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ARTICLE INFO ABSTRACT

Dataset link: http://dx.doi.org/10.1038/54159 This paper presents a robust co-design framework for differential spiral electrical impedance spectroscopy (EIS)
8-019-42776-9 biosensors, developed as an in silico methodological study for urine-sensing applications in bladder cancer
Keywords: surveillance. The objective is to improve parameter identifiability in label-free differential urine sensing when
Electrical impedance spectroscopy (EIS) nuisance effects, fabrication tolerances, and reference mismatch reduce estimation reliability. The framework
Differential sensing combines differential sensing to suppress shared common-mode nuisance with joint optimization of sensor
Spiral biosensor geometry and frequency selection. The design is formulated as a minimax Fisher-information problem to
Robust co-design improve worst-case identifiability.

Fisher information The primary co-design evaluation uses an application-motivated synthetic protocol with matched budgets

Parameter identifiability
Urine sensing
Bladder cancer surveillance prescreening

and multiple baselines. The proposed method improves worst-case identifiability and Cramér-Rao lower-
bound proxy metrics at the same frequency budget, with consistent gains under budget variation, uncertainty
amplification, and reference mismatch. To examine transfer beyond the synthetic model family at component
level, we additionally analyzed an independent measured EIS dataset using grouped hold-out validation and
training-only empirical minimax frequency selection. At a four-frequency budget, the measured-data analysis
achieved a balanced accuracy of 79.6% =+ 11.6%, compared with 70.4% + 14.0% for log-uniform selection and
74.1% + 8.5% for the full 101-frequency spectrum. This independent analysis supports the differential sparse-
frequency design principle outside the synthetic generator, but it does not validate the optimized spiral
geometry, urine sensing, bladder-cancer diagnosis, or clinical readiness.

1. Introduction time, current guidelines emphasize that urinary markers should not re-

place cystoscopic evaluation [8,9]. Accordingly, the present study does

Electrical impedance spectroscopy (EIS) is a widely used method for not claim clinical validation or diagnostic readiness. Instead, it uses

measuring frequency-dependent electrical behavior in electrochemical this medical context to motivate a robust in silico design framework
and biosensing systems. It is attractive because a single frequency for future adjunct urine-sensing systems.

sweep can capture information about material, interface, and transport
processes across multiple scales [1-4]. In label-free biosensing, EIS is
also appealing because it can support direct sensing without chemical
labels and can be implemented with compact and relatively low-cost
hardware [5-7].

In this work, we study the methodology in an application-motivated
setting related to urine sensing for bladder cancer surveillance. This
context is clinically relevant because bladder cancer follow-up often
involves repeated surveillance, and urine-based tests are of continuing
interest as supportive tools within surveillance workflows. At the same

Reliable parameter estimation from EIS data remains difficult in
practice. Real measurements can be affected by nuisance signals, fabri-
cation tolerances, drift, and reference mismatch, and these effects can
reduce identifiability even when nominal sensitivity appears strong. As
a result, a design that performs well under idealized conditions may
become unstable under uncertainty, which limits practical deployment
in biosensing applications [10,11].

A second challenge is that key design choices are often handled
separately. The sensing operator, sensor geometry, and frequency set
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Table 1

Summary of related work and the gap addressed in this study.
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Reference(s) Area Main contribution Limitation relative to this work
[1-5] EIS foundations and Establish EIS theory, measurement workflow, and Do not address differential spiral co-design or robust
tutorials interpretation principles across applications. minimax identifiability optimization.
[6,7,10,11] Label-free impedance Show the value of impedimetric biosensing and discuss Do not formulate estimation-driven co-design under
biosensing practical limits in reproducibility and reliability. uncertainty.
[12] Geometry optimization Demonstrates that electrode geometry strongly affects Focuses on nominal sensitivity, not joint geometry and
sensitivity and detection performance. frequency optimization for worst-case identifiability.
[13-15] Multichannel and Shows multichannel and differential readout methods Provides hardware motivation, but not
differential sensing that improve common-mode rejection and small-signal uncertainty-aware co-design of geometry and
hardware detection. frequency selection.
[23] Identifiability in Clarifies identifiability conditions in impedance Does not address robust sensor and experiment
impedance models modeling and the role of model structure. co-design for practical worst-case identifiability.
[19,20,24] Classical optimal Provides mathematical foundations for informative General framework only; not specialized to differential
experimental design experiment design and optimality criteria. spiral EIS biosensors.
[18,25,26] Estimation and system Establishes FIM/CRLB reasoning and the effect of Foundational only; not integrated with sensor
identification excitation design on estimation quality. architecture co-design.
[21,22] Modern and robust OED Extends OED to modern computation and Not directly linked to differential EIS biosensor
uncertainty-aware min-max formulations. geometry and frequency co-design.
This work Differential EIS robust Combines differential sensing, geometry optimization, The geometry co-design evidence remains synthetic;

co-design

and frequency selection in a minimax
Fisher-information framework for worst-case

the added measured-data analysis validates only the
differential sparse-frequency component.

