + d2 |:d3 B dzw(b)lg:oﬁ',ﬁ,@h(b)} .

Now, substituting the values of (wz)(a) and (wz);,(a) into Eq.(6.4), we infer that

1
c1+ ¢

s~ 00) — ot (72— W e i)

s 0]+ ()0 — ot (2~ S )
FISEE () = w7 ) [t = 2 () — (@) (s — aw L b))
a0+ () o(r) — ola) (b — DI D))

+ 10550

x(r) =w(r) [

Hence, the required result follows. o
Next, according to Lemma 6.1, the solution of (w, ¢)-Caputo fractional integro-
differential (6.1) is given as:

_ 1 Yy — wla 3 — wla
o) = 25 — 2 (6) — pla) + 225 (olr) — 9(@)
b
L2l gy o) s s (6,2), [ at.s.x(s)as
() \
2 W b a,B.u b
- <b7x<b>, / g(b,s,x<s>>ds> 68
b
- B2 (plr) — pla)) 1252 (b,xw), [ e sw(s))czs)
L1t ( o). [ ot s,w<s>>ds> ,
c Co d ds
Where%:qj@’ C1+62’w3:d1jd2’w4:d1+dz'
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6.1 Existence and uniqueness

This subsection investigates criteria of the uniqueness solution for the problem (6.1),
by utilizing the Banach’s FPT. So, we assume that the below assumption is fulfilled:

(A1) There exist the constants ¢; > 0, (i = 1,2,3), such that Vr € [a,b] and
zj,Z; € R, (j = 1, 2) satisfy:

[f(r, 21, 22) — f(r, 21, Z2)| < qul@1 — T1| + qelwe — T2|, and |g(r, s,21) — g(r, 5, 21)| < gslz1 — 2]

Theorem 6.2 Let A1 fulfilled, and if

T = (Ch + ¢2q3(b — ) [<|1/)2 1/J4| + ’¢4|> —pla)) + |QZ}2| + 1}
. ZC o) — |5 Ej__ll)‘r = (o(b) — gp(a))iﬁ—u+2 < 1.

such that i # 1. Then, there is one and only one solution for the (w, p)-Caputo
fractional IDEs (6.1).

Proof Firstly, we will define the operator I1 : C,,(J,R) — C,(J,R) as follows:

V1 Yo s Y3

(o) = 25 = 2252 (o0) = pla) + 5 (6l0) = pla)
b
+ 200 (o0) — o)) 1222, (b, o). [ gt m(s))ds)
_1/12 w(b) aﬁ’“ T s, x(
RoR (b (). / (b,5,(s))ds ) (6.9)
b
=P (o) — ol 122, (b,w(b), / g(b,s,us))ds)

+ I;"”f”ﬁjv‘f (r,x(r),/ g(n&m(s))ds) .

Now, we will use the Banach’s FPT to explore uniqueness of the solution to the (w, )
-Caputo fractional IDEs (6.1). Then, let z, z € C,,(J,R), r € [a, b], and by using A,
we have

|w(7“)Hx(7") — w(r)Hi‘(r)‘
< (\% Ya w(®)] [(p(b) — @(a))| + |2 w(b)] + [tha w(b)] [(p(r) — @(a))|>

Igfﬁwlf@,x(b),/abg(b,s,x(s))ds> —f(b,a:«(b),/abg(b,s,as(s))ds)‘
+ w(r) Ig;gﬁw’f(r,x(r),/ar g(r, S,m(s))ds) - f(r,x(r),/ar g(r,s,i‘(s))ds)‘
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— <|1/12 g w(d)| [((b) — p(a))| + |2 w(b)] + [ts w(d)| |(@(r) — (a))|)
S 0,1 (= 1) (s .
X;C( ’I) a)i=1|§(a—1)|w(b) T(i3 — H+2)/ (s)(e(b) — ¢(s))

