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Abstract
Aunified approach for solving the one-dimensional consolidation equation is introduced for the first time in geotechnical engi-
neering. The one-dimensional consolidation partial differential equation is solved through a combined approach employing
the complementary functions method (CFM) and Laplace transform. Using the coded program prepared in the FORTRAN,
various time-varying loads are applied to different soil types to obtain the response of excess pore water pressure. The com-
parison demonstrated an excellent agreement, thus proving the effectiveness, applicability, and capability of the proposed
approach in solving the governing canonical equations. The study’s findings reveal that sand soil (high permeability) exhibits
a less pronounced cyclic response under various cyclic loads compared to other soil types, whereas clay soil (low perme-
ability) exhibits significant periodicity in its response. The investigation into the effect of soil properties on one-dimensional
consolidation indicates that the dissipation of excess pore water pressure occurs relatively quickly in the case of highly per-
meable soils and gradually slows down as the soil permeability decreases. Due to the lower permeability of clay soil, the full
dissipation of excess pore water pressure takes a much longer time compared to other soil types. Consequently, this process
occurs over a more extended period in clay soil.

Keywords One-dimensional consolidation · Excess pore water pressure · Complementary functions method (CFM) · Cyclic
loading · Laplace domain · Saturated soils

1 Introduction

Consolidation is a time-dependent process that involves
stress, strain, and the passage of time, observed in saturated
soils with fine particles. When a certain load is applied to
the saturated soil, an increase in total stress occurs, causing a
sudden rise in pore water pressure which gradually decreases
with time. Terzaghi [1, 2]was the first to develop the theory of
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one-dimensional consolidation of soils. The theory was ini-
tially developed for sustained loading and does not account
for cases involving cyclic loading. Subsequently, Schiffman
[3] formulated an expression to determine excess pore water
pressures in a soil layer subjected to different time-dependent
loadings.

Consolidation is a crucial factor to consider in the stability
analysis of columns, footings, or embankments constructed
on saturated soft soils [4]. Due to the significance of cyclic
loading applications in various fields such as railway, airport,
andhighway engineering, the behavior of roadbed soil or sub-
grade soil in geotechnical structures like these is influenced
by the time-dependent nature of cyclic loading. Engineers
encounter challenges with cyclic loads that the soils exposed,
especially frommoving vehicles on highways, leading to soil
settlement. Several significant instances of cyclic loads are
applied to the soil such as the impact of waves on coastal
areas, the diverse stresses arising frommachinery and equip-
ment movement within the industrial floor, tidal changes
affecting water levels, the dynamic loads experienced by
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bridge supports, and the loads exerted by the wind on vari-
ous structures. The presence of these cyclic loads in the field
significantly differs from theoretical expectations based on
static loads. Consequently, it becomes significant to investi-
gate the impact of these cyclic loads, which contribute to soil
settlement problems.

Many studies were previously conducted to examine
the impact of various cyclic loadings on the process of
one-dimensional consolidation. Wilson and Elgohary [5]
obtained a theoretical solution for the consolidation pro-
cess in a saturated soil layer under cyclic loading by using
the integral transformation approach. The impact of cyclic
loads, including sinusoidal, rectangular, and triangular loads,
was analyzed by Xu et al. [6] based on Terzaghi’s principle.
Yuan-qiang et al. [7] presented a semi-analytical solution,
investigating the effects of the same type of cyclic loads
previously studied by Xu et al. [6]. Ying-chun and Kang-
he [8] introduced a semi-analytical approach to address the
one-dimensional consolidation problem, specifically taking
into account the compressibility of soil during cyclic load-
ing. Xie et al. [9] developed an analytical solution addressing
the one-dimensional nonlinear consolidation behavior of soil
under trapezoidal cyclic loading. Furthermore, Cai et al.
[10] conducted a study to investigate similar loading effects,
including other types of cyclic loads such as rectangular and
triangular loads. Additionally, [11] developed an analytical
solution to predict the excess pore water pressure in unsat-
urated soil under cyclic loading with square and triangular
patterns. Many studies [12–14] were conducted to examine
the effects of ramp loads on the consolidation process in
soils. In addition to their work, Xie et al. [15] offered an
analytical solution for the one-dimensional consolidation of
soils induced by various pumping and loading types, such
as cyclic pumping, step pumping, step loading, and continu-
ous loading. Various numericalmethods have been employed
to examine the effects of time-dependent loading on one-
dimensional consolidation. For instance, Hawlader et al. [16]
and Satwik andChakraborty [17] utilized the finite difference
method. Müthing et al. [18] presented the haversine load-
ing waveform, which includes rest periods, similar to the
one reported by Razouki and Schanz [19]. A straightforward
method was proposed by Chai et al. [20] for determining
the one-dimensional consolidation settlement curve caused
by intermittent cyclic loads based on the outcomes of finite
element studies.

