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Abstract This paper investigates the widely used zig-
zag optical lattice prototype for cold bosonic atoms.
This prototype generally represents nonlinear waves in
quantum physics. To investigate the soliton solutions of
the offered equation, we consider two analytical solu-
tion methods. The first is a new version of the general-
ized exponential rational function method (nGERFM),
and the second is the (% ) -expansion function method.
The nGERFM facilitates the generation of multiple
solution types, including singular, shock, singular peri-
odic, exponential, combo trigonometric, and hyper-

bolic solutions in mixed forms. Thanks to the (%)'
expansion function method, we obtain trigonometric,
hyperbolic, and rational solutions. The modulation
instability of the offered prototype is discussed, with
numerical simulations complementing the analytical
outcomes to better understand the solutions’ dynamic
behavior. The findings are novel and can be useful for
studying bosonic superfluidity, quantum magnetism,
many-body spin dynamics, and Bose—Einstein conden-
sation, among other studies involving ultracold atoms.
These outcomes propose a foundation for future exami-
nation, making the solutions effective, manageable, and
reliable for tackling complex nonlinear problems. The
methodologies used in this study are robust, influential,
and practicable for diverse nonlinear partial differential
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equations; to our knowledge, these methods of investi-
gation have not been explored before for this equation.

Keywords Mathematical modelling - nGERFM -
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1 Introduction

The advancement of numerous scientific and engineer-
ing disciplines has been significantly facilitated by non-
linear partial differential equations (NLPDEs), which
offer critical insights into the complexities of physi-
cal and biological processes. The historical evolution
of NLPDEs can be traced back to the 18th and 19th
centuries when mathematicians and physicists began
formulating mathematical models to describe natural
phenomena. Initially arising within the realms of fluid
dynamics, heat transfer, and wave propagation, these
equations have since been applied across a diverse
range of fields, including electrical engineering, mag-
netism, quantum mechanics, and biological systems.
Over time, the study and resolution of NLPDEs have
progressed, propelled by both theoretical developments
and the increasing capabilities of computational meth-
ods, resulting in enhanced understanding and more pre-
cise modeling of intricate systems [1-10].

In the 19th century, Scottish engineer John Scott
Russell first identified solitons, remarkable nonlinear
wave phenomena that maintain their shape while prop-
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agating at a constant speed. He observed a solitary
wave that traveled significant distances without dissi-
pating, which captivated scientists for many years. The
mathematical framework for solitons was subsequently
established in the 1960s by introducing the Korteweg-
de Vries (KdV) equation, which characterizes shallow
water waves. Since then, solitons have found applica-
tions in various fields, including fiber optic commu-
nications, where they facilitate stable, long-distance
data transmission; plasma physics, where they eluci-
date phenomena in magnetic fields; and even biologi-
cal systems, such as the propagation of nerve impulses.
The study of solitons enhances our understanding of
nonlinear wave dynamics and stimulates technological
innovations across multiple domains [11-16].
Analytical solutions to NLPDEs offer significant
insights into the behavior of complex systems gov-
erned by these equations. In contrast to their linear
counterparts, NLPDEs often exhibit intricate and var-
ied phenomena, such as shock waves, solitons, and
turbulence rendering, their solutions highly valuable
and challenging to obtain. Analytical methods seek to
derive exact solutions or simplifications that illuminate
the underlying structure and dynamics of the problem.
Techniques such as the separation of variables, similar-
ity transformations, the method of characteristics, and
the inverse scattering transform has been developed to
address specific classes of NLPDEs. These method-
ologies not only enhance our understanding of the fun-
damental properties of the solutions but also provide
benchmarks for validating numerical and approximate
solutions. Despite their inherent complexity, analytical
solutions remain a cornerstone in the study of NLPDEs,
contribute clarity and depth to the investigation of non-
linear systems across physics, engineering, and other
disciplines. In the present day, there are numerous
trustworthy and well-developed techniques for find-
ing both analytic and numerical solutions to NLPDE:s,
including the well-regarded Lie group theory [17], the
bilinear neural network method [18], ¢6-expansi0n
technique [19], the new generalized exponential dif-
ferential function approach [20], improved modified
Sardar sub-equation method [21-23], extended Fan
sub-equation method [24], extended hyperbolic func-
tion method [25], Sumudu transform homotopy per-
turbation method (STHPM) [26], g-homotopy anal-
ysis transform method [27], residual power series
method (RPSM) [28], Kumar-Malik method [29,30],
the improved generalized Riccati equation mapping
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method [31-33], the modified F-expansion method
[34], the generalized Kudryashov method [35], Hirota’s
bilinear technique [36], the unified method [37,38], and
SO on.