identifiability under synthetic uncertainty.

are commonly selected one at a time or by heuristic rules, even though
they are strongly coupled in EIS and jointly determine sensitivity and
estimation uncertainty. Consequently, improving only one part of the
system does not necessarily improve overall identifiability [12-15].
Related biosensor studies in adjacent sensing modalities also show that
architecture design, material configuration, and frequency-selective be-
havior can strongly influence sensing performance, as seen in recent
nanophotonic and metasurface-based sensor platforms [16,17].

This study addresses this gap by proposing a robust co-design
framework for differential spiral EIS biosensing under synthetic uncer-
tainty. The method combines a differential sensing operator, intended
to suppress shared common-mode nuisance, with joint optimization
of sensor geometry and frequency selection. The design is formulated
as a minimax problem based on Fisher information so that the objec-
tive targets worst-case identifiability rather than nominal performance
alone [18-22].

We evaluate the main co-design framework using an application-
motivated synthetic protocol with matched budgets and multiple base-
lines, including single-channel, differential-only, and partial co-design
variants. The results and ablation analyses show improved worst-case
identifiability and measurement efficiency under the stated synthetic
uncertainty model. We also add a component-level analysis on inde-
pendently measured EIS spectra to test whether differential sparse-
frequency interrogation remains informative outside the synthetic gen-
erator. The study should still be interpreted as a methodological con-
tribution rather than confirmation of a fabricated urine sensor or a
clinically deployable biosensor [23-25].

2. Related work

Electrochemical impedance spectroscopy (EIS) is a mature method
for studying frequency-dependent electrical behavior in electrochemi-
cal and biosensing systems. Foundational books and modern reviews
explain the main theory, measurement workflow, and common ap-
plications, and they also show that interpretation quality depends
on modeling assumptions, excitation design, and noise handling [1-

5]. This makes EIS informative, but it also makes reliable parameter
estimation difficult when uncertainty is present.

In label-free biosensing, impedance methods remain attractive be-
cause they support direct sensing, compact instrumentation, and rel-
atively low-cost integration. At the same time, many reviews report
practical limitations such as nonspecific effects, interface variability,
and environmental changes, which can reduce reproducibility and esti-
mation reliability [6,7,10,11]. These studies motivate better biosensor
architecture and measurement strategy, but they do not formulate
design as a worst-case identifiability optimization problem. Recent
non-EIS biosensor studies also highlight the importance of deliberate
platform design, including graphene-enhanced terahertz metasurface
SPR architectures for cancer-oriented detection and multilayer SPR
biosensors for ultrasensitive biomarker sensing [27,28].

Another important line of work focuses on sensor geometry. Re-
cent finite-element studies show that parameters such as electrode
gap, width, and height strongly affect sensitivity and detection perfor-
mance [12]. This confirms that geometry is a major design variable,
but most geometry studies optimize nominal sensitivity or task-level
performance and do not jointly optimize geometry and the frequency
set using an estimation-theoretic objective.

Differential and multichannel impedance sensing is also well mo-
tivated in the hardware literature. Multichannel analyzers and differ-
ential readout circuits can reduce common disturbances and improve
detection of small changes, while also revealing practical limitations
such as mismatch and common-mode leakage [13-15]. These stud-
ies support differential sensing, but they do not provide a unified
framework that jointly optimizes sensor geometry and measurement
frequencies under uncertainty.

The mathematical basis for principled measurement selection comes
from optimal experimental design, Fisher information analysis, and
identifiability theory. Classical references provide the foundations of
optimality criteria and Cramér—Rao-based reasoning, and system iden-
tification texts explain how experiment design affects estimation qual-
ity [18-20,24-26]. Modern surveys extend these ideas to more complex
settings [21], and identifiability work in impedance modeling shows
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that practical identifiability depends on excitation and data condi-
tions, not only on model structure [23]. Robust experiment design also
addresses uncertainty explicitly through min-max formulations [22].