Laplace transform techniques were employed by various
researchers to solve the governing equation of consolidation
[21–24]. Additionally, Huang et al. [25] employed Laplace
transform techniques to derive a series of analytical solutions
for determining the excess pore water pressure. An ana-
lytical solution addressing the problem of one-dimensional
consolidation of soil with double layers was presented by
[26], utilizing the differential quadraturemethod andLaplace

transform techniques, building upon the work of Xie [27].
Both the Laplace transform and the Crump inverse method
were used to derive semi-analytical solutions for calculating
pore water pressure and determining the degree of con-
solidation [28]. Moreover, [29] proposed a semi-analytical
solution for the two-dimensional electro-osmotic consolida-
tion of unsaturated, double-layered soil by utilizing Laplace
transform techniques.

In recent years, this topic has gained great importance
through studies that have focused on it. Semi-analytical
solutions are obtained and verified through comparisons
with experimental data, numerical models, and finite ele-
ment method simulations by Tian et al. [30]. Chung et al.
[31] presented the theoretical and experimental relationships
between settlement and time. Different statistical methods
were followed by Olek [32] to find the consolidation coeffi-
cient and end of primary consolidation based on laboratory
data of pore water pressure and compression. More methods
were used to test the swelling pressure of lime-stabilized ben-
tonite soil,which is crucial for the stability of tunnelwalls that
use bentonite. Expansive soil settlement are a major cause of
significant damage to highways, roads, and the protective
shell of tunnels that use bentonite for stability [33].

The accuracy of correlations between undrained shear
strength, compression index, and modulus of volumetric
compressibility with index parameters was evaluated for
Turkish clays [34]. Arab et al. [35] investigated the behavior
of two different types of sand combined with plastic parti-
cles with an emphasis on compressibility, consolidation, and
stress/strain response. Further, the study investigated how
bentonite stabilizes these sands. Singh and Chakraborty [36]
examined the consolidation behavior of unsaturated soil that
is surrounded by semipermeable drainage boundaries and
experiences nonlinear water flow. For both the air and water
phases, the classical diffusion equations control the transient
fluid flow process. Closed-form series solutions based on
poroelasticity theory were developed to assess the steady-
state and transient responses of total settlement and excess
pore water pressure in saturated soils subjected to time-
dependent loading [37].

Nonetheless, based on the best of the researchers’ under-
standing and knowledge, solving the one-dimensional con-
solidation equation in the Laplace domain by the CFM has
not yet been reported in the existing studies. The main goal
of this paper is to tackle the present class of problems under
any time-dependent load. For the first time in geotechnical
engineering, this unified approach is implemented, paving
the way for more advanced and efficient solutions.

It is worth mentioning that this unified approach has been
successfully and effectively applied previously inmany engi-
neering problems [38–48]. Furthermore, previous studies
[41, 42] have shown the efficiency and computational cost
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Fig. 1 One-dimensional consolidation

superiority of the suggested method over other numerical
methods.

In the present paper, a proposed approach is presented
for solving the one-dimensional consolidation equation and
predicting excess pore water pressure variation with time is
described. The Laplace transform concerning time is applied
to solve the equation governing the one-dimensional con-
solidation equation, which is a partial differential equation,
transforming it into an ordinary differential equation in the
transformed domain. Then, by employing the CFM, the ordi-
nary governing equation is simplified, allowing the boundary
value problem to be transformed into an initial value problem.
An efficient numerical method for inverse Laplace trans-
form has been applied to convert the obtained results into the
time domain. A FORTRAN program is developed to obtain
the results of excess pore water pressure for eleven differ-
ent soil types under six various time-dependent loads. Upon
comparison with results from existing literature studies, it is
observed that they exhibited good agreement. Furthermore,
the effect of soil properties on the one-dimensional consol-
idation process is investigated by applying a constant load
and five various cyclic loads to the same type of soil. Finally,
the results are provided, and conclusions are drawn.