Quantum physics has been increasingly important
in recent years, with a significant growth trend contin-
uing. The relevance of the theory of quantum fields to
physics is illustrated by multiple frameworks. Investi-
gating many body quantum states are made possible
by the system of ultracold bosonic atoms in the optical
lattice. By using a Bose—Hubbard model, this quantum
lattice gas system is described [39]. The primary aim of
this study is to create optical soliton patterns in a zig-
zag optical lattice prototype for a cold bosonic atom
[40,41]:

= - ( ) ( ) -
l = (¥ 20{2 o3) & T (02 —‘r o
dt ! 3 3 dx2

+as(y — D |EI* E, (1)

where 7 expresses the distance between successive
components and the complex amplitude E = E (x, 1)
is the wave function. The boson-boson interaction in the
optical zig-zag lattice model is represented by the sym-
bol a4, which shows repulsion for ey > 0 and attraction
for «s < 0. Whereas the second nearest-neighbor hop-
ping requires op > 0, the first nearest-neighbor hop-
ping involves o1 > 0. To study quantum phase tran-
sitions and other topics like Bose—Einstein condensa-
tion, quantum magnetism, many-body spin dynamics,
and bosonic superfluidity, among others, experiments
with ultracold atoms are essential.

The zig-zag optical lattice model considered in this
study serves as a prototype for describing the behavior
of cold bosonic atoms in ultracold systems. This model
is particularly significant in quantum physics, as it cap-
tures the intricate dynamics of nonlinear wave propa-
gation in structured optical lattices. The zig-zag con-
figuration introduces additional complexity by incor-
porating geometric and topological features, making
it a valuable framework for studying phenomena such
as bosonic superfluidity, quantum magnetism, many-
body spin dynamics, and Bose—Einstein condensation.
The NLPDE governing this model reflects the interplay
between nonlinearity and dispersion, which is crucial
for the formation of solitons and understanding modu-
lation instability. By addressing this model, the study
provides a comprehensive exploration of its soliton
solutions and dynamic properties, offering new insights
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into the behavior of nonlinear waves in complex quan-
tum systems.

To determine the soliton solutions for the model
under investigation, numerous researchers have
employed a range of techniques. Riaz et al. obtained
solutions for the studied equation using the generalized
logistic equation method and the Sardar subequation
approach [40]. They also analyzed the bifurcation the-
ory and the chaotic behavior. Using two efficient meth-
ods, S. Kumar and A. Kumar developed for Eq. (1) a
variety of soliton patterns [42]. By using semi-inverse
techniques and collective variables to assess the inves-
tigated model, Alhussain and Raza achieved their goal
of identifying brilliant solitons [43].

The principal aim of this study is to investigate dif-
ferent and novel optical soliton solutions for Eq. (1). In
this sense, nGERFM and the (
tion method are used. The most significant findings
of this study include the discovery of novel classes
of soliton solutions for the zig-zag optical lattice pro-
totype, which had not been presented before. Using
the nGERFM, we derived a diverse range of solutions,
including singular, shock, singular periodic, exponen-
tial, combo trigonometric, and hyperbolic solutions in

%)—expansion func-

mixed forms. Additionally, by employing the ( G2)

expansion function method, trigonometric, hyperbolic,
and rational solutions were obtained. These findings
go beyond existing studies by providing an exhaustive
range of soliton structures, allowing for a deeper under-
standing of the dynamic behavior of nonlinear waves
in quantum systems. The outcomes are particularly sig-
nificant because they offer validated solutions applica-
ble to various NLPDEs and contribute to advancing
the study of cold bosonic atoms, quantum magnetism,
many-body spin dynamics, and Bose—Einstein conden-
sation in ultracold systems.

The applied methods in this study offer significant
advantages over existing techniques in the literature.
The nGERFM facilitates the generation of a broad spec-
trum of solution types, including singular, shock, sin-
gular periodic, exponential, combo trigonometric, and
hyperbolic solutions, often in mixed forms, while the

(%)-expansion function method yields trigonomet-
ric, hyperbolic, and rational solutions. This diversity
surpasses many conventional methods, which are often
limited to a narrower range of solution types. Addition-
ally, these methods follow a systematic and structured

approach, making them effective for identifying and

organizing solution structures from the outset. Their
flexibility and reliability in solving NLPDEs make
them highly applicable across various fields, includ-
ing quantum physics, nonlinear dynamics, and applied
sciences. However, one limitation of these methods is
that they may not work as effectively when the largest
derivative and the nonlinear terms in the equation are
not balanced or homogeneous. In such cases, the meth-
ods may fail to produce valid solutions, highlighting
the importance of ensuring proper balancing within the
equation for successful application.

The following is the structure of the paper: The

nGERFM and the (%)-expansion function methods

are explained in Sect. 2. In Sect. 3, the model’s analyt-
ical solutions are obtained. In Sect. 4, the modulation
instability analysis is presented. In Sect. 5, graphical
explanations are provided. Comparisons are offered in
Sect. 6, and conclusions are discussed in Sect. 7.

2 Analysis of the offered techniques

In this part, we explore two analytical techniques: the
nGERFM and the (%)-expansion function method. A

wide description of the presented techniques is supplied
within this part.
Let us consider the following NLPDE

QI(E»Eta Ex»Exm-u):O- (2)

To get traveling wave solutions for the concerned pro-
totype, we employ the subsequent transformation:

=®¢E) xexpi(yx +0t+6),E=sx—nt, (3)

where 7 is the wave velocity and s is the wave number.
Eq. (2) is altered into an ODE as shown:

0x(d, &', &, 9", ...) = 0. @)

2.1 Description of the nGERFM

Step 1. Let we set up the solution of Eq. (4) as [44]:
‘I'@)) S <‘I’<s)>‘"
PE)=ko+ ) ky + > L= ,
€=k Z ( G ; )
5)
in which
s1exp(/1§) + g2 exp()28)

prmg . 6
1€ s3exp(J3&) + caexp(48) 2

@ Springer



B. Kopgasiz

In the pre-assumed structures Eqs. (6) and (5), ;, Ji
(i € [1,4)) and ko, k,, [, (n € [1, ng]) are unknown
coefficients. In addition, to determine the value of the
positive integer n¢, we can make use of various balanc-
ing rules documented in the literature.

