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We propose a singularity-inferred operator-consistent fractional physics-informed neural network for one- and
two-dimensional third-kind Caputo-Hadamard auto-convolution Volterra equations with weakly singular ker-
nels. The logarithmic change of variable transforms the Caputo-Hadamard derivative into a Caputo derivative,
and a derivative-free Gauss—Jacobi rule is used for its numerical evaluation. The trial function contains a train-
able endpoint coordinate, a polynomial term, cubic polyharmonic-spline terms, and a smooth correction. The
same endpoint coordinate is used in the fitted quadrature rules. The numerical examples use an independent

integral residual and higher-order evaluations of the Caputo and auto-convolution operators. In the controlled
one-dimensional comparison, the proposed approximation gives the smallest mean validation error, and the
two-dimensional example recovers the predicted endpoint scale.

1. Introduction

Auto-convolution Volterra equations contain the unknown function
at complementary arguments and arise in nonlinear memory models. In
the quadratic case the characteristic factor is v(f — s)v(s). Such equations
have been studied by regularization, collocation, Galerkin, and discon-
tinuous Galerkin techniques; see, for example, [1-4]. Their analysis dif-
fers from that of standard Volterra equations because the product of two
shifted solution values enters the local solvability and stability estimates
[5,6].

A further difficulty is produced by third-kind degeneracy. In a
third-kind equation the coefficient multiplying the differential or in-
tegral operator vanishes at an endpoint. Collocation methods for this
class were analyzed in [7], while high-order recovery for nonsmooth
solutions and later hp-collocation constructions were developed in
[8,9]. Weakly singular kernels introduce an additional endpoint loss
through factors of the form (t—s5)™°, 0 < ¢ < 1, and require quadra-
ture or product-integration rules that incorporate the singular weight
[10-12]. For Caputo-Hadamard operators, the logarithmic memory ker-
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nel produces a distinct fractional endpoint scale [13,14]. A recent piece-
wise shifted Jacobi method for third-kind nonlinear Caputo-Hadamard
integro-differential equations is given in [15], and a fully discrete RBF
collocation treatment of one- and two-dimensional third-kind Caputo—
Hadamard delay integro-differential equations is developed in [16].

Fractional derivatives and Volterra integral terms are used in models
with memory and hereditary effects. Weakly singular kernels also occur
in these equations and require numerical treatment near the endpoint.
In this paper, manufactured examples are used to study the numerical
method for third-kind degeneracy and a weak singularity.

Related third-kind auto-convolution equations have been solved by
moving least squares, meshless RBF collocation, and Bernstein approxi-
mation [17-19]. The equation considered here also contains a Caputo—
Hadamard derivative and a weakly singular auto-convolution kernel.
The numerical method uses an endpoint-adapted trial function, fitted
Gauss—Jacobi rules, training and higher-order evaluations of the Caputo
and auto-convolution operators, and a separate integral residual. The
RBF collocation method in [16] uses the logarithmic integral form and
a fully discrete error analysis. Here the solution is represented by a
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$v(t-s)v(s)$


$hp$


$(t-s)^{-\sigma }$


$0<\sigma <1$


\begin {equation}\begin {aligned} (x-1)^\beta \,{}_{1}^{\mathrm {CH}}D_x^\mu v(x) ={}&a(x)v(x)+g(x)\\ &+\int _1^x\frac {\psi (x,s)}{(x-s)^\sigma } v(x-s+1)v(s)\,\dd s,\quad 1<x\le e, \end {aligned} \label {eq:model1d}\end {equation}


$v(1)=0$


\begin {equation}0<\mu <1,\quad 0\le \beta <\mu ,\quad 0<\sigma <1. \label {eq:genericpars}\end {equation}


$a$


$\psi $


$(x-1)^\beta $


$v(x-s+1)v(s)$


$(x-s)^{-\sigma }$


$t=x-1$


$r=s-1$


$\widetilde v(t)=v(1+t)$


$x-s+1=1+(t-r)$


\begin {equation*}v(x-s+1)v(s)=\widetilde v(t-r)\widetilde v(r).\end {equation*}


\begin {align}(x-1)^\beta {}_{1}^{\mathrm {CH}}D_x^\mu u(x,y) ={}&a(x,y)u(x,y)+G(x,y)\nonumber \\ &+\int _1^x\int _0^y \frac {\Psi (x,y,\xi ,\eta )}{(x-\xi )^\sigma }\, u(x-\xi +1,y-\eta )\nonumber \\ &\quad \quad \times u(\xi ,\eta )\,\dd \eta \,\dd \xi , \label {eq:model2d}\end {align}


$[1,e]\times [0,1]$


$u(1,y)=0$


$x$


$x$


$y$


$\rho =\log x$


$z=\rho ^{\alpha _\Theta }$


$\mu >0$


$f$


$(1,T]$


$x\in (1,T]$


\begin {equation*}\int _1^x\left (\log \frac {x}{s}\right )^{\mu -1}|f(s)|\frac {\dd s}{s}<\infty ,\end {equation*}


$\mu $


\begin {equation}{}_{1}^{\mathrm H}I_x^\mu f(x) =\frac {1}{\Gamma (\mu )} \int _1^x\left (\log \frac {x}{s}\right )^{\mu -1}f(s)\frac {\dd s}{s}. \label {eq:HFI}\end {equation}


$f$


$x\in [1,T]$


$x=1$


$\vartheta >-1$


\begin {equation}{}_{1}^{\mathrm H}I_x^\mu (\log x)^\vartheta =\frac {\Gamma (\vartheta +1)} {\Gamma (\vartheta +\mu +1)} (\log x)^{\vartheta +\mu }. \label {eq:HFIpower}\end {equation}


$0<\mu <1$


$L=\log T$


$w(\rho )=v(e^\rho )$


$w\in AC([0,L])$


$\rho \in (0,L]$


\begin {equation*}(\rho -\tau )^{-\mu }w'(\tau )\in L^1(0,\rho ),\end {equation*}


$x=e^\rho $


\begin {equation}{}_{1}^{\mathrm {CH}}D_x^\mu v(x) =\frac {1}{\Gamma (1-\mu )} \int _1^x\left (\log \frac {x}{s}\right )^{-\mu } \left (s\frac {\dd }{\dd s}v(s)\right )\frac {\dd s}{s}. \label {eq:CHdef}\end {equation}


$D_C^\mu w(\rho )$


$w$


\begin {equation}{}_{1}^{\mathrm H}I_x^\mu {}_{1}^{\mathrm {CH}}D_x^\mu v(x) =v(x)-v(1). \label {eq:leftinverse}\end {equation}


$\vartheta >0$


\begin {equation}{}_{1}^{\mathrm {CH}}D_x^\mu (\log x)^\vartheta =\frac {\Gamma (\vartheta +1)} {\Gamma (\vartheta -\mu +1)} (\log x)^{\vartheta -\mu }. \label {eq:CHpower}\end {equation}


\begin {equation}\rho =\log x,\quad w(\rho )=v(e^\rho ) \label {eq:rho}\end {equation}


\begin {equation}{}_{1}^{\mathrm {CH}}D_x^\mu v(x)=D_C^\mu w(\rho ). \label {eq:CHCaputo}\end {equation}


\begin {equation}\B (p,q)=\int _0^1 t^{p-1}(1-t)^{q-1}\dd t =\frac {\Gamma (p)\Gamma (q)}{\Gamma (p+q)}, \quad p,q>0. \label {eq:beta}\end {equation}


$x=e^\rho $


$s=e^\eta $


$\rho $


$x=e^\rho $


$s=e^\eta $


\begin {equation}J[w](\rho )=\int _0^\rho \frac {\psi (e^\rho ,e^\eta )e^\eta }{(e^\rho -e^\eta )^\sigma } w\!\left (\log (1+e^\rho -e^\eta )\right )w(\eta )\dd \eta . \label {eq:Jrho}\end {equation}


$a(\rho ):=a(e^\rho )$


$g(\rho ):=g(e^\rho )$


\begin {equation}(e^\rho -1)^\beta D_C^\mu w(\rho ) =a(\rho )w(\rho )+g(\rho )+J[w](\rho ),\quad w(0)=0. \label {eq:rhoe}\end {equation}


$\mu $


\begin {equation}(\T w)(\rho )=\frac {1}{\Gamma (\mu )} \int _0^\rho (\rho -s)^{\mu -1}(e^s-1)^{-\beta } \bigl [a(s)w(s)+g(s)+J[w](s)\bigr ]\dd s. \label {eq:Toperator}\end {equation}


$w=\T w$


$w(0)=0$


$h\in (0,1]$


\begin {equation*}\Delta _h:=\{(x,s):1\le s\le x\le e^h\},\end {equation*}


\begin {equation}A_h:=\max _{1\le x\le e^h}|a(x)|,\quad \psi _h^*:=\max _{(x,s)\in \Delta _h}|\psi (x,s)|,\quad M_h:=e^h\psi _h^*. \label {eq:Mh}\end {equation}


$e^\rho -e^\eta \ge \rho -\eta $


$0\le \eta \le \rho \le h$


$e^\eta \le e^h$


$[0,\rho ]$


$w\in C[0,h]$


$\|w\|_\infty \le R$


\begin {equation}|J[w](\rho )| \le \frac {M_hR^2}{1-\sigma }\rho ^{1-\sigma }. \label {eq:Jbound}\end {equation}


$\|w\|_\infty ,\|z\|_\infty \le R$


\begin {equation}|J[w](\rho )-J[z](\rho )| \le \frac {2M_hR}{1-\sigma }\rho ^{1-\sigma }\|w-z\|_\infty . \label {eq:Jlip}\end {equation}


$a\in C([1,e^h])$


$\psi \in C(\Delta _h)$


$\gamma >\beta -\mu $


\begin {equation}g(\rho )=\rho ^\gamma \widehat g(\rho ),\quad 0<\rho \le h, \label {eq:gweight}\end {equation}


$\widehat g\in C[0,h]$


$G=\|\widehat g\|_\infty $


$B_R=\{w\in C[0,h]:w(0)=0,\ \|w\|_\infty \le R\}$


\begin {align}\frac {1}{\Gamma (\mu )}\Bigl [&A_hR\B (1-\beta ,\mu )h^{\mu -\beta } +G\B (\gamma -\beta +1,\mu )h^{\mu +\gamma -\beta }\nonumber \\ &+\frac {M_hR^2}{1-\sigma }\B (2-\sigma -\beta ,\mu ) h^{\mu +1-\sigma -\beta }\Bigr ]\le R, \label {eq:ballcond}\end {align}


\begin {equation}\kappa _h:=\frac {1}{\Gamma (\mu )}\left [ A_h\B (1-\beta ,\mu )h^{\mu -\beta } +\frac {2M_hR}{1-\sigma }\B (2-\sigma -\beta ,\mu ) h^{\mu +1-\sigma -\beta }\right ]<1, \label {eq:kappah}\end {equation}


$B_R$


$e^s-1\ge s$


$(e^s-1)^{-\beta }\le s^{-\beta }$


\begin {equation*}\int _0^\rho (\rho -s)^{\mu -1}s^q\dd s =\rho ^{\mu +q}\B (q+1,\mu ),\quad q>-1,\end {equation*}


$\beta <\mu $


$\gamma >\beta -\mu $


$\rho $


$\T (B_R)\subset B_R$


$w,z\in B_R$


\begin {equation*}\|\T w-\T z\|_\infty \le \kappa _h\|w-z\|_\infty .\end {equation*}


$\rho =0$


$-\beta $


$\gamma $


$w$


\begin {equation}a(\rho )w(\rho )+g(\rho )+J[w](\rho )=b_0\rho ^\gamma +o(\rho ^\gamma ), \quad \gamma >\beta -\mu . \label {eq:Basy}\end {equation}