The main gap is the lack of a single framework that combines
differential sensing, geometry optimization, and frequency selection
under uncertainty with a minimax identifiability objective. This gap is
important for application-motivated biosensor development, including
urine-based bladder cancer surveillance prescreening, where robust-
ness and measurement consistency are essential for future adjunct
workflows [8,9]. The present work addresses this gap by combin-
ing a differential sensing operator with joint geometry and frequency
co-design in a robust Fisher-information-based framework. Table 1
summarizes the main lines of previous work and clarifies the position
of this study.

3. Problem statement and main study contribution

Electrical impedance spectroscopy (EIS) is useful for label-free
biosensing, but reliable parameter estimation is often difficult in prac-
tice. Real measurements are affected by nuisance signals, fabrication
tolerances, drift, and reference mismatch. These effects can reduce
identifiability even when nominal sensitivity looks strong.

This issue is important in urine-sensing applications related to blad-
der cancer surveillance, where future practical translation would de-
pend on stable and repeatable measurements. In this study, the goal
is not clinical diagnosis. The goal is to support robust urine biofluid
sensing under uncertainty in an application-motivated in silico setting.

Another challenge is that key design choices are often made sep-
arately. The sensing operator, sensor geometry, and interrogation fre-
quencies are usually selected one by one or by heuristics. In EIS, how-
ever, these choices are coupled because they jointly affect sensitivity
and estimation uncertainty. This can lead to suboptimal performance,
especially when the frequency budget is limited.

The main problem in this work is how to design a differential
spiral EIS biosensing system that remains identifiable under uncertainty
while using a limited number of frequencies. The focus is on improving
worst-case identifiability, not only nominal performance.

Fig. 1 summarizes the study. Panel (a) shows the differential spiral
sensing concept with a urine sample and a reference urine matrix, using
AZ = Z, — Z, to reduce shared nuisance effects. Panel (b) shows
the simplified readout and acquisition chain. Panel (c) shows the co-
design outcome, where geometry and a frequency subset are selected
to improve robust identifiability.

To address this problem, we propose a robust co-design framework
for differential spiral EIS biosensing under synthetic uncertainty. The
framework combines a differential sensing operator with joint opti-
mization of sensor geometry and frequency selection. The design uses
a Fisher-information-based minimax objective to improve worst-case
identifiability.

The main contribution is a unified methodological and robust de-
sign framework that links differential sensing, geometry design, and
frequency selection in one formulation. The study also provides a clear
evaluation protocol with matched-budget comparisons and ablation
analyses to show the value of each component.

The geometry co-design evaluation remains synthetic and model-
dependent. An additional independent measured-data analysis tests
the differential sparse-frequency principle outside the synthetic model
family, but the study does not claim fabricated-sensor verification,
urine-specific validation, or clinical readiness. Its contribution is a
clear design strategy for subsequent hardware and biosample studies
in urine-sensing applications related to bladder cancer surveillance.
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4. Methodology
4.1. Preliminaries and notation

We formulate this study as a robust inverse-design problem for a
differential spiral label-free EIS biosensor under dispersive uncertainty.
The methodology is purely mathematical and is intentionally separated
from fabrication, instrumentation, and clinical validation. In this work,
the medical context is urine sensing in applications related to bladder
cancer surveillance, but the present section remains a non-clinical,
application-motivated in silico mathematical framework rather than an
experimental or clinical study.

This section defines the differential sensor operator, the geometry—
frequency co-design problem, and the synthetic uncertainty model used
for methodological concept validation.

Let 2 c R? denote the sensing domain occupied by the interro-
gated medium. For angular frequency w € [, ®pay ], the medium is
represented by a complex admittivity field

y(x,w;0) = o(x;0) + jwe(x; 0), x € Q, “4.1)

where ¢ and ¢ denote conductivity and permittivity, respectively, and
0 € © c R? is a latent parameter vector describing an effective
dispersive biofluid state.

The sensor is parameterized by a geometry-design vector

d = (N,w,s, Doyt Eur 8 Wy ) € D, (4.2)

where N is the number of turns, w is the trace width, s is the inter-trace
spacing, D, is the outer diameter, ¢y, is the substrate thickness, e,
is the substrate relative permittivity, and (g, w,) denote optional guard-
gap and guard-width parameters used to shape fringing fields and sta-
bilize differential coupling. The admissible set D encodes fabrication,
symmetry, and packaging constraints.

The frequency-design variable is a cardinality-constrained subset

F = {ag i, C [@nins @max]s |F| =m, (4.3)

where m is a prescribed frequency budget reflecting measurement-time
and electronics constraints.

Throughout, bold symbols denote finite-dimensional vectors, and >
denotes positive semidefinite (PSD) matrix ordering.