Step 2. Substituting the expression from Eq. (5) into
Eq. (4) produces a polynomial equation I1(o1, 02, 03,
04) = 0 in terms of g, = ¢U®) forv = 1,2, 3, 4.

Step 3. At last, we obtain analytical solutions for
Eq. (2) by substituting the results derived from solving
this system into the general expression of Eq. (5).

2.2 The summary of (g—;)-expansion function
method

Step 1. Suppose the solution of Eq. (4) is character-

G )—expansion method as

ized by the expression in el

follows [44]:

no G/ n G/ —n
@) =po+ (pn (—) + oy, (—) )
nZ::l G2 G2

(7)
in which G = G (&) holds

G\ G'\?
<a> :M+A(E> , 8)

where A # 0, u # 1 are integers. To complete the
process, it is necessary to find the constants po, 05, op
n=1,2,3,...,np).

Step 2. As a result, (%) provides the following
three types of solutions:

Scenario I, Trigonometric family: If xA > 0, then

(i’)_\/E O cos (VUAE) 4+ Oy sin (v uAé)
G2) V1 \ @ cos (Vurg) — Oy sin (Vuré) |

€))

Scenario II, Hyperbolic family: When ui < 0,
then

(&) -

G? A
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O sinh (2/TuAl€) + O cosh (24/[uAlE) + O
O sinh (2/TuAl€) + © cosh (2y/[uilE) — ©, |
(10

Scenario III, Rational family: When 1 = 0, A #
0, then

(&)= (G@eien)
G2) \ A(O1E+06y)’

in which ® and ®; are constants.

Step 3. To find the ng, the homogeneous balance
rule is applied.

Step 4. By inserting from Eq. (7) and Eq. (8) into
Eq. (3), we get a set of algebraic equations.

Step 5. By investigating the specific terms, we found
the necessary set of parameter.

3 Extraction of soliton solutions

This part covers the soliton solutions and their visual
representations in association with the prototype under
study. By inserting Eq. (3) into Eq. (1), we derive the
following nonlinear equation.

Real part:

(12722 + da3) + 0 + a1 = 200 + )]
D+ as(y — NP — 5272 (ar + 4a3)®" =0, (12)

and imaginary part:

[—1+2ys7(@2 + )| =0, (13)

From Eq. (13), the velocity can be expressed as,

n=2yst(an + 4a3). (14)

3ng = ngo + 2 is obtained by using certain standard
balancing principles in Eq. (12) between &3 and ®”.
Hence, one should take ng = 1.

3.1 Main results of solving model Eq. (1) using the
nGERFM

Eq. (5) can be expressed as

T T -
oo (18) 4 (38)" s
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T1(&) is specified by Eq. (6).
Class 1:

Taking [¢1, 52, 63, ¢4l = [1, 1, 1,0]and [j1, J2, J3,
Jal =10, 1,2, 0] in Eq. (6) yields

1 +exp(§)
E) = ——— (16)
exp(2§)
To obtain the parameter values, we solve the alge-
braic equations with Maple (or Mathematica). The col-
lection of responses generated might be given as:

Type 1.1:

0 = —y2r2a2 - 4)/2120:3
1
—5521’20{2 — 2s21:2a3 — a1 + 20y + 23,
7554/2 oy + 4as
ky =F

ki
2 ag(y — 1)

4
=452 a2+ *3 1
014(}’ -1

By plugging the aforementioned values of ko, k1, /1
into Eq. (15), we get

dEE) =

tsV/2 | on + das y (eXP(E) — 1)
2 Ve -1 \exp@)+1)°
(17)

We find the following exponential function solution
for Eq. (1) using Eq. (17)

Tsv/2 |axo + 43
2 ag(y — 1)

(exp(sx — (2ys1'2(ot2 + 4a3)) t) — 1)
X

o=
B0 =

exp(sx — (2]/51'2(012 + 4(13)) 1)+ 1

-y 27 a2—4y 2 o3
xexp|i|yx+ —7s2r2a2—25212a3 t+46 .
—a1 + 207 + 203

(18)

Type 1.2:

1
0 = —y2r2a2 — 4y2t2a3 — 5s2t2a2

—2s7 Olz — o1 + 2ap + 203,

:F‘L’SS\/E oy + 4as
0= » K1
2 as(y — 1)
4
— 0.1 = trs6y/2, | 22T
as(y — 1)

By substituting the aforementioned values of kg, k1,
[1 into Eq. (15), we get

75/2 o + 4as
2 Vas(y—1)

x (W) ) (19)
Jexp(§) +2

The exponential function solution for Eq. (1) is
found using Eq. (19) in the following manner:

PF(E) =

1s8/2 | an +4daz
2 ag(y — 1)