2 Materials andMethod

2.1 Governing Equations of 1D Consolidation (Model
Equations)

As per the theory of one-dimensional consolidation for
porous media saturated with water (Fig. 1) suggested by Biot
[49] under cyclic loads q(t) applied to the surface’s top, the
one-dimensional consolidation problem’s diffusion equation
Eq. (1), which governs the dissipation of excess pore water
pressure p f over time t and depth z, can be described below

[37]:

∂p f

∂t
� cv

∂2 p f

∂z2
− γ

∂q(t)

∂t
(1)

where cv represents the consolidation coefficient and γ

denotes the efficiency of loading. The following equations,
which represent the hydraulic and elastic characteristics of
soil containing water, can be used to get the values of cv and
γ [37].

cv � ks
η

/[
α2(

Kb+
4
3G

) + 1
M

]
(2)

γ � αM(
Kb + 4

3G + α2M
) (3)

where G denotes the porous medium’s shear modulus, ks
represents intrinsic permeability, η refers to water’s dynamic
viscosity, and α represents the coefficient of Biot–Willis [50,
51] which can be expressed as follows:

α � 1 − Kb

Ks
(4)

where Kb denotes the bulk modulus of soil (porous medium)
and Ks the bulk modulus of a solid phase. The Biot poroelas-
ticity coefficient is denoted asM Biot [51], canbedetermined
using Eq. (5):

M � Ks[
1 − ∅ − Kb

Ks
+ ∅ Ks

K f

] (5)

where ∅ denotes the porosity and K f the bulk modulus of
water.

2.2 Initial and Boundary Conditions

Initial and boundary conditions can be used to obtain the
canonical equations that govern the one-dimensional con-
solidation problem and determine the excess pore water
distribution as a function of time. Utilizing the method pro-
posed in this study, the boundary value problem is resolved
by converting it into an initial value problem. In the present
study, the case of undrained conditions is considered with
regard to the initial conditions. Under undrained conditions,
neitherwater nor air escapes at themomentwhen the instanta-
neous load (total compaction stress) p∗ is applied to saturated
soil [52–54]. The initial conditions of the excess pore water
pressure, as given by Lo et al. [55], can be described as fol-
lows:

p f (z, 0) � γ p∗ (6)
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Equation (1), representing the diffusion equation of the
one-dimensional consolidation, this partial differential equa-
tion regards the dissipation of excess pore water pressure in
terms of p f as a dependent variable, relying on the inde-
pendent variables time t and depth z. As such, the variable
p f undergoes two derivatives for depth z. and one derivative
with respect to time t. Therefore, two boundary conditions
need to be determined to solve Eq. (1). These conditions usu-
ally arise from various depths within the soil layer, where the
values of excess pore pressure are known. These boundary
conditions can take the form of either one-way drainage or
two-way drainage, contingent on the specific layers posi-
tioned above and below the saturated layer in which the
consolidation occurs. In the present study, double drainage is
considered. This means that pore pressure, escaping from the
soil pores, is drained in two directions: upwards, toward the
upper drainage boundary, and downwards, toward the lower
drainage boundary [56].

The boundary conditions of the problem can be expressed
as follows [55]:

p f (0, t) � 0 (7)

p f (h, t) � 0 (8)

The boundary conditions considered permeable surfaces
at both the bottom surface (z� 0) and the top surface (z� h).
It is assumed that the height h is permeable to water, allowing
water to flow freely through these boundaries.

Also, for the imposed load value at the initial conditions
when t � 0, the q value is determined in Eq. (9);

q(0) � −p∗ (9)

2.3 The Theoretical Solution of the One-dimensional
Consolidation Equation

2.3.1 Application of the Laplace Transform

The Laplace transform is applied to Eq. (1), which is a partial
differential equationPDEand converted to an ordinary differ-
ential equation ODE. The Laplace transform techniques (L
[]) of a time-domain function, which is described by Spiegel
[57], are applied to the first and second derivatives in Eq. (1).
Taking into account the initial conditions of the equation,
each term in Eq. (1) can be transformed into the Laplace
domain as follows:

L
[
∂p f

∂t

]
� s p f (s) − p f (0) (10)

L
[
∂2 p f

∂z2

]
� d2 p f

dz2
(11)

L
[
∂q

∂t

]
� sq(s) − q(0) (12)

where s denotes the Laplace transform parameter and . rep-
resents the Laplace transformation of the quantities.