\begin {equation}w(\rho )= b_0\frac {\Gamma (\gamma -\beta +1)}{\Gamma (\mu +\gamma -\beta +1)} \rho ^{\mu +\gamma -\beta } +o\!\left (\rho ^{\mu +\gamma -\beta }\right ). \label {eq:endpointlaw}\end {equation}


$s^\gamma r(s)$


$r(s)\to 0$


$s\downarrow 0$


$(e^s-1)^{-\beta }=s^{-\beta }(1+O(s))$


$s=\rho t$


$\rho ^{\mu +\gamma -\beta }$


\begin {equation*}\frac {b_0}{\Gamma (\mu )}\int _0^1(1-t)^{\mu -1}t^{\gamma -\beta }\dd t.\end {equation*}


$\gamma >\beta -\mu $


$(1-t)^{\mu -1}t^{\gamma -\beta }$


$(0,1)$


$r$


$(0,\rho ]$


$\rho $


\begin {equation}\nu =\mu +\gamma -\beta , \quad \text {equivalently}\quad \gamma =\nu +\beta -\mu . \label {eq:nugamma}\end {equation}


$\nu =0.5$


$\gamma =0.15$


$\gamma =0$


$\nu =0.35$


$0<Y\le 1$


\begin {equation*}U(\rho ,y):=u(e^\rho ,y),\quad \widetilde a(\rho ,y):=a(e^\rho ,y),\quad \widetilde G(\rho ,y):=G(e^\rho ,y).\end {equation*}


$\gamma >\beta -\mu $


\begin {equation*}\widetilde G(\rho ,y)=\rho ^\gamma \widehat G(\rho ,y), \quad \widehat G\in C([0,h]\times [0,Y]),\end {equation*}


$G_{2,h}:=\|\widehat G\|_\infty $


$a$


$\Psi $


\begin {equation*}\Delta _{2,h,Y}:=\{(x,y,\xi ,\eta ):1\le \xi \le x\le e^h,\ 0\le \eta \le y\le Y\},\end {equation*}


\begin {equation*}\begin {aligned} A_{2,h}&:=\max _{1\le x\le e^h,\,0\le y\le Y}|a(x,y)|,\\ \Psi _{2,h}^*&:=\max _{\Delta _{2,h,Y}}|\Psi (x,y,\xi ,\eta )|,\\ M_{2,h}&:=Ye^h\Psi _{2,h}^*. \end {aligned}\end {equation*}


$U\in C([0,h]\times [0,Y])$


\begin {align*}J_2[U](\rho ,y) ={}&\int _0^\rho \int _0^y \frac {\Psi (e^\rho ,y,e^\eta ,\zeta )e^\eta } {(e^\rho -e^\eta )^\sigma }\, U\!\left (\log (1+e^\rho -e^\eta ),y-\zeta \right )\\ & \times U(\eta ,\zeta )\,\dd \zeta \,\dd \eta .\end {align*}


$\|U\|_\infty \le R$


$0\le y\le Y$


\begin {equation}|J_2[U](\rho ,y)| \le \frac {M_{2,h}R^2}{1-\sigma }\rho ^{1-\sigma }, \quad 0\le \rho \le h, \label {eq:J2bound}\end {equation}


$\|U\|_\infty ,\|V\|_\infty \le R$


\begin {equation}|J_2[U](\rho ,y)-J_2[V](\rho ,y)| \le \frac {2M_{2,h}R}{1-\sigma }\rho ^{1-\sigma }\|U-V\|_\infty , \quad 0\le \rho \le h. \label {eq:J2lip}\end {equation}


\begin {equation}\begin {aligned} &(\mathcal T_2U)(\rho ,y) =\frac {1}{\Gamma (\mu )}\int _0^\rho (\rho -s)^{\mu -1}(e^s-1)^{-\beta }\\ &\qquad \quad \qquad \times \bigl [\widetilde a(s,y)U(s,y)+\widetilde G(s,y)+J_2[U](s,y)\bigr ]\dd s. \end {aligned} \label {eq:T2operator}\end {equation}


\begin {equation*}\mathcal B_R^{(2)}:=\{U\in C([0,h]\times [0,Y]):U(0,y)=0,\ \|U\|_\infty \le R\}.\end {equation*}


\begin {align}\frac {1}{\Gamma (\mu )}\Bigg [& A_{2,h}R\,\B (1-\beta ,\mu )h^{\mu -\beta } +G_{2,h}\,\B (\gamma -\beta +1,\mu )h^{\mu +\gamma -\beta }\nonumber \\ &+\frac {M_{2,h}R^2}{1-\sigma } \B (2-\sigma -\beta ,\mu )h^{\mu +1-\sigma -\beta } \Bigg ]\le R, \label {eq:2dball}\end {align}


\begin {align}\kappa _{2,h}:={}&\frac {1}{\Gamma (\mu )}\Bigg [ A_{2,h}\B (1-\beta ,\mu )h^{\mu -\beta }\nonumber \\ &+\frac {2M_{2,h}R}{1-\sigma } \B (2-\sigma -\beta ,\mu )h^{\mu +1-\sigma -\beta } \Bigg ]<1, \label {eq:2dkappa}\end {align}


$\mathcal B_R^{(2)}$


$b_0\in C([0,Y])$


$y$


\begin {equation}\widetilde a(\rho ,y)U(\rho ,y)+\widetilde G(\rho ,y)+J_2[U](\rho ,y) =b_0(y)\rho ^\gamma +o(\rho ^\gamma ), \quad \rho \downarrow 0, \label {eq:2dBasy}\end {equation}


\begin {equation}U(\rho ,y)=b_0(y) \frac {\Gamma (\gamma -\beta +1)} {\Gamma (\mu +\gamma -\beta +1)} \rho ^{\mu +\gamma -\beta } +o\!\left (\rho ^{\mu +\gamma -\beta }\right ), \label {eq:2dendpoint}\end {equation}


$y\in [0,Y]$


$e^\rho -e^\eta \ge \rho -\eta $


$e^\eta \le e^h$


$0\le \eta \le \rho \le h$


$y$


$Y$


$\int _0^\rho (\rho -\eta )^{-\sigma }\dd \eta =\rho ^{1-\sigma }/(1-\sigma )$


$|U_1U_2-V_1V_2|\le R|U_1-V_1|+R|U_2-V_2|$


$y$


$\rho ^\gamma r(\rho ,y)$


$\sup _{0\le y\le Y}|r(\rho ,y)|\to 0$


$s=\rho t$


$y$


$(1-t)^{\mu -1}t^{\gamma -\beta }$


$\gamma >\beta -\mu $


$y$


$0<\mu <1$


$\rho >0$


$w\in AC([0,\rho ])$


$w\in C^1([\rho -\delta ,\rho ])$


$\delta \in (0,\rho ]$


\begin {equation}D_C^\mu w(\rho )= \frac {\rho ^{-\mu }}{\Gamma (1-\mu )} \left [w(\rho )-w(0)+\mu \int _0^1q^{-\mu } \frac {w(\rho )-w(\rho (1-q))}{q}\dd q\right ]. \label {eq:dfcaputo}\end {equation}


$r=\rho -\tau $


$h(r)=w(\rho )-w(\rho -r)$


$h$


$h'(r)=w'(\rho -r)$


$[\varepsilon ,\rho ]$


\begin {equation*}\int _\varepsilon ^\rho r^{-\mu }h'(r)\dd r =\rho ^{-\mu }[w(\rho )-w(0)]-\varepsilon ^{-\mu }h(\varepsilon ) +\mu \int _\varepsilon ^\rho r^{-\mu -1}h(r)\dd r.\end {equation*}


$w$


$C^1$


$\rho $


$h(r)=rw'(\rho )+o(r)$


$r\downarrow 0$


$\varepsilon ^{-\mu }h(\varepsilon )\to 0$


$\varepsilon \downarrow 0$


$r=\rho q$


$\rho >0$


$w'$


$C^1$


$\rho w'(\rho )$


$q=0$


$q^{-\mu }$


$s=1+(x-1)t$


$(1-t)^{-\sigma }$


$C(t)$


$a_q$


$a_q>-1$


$a_q-\sigma >-1$


\begin {equation}\int _0^1(1-t)^{-\sigma }C(t)\dd t =\int _0^1t^{a_q}(1-t)^{a_q-\sigma } \frac {C(t)}{t^{a_q}(1-t)^{a_q}}\dd t. \label {eq:product}\end {equation}


$w_\Theta (r)=r^{\alpha _\Theta }F_\Theta (r^{\alpha _\Theta })$


$\rho >0$


$d=e^\rho -1$


\begin {equation*}r_0(t)=\log (1+dt),\quad r_1(t)=\log (1+d(1-t)).\end {equation*}


$r_0(t)/t$


$r_1(t)/(1-t)$


\begin {equation*}\frac {w_\Theta (r_0(t))w_\Theta (r_1(t))}{t^{\alpha _\Theta }(1-t)^{\alpha _\Theta }} =\left (\frac {r_0(t)}{t}\right )^{\alpha _\Theta } \left (\frac {r_1(t)}{1-t}\right )^{\alpha _\Theta } F_\Theta (r_0(t)^{\alpha _\Theta })F_\Theta (r_1(t)^{\alpha _\Theta })\end {equation*}


$[0,1]$


\begin {equation}a_q=\operatorname {detach}(\alpha _\Theta ) \label {eq:afit}\end {equation}


$\operatorname {detach}$


$\alpha _\Theta $


$[0,1]$


\begin {equation}\begin {aligned} w(\rho )&=\frac {\rho ^\mu }{\Gamma (\mu )} \int _0^1(1-t)^{\mu -1}H_\rho (t)\dd t,\\ H_\rho (t)&:= \frac {a(\rho t)w(\rho t)+g(\rho t)+J[w](\rho t)}{(e^{\rho t}-1)^\beta }. \end {aligned} \label {eq:dual}\end {equation}


$b_q>-1$


\begin {equation}\int _0^1(1-t)^{\mu -1}H_\rho (t)\dd t =\int _0^1t^{b_q}(1-t)^{\mu -1} \frac {H_\rho (t)}{t^{b_q}}\dd t \label {eq:dualproduct}\end {equation}


\begin {equation}b_q=\operatorname {detach}(\alpha _\Theta )-\mu . \label {eq:bq}\end {equation}


$\alpha _\Theta >0$


$0<\mu <1$


$b_q>-1$


$H_\rho (t)/t^{b_q}$


\begin {equation}\begin {aligned} z&=\rho ^{\alpha _\Theta },\\ \alpha _\Theta &=\alpha _{\min } +(\alpha _{\max }-\alpha _{\min }) \operatorname {sigmoid}(\alpha _{\rm raw}), \quad (\alpha _{\min },\alpha _{\max })=(0.15,0.90). \end {aligned} \label {eq:zcoord}\end {equation}


$\alpha _\Theta =0.43$


\begin {equation}w_\Theta (\rho )=zF_\Theta (z). \label {eq:ansatz}\end {equation}


\begin {equation}F_\Theta (z) =P_6(z) +s_{\rm phs}\frac {1}{\sqrt m}\sum _{j=1}^{m}\omega _j|z-c_j|^3 +s_{\rm corr}N_\Theta (z), \quad m=34. \label {eq:F}\end {equation}


$P_6$


$\phi (r)=r^3$


$N_\Theta $


\begin {equation}d_j=\frac {\exp (\zeta _j)}{\sum _{k=1}^{m+1}\exp (\zeta _k)}, \quad c_j=\varepsilon +(1-2\varepsilon )\sum _{k=1}^{j}d_k, \quad j=1,\ldots ,m, \label {eq:centers}\end {equation}