(3 exp(sx — (2ys1'2(a2 + 4a3)) t) — 2)
X

3exp(sx — (2ys1'2(ot2 + 40:3)) t)+2

—)/ T a2—4y T oz3
xexp|i|yx+ —%s212a2—2s ey | t+4 .
—a1 + 209 + 203

(20)

Efz(x,t) =

Class 2:
When we pick [c1, 62, 63, 4] = [1, —1, 2i, 0] and
[Jl ) J25 ,]37 ]4] = [l’ _i’ 19 0] in Eq' (6)’ we reaCh

sin(§)
exp(§)’

To acquire parameter values, we use package pro-
grams to solve algebraic equations; the collection of
solutions that result can be stated as:

Type 2.1:

¢ =

2

9——)/ T a2—4y21 a3 + 25272
+8s%1 a3—a1—|—2a2+2a3,

4
- J2ts (ap + C(43) Ky
43
oag(y — 1) a42(y—1)

4
= 415v2 ol LT i =0
aly — 1)’

These values are entered into Eq. (15), yielding
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BVENE a2+ “f) X cot (£) . (22)

By employing Eq. (22), we derive the singular peri-
odic solution for Eq. (1) as follows:

dEE) =

oy + 4oz
ag(y — 1)

cot (sx - (Zysrz(ozz + 40{3)) t)

—y T a2 —4y 72 a3
xexp |i|yx+ | +2s21%ap + 8s2c2a3 |t 48] |-
—o] + 20 + 203

(23)

Ezil(x,t) =15v/2

Type 2.2:

0 = —y2r2a2 — 4)/27,'20{3 + 2s2t2a2

+8S2‘L’20l3 —ay + 200 + 203,

4
ko = +rsv/2 22T 4 o
as(y — 1)
ar + 4as
= 42275 | ——=
as(y — 1)

These values are entered into Eq. (15), yielding

cpi(g) = 152 w
as(y — 1)

8 (cos (&) + sin (5))
cos (§) —sin(§) )

By substituting Eq. (24), we derive the following
combo trigonometric solution for Eq. (1):

(24)

ay + 4ag
ag(y — 1)

cos (sx - <2ysr2(a2 + 4a3)) t)
+ sin (sx - (2)/.91’2(0[2 + 4a3)) t)
cos (sx - <2yst2(ot2 + 40(3)) t)
— sin (sx - (2ys1'2(a2 + 4(13)) t)

—y212a0 — 4y21203
xexp|i|yx+ —|—2S2‘C20t2 + 8s2r2ag t+46 .
—a1 + 20y + 203

(25)

EY,(x,1) = TsV/2

X
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Class 3:

For [¢1, 62, 63, 4]l = [1, —1,2,0] and (1, j2, J3,

Jjal =[1, —1, —1, 0] in Eq. (6) provides
sinh(§)
TE) = ——22 . 26
) xp(—) (26)

By implementing the nGERFM procedure, we
obtain

0 = —yzrzaz — 4)/2120[3 — 2s212a2
—8s212a3 — oy + 200 + 203,

V2ts (ar + 4a3)

as(y — 1),/ Stie

ko = £

4
= +15v2 @2 A3 1 =0.
as(y — 1)

These values are entered into Eq. (15), yielding

V2ts (aa + 4a3)

ax+4as
as(y—1)

OF () = x tanh (£) . 27

ag(y = 1)

By using Eq. (27), we reach the next shock solution
for Eq. (1)

V2ts (ar + 4a3)

ar+4a3
as(y—1)

X tanh (sx — <2ys12(a2 + 4053)) t)
X exp

[1]

T =

ag(y — 1)

—y T Ol2—4)/ T Ol3
—2s27 az 8s2tT a3 t+6
—aq + 20 + 2a3

i|lyx+

(28)

Class 4:
In Eq. (6), picking [s1, 62, 63, 64] =
[jl ) J25 J37 ]4] == [17 09 i’ _l] prOduceS

[2,0,1, 1] and

exp(§)
cos(§)

We also achieve

) = (29)
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Type 4.1:

9——)/ T a2—4y T oz3+25 T 052
+8s%72 o3 — oy + 2a0 + 203,

4
ko = :IZ\/E‘[S M, k1

asg(y — 1)
o + 4as
=0,/ = F2v2ts | ——.
as(y — 1)

These findings combined with Eq. (15) produce

o + 4as

+ —
PO =2 D

<2cos(§)sin(§) - 1)
X .
2cos(£) —1

(30)

As a result of our findings, the following combo
trigonometric solution is achieved:

ot oy + 4da3
Er,(x, 1) = Vs [—— 2
4 as(y — 1)

2 cos (sx — nt) sin (sx — (2yst2(a2 + 4013)) t) -1
X
2cos (sx — (2yst2(o2 + 4a3)) z)2 -1

X exp
—)/T(Xz—4}/T(X3

ilyx+ 42527205 + 852723 |1+ 6 .
—o1 + 200 + 203

Type 4.2:

0 = —yzrzaz - 4)/ 23 + 252 7%
+8s212a3 — oy + 200 + 203,

V2ts (a2 + 4a3)

€1y

ko =

wtday

054(.)) - 1) as(y—1)

These findings combined with Eq. (15) yields

V2ts (aa + 4a3)

ar+4as
ag(y—D

PEE) =

X tan (§) . 32)

ag(y — 1)