Substituting the initial condition of excess pore water
pressure as stated in Eq. (6) into Eq. (10), and similarly, sub-
stituting the initial value of the imposed load as expressed in
Eq. (9) into Eq. (12), results in:

L
[
∂p f

∂t

]
� s p f (s) + γ p∗ (13)

L
[
∂q(t)

∂t

]
� sq(s) + p∗ (14)

Accordingly, the ordinary differential equation govern-
ing one-dimensional consolidation can now be written in the
Laplace domain, taking the following forms:

s p f (s) + γ p∗ � cv

d2 p f

dz2
− γ

(
sq(s) + p∗) (15)

s p f (s) + γ p∗ � cv

d2 p f

dz2
− γ sq(s) − γ p∗ (16)

s p f (s) � cv

d2 p f

dz2
− γ sq(s) − 2γ p∗ (17)

cv

d2 p f

dz2
� s p f (s) + γ sq(s) + 2γ p∗ (18)

By simplifying Eq. (18), Eq. (19) is obtained;

d2 p f

dz2
� 1

cv

(
s p f (s) + γ sq(s) + 2γ p∗) (19)

2.3.2 Application of the CFM

As mentioned earlier, the solution proposed in this study
has been successfully applied to many structural mechan-
ics problems. However, this is the first time it has been
applied in geotechnical engineering to address the one-
dimensional consolidation problem. To examine the excess
pore water pressure response in one-dimensional consolida-
tion, the CFM is applied to the obtained governing ordinary
differential Eq. (19) in the transformed domain. The basic
idea behind this approach is to streamline two-point bound-
ary value problems by transforming them into initial value
problems. When applied to the current type of problem, it
proves to be an efficient and effective method.

Letting p f � y1 and
d p f
dz � y2 yields

y′
1 � dy1

dz
� y2 (20)
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y′
2 � dy2

dz
� d2 p f

dz2
� 1

cv

(
s p f (s) + γ sq(s) + 2γ p∗) (21)

So the equations governing the one-dimensional consoli-
dation are obtained in canonical form Eqs. (22) and (23) as
given below:

dy1
dz

� y2 (22)

dy2
dz

� 1

cv

(
s p f (s) + γ sq(s) + 2γ p∗) (23)

It is important again to mention that the canonical equa-
tions derived in this study are introduced for the first time.
The objective is to study the behavior of excess pore water
pressure during a one-dimensional consolidation process.

2.4 Time-varying External Loads and Their Laplace
Transforms

In this study, various cyclic loads are exerted for different soil
types, and their impact on the soil’s behavior is thoroughly
investigated using the method proposed in this study. The
applied cyclic loads are transformed into the Laplace domain
and implemented within the program prepared and coded in
the FORTRAN.

2.4.1 Constant Type Loading q1(t)

The imposed load q1(t) shown in Fig. 2a is:

q1(t) � −p∗ (24)

The Laplace transform of Eq. (24), which is given by
Spiegel [57]:

q1(s) � 1

s
(25)

2.4.2 Cosine-wave Type Cyclic Loading q2(t)

The imposed load q2(t) shown in Fig. 2b is:

q2(t) � −p∗cos2
(

ωt

2

)
(26)

The angular frequency of the cosine wave, denoted as ω,
is expressed as ω � 2 π f , where f represents the frequency
in Hertz and is calculated as 1

T . Consequently, substituting
1
T

for f yields ω � 2π
T . Assuming T � a, where T represents

the time of period, the expression ω � 2π
a can be put in

Eq. (26). Consequently, the cosine-wave type cyclic loading
equation in the Laplace domain can be obtained:

q2(s) � −p∗
[(

2π2 + a2s2
)

4π2s + a2s3

]
(27)

2.4.3 Square-wave Type Cyclic Loading q3(t)

The imposed load q3(t) is shown in Fig. 2c. The equation
representing the square wave type is derived in the Laplace
domain after applying the Laplace transform to the periodic
load function mentioned in [57]:

q3(s) � −p∗
[ (

1 − e−as
)

(s)
(
1 − e−2as

)
]

(28)

2.4.4 Triangle-wave Type Cyclic Loading q4(t):

The imposed loadq4(t) is shown inFig. 2d.After applying the
Laplace transform to the periodic load function, the equation
representing the square wave type is obtained in the Laplace
domain:

q4(s) � −p∗

as2

[
−as +

(eas − 1)

(eas + 1)

]
(29)

2.4.5 Half-rectified Sine Wave Type Cyclic Loading q5(t)

The imposed load q5(t) is shown in Fig. 2e. The equation
representing the half-rectified sine wave type is derived in
the Laplace domain after applying the Laplace transform to
the periodic load function as below:

q5(s) � −p∗
[

πa(
a2s2 + π2

)(
1 − e−as

)
]

(30)