$\varepsilon >0$


$\alpha _\Theta $


$\ell \ge 0$


\begin {equation*}F_\Theta (z)=c_\ell z^\ell +o(z^\ell ),\quad c_\ell \ne 0,\end {equation*}


\begin {equation}w_\Theta (\rho )\sim c_\ell \rho ^{(\ell +1)\alpha _\Theta }. \label {eq:nonident}\end {equation}


\begin {equation}\widehat \nu _{\rm eff} =\operatorname {slope}\bigl (\log |w_\Theta (\rho )|,\log \rho \bigr ) \label {eq:slope}\end {equation}


$\{q_j,\omega _j^{C}\}_{j=1}^{Q_C}$


$[0,1]$


$q^{-\mu }$


\begin {equation}\begin {aligned} &D_{C,Q_C}^{\mu }w_\Theta (\rho ) =\frac {\rho ^{-\mu }}{\Gamma (1-\mu )} \Bigg [ w_\Theta (\rho )-w_\Theta (0)\\ &\qquad \qquad \qquad +\mu \sum _{j=1}^{Q_C}\omega _j^{C} \frac {w_\Theta (\rho )-w_\Theta (\rho (1-q_j))}{q_j} \Bigg ]. \end {aligned} \label {eq:capdisc}\end {equation}


$d=x-1$


$s=1+dt$


\begin {equation}J[w_\Theta ](\rho ) =d^{1-\sigma }\int _0^1(1-t)^{-\sigma }C_\rho (t)\dd t, \label {eq:volscaled}\end {equation}


\begin {equation}C_\rho (t) =\psi (1+d,1+dt)\, w_\Theta \!\left (\log [1+d(1-t)]\right ) w_\Theta \!\left (\log [1+dt]\right ). \label {eq:Crho}\end {equation}


$a_q=\operatorname {detach}(\alpha _\Theta )$


$\{t_j,\omega _j^{V}\}_{j=1}^{Q_V}$


$t^{a_q}(1-t)^{a_q-\sigma }$


\begin {equation}J_{Q_V}[w_\Theta ](\rho ) =d^{1-\sigma } \sum _{j=1}^{Q_V}\omega _j^{V} \frac {C_\rho (t_j)}{t_j^{a_q}(1-t_j)^{a_q}}. \label {eq:voldisc}\end {equation}


$(Q_C,Q_V)$


$(Q_C^{\rm ref},Q_V^{\rm ref})$


$Q_I$


\begin {equation}R_{\rm dif}(\rho ) =(e^\rho -1)^\beta D_{C,Q_C}^{\mu }w_\Theta (\rho ) -a(\rho )w_\Theta (\rho )-g(\rho )-J_{Q_V}[w_\Theta ](\rho ). \label {eq:R}\end {equation}


\begin {equation}R_n= \frac {R_{\rm dif}} {1+|(e^\rho -1)^\beta D_{C,Q_C}^{\mu }w_\Theta | +|a(\rho )w_\Theta |+|g|+|J_{Q_V}[w_\Theta ]|}. \label {eq:Rn}\end {equation}


\begin {equation}R_{\rm int}=\frac {w_\Theta -\T _{Q_I}^{\rm int}w_\Theta } {1+|w_\Theta |+|\T _{Q_I}^{\rm int}w_\Theta |}, \label {eq:Rint}\end {equation}


$Q_I$


$\T _{Q_I}^{\rm int}$


$R_{\rm ref}$


$\{\rho _i\}_{i=1}^{N_b}$


$\omega _i$


$\mathcal H$


$8\%$


$R_n(\rho _i)^2$


\begin {align}\mathcal L_{\rm main}={}& \frac {\sum _{i=1}^{N_b}\omega _iR_n(\rho _i)^2}{\sum _{i=1}^{N_b}\omega _i} +0.45\,\frac {1}{|\mathcal H|}\sum _{i\in \mathcal H}R_n(\rho _i)^2 \nonumber \\ &+0.04\,\frac {1}{N_b}\sum _{i=1}^{N_b} \left (\frac {R_{\rm dif}(\rho _i)}{1+|g(\rho _i)|}\right )^2. \label {eq:Lmain}\end {align}


$D_Q,J_Q$


$D_{\rm ref},J_{\rm ref}$


\begin {align}\mathcal L_{\rm cons}={}& \operatorname {mean}\!\left [\left (\frac {D_Q-D_{\rm ref}}{1+|D_{\rm ref}|}\right )^2\right ]+\operatorname {mean}\!\left [\left (\frac {J_Q-J_{\rm ref}}{1+|J_{\rm ref}|}\right )^2\right ]. \label {eq:Lcons}\end {align}


\begin {equation}\mathcal L =\mathcal L_{\rm main} +0.28\,\mathcal L_{\rm ref} +0.12\,\mathcal L_{\rm cons} +\lambda _{\rm int}(e)\,\mathcal L_{\rm int} +\mathcal L_{\rm reg}, \label {eq:loss}\end {equation}


$\mathcal L_{\rm ref}=\operatorname {mean}(R_{\rm ref}^2)$


$\mathcal L_{\rm int}=\operatorname {mean}(R_{\rm int}^2)$


$N_e$


\begin {equation*}\lambda _{\rm int}(e)=0.18\min \!\left \{1,\frac {e+0.15N_e}{0.45N_e+10^{-12}}\right \}.\end {equation*}


$0.8(0.28)$


$0.8(0.12)$


$0.70(0.18)$


$\rho =0$


$|R_n|$


\begin {equation}S_{\rm hold} =\|R_n\|_\infty +0.35\RMS (R_n) +0.10\|R_{\rm int}\|_\infty +0.05\RMS (R_{\rm int}). \label {eq:score}\end {equation}


$\alpha _\Theta $


\begin {equation}u_\Theta (\rho ,y)=zF_\Theta (z,y),\quad z=\rho ^{\alpha _\Theta }. \label {eq:2dansatz}\end {equation}


$m=34$


$z$


$y$


$z^0,\ldots ,z^5$


$P_0,\ldots ,P_3$


$x$


\begin {equation}\xi =1+(x-1)t,\quad \eta =yq. \label {eq:2dmap}\end {equation}


$t$


$(1-t)^{-\sigma }$


$q$


$y$


$\T _Q$


\begin {equation}I_{a,b}[\phi ]=\int _0^1 t^b(1-t)^a\phi (t)\dd t, \quad a,b>-1, \label {eq:Iab}\end {equation}


$Q_Q^{a,b}$


$Q$


$\phi \in C[0,1]$


$m_{a,b}=\B (b+1,a+1)$


\begin {equation}|I_{a,b}[\phi ]-Q_Q^{a,b}[\phi ]| \le 2m_{a,b}\,E_{2Q-1}(\phi ), \label {eq:GJbest}\end {equation}


$E_n(\phi )=\inf _{p\in \mathbb P_n}\|\phi -p\|_\infty $


$r\in \mathbb N$


$\phi \in C^r[0,1]$


\begin {equation}|I_{a,b}[\phi ]-Q_Q^{a,b}[\phi ]|\le C_{a,b,r}Q^{-r}\|\phi \|_{C^r}, \label {eq:GJCr}\end {equation}


$\varrho >1$


\begin {equation}|I_{a,b}[\phi ]-Q_Q^{a,b}[\phi ]|\le C_{a,b,\varrho }\varrho ^{-2Q}. \label {eq:GJanalytic}\end {equation}


$p\in \mathbb P_{2Q-1}$


$I_{a,b}[p]=Q_Q^{a,b}[p]$


$m_{a,b}$


\begin {equation*}|I_{a,b}[\phi ]-Q_Q^{a,b}[\phi ]| \le 2m_{a,b}\|\phi -p\|_\infty .\end {equation*}


\begin {equation}\phi _C(q;\rho )=\frac {w(\rho )-w(\rho (1-q))}{q}, \quad I_{0,-\mu }[\phi _C]. \label {eq:phiC}\end {equation}


$t^{a_q}(1-t)^{a_q-\sigma }$


\begin {equation}\phi _V(t)=\frac {C(t)}{t^{a_q}(1-t)^{a_q}}. \label {eq:phiV}\end {equation}


$t^{b_q}(1-t)^{\mu -1}$


\begin {equation}\phi _I(t;\rho )=\frac {H_\rho (t)}{t^{b_q}}. \label {eq:phiI}\end {equation}


$\T _Q$


$v\in B_R$


\begin {equation}\eta _Q(v)=\|v-\T _Qv\|_\infty , \quad \varepsilon _Q(v)=\|\T v-\T _Qv\|_\infty . \label {eq:defects}\end {equation}


$\T $


$w$


$v\in B_R$


\begin {equation}\|w-v\|_\infty \le \frac {\eta _Q(v)+\varepsilon _Q(v)}{1-\kappa _h}. \label {eq:residualbound}\end {equation}


$w=\T w$


\begin {equation*}\|w-v\|_\infty \le \|\T w-\T v\|_\infty +\|\T v-\T _Qv\|_\infty +\|\T _Qv-v\|_\infty .\end {equation*}


\begin {equation*}(1-\kappa _h)\|w-v\|_\infty \le \varepsilon _Q(v)+\eta _Q(v),\end {equation*}


$Q_{\rm ref}$


\begin {equation}\delta _{Q,Q_{\rm ref}}(v)=\|\T _{Q_{\rm ref}}v-\T _Qv\|_\infty , \quad \varepsilon _{\rm ref}(v)=\|\T v-\T _{Q_{\rm ref}}v\|_\infty . \label {eq:refdef}\end {equation}


\begin {equation}\|w-v\|_\infty \le \frac {\eta _Q(v)+\delta _{Q,Q_{\rm ref}}(v)+\varepsilon _{\rm ref}(v)}{1-\kappa _h}. \label {eq:refbound}\end {equation}


\begin {align*}\varepsilon _Q(v) &=\|\T v-\T _Qv\|_\infty \\ &\le \|\T v-\T _{Q_{\rm ref}}v\|_\infty +\|\T _{Q_{\rm ref}}v-\T _Qv\|_\infty \\ &=\varepsilon _{\rm ref}(v)+\delta _{Q,Q_{\rm ref}}(v).\end {align*}


$\delta _{Q,Q_{\rm ref}}$


$\delta _{Q,Q_{\rm ref}}$


$\varepsilon _{\rm ref}$


$\mathcal V_m\subset B_R$


\begin {equation}e_m=\inf _{v\in \mathcal V_m}\|w-v\|_\infty . \label {eq:bestapprox}\end {equation}


\begin {equation}\sup _{v\in \mathcal V_m}\|\T v-\T _Qv\|_\infty \le \epsilon _Q. \label {eq:uniformQ}\end {equation}


$w_{m,Q}\in \mathcal V_m$


\begin {equation}\eta _Q(w_{m,Q}) \le \inf _{v\in \mathcal V_m}\eta _Q(v)+\epsilon _{\rm opt}. \label {eq:optdef}\end {equation}


\begin {equation}\|w-w_{m,Q}\|_\infty \le \frac {(1+\kappa _h)e_m+2\epsilon _Q+\epsilon _{\rm opt}}{1-\kappa _h}. \label {eq:decomp}\end {equation}


\begin {equation}e_m\to 0,\quad \epsilon _Q\to 0,\quad \epsilon _{\rm opt}\to 0, \label {eq:convconditions}\end {equation}


$\|w-w_{m,Q}\|_\infty \to 0$


$p_m\in \mathcal V_m$


$\|w-p_m\|_\infty \le e_m+\varepsilon $


$\varepsilon >0$


\begin {align*}\eta _Q(p_m) &\le \|p_m-w\|_\infty +\|\T w-\T p_m\|_\infty +\|\T p_m-\T _Qp_m\|_\infty \\ &\le (1+\kappa _h)(e_m+\varepsilon )+\epsilon _Q.\end {align*}