Therefore, one way to describe the singular periodic
solution is as

V2ts (a0 + 4a3)

ax+4a3
as(y—1)

X tan (sx - (2)/sT2(052 + 40!3)) f)
X exp

Bl 0 =
as(y —1)

—y22 az — 4yt Ol3
i|lyx+ +2s527 a2+8s 72 a3 |t+6
—a1 + 20 + 2a3
(33)
Class 5:

In Eq' (6)’ COHSidering [g] £ §27 g3’ §4] = [29 0’ 19 1]
and [J1, J2, J3, Ja]l = [0, 0, 1, —1] generates

) = (34)

cosh(§)’

We accomplish
Type 5.1:

0 = —y>2ay — 4y?rlaz — 25712
—aq + 20 + 2a3,

:I:tsx/_

a2—8s roz3

(0%} +4063
a(y— 1)

By plugging the values of kg, k1, /1 into Eq. (15), we
gain

ko =0,k = I, =0.

L
-1

As a result, we can derive shock soliton solution
given by:

OF(E) = 15v2 x tanh (£) . (35)

(x ) =152 m
ag(y — 1)

X tanh (sx - (2ysr (o + 4a3)> t)

—y2r2a2 - 4)/21'2(13
xexp | i | yx+ | —25272ap — 8527203 |t +6 .
—a1 + 20y + 203

(36)

Type 5.2:

0= —y2r2oc2 4)/ 2a3 — 25272
—8s27? o3 — oy + 200 + 2a3,

ko =k1=0,1;
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o +4asz
= +15v2
as(y —1)°

By inserting the values of ko, k1, [1 into Eq. (15), we
gain

Otz +4
1)

As a result, we can derive singular soliton solution
given by:

OF (&) = 15 f x coth (€) . (37)

oy + 4o

ES,(x,1) =1sV2
S iy

X coth (sx - (2)/sr2(ot2 + 40(3)) t)

—y212a0 — 4y21203
xexp | i | yx+ | =25272ap — 8527203 |t +68| |-
—a1 + 20y + 203
(38)

Type 5.3:
0= —yzrzaz — 4)/212043 — 8s2r2a2
—325%7 on — oy + 200 + 203,
+ 4
ko =0,k =1 = +rsy/2 | 2178
as(y — 1)

For these reasons, along with Eq. (15), the following
result is most likely to be achieved

o + 4os 2cosh (§)% — 1
as(y— 1)\ cosh (&) sinh(®) )
(39)

OF (&) = 15v2

The mixed form of the hyperbolic solution is
expressed as

We reach

0 = —)/2‘(20[2 4y T Ol3 252t Ol2

—8s212(x3 — oy + 2a0 + 23,
oy + 4as

k() = :IZZN/E‘L'S —,k1 = 0, 11
ag(y —1)

4
— 43215 o t+das
ag(y —1)

By entering the values of ko, k1, /1 into Eq. (15), one
gets

DF(E) = V215 M
aa(y — 1)

cosh(§) + 2sinh(§)
x (sinh(&) 12 cosh(g)) '

(42)

We arrive at the combo soliton solution by using the
Eq. (42)

ap +4a3
ag(y — 1)
2 sinh(sx — <2yst2(oe2 + 40:3)) 1)
+ cosh(sx — (2ysr2(a2 + 4a3)) )

Eg(x, 1) = V2ts

2 cosh(sx — <2ysr2(a2 + 4a3)> 1)
Zysrz(zxz + 4a3)) 1)

—y2720y — 4y2 1203
xexp |i|yx+ | —2s272a) — 8s212a3 t+4811.
—o] + 20 + 203

(43)

+ sinh(sx —

Class 7:

If we take [¢1, 2, 63, ¢4l =[1,1,2,0] and [j1, s2,

2
4 —1 4+ 2cosh (sx — (2yst2(as + 4a3)) t
=7, 1) = tsv/2, | L2 A0 (s = (2ys73(@2 + da) 1)
: ag(y — 1) \ sinh(sx — (2yst2(az + 4a3)) 1) cosh (sx — (2yst2(az + 4a3)) 1)
—y2%ay — 4yt 0(3
xexp|i|yx+ —85272qp — 32527203 | 1+ 6 . (40)
—a1 + 20 + 2a3
Class 6: J3, Jal = [i, —i, 0, 0] in Eq. (6) provides
In Eq' (6)’ ConSidering [§15 §27 g37 §4] = [25 07 15 1]
and [J1, j2, j3, j4a]l = [—2,0, 1, —1] generates () = cos(®). (44)
‘We have,

exp(—2§)
T©="5e @1)

@ Springer



Exploration of soliton solutions and modulation instability analysis

0 = —)/212012 — 4)/2120(3 — 4s2r2a2
—16s2r2a3 —a + 2a0 + 23,

az +4as
ag(y — 1)’

When these results are analyzed in conjunction with
Eq. (15), we get the following outcome

ko=0,k =15 = +15v/2

. _ ar +4a3 1
OF(E) =752 -1 <o @@ P

As a result, we have the periodic solution given
below:

4
5T (x,1) = tsv/2, | 243
ag(y — 1)

1
cos (sx— (2}/‘?{2((124-4(13)) ) sin(sx— (2)/Sf2(¢)z2+4oz3)) 1)

—yra2—4yrag
xexp [i|yx+ | —45s212ar — 16527203 |1 +8||. (46)
—aq + 200 + 203

3.2 Main results of solving model Eq. (1) using the

X

’
(%) -expansion function method

Eq. (7) can be expressed as

G/ G/ -1
@(&) = po+p1 <a> + o1 (E) , 47)
in which pg, p1, and o; are real parameters and are
determined later. The use of Eqs. (12) and (47) together

with Eq. (8) gives the cluster of algebraic expressions.
By accumulating and equating to zero the power coef-

ficients of the ( ) The values of pg, p1, and o} are

G2
derived by handling the resulting algebraic system.