X ‘f(s z(s) / (S,t,z(t))dt> —f s,a‘c(s),/ g(s,t,i’(t))dt)‘ds
*ZC ) T B g ), ¢ etr) = el
s,x(s),/ g s,t.,a:(t))dt) — f(s,a_t(s),/s (s,t,Z(t))d >’d9
< (lwz Pa w(b)] [((b) — @(a))] + [th2 w(b)| + [1ha w(b)] [(p(r) — <P(a))|)
oo o (a_l)i b s - . —_—
<3 O T s Oy el R CECICORFIC)
% (@ |o(s) = ()| + a2 ‘/sg(s,t,x(t))dt— /Sg(s.,t,:E(t))dths
+ZC S \6(Exa:11))|1“(zﬁ [+ 2) / ¢ (s)w(s)(p(r) — p(s)) P!
X (q1 ‘x(s) fx(s)’ + qo / g(s,t,z(t))dtf/ g(s,tj(t))dt‘)ds
< (102 wal 160(8) — @l@)] + ¥l + il [(0(r) — o(a))

3 Clo,) (a—1) / " (5) (o) — ()t
2 ) G e~ [T —n 1) o

x (@(s)la(s) = 2(5)] + aa0(5) / galalt) - #(0)dt)ds

a

£ €0 i) O [ et — el
i=0 a

(2= )16 —1)|T(EB — p+2

x (ae(s)la(s) = 3(s)| + azeo(s) / " gslalt) - #(t)dt)ds

> . a—1)° iB—p+2
<2 DG ’5(0z—1)’F15 iy (@ T el =) () = ey

0
< [ (2 ] + [1a]) (00) = (@) + [2] + 1] 2 — 2.

Tz — Iz, < 71llz — Z||w-

By condition (6.2), the IT is a contraction operator. Then, in view of the Banach’s FPT

2.4, the (w, p)-Caputo fractional IDEs (6.1) owns one solution. O
Next, the existence of solution to the (w, ¢)-Caputo fractional IDEs (6.1) will dis-

cuss by using Schaefer’s FPT. Regarding this, we propose the following hypotheses:
(Az) There is a constant w™ > 0, where w*™ = sup,¢(q 4 W(S)-
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(Ag)Forallr € [a,bland z; € R, (i = 1, 2), there are constants ¢; > 0 (j = 1,5),
satisfy |[f(r, x1, 22)| < €1 + €a|z1| + €3|x2|, and |g(r, s, z1)| < €4 + €5]21].

Theorem 6.3 Let Ag and Ag hold. Then, there exist solutions for the system (6.1),
provided that

72 i= (e2 + eses(b — @) (1wal + (2 vl + [u]) (10(6) = p(@)]) + 1)

3 ‘ (a — 1)1 iB—pu+2
) ;C(U’Z) B Thla— )TG3 —pt3 P ¢ ot o

(6.10)
1,

such that u # 1.

Proof To examine constraints of the Schaefer’s FPT, we introduce operator
IT: C,(J,R) — C,(J,R) as defined in (6.2). Moreover, we take the closed bounded

convex ball D¢ = {z € C,(J,R) : ||z, < ¢, ¢ > 0}, with radius ¢ > . T37_
-T2

, and

7o < 1 such that

ry = (0] + (192 Yol + 10]) (19(0) = 9(@)])) + (" (1 + esealb — 0))) (2(8) — (@) #+2

(@—1)
a—1)|03s—p+3)

x (1l + (2 ]+ lenl) (100) = (@) +1) - Clon i) g

This theorem will be rigorously verified in two sequential steps.

First step: We prove the operator I1 : C,(J,R) — C,,(J,R) is completely con-
tinuous. So, consider a sequence {x,, }nen — « in the ball D¢ as n — oo. Thus,
according to the continuity of functions f and g, as well as using the Lebesgue domi-
nated convergence result, one gets

Jim (1T, (r) = 22 = 228 (o(8) — o(a) + 5 o(r) = (@)
b
+ Y2 Yu w(b) (p(d) — p(a)) lim Ig;ﬁijf b, xn(b),/ g(b, s,z (s))ds
() i .
_ %Ti()b) nhl{loc Ig‘jf”u’f’wf (b., Zn (D), /abg(ba s, 1117L(S))d8>
w(b . B b
=B (o) - p(a) i 1328 (a oy g(b,swn(s))ds>
+ n@w Igf’gjwf (T, Tn (1), /T g(r, s, xn(s))ds)
= (IL2)(r)