\begin {equation*}\|w-w_{m,Q}\|_\infty \le \frac {(1+\kappa _h)(e_m+\varepsilon )+2\epsilon _Q+\epsilon _{\rm opt}}{1-\kappa _h}.\end {equation*}


$\varepsilon \downarrow 0$


$e_m\to 0$


$e_m\to 0$


$\epsilon _{\rm opt}\to 0$


\begin {equation}\begin {split} \mathcal V={}&\left \{10^{-7}+(1-10^{-7})\frac {j}{900}:0\le j\le 900\right \}\\ &\mathbin {\cup }\left \{10^{-9}+(1-10^{-9})\left (\frac {k}{600}\right )^{3.5}:0\le k\le 600\right \}, \end {split} \label {eq:validset}\end {equation}


\begin {equation}E_{\mathcal V}=\left ( \frac {\sum _{\rho _i\in \mathcal V}|w_\Theta (\rho _i)-w_{\rm ex}(\rho _i)|^2} {\sum _{\rho _i\in \mathcal V}|w_{\rm ex}(\rho _i)|^2} \right )^{1/2}. \label {eq:relerr}\end {equation}


$\mathcal V$


$E_{\mathcal V}$


$L^2(0,1)$


$\pm $


$E_{\mathcal V}<10^{-4}$
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$Q_I=14$


$E_{\alpha ,\beta }(z)=\sum _{k=0}^{\infty }z^k/\Gamma (\alpha k+\beta )$


$E_{\alpha }=E_{\alpha ,1}$


\begin {align}\mu &=0.6,\quad \beta =0.25,\quad \sigma =0.4,\nonumber \\ a(x)&\equiv a_0=-\frac 12,\quad \psi (x,s)=1+s, \label {eq:benchpars}\end {align}


\begin {equation}v_{\rm ex}(x)=E_{1/2}\!\left (\sqrt {\log x}\right )-1. \label {eq:exact1d}\end {equation}


$g$


$a(x)\equiv -1/2$


$\psi (x,s)=1+s$


\begin {equation}w_{\rm ex}(\rho ) =e^\rho \operatorname {erfc}(-\sqrt {\rho })-1 =\frac {2}{\sqrt {\pi }}\rho ^{1/2}+O(\rho ), \quad \rho \downarrow 0. \label {eq:asymp1d}\end {equation}
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$10^{-4}$


$\gamma =0.15$


$0\le \rho \le 0.01$


$\max |g(\rho )|/\rho ^{0.15}=1.1823$
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$M_h=e^h(1+e^h)$
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$\kappa _h=0.1519<1$
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$\mu =0.70$


$E_{\mathcal V}=9.274\times 10^{-2}$


$3.733\times 10^{-1}$
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$\gamma =\nu +\beta -\mu $
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$178$


\begin {equation}\begin {aligned} \mu &=0.6,\quad \beta =0.25,\quad \sigma =0.4,\\ a(x,y)&\equiv -\frac 12,\quad \Psi (x,y,\xi ,\eta )=1+\xi +\eta . \end {aligned} \label {eq:e4pars}\end {equation}


\begin {equation}u_{\rm ex}(x,y) =e^y\left [E_{0.35}\!\left ((\log x)^{0.35}\right )-1\right ] +y(1-y)(\log x)^{1.35}, \label {eq:e4exact}\end {equation}


\begin {align}{}_{1}^{\mathrm {CH}}D_x^{0.6}u_{\rm ex}(x,y) ={}&e^y(\log x)^{-0.25} E_{0.35,0.75}\!\left ((\log x)^{0.35}\right )\nonumber \\ &+y(1-y)\frac {\Gamma (2.35)}{\Gamma (1.75)}(\log x)^{0.75}. \label {eq:e4der}\end {align}


\begin {equation}u_{\rm ex}(1+t,y)\sim \frac {e^y}{\Gamma (1.35)}t^{0.35}, \quad t\downarrow 0. \label {eq:e4asymp}\end {equation}
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$(Q_{V,x},Q_{V,y})=(16,8)$


$Q_C^{\rm ref}=28$


$(Q_{V,x}^{\rm ref},Q_{V,y}^{\rm ref})=(22,11)$


$Q_I=6$


$Q_C^{\mathrm {val}}=42$


$(Q_{V,x}^{\mathrm {val}},Q_{V,y}^{\mathrm {val}})=(36,18)$


\begin {equation}\mathcal G=\{(\rho _i,y_j):\rho _i=i/120,\ 0\le i\le 120,\ y_j=j/50,\ 0\le j\le 50\}, \label {eq:e4grid}\end {equation}


\begin {equation}E_{\mathcal G}=\left ( \frac {\sum _{(\rho _i,y_j)\in \mathcal G}|u_\Theta (\rho _i,y_j)-u_{\rm ex}(\rho _i,y_j)|^2} {\sum _{(\rho _i,y_j)\in \mathcal G}|u_{\rm ex}(\rho _i,y_j)|^2} \right )^{1/2}. \label {eq:e4griderr}\end {equation}
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physics-informed trial function and the weak auto-convolution kernel
is included explicitly.

The one-dimensional problem class treated in this paper is the third-
kind fractional auto-convolution equation with a weakly singular kernel

(x = 1Y SHDHu(x) = a(x)o(x) + g(x)

x 1.1)
MU(x—s+1)u(s) ds, l<x<e,
1 (x—9)°
subject to v(1) = 0, where
O<u<l, 0<p<pu O<o<l. (1.2)

Here a is the linear coefficient and y is a regular kernel coefficient on the
Volterra triangle. The factor (x — 1)? gives the third-kind degeneracy,
v(x — s + Duo(s) is the translated quadratic auto-convolution term, and
(x — 5)7° carries the explicit weak singularity.

Lett=x—1andr =s— 1, and define 5() = v(1 +¢). Thenx — s + 1 =
1+ (t-r)and

v(x — s+ Do(s) = 0(t — noO(r).

The same structure is extended to the two-dimensional third-kind
fractional auto-convolution equation

(x = DPSHDIu(x, y) = alx, yu(x, y) + G(x, y)

/ /y Y(x,y. & 1)
(x =&y
X u(g,n) dn dé, (1.3)

on [1,e] x [0, 1], with u(1, y) = 0. The Caputo-Hadamard singularity acts
in the x-direction, whereas the auto-convolution is complementary
in the translated x- and y-variables. The particular one- and two-
dimensional manufactured problems used for verification are specified
only in Section 6.

Physics-informed neural networks impose the governing equation
through residual minimization [20,21]. Fractional PINNs require a
separate numerical approximation of the nonlocal fractional operator
[22]. Monte Carlo and quasi-Monte Carlo formulations have been used
for high-dimensional or irregular-domain fractional problems [23,24],
while deterministic weighted quadrature can substantially reduce the
fractional-operator error [25]. Residual-based enrichment and residual-
gradient point motion provide complementary procedures for redis-
tributing collocation points toward difficult regions [26,27].

Auxiliary-output fPINNs have been used for fractional partial
integro-differential equations [28]. Spectral-fPINNs use Jacobi polyno-
mial representations [29], and tensor neural networks use singular trial
factors together with Gauss—Jacobi quadrature [30]. Physics-informed
radial-basis networks provide another basis-function form of the approx-
imation [31,32]. Approximation results for RBF networks are given in
[33], while polyharmonic-spline approximation is considered separately
below. PINNIES uses numerical quadrature for Volterra, Fredholm, and
fractional operators [34]. Kernel-based PINNs and transformed frac-
tional PINNs provide other numerical treatments of nonlocal operators
[35,36]. Fractional PINNs with singular terms or singular features are
studied in [37,38].

Recent neural methods for fractional differential equations in-
clude Hermite interpolation for time-dependent Caputo equations [39],
Kolmogorov-Arnold networks for time-fractional equations [40], and
wavelet neural networks for fractional differential equations [41].
These references concern fractional differential equations; the third-kind
Caputo-Hadamard auto-convolution equation is not considered in those
papers.

The method used here combines RBF-type approximation, a singular
endpoint coordinate, Gauss—Jacobi quadrature, adaptive points, and a
fractional PINN formulation. We set p = log x and use z = p®@ in the trial
function. The Caputo term is evaluated by the derivative-free identity,
and the current endpoint parameter is used in the fitted Jacobi weights.
A separate quadrature is used for the equivalent integral residual, while

ux—=¢&+1,y—n)
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higher quadrature orders are used for the reference Caputo and auto-
convolution evaluations. We denote this method by SI-OC-PHS-fPINN.

Moving least squares, meshless RBF collocation, and Bernstein ap-
proximation have been applied to third-kind auto-convolution Volterra
equations [17-19]. Piecewise shifted Jacobi polynomials and fully dis-
crete RBF collocation have been used for third-kind Caputo-Hadamard
equations [15,16]. In fPINNSs, the fractional operator is evaluated nu-
merically [22]. Spectral-fPINNs use Jacobi polynomials [29], and the
tensor-neural-network method in [30] uses a fractional-power trial func-
tion and Gauss—Jacobi quadrature. The method considered in this paper
uses a trainable endpoint coordinate, the Caputo-Hadamard operator,
a weakly singular auto-convolution term, fitted Gauss—Jacobi rules, and
the equivalent Volterra equation in both one and two dimensions.

The equivalent Volterra equation is used in the analysis. We prove
local existence and uniqueness for an algebraic source and determine
the corresponding endpoint power. The contraction estimate and the
Gauss—Jacobi error estimate give residual stability and an error bound
containing approximation, quadrature, and optimization terms. These
results apply on a local interval where the contraction condition holds.

The main contributions are summarized as follows.

1. A derivative-free Caputo representation in logarithmic coordinates is
combined with singularity-fitted Gauss—Jacobi product integration
for third-kind Caputo-Hadamard auto-convolution equations with
weakly singular kernels.

2. In this paper, we aim to develop an efficient method for accurately
approximating integral operators, as well as fractional derivative op-
erators, for solving mathematical problems involving these opera-
tors.

3. Then Gauss-Jacobi quadrature is used to discretize Caputo fractional
derivatives.

4. Some numerical experiments are given to illustrate the theoretical
results.

This paper is organized as follows. Section 2: presents the existence
and uniqueness of solutions. Subsequently, in Section 3, we introduce
the method for approximating various integral and fractional operators.
Section 4: describes the proposed scheme. Section 5: proposes a conver-
gence analysis for the proposed approach. Section 6 reports the numer-
ical experiments, followed by the discussion and conclusions.

2. Mathematical formulation and local analysis

This section gives the fractional operators, the logarithmic Volterra
form, and the local existence and endpoint results used in the stability
analysis.

2.1. Fractional preliminaries

The Hadamard fractional integral and Caputo-Hadamard derivative
are standard; see [13-15].

Definition 2.1 (Hadamard fractional integral). Let x4 > 0 and let f be
measurable on (1,T]. At every x € (1, T] for which

x —1
[ (o) 1o <o
1 S N

the left Hadamard fractional integral of order y is defined by

Hu f”l
176 = s [ (1o

For continuous f the integral is finite for every x € [1,T], with value
zero at x = 1.

f(s)%. 2.1)

For 9 > —1, the logarithmic power rule is

rg+1)
Hyu 9 S+u
11 (og )" = r®@+u+ 1)( ogx)7H (22)
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Definition 2.2 (Caputo-Hadamard derivative). Let0 < u <1, put L =
log T, and set w(p) = v(e”). Assume w € AC([0, L]). For p € (0, L] such
that

(p—D 7 W (x) € L0, p),

the left Caputo-Hadamard derivative at x = e” is

?HD;’ v(x) = X )_M (Sd— v(s)) ds . (2.3)

1
1Ny S

Equivalently, this is Déw(p). The definition is understood almost ev-
erywhere for an absolutely continuous w, and pointwise wherever the
displayed weighted integral is finite.