Cluster 1:

0 = 2Aus2r o) +8;Ms 2a3 — y 2,
—4)/21'20!3 —ay + 200 + 203,

4
po=0, p = :f:\/_‘f)\ *2 + Lrres o =0.
a(y — 1)’

Cluster 2:

= —4kus T Ol2 — 16/Ms T a3 -y 1:20:2
—4)/ ‘L’ o3 — oy + 200 + 203,

po =0,

4
= 415AV2 o2 A
as(y — 1)’

4
o1 = £tsuv2 u
ag(y — 1)

Cluster 3:

0= 2Aus212a2 + 8uks212a3 — )/212(12
—4)/212013 — oy + 200 + 203,
4
po=0, p =0, o= :|:‘L’S,UA/_ M
ag(y — 1)

For Cluster 1, the subsequent solutions are built.
Case-1: If uA > 0, then by using the Eq. (3), a fam-
ily of trigonometric solution is presented as follows:

cHEN)
w403 01 cos (Vi (sx — 1))
\/715)»\/ ay(y— 1)\/7 <+®2 sin (v (sx — nt)))
(©2 cos (Viuk (sx — 1)) — O sin (Vih (sx — 1))

x exp(i X {yx + 0t +8}), (48)

in which 0 = 2)»,us 2y + 8#)\S a5 — )/21,'20[2 —
4y2 70203 — o) 4200+ 203, and n = 2y st2(an +4a3).

Case-2: If ) < 0, then by using the Eq. (3), family
of hyperbolic solution is given as follows:

® cosh(2 — [ (sx —nt))
oy +H4as _© 1
Vao fEE [E (| o B e )

BT, (.0 =

xexp(i x {yx + 6t + 6}),

(©) cosh (2¢/=pa (sx — nt)) + O smh (2= (sx —n1)) — ©3)

(49)
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in Which 0 = 2aus’tay + 8urs’t?az — y2tlay —
4)/ T 053 —o1 420+ 203,and n = 2ysr2(a2 +4a3).

Case-3: If © = 0, 1 # 0, then by using the Eq. (3),
family of rational solution is noted as follows:

a2+4on
ET 5, 1) = P2 O
L3 (©1 (sx — 1) + ©)
x exp(i x {yx + 6t + §}), (50)

in which 0 = 2aus?tar + 8ursitias — y2itlay —
4y2 70203 —a 4200+ 203, and n = 2y st2(ar +4a3).
For Cluster 2, the subsequent solutions are built.
Case-1: If X > 0, then by using the Eq. (3), family
of trigonometric solution is delivered as follows:

) (x,1)

V2rsp, | S (O + ©,)

\/g(@)l sin (v/ih (sx — nt)) — O cos (V/iuk (sx — 1))
x (©1 cos (v/uk (sx — nt)) + Oy sin (Vk (sx — nt)))
xexp(i x {yx + 6t +§}), (51)

inwhich@ = —4Aus2 a2—16uks T a3—y2t2a2—
4y270203 —a 4200+ 203, and n = 2y st2(az +4a3).
Case-2: If 1 < 0, then by using the Eq. (3), family

f hyperbolic solution is offer foll

==+
:‘3,1()(, r)

ot
By, 1)

431500, 0, [ 22 ( cosh (2¢/=ua (sx — nt)) )

a4(y=1) \ +sinh (2«/—;1.)» (sx — r/t))
\/_7 ® cosh (2«/7;1}» (sx — r]t))
*\ 40 sinh (2¢/—k (sx — 1)) —
® cosh (2«/7;0» (sx — nt))
*\ 40 sinh (2y/=72 (sx — n1)) + ©,
xexp(i x {yx + 0t +8}), (52)

in Which 0 = —4aus?t?ar —16purs? a3 —y2t2ar —

4)/ T oz3 —o1+20y4+2a3,and n = 2ysr2(a2+4a3).
Case-3: If © = 0, A # 0, then by using the Eq. (3),

family of rational solution is illustrated as follows:

E%(x, 1)

@%Au (sx — nt)2
V2ts gf{;i‘% +20102Au (sx — nt)
+03iu + 07
(©1 (sx —n1) + ©2) O

x exp(i x {yx + 6t +§}), (53)

inwhich6 = —4Aus212a2 — 16uks212a3 — yzrzcxz —
4;/212053 — oy + 200 + 2a3.
For Cluster 3, the subsequent solutions are built.
Case-1: If u) > 0, then by using the Eq. (3), family
of trigonometric solution is demonstrated as follows:

Tsp/2,/ %‘i"f) (©2 cos (v/uh (sx — nt)) — Oy sin (/A (sx — n1)))

\/g (O cos (VA (sx — nt)) + Oz sin (/uk (sx — 1))

x exp(i x {yx + 0t + 8}),

(54)
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in Which 0 = 2aus’tay + 8urs’t?az — y2tlay —
4)/ T 053 —o1 420+ 203,and n = 2ysr2(a2 +4a3).