2.4.6 Saw Tooth-Wave Type Cyclic Loading q6(t)

The imposed load q6(t) is shown in Fig. 2f. The equation
representing the saw toothwave type is derived in theLaplace
domain after applying the Laplace transform to the periodic
load function as below:

q6(s) � −p∗
[

1(
as2

) − e−as

s
(
1 − e−as

)
]

(31)
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Fig. 2 Time-varying applied loads a constant type load q1(t), b cosine-wave type cyclic load q2(t), c square-wave type cyclic load q3(t), d triangle-
wave type cyclic load q4(t), e half-rectified sine wave type cyclic load q5(t), and f saw tooth-wave type cyclic load q6(t)

3 Results and Discussion

In this section, the values of excess pore water pressure that
vary with time are addressed for eleven different types of
soils subjected to six different loading cases; constant q1(t)
loading or five different cyclic q2(t), q3(t), q4(t), q5(t) and
q6(t) loading as illustrated in Fig. 2. The canonical Eqs. (22)
and (23) derived in the Laplace domain have been integrated
into the prepared FORTRAN programming language. In this

study, the inverse Laplace transform is utilized to convert
the outcomes acquired in the Laplace domain into the time
domain, thereby obtaining the resulting excess pore water
pressure. All operations are carried out with double precision
in the program. The hydraulic and elastic parameters of both
the solid particles and water that are used in the present study
are summarized in Table 1.

In the current research, necessary parameters for numeri-
cal calculations like porosity ∅, soil bulk modulus Kb, shear
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Table 1 Soil sample height, applied load, as well as the hydraulic and
elastic parameters of both the solid particles and water [55, 58, 59]

Parameters Value

Soil sample height h � 1m

Bulk modulus of solid Ks � 35 GPa

Bulk modulus of water K f � 2.25 GPa

Dynamic viscosity of water η � 0.001 Ns/m2

Applied load p ∗ � 0. 1 MPa

modulus G, and intrinsic permeability ks are employed for
11 different classes of soil texture which are presented in
Table 2.

For the parametric studies in this work, values forM ,α, γ ,
and cv are computed using the parameters outlined in Table 1
and Table 2, applying Eqs. (2)–(5). These calculated values
are listed in Table 3.

3.1 Validation

In order to validate the accuracy of the proposed solution, a
comparison is conducted between the dimensionless excess
pore water pressure p f

/
p∗ results obtained from the pro-

posed method in the present study and those obtained by
Deng et al. [37]. These comparisons are carried out for two
types of saturated soil, sand, and clay, subjected to various
external time-varying loads.

The results of p f
/
p∗ obtained for saturated sand soil sub-

jected to three types of external time-varying loads are shown
in Fig. 3 for (a) constant type load q1(t), (b) cosine-wave type
cyclic load q2(t), and (c) triangle-wave type cyclic load q4
(t). From Fig. 3, it is observed that the p f

/
p∗ results for case

q1(t) obtained in this study overlap with those obtained by
Deng et al. [37]. Additionally, it can be seen that the results
obtained in this study for casesq2(t) andq4(t) are in harmony
with the results obtained by Deng et al. [37].

The results of p f
/
p∗ obtained from this study are com-

pared with those obtained by Deng et al. [37] for saturated
clay soil subjected to three types of external time-varying
loads as graphed and shown in Fig. 4 for (a) cosine-wave
type cyclic load q2(t) (b) square-wave type cyclic load q3
(t), and (c) triangle-wave type cyclic load q4(t). In Fig. 4,
it is also observed that the results obtained by the proposed
method completely match those of Deng et al. [37], demon-
strating an excellent agreement.

3.2 Numerical Applications and Discussion

The impact of a constant load q1(t) and five different cyclic
loads cosine-wave type cyclic load q2(t), square-wave type
cyclic load q3(t), triangle-wave type cyclic load q4(t), half-
rectified sinewave type cyclic loadq5(t), and saw tooth-wave
type cyclic load q6(t) applied to the same type of soil is exam-
ined. The dimensionless excess pore water pressure results
obtained in the time domain for 11 types of soil are carried out
by applying the canonical Eqs. (22) and (23) derived in this
study in the Laplace domain within the prepared program.
Hence, the resulting response of p f

/
p∗ for sand, loamy sand,

sandy loam, loam, silt loam, sandy clay loam, clay loam, silty
clay loam, sandy clay, silty clay, and clay soils of which their
properties are presented inTable 1 andTable 2 is investigated.
Therefore, the variation of p f

/
p∗ under any of the assigned

applied types of loads for each one of the prescribed types of
soil is graphically plotted with a time span of 100 to 1000 s.