Under these hypotheses, the standard Caputo composition identity
gives, for the continuous representative,

SR DA L(x) = o) = (D). @4
For 9 > 0,

r@+1
CHD#(log x)” = m(_—:_'_)l)(log x)Pn. (2.5)

The logarithmic change of variables
=logx, w(p)=uv(e’) (2.6)

maps the Caputo-Hadamard derivative to the ordinary Caputo deriva-
tive:

HDu(x) = DYuw(p). 2.7)

This identity is the starting point of the numerical construction.
The beta function is written as

L'(p)I'(q)
T(p+q)°

It is used repeatedly in the local solvability and endpoint estimates.

For Eq. (1.1), set x = ¢” and s = ¢". This change of variable trans-
forms the Caputo-Hadamard term to the Caputo form and gives a
Volterra equation in p. For the one-dimensional Eq. (1.1), put x = e”
and s = ¢. The auto-convolution operator becomes

1
B(p,q) =/ A -ntdr = p,q>0. (2.8)
0

P y(er, el

Tl = |

w(log(1 + e — e")w(n)dy. (2.9)
In the transformed equations below, the notation is shortened by writing
a(p) := a(e?) and g(p) := g(e”); the same convention is used for manufac-
tured source functions. This convention changes only the argument, not
the coefficient or source values. Using (2.7), the transformed equation
is

(e" =1 Dgw(p) = alp)w(p) + g(p) + J[wl(p),  w(0) =

Applying the Riemann-Liouville integral of order y to (2.10) yields

(2.10)

p
Tw)(p) = —— / (0 — 971 = )P [as)w(s) + g(s) + J[w](s)] ds
T(w) Jo
(2.11)

A fixed point w = T w, w(0) = 0, is a mild solution. Whenever the right-
hand side has the regularity required by the Caputo derivative, (2.11)
and (2.10) are equivalent.

2.2. Existence and uniqueness

For h € (0, 1], let

Ay i={(x,5) : 1 <s<x<e),

and define

Ap i= max la(x)l. v, :=(max lw(x,s)l, M, =ey. (2.12)
1<x< c X,
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Since e’ —e" > p—nfor0 <5 < p < h,e" <e", and the shifted argument
in (2.9) belongs to [0, p], any w € C[0, h] with |Jw||, < R satisfies

Mth 1-0
[Tl < ' (2.13)
Moreover, if ||w]ly, [|zll < R,
2M,R
[7Twl(p) = TTz1p)] < =5 lw = zll (2.14)

Theorem 2.3. Assume (1.2), a € C([1,¢"]), and w € C(A},). Suppose that,
forsomey > f—pu,

g(p)=p"8p), 0<p<h, (2.15)

where g € C[0,h], and set G = ||Z||
0, lwlle < R}. If

1

. Let By ={we C[0,A] : w(0) =

[A,,RB(l B, " P + GB(y — f + 1, w7 =F

T(u)
M, R?
+ 7 B(Z—G—ﬁ,y)h"““’_ﬂ]sR, (2.16)
— 0
and
2M, R
= A,B(l — f, ph*=P hZBQ -6 — p, ko < 1
Kp F()[h( B, u) +1_6 Q-0c—-p. <1,

(2.17)
then (2.11) has a unique fixed point in Bg.
Proof. Because ¢’ —1>s, one has (ef — 1)# <s7#. Using (2.13) in
(2.11) and the identity

P
/ (p=9)"'slds = p™Bg+ Lw). q> -1,
0

gives (2.16). The conditions # < y and y > f — u imply that all displayed
powers of p are positive. Hence 7 (Bg) C Bg. For w, z € By, (2.14) gives
ITw-Tzlle < xpllw -zl
O

The leading behavior at p =0 follows from (2.11), the fractional
power rule, and the beta function [13,14]. The third-kind factor con-
tributes the power —p, while the right-hand side contributes the power
Y.

Proposition 2.5 (Endpoint law). Let w be the local solution from Theo-
rem 2.3. Assume that

a(p)w(p) + g(p) + J[wl(p) = byp” +0(p*), v > f—u. (2.18)
Then

_ T =F+D yiyp u+y—p
w(p) = bor(ﬂ-‘r)/ ﬂ+1)p +op ). (2.19)

Proof. Write the remainder in (2.18) as s”r(s), where r(s) > 0 as s | 0.
In (2.11), use (¢’ — 1)™# = s7#(1 + O(s)) and set s = pt. After division by
p"*7=F | the leading term is

1y—p
r(#)/(1 i dr.

Because y > f — u, the weight (1 — £)*~!#/~# is integrable on (0, 1). More-
over, r is uniformly bounded on (0, p] for sufficiently small p. Hence
dominated convergence applies to the scaled remainder, and the beta-
function identity yields (2.19). O

Proposition 2.5 gives the relation

v=u+y—p, equivalently y=v+p—pu. (2.20)

For the principal benchmark, v = 0.5 corresponds to y = 0.15. For the
two-dimensional benchmark, the leading forcing exponent is y = 0, and
(2.19) gives v = 0.35.
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Corollary 2.6 (Two-dimensional local solvability and endpoint law).
Let 0 <Y <1 and set

U(p,y) :=u(e, y),
Assume that, for some y > f — p,
G(p.y) = p'G(p. ).

and write G, j, = ||@ |lo- Suppose also that a and the kernel coefficient ¥ in
(1.3) are continuous on the corresponding compact domains. Define

{Ce,y. &)

Ayp = max

ap,y) i=ale’,y), G(p,y) := G(e, ).

G e (0, n x[0,Y)),

Appy 1= l<e<x<e, 0<p<y<y),

la(x, ),

¥, = fpax [¥(x, y,&, ),

My, i=Ye"¥; .

For U € C([0, h] X [0,Y]), the transformed double auto-convolution is

yl{l P ) n
LIUp, y) = / / (ee” ¢ log(1 + e — ).y = 0)

en)o

xUn,¢) d¢ dn.

If Ul £ R, then, uniformly for 0 <y <Y,
R2
2.h 1-o
ILWUNp I < 7—p7% 0<p<h, (2.21)
and, for |Ulls, IVl < R,
2M, ,R -
[/2LU1(p, y) = L[V (o, )] < f TlIU=Vle 0<p<h (222
The corresponding integral operator is
TV, y) = —— / "= sy = 1)
R Jo (2.23)
x [a(s, U (s, ) + G(s, y) + L [U](s, y)] ds
Let
BY := (U € C(10,h]1 x[0,Y]) : U(0,y) =0, [U]l, <R
If
o [Az WRB(1 = f. )h*P + Gy, B(y — p+ 1, ph**7 =+
/4 ) .
M, , R? .
+———BC2-0- B, 10| < R, (2.24)
— 0
and
Kyp 1= A, ,B(1 — B, w)h*=F
2.h T )[ 2,h ( ')
2M, R
+ = 2 B2 -0 - p, M)h”“"ﬂ] <1, (2.25)
—0

then the two-dimensional integral formulation has a unique fixed point in
B(I?. Moreover, if b, € C([0,Y]) and, uniformly in y,

a(p, U (p,y) + G(p, y) + L [UI(p,y) = by(p” +0(p"), p L0, (2.26)
then
UG, 3) = o)L EED_ rp o o rp), @.27)

Fu+y—-p+1)
uniformly for y € [0,Y].

Proof. Because e’ —e" > p—pn and e <e" for 0<n<p<h, the y-
integration contributes at most the factor Y, and (2.21) follows from
J§(—ndn=p"""/(1 - o). The product difference |U,U, —V,V;| <
R|U, — V;| + R|U, — V,| gives the corresponding Lipschitz estimate. Ap-
plying the same beta-integral bounds as in Theorem 2.3, uniformly in y,
yields (2.24) and the contraction constant (2.25); Banach’s fixed-point
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theorem gives existence and uniqueness. Finally, write the uniform re-
mainder in (2.26) as p"r(p,y) with supyc <y |7(p,y)| — 0. After setting
s = pt, the scaled integrand is dominated, uniformly in y, by a con-
stant multiple of (1 —#)*~1#7~#, which is integrable because y > f — .
Dominated convergence therefore applies uniformly in y, and the beta-
function identity gives (2.27). O

3. Operator-consistent numerical formulation

The transformed equation contains the Caputo kernel and the weakly
singular auto-convolution kernel. The Caputo term is treated by a
weighted Gauss—Jacobi rule, the auto-convolution term by product inte-
gration, and the equivalent integral equation supplies the residual used
in the stability estimate.

First, the Caputo derivative is evaluated through function differences
rather than through a shifted automatic derivative of the approximation.
The identity below is obtained from the standard Caputo integral repre-
sentation [13,14] by an integration-by-parts argument.

Proposition 3.1 (Derivative-free Caputo identity). LetO < u <1, p >0,

and assume w € AC([0, p]) and w € C'([p - 6, p]) for some & € (0, p]. Then

B b w(p) — w(p(l - g))

DX w(p) = _r- w(p) — w(0) + /4/ qgH———dq].
¢ ra-muw 0 q

3.1)

Proof. Starting from the Caputo definition, put r=p— 1 and h(r) =
w(p) — w(p — r). The function h is absolutely continuous and A'(r) =
w'(p — r) almost everywhere. Integration by parts on [e, p] gives

) )
/ r R (r)dr = p7*[w(p) — w(0)] — e *h(e) + M/ FH L h(r) dr.

Because wis C! near p, one has h(r) = rw'(p) + o(r) as r | 0, and therefore
£ "h(e) — 0. Letting € | 0 and using r = pq yields (3.1). O

For p > 0, the assumptions allow w’ to be singular at the left endpoint
and require C! regularity only near the evaluation point. For the trial
functions, the quotient in (3.1) has the limit pw'(p) at g = 0. Gauss—
Jacobi quadrature is applied directly to the weight ¢~#, so only values
of the trial function are required at the shifted quadrature points [36].

For the one-dimensional weakly singular auto-convolution term, set
s =1+ (x — )t. After the factor (1 — 7)~° is isolated, write the remaining
factor as C(#). For any a, satisfying a, > —1 and a, — 0 > —1,

1 1
_ - c@)
1-0"°C(dt = t(1 — )%™ ————dt. 3.2

/0( ) 7C(n) /0 ( ) (1= 0 (3.2)
Eq. (3.2) is an exact product-integration form of the weakly singular in-
tegral. Product integration for nonlinear weakly singular Volterra equa-
tions is studied in [12]. The fitted exponent is taken from the endpoint
factor in the trial function. Write wg(r) = r*e Fg(r*@). For fixed p > 0 and
d=¢e"—1,let

ro(t) =log(1 +dt), ri(t) =log(l +d(1 —1)).

The ratios ry(t)/t and r(r)/(1 — t) extend continuously to positive values
at the endpoints. Therefore

we(rogMwe(ri (1) _ (rg@®\ "™ (ri(H)\" {, .
— (i e _<T> (1_I> Fo(ro(H)*) Fg(r;(1)%)

is continuous on [0,1]. The endpoint powers are included in the
Gauss—Jacobi weight. Higher-order estimates require the correspond-
ing smoothness of the remaining factor, as assumed in Lemma 5.1. The
same condition is used for the regular factor in the independent integral
residual. In the numerical rule,

a, = detach(ag) (3.3)

is fixed during a quadrature refresh. Here detach means that the current
scalar value of ag is used to construct the Jacobi nodes and weights,
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which are then held fixed when derivatives of the loss are computed
until the next refresh. The current endpoint coordinate determines the
quadrature weight, while gradients are not taken through the quadra-
ture construction.