Case-2: If ) < 0, then by using the Eq. (3), family
of hyperbolic solution is shown as follows:

&f,(x. 1)

w1 O cosh (2¢/= 1tk (sx — nt))
tb’“/iv as(y=1) (+Ol sinh (2¢/=pX (sx — n1)) —
\/j ©) cosh (2¢/=k (sx — 1))
A\ 40 sinh (2/=k (sx — 1)) + O3

xexp(i x {yx + 6t +38}), (55)

in which 0 = ZXMszrzaz + SMAszrzoq — yztzaz —
4)/ 203 — ) 4+ 203 +2a3, and n= 2ysr2(a2 +4a3).
Case-3: If © = 0, A # 0, then by using the Eq. (3),
family of rational solution is portrayed as follows:
E§3(x, 1)
rs)LM\/E ok kY (®1 (sx —nt) + Oy)

as(y—1)
O

xexp(i X {yx + 6t 4 §}), (56)

in which 0 = 2)»,us 2y + 8uks 23 — )/27,'20{2 —
4)/ 203 —ay + 202 4203, andn = 2ysr2(a2+4a3).

4 Modulation instability analysis

The interaction of nonlinear and dispersive processes
causes modulation instability in steady states in a lot of
nonlinear systems. Modulation instability is a widely
investigated phenomenon that is particular to optical
fibers and important for fiber optic communication sys-
tem design. Here, the Kerr effect produces nonlinear-
ity by altering the fiber’s refractive index according to
light intensity. The optical signal travels through the
fiber and is represented by the wave field. Modulation
instability is the process by which tiny perturbations in
nonlinear wave equations can increase exponentially to
create new patterns or structures. This section focuses
on seeking linear stability techniques to examine the
equation’s modulation instability (MI) [44].

Let us assume that the perturbed solution is given
by:

(. 1) = (J_+v(x t)) iPex (57)

where P is the normalized optical power. If we use the
Eq. (57) in the Eq. (1), we get

T (a2 + @3)vex + 2072 P + a3)evy
+ivy + (—oq + 200 +a3)v = 0. (58)
Assume that a solution to Eq. (58) is given by:

U(X, t) — ylei(Kx—wt) + y2€—l'(l(x—wt). (59)

Here, « is the normalized wave number and w denotes
the frequency. By integrating Eq. (59) into Eq. (58), and
isolating the coefficients of e!**~®") and ¢~ (cx—0)
to solve the determinant of the coefficient matrix, we
obtain the following dispersion relation:

K o3 w o1
2(K(Ot2+a3) (PE—E)r2+7—E—7+a2)

-2 ((Pe+§) K(Ot2+053)1'2—a73—§ + %1 - az)

=0. (60)

By analyzing dispersion relation Eq. (60) for «, we
can derive

_ V(e a3 — 2w — o)
(02 +a3)7

The dispersion relation that results provides infor-
mation on the stability of the steady state. Whereas
an imaginary « indicates instability and leads to expo-
nentially increasing perturbations, a real k component
indicates that the steady state is resilient to small dis-
turbances.

K

5 Graphical explanations

In this section, we provide convincing illustrations of
the precise solutions to the zig-zag equation that are
found using the nGERFM and the ( ) -expansion
function approach. The zig-zag equation’s parameters
and intrinsic nonlinearities can affect the precise form
and properties of soliton solutions, which is an impor-
tant point to take into account. The findings demon-
strate the novelty of our research, which has not been
documented in other published studies. We use a vari-
ety of visualization methods, which include 3D, con-
tour, and 2D plots, to deepen the understanding of these
soliton solutions. The dynamics of the wave solutions
represented by Figs. 1,2, 3 and 4 illustrate various phys-
ical behaviors of the system under study, governed by
distinct parameter values.
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Fig. 1 The 3D, contour, and 2D plots for the |E1 1 (x, t)|2 in Eq. (18) by choosing the values o) = 2, 0 = 3, 3 = 1.7, a4 = 0.5,
y=2,5=08y=—-1,71=0.1,6§ =0
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Fig. 2 The 3D, contour, and 2D plots for the |E; 1 (x, t)|2 in Eq. (23) by choosing the values oy = 0.7, 020 = 1.7, 03 = 0.7, a4 = 0.5,
y=5s=18y=11,1=05,6=0