The results for p f
/
p∗ obtained from the present study

under the effect of static load q1(t) and five different cyclic

Table 2 Porosity ∅, soil bulk
modulus Kb, shear modulus G,
and intrinsic permeability ks for
11 different soil texture classes
[60–62]

Soil texture
class

Porosity ∅ Soil bulk modulus
Kb(MPa)

Shear modulusG
(MPa)

Intrinsic
permeability

ks
(
m2

)
Sand 0.437 35.3 13.3 5.946 × 10−12

Loamy sand 0.437 29.9 11.3 1.730 × 10−12

Sandy loam 0.453 25.4 9.3 7.334 × 10−13

Loam 0.463 17.6 6.3 3.738 × 10−13

Silt loam 0.501 16.2 5.5 1.925 × 10−13

Sandy clay
loam

0.398 23.8 9.1 1.218 × 10−13

Clay loam 0.464 13.7 5.7 6.513 × 10−14

Silty clay loam 0.471 12.3 4.3 4.247 × 10−14

Sandy clay 0.430 20.7 8.0 3.398 × 10−14

Silty clay 0.479 11.5 4.1 2.548 × 10−14

Clay 0.475 4.5 2.4 1.699 × 10−14
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Table 3 The values of
parameters M , α, γ , and cv of 11
different soil texture classes

Soil texture class Biot poroelasticity
coefficient M (Pa)

Coefficient of
Biot–Willis α

The loading
efficiency γ

Coefficient of
consolidation
cv

(
m2/sec

)
Sand 4.76 × 109 0.998991429 0.989947587 3.12 × 10−1

Loamy sand 4.76 × 109 0.999145714 0.991463943 7.72 × 10−2

Sandy loam 4.61 × 109 0.999274286 0.992574927 2.75 × 10−2

Loam 4.52 × 109 0.999497143 0.994778608 9.67 × 10−3

Silt loam 4.22 × 109 0.999537143 0.994911010 4.51 × 10−3

Sandy clay loam 5.15 × 109 0.999320000 0.993741113 4.35 × 10−3

Clay loam 4.51 × 109 0.999608571 0.995689750 1.38 × 10−3

Silty clay loam 4.46 × 109 0.999648571 0.996316268 7.63 × 10−4

Sandy clay 4.82 × 109 0.999408571 0.994117570 1.06 × 10−3

Silty clay 4.39 × 109 0.999671429 0.996475352 4.31 × 10−4

Clay 4.42 × 109 0.999871429 0.998389917 1.31 × 10−4

loads for sand, loamy sand, and sandy loam soil are compared
in (Figs. 5, 6 and 7) respectively with time span of 100 s. To
better examine the response of p f

/
p∗ under various time-

varying loads, this time interval is divided into periods of
10 s.

In terms of the load functions encountered as illustrated
in (Figs. 5, 6), it becomes apparent that the p f

/
p∗ values

reach their greatest values under square-wave type cyclic load
function q3(t) among the various applied load functions in
sand and loamy sand soil.

For sandy loam as observed in Fig. 7, it becomes apparent
that the p f

/
p∗ values under the half-rectified sine wave type

cyclic load function q5(t) take the largest value and are close
to the p f

/
p∗ values under the square-wave type cyclic load

function q3(t).
The results of p f

/
p∗ under various external time-varying

loads for loam, silt loam, and sandy clay loam soils are
depicted in (Figs. 8, 9 and 10) respectivelywith a time span of
200 s, while for clay loam, silty clay loam, and sandy clay, the
results of p f

/
p∗ are further compared under various external

time-varying loads with time span of 500 s as illustrated in
(Figs. 11, 12 and 13) respectively. From (Figs. 8, 9, 10, 11,
12 and 13) for loam, silt loam, sandy clay loam, clay loam,
silty clay loam, and sandy clay soils, it can be observed that
the greatest p f

/
p∗ values occur under the half-rectified sine

wave type cyclic load function q5(t).
The p f

/
p∗ values for silty clay and clay soils are also com-

pared under various time-varying external loads with time
span of 1000 s allowing longer time for more dissipation of
excess pore water pressure, and illustrated in Figs. 14 and 15,
respectively. In the case of silty clay, the greatest p f

/
p∗ val-

ues occur under the half-rectified sine wave type cyclic load
function, whereas for clay soil, the graphs of p f

/
p∗ values

oscillate at approximately the same values in terms of load
functions.

In Fig. 16, the resulting response of p f
/
p∗ for sand, loamy

sand, sandy loam, loam, silt loam, sandy clay loam, clay
loam, silty clay loam, sandy clay, silty clay, and clay soils is
examined under constant load q1(t)with time span of 1000 s.