In each optimization stage, the Jacobi nodes and weights are fixed.
At arefresh they are computed from the current endpoint coordinate be-
fore the next stage. The procedure uses optimization with fixed quadra-
ture followed by an update of the quadrature rule. Section 5 applies
to each fixed-stage discrete operator. In the one-dimensional example,
one refresh is made between the two AdamW stages; the rules are also
computed for the L-BFGS candidates, and the endpoint coordinate and
centers are fixed in the final coefficient step.

Eq. (2.11) also provides an equivalent integral residual. On [0, 1] it
can be written as

-1 H (1) d
w(p) = T )/( 1) BOLS 0
. a(pnw(pr) + g(pt) + J[w(pt)
H,(1) :=
(er' = 1)f
For any b, > —1 the exact identity
1 1 H (t
/(1—1)*“‘H,,(t)dt=/ tbq(l—t)”_l+()dt (3.5)
0 0 tq

permits an independently fitted left-endpoint Jacobi weight. At a
quadrature refresh we use

b, = detach(ag) — u. (3.6)

Since ag >0 and 0 < u < 1, one has b, > —1. The fitted rule requires
the regularity of H,(r)/ t%a. Egs. (2.10) and (3.4) are equivalent before
discretization. In the computation they use separate quadrature rules;
(3.4) provides a second training residual and is used in the stability
estimate of Section 5.

4. SI-OC-PHS-fPINN architecture and training algorithm

This section describes the endpoint-adapted trial function, the dis-
crete operators, the loss function, adaptive collocation, and the opti-
mization procedure. Fig. 1 shows the main steps. The exact solution is
used to construct the manufactured source and for independent verifi-
cation; it is not used in training, adaptive point selection, quadrature
fitting, or model selection.

4.1. Endpoint-adapted trial space and discrete operators

The endpoint-adapted trial function uses the coordinate

z = p%e,
g 4.1
(@i Bpyay) = (0.15,0.90).

ag = Opyip + (amax - amin) Singid(araw)’

The initial value is ag
exactly through

= 0.43. The homogeneous condition is imposed

we(p) = zFg(2). (4.2)

The regular factor is

m

1

Fo(2) = Ps(2) + sphs —= Z w;|z— cjl3 + Seorr No(2), m=34. (4.3)
Vm =

Here P, is a degree-six polynomial, ¢(r) = r* is the one-dimensional cu-
bic polyharmonic spline, and Ng is a two-hidden-layer tanh network
with 18 units in each layer. The cubic PHS is scale-free and has no shape
parameter. Approximation results for RBF networks are given in [33],
and physics-informed radial-basis networks are considered in [31,32].
Since the basis used here is a cubic PHS, the relevant approximation
background is provided by polyharmonic-spline theory [42-45].
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The PHS centers are trainable. To preserve their order, positive spac-
ings are generated by a softmax map and accumulated:

exp(¢;) d
dj=——""—, ¢;=e+(1-20))dy, j=1,..,m (4.4)

e exp(gy) P

with a small fixed € > 0. The trainable parameters are the endpoint expo-
nent, the ordered center locations, the PHS weights, the polynomial co-
efficients, the correction-network parameters, and two amplitudes. The
cubic PHS provides a scale-free basis in the endpoint coordinate.

The parameter ag is an internal coordinate parameter and is not iden-
tified a priori with the physical endpoint exponent. If, for some integer
>0,

Fo(z) = cfzf + o(zf), c, #0,

then, by (4.2),

we(p) ~ cpp D%, (4.5)
The endpoint regularity is measured independently by

Veer = slope(log lwg(p)]; log p) (4.6)

on a fixed near-endpoint interval.
Proposition 3.1 is discretized by Gauss—-Jacobi quadrature. Let
{qj, }QC be the nodes and weights on [0, 1] for the weight g7#. Then

pH
ra-mp
QC w(
o(p)

+/AijC

DZ,QC we(p) = [w@(ﬂ) — wg(0)

4.7)
- MJ@(/)(I - 61,-))

gj

Only trial-function values are required at shifted quadrature points.
For the auto-convolution term in (1.1), write d = x — 1 and set s =
1 + dt. Then

1
Twelp) =a~* [ = nrec o 4.8)
0
where
C,0) =y +d,1+dnwelog[l+d(1 —nDwellog[1 + dr]). 4.9)

At a quadrature refresh, set a, = detach(ag). If {1, w” }Q" is the Gauss—
Jacobi rule for the weight 1% (1 — )%™, the ﬁtted prod’uct rule is

% C,(1))
Jo, [wel(p) = d'~° Z ! aq”—’a (4.10)
FETRE R O
At each stage, the quadrature parameters are obtained from the cur-
rent endpoint coordinate and the nodes and weights remain fixed. The
differential residual is evaluated with the training orders (Q., Q) ) and
with the higher reference orders (QrCef s Q‘Ver ). The integral residual uses
a separate fitted Gauss—-Jacobi rule of order Q;.

4.2. Physics loss, adaptive training, and model selection

The differential residual is
Ryie(p) =

It is normalized by

(@ = 1D, we(p) — alpwe(p) - &(p) = Jg, [wel(p).  (4.11)

R i
ch@| + la(pwel + |g| + |JQV[W®]|

= (4.12)

L+ |(er — 1)/ DL,
The equivalent integral Eq. (3.4) supplies a second normalized residual,
_ gint

TQ[ we

w,
Ry = —————————, (4.13)
L+ |wel + |T'mw®|

where Q; is the independent integral-residual quadrature order and T int
denotes the discrete right-hand side of (3.4). Likewise, R,.; denotes the
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trial representation

physical endpoint map e
variables p=logx we = zFg(2)
o p polynomial + cubic PHS
x; yin 2D z=p%
+smooth correction
- ‘%to— equivalent
derivative- . .
convolution Volterra residual
free Caputo . L
. fitted Gauss— independent
Gauss-Jacobi rule . .
/ Jacobi rule fitted rule

Caputo and auto-
convolution evaluation
training order Q and
reference order Q,

\

A%

training

differential residual

differential residual

‘ reference
+normalized operator gap

1

p—

1
I
|
updated \
collocation set

composite physics loss
main + reference + consistency

+independent integral
+regularization

)
W

/

residual enrichm

+short residual-
gradient moves

AdamW stages

— deterministic

L-BFGS restarts
— held-out selection

ent

'

independent final
validation
higher quadrature orders
+exact-solution diagnostics

Fig. 1. Computational structure of the SI-OC-PHS-fPINN. The Caputo and auto-convolution branches are evaluated at training and higher-order reference levels. The
equivalent Volterra residual is evaluated independently with its own fitted quadrature before entering the composite loss. Exact solutions are reserved for source

construction and final verification.

normalized differential residual obtained from the higher-order refer-
ence Caputo and Volterra evaluations.

For a minibatch {p; },’:”l with positive adaptive weights w;, let H con-
tain the indices of the largest 8% of the values R,(p;)?. The principal
residual loss implemented in the numerical code is

w; R, (p)*
[’main = = l N, 0.45 L Z Rn(pl)z
i IHl &
Ny 2
1 Rgir (p;) >
+0.04 — it ) (4.14)
N, ; <1 + 18]

If Dy,Jp and D, J,o; denote the training and reference Caputo and
Volterra evaluations, respectively, the operator-consistency term is

D, - D, Jo =Tt \2
o ref 9] ref
L..=mean||[ —— +mean | ———— . (4.15)
on |:<1+|Dref|> :| |:<1+|Jref|> :|
During the AdamW stages, the composite loss is
L= Login + 028 Ly +0.12 L + Ajp(€) Ling + Lregs (4.16)

where L
Ne

ref =
iterations,

mean(Rfef), Ly = mean(R.lzm), and, for an AdamW stage of

3

In the long L-BFGS restarts and the final coefficient polish, the refer-
ence, consistency, and integral coefficients are 0.8(0.28), 0.8(0.12), and
0.70(0.18), respectively. The mathematical operators and trial space are
unchanged across these optimization stages. The regularization term

e+0.15N,

Ay (@) =0.18mind 1, ————¢
in () { 045N, + 10-12

controls center spacing and the auxiliary smooth branch. Exact-solution
values do not enter the training loss.

Training starts with low-discrepancy points and points graded to-
ward p =0. After the first optimization stage, |R,| is evaluated on
a larger candidate set. Half of the new points are taken from the
largest residuals and the remaining points are sampled from a residual-
weighted distribution with a uniform part [26]. A small group of points
is moved by two short residual-gradient steps [27].

The reported one-dimensional calculation uses 1600 AdamW steps,
followed by a quadrature refresh and residual-based enrichment, and
then 850 additional AdamW steps. Three deterministic L-BFGS restarts
are started from the same selected Adam checkpoint. Their candidates
are compared on held-out physics through

Shold = IR, Il + 0.35RMS(R,) + 0.10]| R |l +0.05RMS(R;,).  (4.17)

A final coefficient-only L-BFGS step keeps ag and the PHS centers fixed.
The training procedure is:

1.
2.

initialize the PHS representation and the endpoint coordinate;

construct the training/reference Caputo and auto-convolution

quadratures and the independent integral-residual quadrature from

the current detached coordinate;

. minimize the differential, integral, reference-level, and consistency-
gap residuals with AdamW;

. refresh the quadratures and enrich the collocation set from the nor-
malized residual;

. continue AdamW optimization on the enriched set;

. start the deterministic L-BFGS restarts from the same selected Adam

checkpoint;



E. Aourir et al.

7. select the final state by the held-out physics score (4.17);
8. perform independent high-order residual and exact-solution valida-
tion.

The exact solution is not used in training or model selection. It is used
to construct the manufactured source and for independent operator and
error checks.

For the two-dimensional Eq. (1.3), the endpoint coordinate remains
one-dimensional:

ug(p,y) = zFg(z,y), z=p". (4.18)

The regular factor contains m = 34 trainable cubic PHS features in z with
four Legendre modes in y, a tensor polynomial with powers z°, ..., z°
and P,,..., P; in the second variable, and a two-input tanh correction
network with two hidden layers of 24 units each. The construction is
anisotropic because the fractional endpoint singularity occurs only in
the x-direction. For the double auto-convolution term, use

E=1+Gx-Dt, n=yq. (4.19)

The t-integration contains the weak factor (1 — #)~° and is evaluated by
the fitted Gauss—Jacobi rule, whereas the smooth g-integration is evalu-
ated by Gauss-Legendre quadrature. At fixed y, the derivative-free Ca-
puto and auto-convolution operators use training and higher-order ref-
erence discretizations, whereas the equivalent integral residual is eval-
uated with its separate fitted quadrature.

5. Consistency, stability, and error analysis

The equivalent integral equation and the contraction constant in
Theorem 2.3 are used for the error analysis. The differential residual is
kept as a numerical condition, while the integral residual is used in the
stability estimate. We use Gauss—Jacobi approximation results [46-48],
perturbation estimates for Volterra operators [5,6], and residual error
estimates for physics-informed methods [49,50]. For one quadrature
stage, the fitted exponents, nodes, and weights are fixed and the cor-
responding operator 7, is analyzed. After a refresh, the same estimates
apply to the new fixed operator.

After the singular factors are separated, the three nonlocal terms are
approximated by weighted quadrature rules. Let

1
1,,[¢] = /0 -0 dt, ab> -1, (5.1)

and let Q‘éb be the O-point Gauss—Jacobi rule for this weight. The fol-
lowing estimate follows from Gaussian exactness and positivity of the
Jacobi weights. Related Gauss—Jacobi error estimates and best polyno-
mial approximation results are given in [46,48].