4.2. Assumptions

The following assumptions are introduced only where mathemati-
cally needed and are consistent with the intended differential sensor
architecture.

Assumption 1 (Matched Differential Channels and Common-Mode Nui-
sance). The sensing and reference spiral channels are routed and in-
terrogated through a nominally matched readout chain such that dom-
inant nuisance effects (lead parasitics, stray coupling, environmental
drift, front-end offsets) appear as a common-mode term depending
on (d,w), up to residual mismatch absorbed in the differential noise
covariance. This assumption is introduced as an idealized modeling
condition for the proposed differential architecture and does not imply
perfect cancellation in practical fabricated systems, where additional
channel mismatch and unmodeled non-idealities may remain.

Assumption 2 (Known Reference Branch Response). The reference chan-
nel interacts with a fixed, known reference condition parameterized by
0, (e.g., a reference urine matrix or a known reference stack response),
and 0, is treated as known in the forward model.

Assumption 3 (Differentiability). The differential mean response is con-
tinuously differentiable with respect to # and piecewise continuously
differentiable with respect to the continuous components of d over the
feasible region D.
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(a) Differential spiral sensor concept
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Fig. 1. Schematic overview of the proposed differential spiral EIS biosensing platform and the main study contribution for urine-sensing applications related
to bladder cancer surveillance. (a) Differential spiral sensing concept with paired sample and reference sensors, where the differential response (4Z = Z, — Z,)
suppresses shared nuisance effects. (b) Simplified readout and acquisition chain with a single sine excitation source, sensing module, differential amplifier,
ADC/MCU, and data processing. (c) Compact co-design outcome showing optimized geometry, selected frequencies on a one-dimensional frequency axis, and

robust identifiability under uncertainty.

Assumption 4 (Nondegenerate Residual Noise). For every feasible (d, F),
the residual differential observation covariance X(d, F) is symmetric
positive definite.

Assumptions 1-4 ensure a well-defined differential inverse problem
and a valid Fisher-information-based co-design objective.

4.3. Formal problem statement

The objective is to jointly design a differential spiral sensor geom-
etry d and a frequency subset F such that the resulting differential
impedance measurements maximize the worst-case inferential quality
for recovering or distinguishing latent biofluid-state parameters 6 € ©.

Formally, let h(d, F;6) denote the stacked real-imaginary mean
differential response (defined in Section 4.9), and let 7(0;d, F) be the
Fisher information matrix (Section 4.10). The co-design problem is
posed as the minimax program

(d*, F*) € arg max ggg@(l(e;d,F)), (4.9)

FClomin@max | Fl=m

where @ is an identifiability functional (e.g., D-optimal or E-optimal
criterion).

The formulation in Eq. (4.4) yields a robust design optimized against
the most adverse admissible latent configuration. In this study, that
design is used for application-motivated synthetic validation, not for
direct clinical claims.

4.4. Differential sensing architecture and measurement operator

4.4.1. Single-channel spiral measurement model (baseline operator)

Let H(d,w;0) € C denote the ideal impedance response of a spiral
geometry d interrogating a medium parameterized by 6 at angular
frequency w. Let v € ¥V C R’ parameterize nuisance effects. A
single-channel spiral measurement is modeled as

Z(d,w;0,v) = H(d,w;0) + P(d,w; V) + e(w), (4.5)

where P(d,w;v) is a structured nuisance term and e(w) is zero-mean
complex noise.

Eq. (4.5) represents the conventional non-differential operator and
serves as the mathematical baseline.

4.4.2. Proposed differential spiral architecture (sensor operator)

The proposed sensor uses two nominally co-located and nominally
matched spiral channels on the same platform. The sensing spiral
interacts with the unknown sample condition parameterized by 6,
and the reference spiral interacts with a known reference condition
parameterized by 6,. This paired architecture is introduced as an ideal-
ized differential sensing configuration for methodological analysis, with
practical performance expected to depend on the degree of physical
matching achieved after fabrication and readout integration.