As seen in Fig. 16, the value of p f
/
p∗ changes over time

in different soil types has been found to be gradually decreas-
ing. Since the permeability of sand soils is high, the p f

/
p∗

disperses and dissipates faster than in other soil types. As the
permeability of the soil is getting lower, the full dissipation
of p f

/
p∗ takes longer.

However, to better understand the behavior and response
of p f

/
p∗, three different soil types such as sand, sandy clay,

and clay are examined under four various time-dependent
loads constant load q1(t), cosine-wave type cyclic load q2
(t), square-wave type cyclic load q3(t), and triangle-wave
type cyclic load q4(t) as illustrated in Fig. 17. The time span
for each type is taken as 1000 s. In Fig. 17a, it has been
observed that the excess pore water pressure under the con-
stant load q1(t) is completely dissipated in sand soil, while it
is not completely dissipated in clay soil. Due to its high per-
meability, sand soil exhibits a faster dissipation of the p f

/
p∗

value compared to other soil types. Conversely, clay soils,
with their low permeability, experience a slower dissipation
of p f

/
p∗, necessitating a relatively longer duration for this

phenomenon to occur. This curve is similar to Terzaghi’s
exact solution in the clay soil.

In Fig. 17b, c, and d, it is noted that at 1000 s, the dissipa-
tion of excess pore water pressure in the sand graph is nearly
to complete, while the periodic response persists in clay and
sandy clay soils. Furthermore, oscillations diminish below
zero with the passage of time.
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Fig. 3 A comparison between the results of dimensionless excess pore
water pressure p f

/
p∗ obtained from the present study and those

obtained by Deng et al. [37] for saturated sand soil under time-varying
applied loads a constant type load q1(t), b cosine-wave type cyclic load
q2(t), and c triangle-wave type cyclic load q4(t)
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Fig. 4 A comparison between the
results of dimensionless excess
pore water pressure p f

/
p∗

obtained from the present study
and those obtained by Deng et al.
[37] for saturated clay soil under
time-varying applied loads
a cosine-wave type cyclic load q2
(t) b square-wave type cyclic
load q3(t), and c triangle-wave
type cyclic load q4(t)
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Fig. 5 A comparison of the
results of dimensionless excess
pore water pressure with time for
saturated sand soil under constant
type load q1(t), cosine-wave type
cyclic load q2(t), square-wave
type cyclic load q3(t),
triangle-wave type cyclic load q4
(t), half-rectified sine wave type
cyclic load q5(t), and saw
tooth-wave type cyclic load q6(t)

Fig. 6 A comparison of the
results of dimensionless excess
pore water pressure with time for
saturated loamy sand soil under
constant type load q1(t),
cosine-wave type cyclic load q2
(t), square-wave type cyclic load
q3(t), triangle-wave type cyclic
load q4(t), half-rectified sine
wave type cyclic load q5(t), and
saw tooth-wave type cyclic load
q6(t)

Fig. 7 A comparison of the
results of dimensionless excess
pore water pressure with time for
saturated sandy loam soil under
constant type load q1(t),
cosine-wave type cyclic load q2
(t), square-wave type cyclic load
q3(t), triangle-wave type cyclic
load q4(t), half-rectified sine
wave type cyclic load q5(t), and
saw tooth-wave type cyclic load
q6(t)
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Fig. 8 A comparison of the
results of dimensionless excess
pore water pressure with time for
saturated loam soil under
constant type load q1(t),
cosine-wave type cyclic load q2
(t), square-wave type cyclic load
q3(t), triangle-wave type cyclic
load q4(t), half-rectified sine
wave type cyclic load q5(t), and
saw tooth-wave type cyclic load
q6(t)

Fig. 9 A comparison of the
results of dimensionless excess
pore water pressure with time for
saturated silt loam soil under
constant type load q1(t),
cosine-wave type cyclic load q2
(t), square-wave type cyclic load
q3(t), triangle-wave type cyclic
load q4(t), half-rectified sine
wave type cyclic load q5(t), and
saw tooth-wave type cyclic load
q6(t)

Fig. 10 A comparison of the
results of dimensionless excess
pore water pressure with time for
saturated sandy clay loam soil
under constant type load q1(t),
cosine-wave type cyclic load q2
(t), square-wave type cyclic load
q3(t), triangle-wave type cyclic
load q4(t), half-rectified sine
wave type cyclic load q5(t), and
saw tooth-wave type cyclic load
q6(t)
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Fig. 11 A comparison of the results of dimensionless excess pore water
pressure with time for saturated clay loam soil under constant type load
q1(t), cosine-wave type cyclic load q2(t), square-wave type cyclic load

q3(t), triangle-wave type cyclic load q4(t), half-rectified sine wave type
cyclic load q5(t), and saw tooth-wave type cyclic load q6(t)