Hence the operator II is continuous.
Now, we show that IID: C D.. Accordingly to A, and As, for z € D¢, and
r € [a, b], we acquire
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Jo(r) () 1)
< (ol + 2 sl Lo(6) = ()| + ls] l(r) = ()]
(|w2| + (102 vl o) = p(@)] + [ul [o(r) — p(@)])

X a'z (Oé—l).
IZ;)C “Hola = DITES — p+2)

x / 5l () — w(S))“’“‘“‘f(sw(sL [ ot tatopar) fas

(a1
*ZC‘” T3 — DTGB~ p+2)

x / ) elr) ()P (s, [ ol tater) s
< (1] + ez sl 19(0) = (@] + 4] [o(r) = ¢(a))
(|w2| + (12 val Lo(®) = (@) + ln] l(r) = (o))

(0~ 1)
XZC‘” “T5(a— 1)|T(i8 —u+2)

; ' (6.11)
< [ @0 - w(s))’*#*l(w(s)( (61 + e2la(@)]) + esles + es(2()) (s — a) ) )ds

o]

o0) (a— 1)
+;}C (2= )i |[6(a = 1)|D(iB — p +2)

[0 = 6 () (e + ealao)) + enles + (a5 — ) ) s
< ([l + (e wsl + [sl) (o) - (@)

[eS)

(a—1)
+ZC‘” T5(a—D|T@B—p+3)

x (" (e + esealb — a)))(so(b) = (@) 2 (] 4 (192 ] + [ia]) (10(0) = (@) +1)

* Z Clo i) g gy |6((<j—_ 11))\}(7:/3 g (@ tasb—a)(eb) - p)

% (w2l + (I vl + [al) (p(®) = (@)]) + 1) 2]

<73+ 7o |20
<m3+7(<(.

Hence, we prove that IID: C D¢, thatis Il : D — D.
Next, we want to prove that the operator II : D — D¢ is equicontinuous on D¢.
So, we obtain Vx € D¢, and a < 1 < ry < b, the following:

(wlr2)(I12)(r2) — (i) (1L2) ()|
b
< Wal plra) = )| + O] [p(r2) = o(ro)] < 152, (0,20, [ g(bus,o(5))ds)

+ |w(r2) Iggﬁwf(rg,x(r2),/T2 g(rz,s,.r(s))ds) —w(ry) Igfﬂw (rl,x(rl),/n g(rl,s,x(s))ds)‘

(a - 1)

<] le(r2) — ()| + [Yal lo(ra) ZC 0,1) Z )1 5(a— D|TEB — g +2)
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b s
x/a gp'(s)w(s)(@(b)—w(s))w*#ﬂ]f(s,x(s),/a (s, t,2(0))dr) s

= (a 1)
" ;C("’“ (2= a)1]3(a— 1)|T( — u+2)
x / " (8)w(5) (or2) — (5)) (s, 2 (s), / gt x(t))dr) ds
+ Z C(o,1) — (o — 1)l

J T [6(a — DIT(i5 — i+ 2

]
x / N w'(S)w(S)(s&(rz)*@(5))1'67“*%(8@(5)7 gt 2(t))dt) ds

(a—1)°
_ZC“ 2—a)i—1|5(a — 1)|T(if — p + 2)

<[ " ()w() (plr) — o)) P (s, (), / " gls.t,2(t))db) ds

4 (a—1)!
< [s] le(r2) = @(ru)l + [va] [ (r2) ZC ") ey (e~ TB -+ 2)

X

b
x / ¢ () () (p(0) = 9()) 7= f(s, a(s), / a(st,2()dt) \ds

(a—1)
+ZCM) Ho(a = DTGB = p+2)

X /71 o (5) [(<p(7“2) — ()L — (p(ry) — <p(s))iﬁ_“+1} ‘w(s)f(s? z(s), (/Sg(s,t,x(t))dt) ’ds

. (a— 1)
2O G R - DT T )