Lemma 5.1 (Gauss—Jacobi error through polynomial approximation).
Let ¢ € C[0,1] and m,, = B(b+ 1,a+ 1). Then

[,lb] = 03 [B1] < 2my ), Exg_y (), (5.2)

where E,(¢) = infpepn ll¢ — pll- Consequently, if r € N and ¢ € C"[0, 1],
then

11,511 = 05 [81] < Cop, 0" B llcrs (5.3)
whereas analyticity in a Bernstein ellipse of parameter o > 1 gives
11,511 — 05 [81] < Cyp p07C. (5.4

Proof. For any p € P,p-1, Gaussian exactness gives I, ,[p] = ng[p].
Since the Gauss-Jacobi weights are positive and sum to m, ;,

T,5[¢1 = OF (1] < 2mq 1l = pllco-

Taking the best polynomial approximation gives (5.2). The algebraic
and analytic consequences follow from standard polynomial approxi-
mation estimates; see [46,48]. O
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For Proposition 3.1, the weighted integrand is

be(g: p) = w(p) — w(p(l — q))
; B E—

For the weak Volterra term, the fitted rule in (3.2) has weight % (1 —

1)%~° and regular factor
C(1)

t%(1 —1t)% "

Iy _ldcl. (5.5)

Py = (5.6)
For the equivalent integral residual, (3.5) has weight 1%(1 — /)*~! and
regular factor

H (1)
br(t;p) = ——. (5.7)

tba

The quadrature error depends on the smoothness of the factor that
remains after the singular weight is removed. This is the product-
integration principle used for weakly singular Volterra equations [12]
and in weighted quadrature for fractional neural methods [25,30,36]. In
two dimensions, Lemma 5.1 is used in the singular direction and Gauss—
Legendre quadrature in the smooth direction. The uniform operator es-
timate used below is assumed for the trial class.

Let 7 be a fixed numerical approximation of (2.11), including the
fitted fractional-integral and Volterra quadratures. For v € By, define

no@) = lIo = Tovlles  £0(®) = IT0 = Tyvll. (5.8)

The following bound follows from the contraction property of 7. Sim-
ilar perturbation estimates are used for Volterra equations [5,6], fully
discrete Caputo-Hadamard equations [16], and residual error estimates
for PINNs [49,50].

Theorem 5.2 (Residual-to-solution error bound). Under the assumptions
of Theorem 2.3, let w be the exact fixed point and let v € Bg. Then

e = oll, < %jﬁ“’) (5.9
Proof. Using w =T w,
lw=vlle S NTw=Tvlle + 170 = Tolle + 1 Tov = Ve
The contraction estimate (2.17) gives
(1= xpllw = vlle < £p(V) + 1),
which proves (5.9). O
To compare the training and reference discretizations, let O, denote
a fixed higher-order rule and set
00,0, ) = 1Tg, 0= ToVll,  Eref(@) = 1TV =Tp_ Vll- (5.10)

Corollary 5.3 (Error bound). Under the assumptions of Theorem 5.2,

}’]Q(U) + (sQ’er (U) + 5ref(U)

(5.11)
1 -«

llw = vl <

Proof. By the triangle inequality,
go(0) = ITv—=Toulle
SNTv=Ty,  lle + 7o, v = Toulle
= € (V) + 5Qeref(U)'
Substituting this inequality into Theorem 5.2 yields (5.11). O

Corollary 5.3 concerns two discretizations of the complete fixed-
point operator. In the numerical calculation, the integral residual has its
own fitted quadrature, while the higher-order comparison is applied to
the Caputo and auto-convolution terms. The sampled training-reference
differences are therefore reported as numerical resolution checks and
not as values of 5, o . for the complete operator.

The quantity 6y o  is a continuous sup-norm quantity. In the com-
putations it is evaluated on a finite reference set and is reported as a
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numerical estimate. Lemma 5.1 bounds ¢,; when the corresponding reg-
ular factors satisfy the required uniform smoothness assumptions.
Let V,, C By be a trial class and define

e, =Uien]1§m lw = V|| - (5.12)
Assume a uniform quadrature consistency bound
Useu% 1Tv—-Tovlle < €g- (5.13)
Suppose the optimizer returns w,, o € V,, satisfying

(5.14)

oWy 0) < ulenlgm Mo (V) + €gpy-

Egs. (5.13) and (5.14) are assumptions used in the estimate. Eq. (5.14)
is not a consequence of AdamW or L-BFGS training. Similar error de-
compositions are considered in [49,50].

Theorem 5.4 (Conditional error decomposition). Under the assumptions
above,

(1 +Kpde, + 269 + Eopt

lw—wpplle < (5.15)

1 —xp

Consequently, for a sequence of trial classes and fixed-stage quadrature rules
such that

ey =0, =0, € =0, (5.16)
one has ||w — w,, gll, — 0 in the local contractive regime.
Proof. Letp, €V, satisfy ||w — p,|l < e, + € for arbitrary ¢ > 0. Then
1) < 1o = Wlles + 170 = T pylles + 1T Py = Toplles

S (I+xp)e, +€) +eg-
Using (5.14) and then Theorem 5.2,

(I + kp)(ey + ) + 260 + €

- <
llw = Wl < —
Letting £ | O proves (5.15). The convergence statement follows immedi-
ately from the stated hypotheses. O

Remark 5.5. Theorem 5.4 is conditional on the approximation,
quadrature, and optimization errors. The condition e, — 0 is an ap-
proximation assumption for the trial classes. Polyharmonic-spline in-
terpolation theory gives error estimates under smoothness and interpo-
lation assumptions [42-45], but these results do not prove e, — 0 for
the trainable PHS-neural class used here. The uniform quadrature con-
dition (5.13) is also an assumption on the fitted regular factors. The con-
dition €, — 0 is an optimization assumption. Multi-start optimization
and held-out selection are used in the numerical procedure to reduce
the observed dependence on a single optimization run.

6. Numerical experiments

All calculations are performed in double precision. Five independent
CPU runs are used for the principal one-dimensional results. Each run
uses the same numerical setting. The run seed changes the initialization
of the trainable parameters and the stochastic sampling and enrichment
steps. The same repeated-run protocol is used for the two-dimensional
verification. The one-dimensional runs reported below were assessed on
the same fixed validation set

y={107+0-107- :0<j<
{ +(1 =107k 1 0./ <900
6.1)
94 10—9)( k )3'5-0<k<600
10 - ELIR ,
v 600 =E=

after duplicate nodes were removed. The reported relative validation
error is

< Zﬂ(EV |w®(pi) - wex(pi)lz >1/2
Ey = .

T, e e 2P

(6.2)
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The set V is finite, nonuniform, and refined near the endpoint. Hence
Ey is reported as a discrete relative validation error and not as the con-
tinuous L2(0,1) norm. The same set and formula are used for all one-
dimensional results. Reported standard deviations are sample standard
deviations, and the success count in Table 4 uses Ey, < 107*.

The five seeds are 1234, 42, 2025, 2026, and 7777. For these runs, the
mean, sample standard deviation, and individual errors are reported.
A bootstrap calculation with 200,000 samples gives the 95% interval
[2.0672 x 107, 4.8488 x 1073] for the mean E,,. Because the sample con-
tains five runs, this interval is reported together with the individual er-
rors. The value 10~ is used only for the numerical success count; it
is about three times the mean validation error and is above the exact-
solution residual floor 1.02 x 1077,

The principal calculation uses 1400 persistent training points, 420
held-out points, batch size 220, and a cap of 1900 points after enrich-
ment. The two AdamW stages use 1600 and 850 iterations; the learning
rates are 7.0 X 10~* for the representation parameters and 1.25 x 10~* for
the endpoint-coordinate and center parameters. The three deterministic
L-BFGS restarts use 620-point objectives with nominal iteration limits
320, 320, and 240, followed by a coefficient-only polish with a nominal
limit of 140 iterations. The training Caputo and Volterra rules use 40
nodes, the higher-order reference rules use 56 nodes, and the indepen-
dent integral residual uses Q; = 14 nodes. Independent final residuals
are evaluated with 220-node Caputo and Volterra rules. Training, refer-
ence, source, and final-validation quadratures use different orders. For
the manufactured examples, the exact solution defines the source and
its nonlocal term is evaluated by a separate high-order quadrature. The
exact-solution residual is then used to measure the numerical source and
operator error.

The principal one-dimensional example is used to examine the end-
point behavior and the nonlocal operators. We use the standard Mittag—
Leffler notation E, 4(z) = X,;-, z*/T'(ak + p) and E, = E,, ,. For the prin-
cipal benchmark, the general Eq. (1.1) is specialized to

u=06, p=025 oc=04,
a(x) = ay = —%, wx,s)=1+s, (6.3)

and the manufactured solution
Ve (x) = E, /2(\/10g x) -1 (6.4)

The source g is obtained by substituting this exact solution together with
a(x) = —-1/2 and y(x, s) = 1 + s into (1.1). In logarithmic coordinates,

oy (p) = e’ erfe(—y/p) — 1 = %p‘/z +0(p), p 0. ©.5)
V3

The exact solution is used to construct the source and for independent

operator and error checks. The five-run results for the proposed approx-

imation are reported together with the controlled approximation-family

comparison in Table 4. Fig. 2 shows the relative validation errors over

five runs for each of the three approximation families.

For this example, y = 0.15. On 0 < p < 0.01, a 500-point logarithmi-
cally refined calculation gives max |g(p)|/p%!> = 1.1823. With G = 1.20,
A, =05, M, =e"(1+e"), and R=0.19, Egs. (2.16) and (2.17) give
0.1722 < R and &, = 0.1519 < 1. Also, maxq j,; [w,, | = 0.1237 < R. These
values verify the contraction conditions on this interval. No contraction
value is reported for the full interval [0, 1].

Table 1 reports the exact-solution errors for increasing quadrature
order.

All three errors in Table 1 decrease as Q increases. The source
quadrature is compared with an order-880 calculation on the endpoint-
refined validation set. The maximum differences are 2.23 x 1074, 2.52 x
107%,2.79 x 1076, 7.67 x 1077, 1.10 x 1077, and 1.08 x 10~# for source or-
ders 20, 40, 80, 120, 220, and 440. The decreasing values give an inde-
pendent numerical check of the source and validation quadratures.

For the approximation-family comparison, the transformation, non-
local operators, adaptive points, reference discretization, integral resid-
ual, held-out selection, and optimization procedure are kept fixed. Only
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Table 1

Exact-solution quadrature errors for the one-dimensional example. The
source rule has order at least 440, and Q is used for the Caputo and auto-
convolution validation rules. The training, reference, and final-validation
orders are 40, 56, and 220.

(0] Caputo absolute error Volterra order gap equation-residual floor
10 1.1721 x 107* 1.8932x 1073 1.9267 x 1073
20 1.5155x 107> 2.2268 x 107 2.2703 x 10~*
40 1.9250 x 10=° 2.5194 x 1073 25748 x 1073
80 2.4241x 1077 2.7833 % 1076 2.8530 x 1076
120 7.1593 x 1078 7.5619 x 1077 7.7690 x 1077
220 1.1634 x 1078 9.8893 x 1078 1.0227 x 1077
Table 2

Ablation results from three runs for the one-dimensional example.
Values are mean + sample standard deviation of E,, for the reduced
numerical configuration.