Fig. 12 A comparison of the
results of dimensionless excess
pore water pressure with time for
saturated silty clay loam soil
under constant type load q1(t),
cosine-wave type cyclic load q2
(t), square-wave type cyclic load
q3(t), triangle-wave type cyclic
load q4(t), half-rectified sine
wave type cyclic load q5(t), and
saw tooth-wave type cyclic load
q6(t)

Fig. 13 A comparison of the
results of dimensionless excess
pore water pressure with time for
saturated sandy clay soil under
constant type load q1(t),
cosine-wave type cyclic load q2
(t), square-wave type cyclic load
q3(t), triangle-wave type cyclic
load q4(t), half-rectified sine
wave type cyclic load q5(t), and
saw tooth-wave type cyclic load
q6(t)

123



Arabian Journal for Science and Engineering

Fig. 14 A comparison of the
results of dimensionless excess
pore water pressure with time for
saturated silty clay soil under
constant type load q1(t),
cosine-wave type cyclic load q2
(t), square-wave type cyclic load
q3(t), triangle-wave type cyclic
load q4(t), half-rectified sine
wave type cyclic load q5(t), and
saw tooth-wave type cyclic load
q6(t)

Fig. 15 A comparison of the results of dimensionless excess pore water
pressure with time for saturated clay soil under constant type load q1
(t), cosine-wave type cyclic load q2(t), square-wave type cyclic load q3

(t), triangle-wave type cyclic load q4(t), half-rectified sine wave type
cyclic load q5(t), and saw tooth-wave type cyclic load q6(t)
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Fig. 16 A comparison of the results of dimensionless excess pore water pressure with time for 11 different types of saturated soils under constant
load q1(t)

4 Conclusion and Recommendations

In this study, an effective unified approach is utilized to solve
the one-dimensional consolidation equation for various time-
dependent loads. The novelty of this study is to employ the
CFM together with the Laplace transformation and modified
Durbin’s inverse transformation in the solution of the consid-
ered problem. This approach is employed for the first time
in geotechnical engineering. By following this approach, we
successfully obtained the related canonical governing equa-
tions for the first time.

The results of this study show excellent agreement when
compared with those existing in the available literature.
Consequently, the proposed method has been validated as
effective and successful in solving the canonical equations
governing the one-dimensional consolidation of soils under
time-dependent loading. Different soil types under various
loads are examined to obtain the results of excess pore water
pressure, and a program is coded for this purpose. The find-
ings demonstrate that:

• The curve of the dimensionless excess pore water pressure
with timevariation obtained for clay soil under the constant
load q1(t) resembles Terzaghi’s exact solution, thereby
validating the effectiveness of the proposed method.

• When the effect of soil properties on consolidation is exam-
ined, it has been observed that the dimensionless excess
pore water pressure value gradually decreases over time in
different soil types under constant load q1(t).

• It has been noted that under various cyclic loads, sand soil
exhibits a less periodic response compared to other soils,
while clay soil demonstrates a more pronounced periodic
response to the excess pore water pressure.

• In terms of the load functions for sand and loamy sand
soils, the square wave type yielded the highest values of
dimensionless excess pore water pressure.

• For sandy loam soil, the values of dimensionless excess
pore water pressure under the half-rectified sine wave type
are highest and closely match those under the square wave
type.

• The half-rectified sine wave type created the greatest val-
ues of p f

/
p∗ for loam, silt loam, sandy clay loam, clay

loam, silty clay loam, sandy clay, and silty clay soils. In
clay soil, the load graphs of p f

/
p∗ values oscillated at

approximately the same values.
• Results demonstrate that type of the soil has a crucial role
in determining its dynamic behavior. It is recommended
that if the solid is subjected to dynamic loads the engineers
should make a detailed analysis of consolidation.

• The suggested method can be applied for any arbitrary
dynamic load.

• It is believed that the results of this paper can be used as
benchmark solutions for the future research studies in this
field.
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Fig. 17 p f
/
p∗ values with time for saturated sand, sandy clay, and clay soil under external time-varying loads a constant load q1(t), b cosine-wave

type cyclic load q2(t), c square-wave type cyclic load q3(t), and d triangle-wave type cyclic load q4(t)
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