< [ tr) = o) o)) [ st )ar)ds

(a—1)
(2=a)~1[5(a—1)|T(EB — pu+3)

% (p(b) = (@) P2 (W (&1 + ezea(b — a)) + (e2 + eses (b — a)) |l

- 3 0,1 (2= 1)°
;C( ’ )(Q—a)H |6(c = 1)| T(iB — pu + 3)

% [((r2) — 9(r)) B2 — (p(r2) — 9(@)) B 42 + (p(m) — p(a)) P4+
X (w*(e1 + esea(b— a)) + (e2 + eze5(b — a))||z[|)

[e%s) . (a _ 1)1
+ ; Clo, )(2 — )16 — 1)| T (i — pu + 3)

X (p(rg) — <,0(7ﬂ1))i6_“'|r2 (w*(q + eseqa(b— a)) + (62 + e3e5(b — a)) ||x||w)

<[] [9(r2) = e(ro)| + [9u] [9(r2) = o(r0)| 3 Clory)
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It is clear that, |w(re)(Ilz)(re) — w(r)(Mx)(r1)] —> 0 as r1 —> ro. Then, II is
equicontinuous, and we conclude that IT is completely continuous due to the Ascoli-
Arzela theorem 2.6.

Second step: We want to demonstrate that the set Q= {ze€C(,
(J,R):x =9z, 0 < p< 1} is bounded. So, for x € Q, r € [a,b], and by Eq.
(6.11), we find that

[zl = sup |ow(r) Mz(r)] < 73+ 72 [|2]lw,

rela,b

which implies that

73

o = T2

Therefore, 2 is bounded set. Hence, based on Theorem 2.5, there exists at least one
solution for the (w, ¢)-Caputo fractional IDEs (6.1). m
7 Examples

This section demonstrates the efficacy of our findings by providing the next two
mathematical applications:

Example 7.1 Contemplate the below (w, ¢)-Caputo fractional IDEs:

C11.6,5,0.5 5i7l(7‘2) |z (r)] 1 /T 2 |z(s)]
Do Y x)(r) = + T+ = r+s°+ ————-——)ds,r€[l,2],
Pz 2)r) Ltr gt z(r)] 12 ( 216 + ‘1(5)‘) re L2l

8(raz)(1) + 4(rz)(2) = 3, (7.1)
O(r )l (1) +4(ra)l(2) = 5.

Here, a =1.6, 3=5, u=05 a=1, b=2, =2, w(r)=7r, o) =12
¢(b) — ¢(a) = 3, and

r 7sin(r2) |z (r)] 1 ' r+s2 w &
f<r’x(r)’_/,,, g(r,s,:c(s))ds)— T +%+|$(r)|+12 A < + +T}6+|I(S)\)d,
or,s,2(5)) = (r+ +ﬁ+\x(s)l>'

Obviously, 17 = 0.25, ¥ = 0.33, 13 = 0.38, and ¥, = 0.31.
Also,

o Z1 1 _
r,xy1,T2) — f(r,T1,T S‘ - *’—1—‘736_96
[§(r, 21, w2) = (r, 21, 22)| < |5 I+ 1372 =T
_ 1 _
<f|x1*l’1|+ﬁ|z2*$2|v
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and
T T
|g(r,s,x)—g(r,s,5€)\§ 1 ! —
216 7% 316 77
1 _
Thus, 1 = 55,2 = 15,and g3 = 515. Moreover, for |§(cc — 1)| = 1, so we compute
that

T = (q1+q2Q3(b—a))[(’¢2 WH‘WM‘) ‘ (b) - ))‘+’¢2‘+1}

- . (a = 1)z iB— -
X ZC(M) &) T (e~ O[T 53] (o(b) — @(a))P =2 ~ 0.307206 < 1.

Additionally, Fig. 1 shows the values surface of 7; are less than one for vary frac-
tional order o € (1,2) on the interval r € [1,2].

So, the conditions of Theorem 6.2 hold. Hence, the (w,)-Caputo fractional
IDEs (7.1) possesses one solution.