Configuration Mean + SD Ey,

3.979x 1073 +6.623 x 10~
2276 X 1073 +2.915 x 107
3.595% 1073 + 1.682 x 1073
3.532x 1072 £ 1.148 x 1073
2.688 % 1073 + 1.516 x 10
2.520% 1073 +5.624 x 10~
4.209 x 1073 £3.767 x 1074
3.573x 1073 + 1.764 x 1073
3.979x 107 +6.623 x 10~

Full reduced configuration

Without reference-level residual
Without integral residual

Without adaptive enrichment

Fixed endpoint coordinate 0.5

Without cubic-PHS component

Fixed quadrature fitting exponent
Without endpoint fitting in Jacobi rules
One L-BFGS restart

Table 3
Parameter sensitivity results for the one-
dimensional example under the reduced numerical
setting.

u p o E, learned ag

0.60 0.25 0.40 3351x 1073 0.5015

0.50 0.25 0.40 9.274 x 1072 0.4215

0.70 0.25 0.40 3.733x 107! 0.6266

0.60 0.10 0.40 3278 x 1073 0.4989

0.60 0.35 0.40 6.105 x 1073 0.5095

0.60 0.25 0.20 1.400 x 1073 0.5008

0.60 0.25 0.60 3.238x 1073 0.5013

0.60 0.25 0.70 5.764 x 1073 0.5004

0.60 0.25 0.75 5.338 x 1073 0.5016

the trial family is changed. The tanh model has three hidden layers of
width 24 and 1274 parameters. The Gaussian RBF model has 150 train-
able centers and widths and 453 parameters.

The tanh network uses Xavier initialization and the same five seeds,
collocation points, adaptive enrichment, quadrature rules, AdamW/L-
BFGS steps, and held-out selection. The Gaussian RBF model uses 150
trainable centers and widths with initial width 0.08 under the same set-
ting. Since the parameter counts are different, Table 4 reports only the
common-setting comparison.

Table 2 reports three-run tests for the reduced numerical setting. One
component is removed in each case. The errors vary with the component
and do not change monotonically. The fixed value ag = 0.5 is the known
endpoint power of this manufactured example and is used only for com-
parison. Without endpoint fitting, the physical factor (1 — )~ is used
and the learned endpoint powers are omitted from the auto-convolution
and integral Jacobi rules. The one-restart case uses the first L-BFGS run
only. In the fixed-quadrature case, the fitting exponent remains at its
initial value while the endpoint coordinate is trainable.

For seed 2025, the initial values ag(0) = 0.25, 0.43, and 0.70 give Ey, =
2.4930 x 1072, 4.6707 x 1073, and 1.5830 x 1072, The learned values are
0.28718, 0.50121, and 0.51032. The three errors depend on the initial
endpoint coordinate.

The largest errors in Table 3 occur for u = 0.50 and u = 0.70, where
Ey, =9.274% 1072 and 3.733 x 10~!. For #=0.10 and 0.35, the source
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power y = v + f — u changes while the exact endpoint power remains
v =0.5. The cases ¢ = 0.70 and 0.75 give errors 5.764 x 10~ and 5.338 x
1073. With a = —0.1, the error is 5.090 x 1073 and the learned value is
ag = 0.5016. Endpoint-coordinate values for the five production runs are
not available. These results describe sensitivity for the listed cases and
are not a uniform error result for the full parameter range.

In the common setting, the tanh mean error is about 4.19 times the
SI-OC-PHS-fPINN mean error, and the Gaussian mean error is about 178
times larger. These ratios refer only to the three implementations in Ta-
ble 4; they are not comparisons with published Spectral-fPINN or PIN-
NIES results.

The two-dimensional test uses the same endpoint and operator con-
struction for the weakly singular auto-convolution model. The dimen-
sional extension specializes (1.3) to

u=06 p=025 o=04,

1 (6.6)
a(x,y) = - Y, y,&m=1+&+n.
The manufactured solution is
Uy (x, ) = €¥ [ Eg 35((log x)°3%) = 1] + y(1 = y)(log x)', (6.7)
with
THDOOu,, (x, y) = e¥(log x)™0% Ey 35,9 75((log x)*33)

r(2.35) 075
1- 1 -, .
+ X y)r(1.75)(°gx) (6.8)

Near the third-kind endpoint,
Uey (1 + 1, ) ~ OB o0 (6.9)

ra3sy

The source G is manufactured from (1.3). Five independent double-
precision CPU runs use the same two-dimensional architecture and nu-
merical settings. The two-dimensional configuration uses 900 persis-
tent training points, 240 held-out points, batch size 96, and AdamW
stages of 800 and 420 iterations. Three deterministic L-BFGS restarts
are then launched from the selected Adam checkpoint on 200-point ob-
jectives with nominal iteration limits 100, 100, and 150, followed by a
coefficient-only polish with a nominal limit of 100 iterations. The train-
ing quadrature orders are Q¢ = 20 and (Qy ., Oy ,) = (16, 8); the higher-
order reference orders are Q'ef 28 and (Qrer s Qref ) = (22, 11); the in-
dependent integral residual uses Q; = 6; and the 1ndependent final val-
idation uses Qle =42 and (Q"“‘1 V"l ') = (36,18). Residual enrichment
evaluates a pool of 1400 candldates adds 280 points subject to a train-
ing cap of 1100, and applies two short residual-gradient moves to 80
selected candidates. For the two-dimensional error, define the uniform
tensor grid

G={(py;) : p; =1/120, 0 <i <120, y; = j/50, 0 < j <50}, (6.10)

and the relative grid error

E; = Z(p,,yj)eg|“®(P,-,yj)—uex(p2”yj)| (6.11)
Z(ﬂ,-,y,)eg |tex (pir ¥7)I

The endpoint diagnostic v, is the arithmetic mean of slopes fitted at
y=0, 0.25, 0.50, 0.75, and 1 using 28 logarithmically spaced values of
p on [107%,1073]. Table 5 reports the results of five independent runs
for the two-dimensional test. Fig. 3 shows the exact solution, computed
solution, and corresponding error for the two-dimensional test.

For seed 2025, three calculations use increasing numbers of train-
ing points 100 — 360 — 900, PHS centers 12 — 24 — 34, correction-
network widths 10 — 18 — 24, and training quadrature orders (6, 6,4) —

(12,10,6) — (20,16,8). The relative grid error decreases 0.11684 —
0.05087 — 0.02686.
For validation orders (Qcs 0y, Oy ,) =

(10, 8,4), (20, 16, 8), (28,22, 11), (42, 36, 18),(56,48,24),  the  normal-
ized residuals are 2.24 x 1074, 3.5x 107, 1.4x 1075, 4.0x 107°, and
2.0 x 1076, The auto-convolution order gap decreases from 2.983 x 1072
to 2.37 x 1074,
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Table 4

Results in Engineering 32 (2026) 113375

Five-run controlled comparison on the principal benchmark. All rows use the common validation set (6.1);
only the approximation family is changed. Reported central values are arithmetic means + sample standard

deviations.
Method Params  Mean+SD Ey, Median Worst <107
SI-OC-PHS-fPINN 476 3.458 x 107 + 1.840 x 10~° 2416 x 107° 5.559 x 10~% 5/5
Tanh MLP, common setting 1274 1.449x 107 £7.254x 107 1.299x 10*  2.624x10™*  1/5
Gaussian RBF, common setting 453 6.171 x 1073 + 1.720 x 1073 6.126 x 1073 8.469 x 1073 0/5

1072 o
® Individual runs - °
---- Success threshold 10~* ° . §
& Mean and sample SD ®
>
W
2 1073 -
o
c
2
=
©
°
©
o ,
]
2 [
B 10 o ]
9] .
K
® @
® | o

SI-OC-PHS-fPINN

Tanh MLP

T
Gaussian RBF

Fig. 2. Five-run relative validation errors E,, for the three controlled approximation families under the same logarithmic transformation, nonlocal operators, adaptive
enrichment, higher-order reference discretizations and the independent integral residual, and multi-start optimization. Markers show individual runs; diamonds with
error bars show the arithmetic mean + sample standard deviation. The horizontal dashed line marks 10~*.

Table 5

Five-run two-dimensional verification. E is the relative error on the 121 x 51 uniform tensor grid in (p, y).

Run

Eg IR, Nl ag Veff
1 2.7260 x 102 6.6123 x 1073 0.349615 0.360171
2 2.4095 x 1072 9.8025 x 1073 0.346882 0.358077
3 2.6862 x 1072 1.1254 x 1072 0.354603 0.364191
4 2.9283 x 1072 1.0932 x 1072 0.363642 0.368615
5 2.2449 x 1072 6.4505 x 1073 0.349989 0.360543
Mean+SD 2.5990 x 1072 +2.7085 x 1073 9.0102 x 1073 +2.3268 x 1073 0.352946 + 0.006591 0.362320 + 0.004151

A nonseparable test uses the smooth coefficients,

a(x,y) = -% [140.15y(x = D], W(x, y.&,1) = 1 +0.15xy + 0.25n + 0.10y¢,
(6.12)

and the source is computed from Eq. (1.3). With seed 2025 and the
medium numerical setting, E; = 1.6404 X 1072, ||R,, ||, = 2.2687 x 1072,
ag = 0.37464, and the exact-solution equation-residual floor is 8.28 x
107,

7. Discussion

For the nonlocal discretization, Lemma 5.1 bounds the quadrature
error through approximation of the regular factor after the singular
weight is included in the Jacobi rule. Corollary 5.3 compares two
discretizations of the integral fixed-point operator. In the computa-
tion, the training-reference comparison is applied to the Caputo and
auto-convolution terms, while the integral residual uses its own fitted
rule.

Optimization enters Theorem 5.4 through e, The theorem does not
require the numerical optimizer to find a global minimizer. Several L-
BFGS runs are compared on held-out residuals so that the final state is
not selected from one trajectory only.

10

The numerical comparison in Section 6 uses a common setting
and changes only the approximation family. Spectral-fPINN and PIN-
NIES are discussed as related methods, but no error values from those
papers are included in Table 4. The method studied here uses a
learned endpoint coordinate, a derivative-free Caputo—-Hadamard resid-
ual, fitted quadrature for the weak kernel, an integral residual, and a
higher-order reference evaluation for the third-kind auto-convolution
equation.

The bounds are local. For the principal example, Theorem 2.3 is ver-
ified on 0 < p <0.01 with R =0.19 and «;, = 0.1519 < 1. No contraction
constant is reported for the full interval [0, 1]; the results on that interval
are numerical.

For the local fixed-point estimate, continuity in y is sufficient because
no singular weight occurs in the y-integration. In the numerical calcu-
lation, y is represented by Legendre modes and integrated by Gauss—
Legendre quadrature, and the manufactured solution is smooth in this
variable. A singularity in the y direction is not included in these calcu-
lations.

In the five two-dimensional runs, the endpoint scale is recovered
close to the theoretical value, while the grid error remains at the per-
cent level. The one-dimensional accuracy and the two-dimensional end-
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Fig. 3. Numerical results.

point result are therefore reported separately. The calculations do not
establish dimension-independent accuracy.

8. Conclusion

A singularity-inferred operator-consistent fractional PINN has been
developed for third-kind Caputo-Hadamard auto-convolution Volterra
equations with weakly singular kernels. The logarithmic transformation
converts the Caputo-Hadamard derivative to a Caputo derivative, and
a derivative-free representation places solution values inside the frac-
tional quadrature. The learned endpoint coordinate is shared by the
PHS trial function and the weakly singular quadrature weights, while
an independently discretized equivalent fractional-integral equation and
higher-order reference evaluations of the Caputo and auto-convolution
operators provide complementary constraints.

For algebraic source behavior, the analysis gives local existence and
uniqueness, the endpoint law, residual stability, and an error bound con-
taining approximation, quadrature, and optimization terms. The refer-
ence residual is a numerical finite-set check and is not used as a con-
tinuous operator norm. The error theorem is conditional on the stated
approximation, quadrature, and optimization assumptions.

The five one-dimensional runs give low validation errors, and the
tanh and Gaussian-RBF models give larger mean errors in the same nu-
merical setting. In two dimensions, the endpoint scale is recovered in all
five runs, while the grid error is larger. The numerical tests use manufac-
tured solutions on structured domains. Non-manufactured problems and
more accurate two-dimensional calculations are left for further work.
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