Es,206, 02

©

Fig.3 The 3D, contour, and 2D plots for the | Z5 5 (x, z)|2 in Eq. (38) by choosing the values o) = 2.2, ¢p = 0.07, 03 = 3.2, 4 = 2.5,
y=5s=18y=13,1=-05,§=0
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Fig. 4 The 3D, contour, and 2D plots for the |E¢(x, z)|2 in Eq. (43) by choosing the values «; = 0.7, 2 = 1.7, 3 = 0.2, 24 = 0.5,

y=5s5s=18y=01,71=1546=0

Figure 1 depicts the 3D, contour, and 2D plots for
[Er1(x,1) |2 derived from Eq. (18). The 3D plot reveals
a localized structure with peaks and dips, characteristic
of dark solitons, where the intensity decreases at spe-
cific points, demonstrating stable energy localization.
The contour plot highlights the soliton’s propagation
path and intensity variations, while the 2D plot pro-
vides a temporal or spatial cross-section, showing oscil-
latory wave behavior. Figure 2 showcases |E2,1(x, 1) |2
from Eq. (23), where the lower parameter values lead
to smoother waveforms with reduced steepness. The
3D representation captures the soliton’s broader pro-
file, while the contour plot emphasizes its periodic
propagation, and the 2D plot reveals symmetric oscil-
lations, indicative of system stability. Figure 3, corre-
sponding to |E5 2 (x, 1)|* from Eq. (38), demonstrates
sharper gradients and more complex waveforms due to
higher parameter values, reflecting energetic or chaotic
dynamics. The contour plot suggests irregular prop-
agation patterns, potentially arising from instability,
while the 2D plot reveals rapid oscillations and sen-
sitive dependence on initial conditions. Finally, Fig. 4
illustrates | E¢ (x, 1)|* from Eq. (43), depicting a smooth
and extended wave structure. The 3D plot reveals a
broader profile, suggesting weak nonlinearity and dom-
inant dispersion. The contour plot highlights gradual
intensity variations, indicating stable yet less local-
ized energy distribution. The 2D plot further confirms
smooth oscillatory behavior, reflecting minimal pertur-
bations and a predictable wave evolution. Collectively,
these findings demonstrate how variations in system
parameters influence soliton stability, energy distribu-

tion, and potential chaotic behavior. In addition, the
flexibility of these solutions to various parameter val-
ues allows the creation of a wide range of graphical
visualizations, thereby enhancing our understanding of
their behavior under different conditions.

6 Comparisons

In this part, we contrast our investigation’s findings
with those of earlier studies that used various analyt-
ical techniques and are reported in the literature. This
comparative study aims to highlight the distinctive fea-
tures and creative contributions of our current research.
Riaz et al. obtained solutions for the studied equa-
tion using the generalized logistic equation method and
the Sardar subequation approach [40]. They also ana-
lyzed the bifurcation theory and the chaotic behavior.
Using two efficient methods, S. Kumar and A. Kumar
developed for Eq. (1) a variety of soliton patterns [42].
By using semi-inverse techniques and collective vari-
ables to assess the investigated model, Alhussain and
Raza achieved their goal of identifying bright solitons
[43]. Our work synthesizes this research to apply a
more effective technique, namely the nGERFM and
the (%)—expansion function approach. Thus, we pro-
vide new soliton solutions by combining these two
approaches, including combo trigonometric, hyper-
bolic solutions in mixed form, exponential function,
singular periodic, shock, trigonometric, hyperbolic,
singular, and exponential solutions.
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Itis clear from the meticulous selection of the param-
eters used in the study that a large number of the find-
ings are consistent with those of previous studies. Keep
in mind that, despite possible similarities, these results
were initially expressed differently from ours. A thor-
ough search of relevant research was conducted, but
no solution that was exactly the same as the one pre-
sented in this paper could be obtained. Our remain-
ing results’ novelty and ingenuity are highlighted by
the fact that they do not appear to have been reported

previously. Using both the nGERFM and the (%)-
expansion function approach, the results presented in
this study were achieved.

7 Conclusion

In this study, a zig-zag optical lattice prototype for
cold bosonic atoms was investigated using two ana-
lytical methods, namely the nGERFM and the (%)‘
expansion function approach. To begin with, we
regarded the nGERFM. The use of the nGERFM
enabled us to obtain several classes of soliton solutions,
including singular, shock, singular periodic, exponen-
tial, combo trigonometric, and hyperbolic solutions

in mixed forms. Secondly, we considered the (%)—
expansion function approach. By using this method,
we get trigonometric, hyperbolic, and rational soliton
solutions. A key benefit of these techniques is their
capability to predict and organize solution structures
from the start. Mathematica was used to generate 3D,
contour, and 2D plots. The soliton solutions found for
the chosen parameter values were presented graphi-
cally. The logical and lucid methodology makes it pos-
sible for interested parties to solve their NLPDESs right
away. According to the outcomes obtained, it is impor-
tant to note that although the methods used in this paper
contribute significantly to our understanding of soliton
dynamics and their connection with the desired mod-
els, the offered methods fail when the largest deriva-
tive and the nonlinear terms are not homogeneously
balanced. Despite these constraints, the present study
demonstrates that the methods used in the paper are
very effective, applicable, and beneficial for nonlin-
ear models in different scientific areas. The modulation
instability (MI) analysis performed on the model also
contributes new insights. The soliton solutions we have
achieved are original and unique to the zig-zag optical

@ Springer

lattice prototype. Furthermore, in comparison to many
previous studies, our discoveries offer a more exhaus-
tive range of functions, including hyperbolic, ratio-
nal, trigonometric, and exponential solutions. These
validated new solutions are applicable for analyzing
NLPDEs across fields such as applied sciences, quan-
tum physics, plasma physics, mathematical physics,
nonlinear dynamics, and engineering. In addition, the
future aim of this study is to investigate the impact of
the methods used in the area of specific models. The
accuracy of each solution has been verified using the
Maple software program.
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