Example 7.2 Let us take the following (w, ¢)-Caputo fractional IDEs:

Cy12,7,15 oy 2sin(jz(0)]) 1 [T r=ys4+1 | tan” ' (5la(s)))
(D1 D)) = (5) + —— 45 | ( 2 T 1 )ds’

L)1)+ 2(ra)(e) = &, (7.2)

%(T m){n(?«)(l) + %(T I)],I’I(T)(e) = T12

where r € [1,¢], and we have a=1.2, =7, u=15 a=1, b=e, 0 =2,
w(r) =r, p(r) =In(r), and

i (reatr) [ atrsateas) = (§) + GO0 [TV ton” Bla(e)) g,

r—s° an~(5|z(s
g(r,s,z(s)) = ( 12+1 +t 1(2!3 ( )\))

Next, we can calculated that, 1, = 0.18219, 5 = 0.52632, 3 = 0.11111,
14 = 0.33333, and we find

e
|f(’l‘,l‘1,l‘2)’ Sln(§)+%|x1|—|— |$2|,
1
|g(7",8 33'1)’ =19 + %‘Jiﬂ
Hence, e; =In($), €2 = 25,63 = 5, €4 = 5, and €5 = 5.

@ Springer



131 Page 28 of 32 S.T. M. Thabet et al.

Fig.1 3D plot of 71

1.5

alpha
Then, by putting |6(a — 1)| = 1, we can compute the following:

3 := (€2 + eze5(b— a)) (W2| + (|2 Y| +1%a]) (lp(d) — @(a)]) + 1)

> . (a—l)i iB—put2
X;C(a,z) & T 5a DT 573 (o(b) — @(a))P=H+2 ~ 0.142229 < 1.

Additionally, Fig. 2 shows the values surface of 72 are less than one for vary frac-
tional order o € (1,2) on the interval r € [1, ¢].

Hence, based on the hypotheses of Theorem 6.3, there are at least one solution of
(w, ¢)-Caputo fractional IDEs (7.2).

Fig.2 3D plot of 7o

alpha
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8 Conclusions

In this study, we extended the L.S (w, @) —fractional derivatives and integrals involv-
ing the modified GMLF to higher orders in the setting of the RL and Caputo operators,
and investigated some of their essential properties, such as their series versions, the
relationship between Caputo and RL versions, the fundamental calculus theorem for
these operators, and their (w, ¢)-Laplace transformation. Furthermore, we investi-
gated some particular cases of the derived operators that exist in the literature, such
as higher order fractional operators in the setting of the ¢ — ABC, ABC, ¢ — ABR, ABR,
(w, @) — CFC, v — CFC, CFC, (w, ¢) — CFR, ¢ — CFR, and CFR. Based on the results,
we concluded for the first time the relationship between higher order ABC and ABR
fractional derivatives, as well as the relationship between higher order CFC and CFR
fractional derivatives.

Additionally, by utilizing the general (Q-operator, we introduced its reciprocal
operator (5.2), and then we presented the general fundamental identities between the
L&R sides of any (w, ¢)-fractional calculus, which is defined in (5.3). Accordingly,
we concluded the higher orders R.S (w, ¢)—fractional operators involving the modi-
fied GMLF. As a result, we examined certain properties by utilizing the duality of the
L.S approach. We demonstrated the duality of the L&R sides of our proposed defini-
tions by applying the fundamental identities for (w, )-fractional calculus, utilizing
the general (Q-operator and its reciprocal. These identities (5.3) applicable for any
(w, ¢)-fractional calculus, such as (w, ¢)-RL, (w, ¢)-Caputo operators, (w, )-Hilfer,
(w, ¢)-Hadamard, (w, p)-Katugampola, (w, ¢)-CF, and (w, ©)-AB operators.

This research has addressed the EaU of solutions for the (w, ¢)-Caputo fractional
IDEs (6.1) by utilizing Banach’s and Schaefer’s FPTs. Finally, two examples were
demonstrated to show the applicability of the findings.

As a future direction, this study opens new research areas. For instance, the
researchers can solve R.S fractional differential problems by utilizing the duality of
their L.S and the general identities of (w, ¢)-fractional calculus (5.3).
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