Their measured impedances are

Z(d,w)=H(d,w;0)+ P(d,w; V) + e,(w), (4.6)
Z.(d,0) =H(d,w;6,) + Pd,w; V) + €,.(w). 4.7)
The differential observable is defined by

AZd,w) = Zd,w)— Z,(d, ). (4.8)

Proposition 1 (Common-Mode Nuisance Cancellation). Under Assump-
tions 1-2, the differential measurement in Eq. (4.8) satisfies

AZ(d,w) = AH(d, w; 0) + E(w), (4.9)
where
AH(d,w;0) = H(d,w;0) — H(d, »;0,), (4.10)

and &(w) = e,(w) — €,(w) is residual differential noise.
Subtract Eq. (4.7) from Eq. (4.6). By Assumption 1, the nuisance term
P(d,w;v) cancels identically, yielding Eq. (4.9). [
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Eq. (4.9) formalizes the key architectural idea: the measurement
operator changes from a single-channel impedance map to a differen-
tial operator that suppresses common-mode nuisance under the stated
matching assumptions. In practice, the extent of this suppression may
be limited by residual asymmetry, parasitic imbalance, and other un-
modeled non-ideal effects.

4.5. Physics-based forward operator for spiral impedance

For each (d, w, 0), the ideal response H(d, w; 0) is induced by a quasi-
static complex-conductivity field model. Let ¢ : 2 — C denote the

complex potential solving
V- (r(x,0;0)V(x)) =0  in @, (4.11)

subject to electrode boundary conditions determined by the spiral
geometry d:

¢Img+> =V, (4.12)
¢|09([) =0, (4.13)
and insulating conditions elsewhere:

Y%, @, 0)Ve(x) - n(x) =0 on 02\ (0257 uaQ”). (4.14)
The complex current is

I(d,w;0) = /a_Q(j) y(x,0;0)Vp(x) - n(x)ds, (4.15)
and the ideal impedance is

H(d,w;0) = ﬁ (4.16)

Egs. (4.11)-(4.16) define the spiral forward map underlying the
differential operator in Eq. (4.10). In this work, the operator is used
as the generative core for synthetic mathematical validation.

4.6. Structured nuisance model (parasitics and drift)

To make the differential construction mathematically meaningful,
the nuisance term in Eq. (4.5) is modeled as a structured parasitic
operator rather than an unstructured perturbation. We write

P, w;v) = joL,(d) + + Zop(@; p) + Sgrip (@3 ), 4.17)

1
JjoCy(d)
where v = (L,, Cy, p, k).

Here, L,(d) captures effective lead/interconnect inductance, C(d)
captures stray capacitance, Z,(w;p) captures electrode-polarization-
like effects, and &4 (w; k) captures slow environmental or electronic
drift.

A standard constant-phase-element (CPE) form may be used for Z,,:

Zep(w;p) = p=(Q0.5, 0>0, f(OD. (4.18)

1
0(jw)’

The exact parametric form in Egs. (4.17)—(4.18) is not essential to
the theory. The key point is the structured common-mode character
assumed in Assumption 1, which the differential sensor is designed to
exploit. At the same time, this nuisance model should be interpreted
as a structured surrogate for methodological analysis rather than as
a complete representation of all non-ideal effects that may arise in
fabricated biosensor hardware.

Biomedical Signal Processing and Control 129 (2027) 111350

4.7. Latent biofluid-state parameterization (dispersive surrogate)
To obtain a finite-dimensional inverse-design problem, the interro-
gated sample is parameterized by a latent vector § € ©. A physically

interpretable choice for synthetic generation is a Cole-Cole-type model:

Ae oo

(w0 =€y + —————— + —, 0= (e,,4¢e,7,a,0)), (4.19)
(@;0) = ¢4, T+ o= | jo (60 0)

with constraints

€, >0, 4e>0, 7>0, ae(0.1), oy>0. (4.20)

The corresponding complex admittivity in Eq. (4.1) is obtained from
£*(w; 0) in the standard way.

In this paper, 6 is an effective latent description of the biofluid state
and should not be interpreted as a direct clinical biomarker vector. The
reference branch parameter 6, is fixed and known, and can represent a
reference medium or a reference urine matrix. The methodology does
not depend on the specific dispersive family and can be extended to
alternative finite-dimensional parameterizations. However, the present
validation remains limited to the assumed synthetic model family.

4.8. Synthetic uncertainty model for mathematical validation

Because this work establishes the sensor concept through synthetic
evidence, the uncertainty sets and generative distributions are defined
explicitly.

Latent-medium uncertainty set. Let

O0={0€R": 0, <O<0,,, Co®) <0}, (4.21)

where Cy encodes optional physical feasibility constraints (e.g., posi-
tivity, bounded relaxation exponent, parameter correlations).

Nuisance and tolerance uncertainty. Let v € V and fabrication pertur-
bations 6d € U’ be sampled from synthetic distributions supported on
admissible sets:

v~II, 8d ~ Iy, d=d+éd. (4.22)

The same nuisance realization v is applied to both sensing and reference
channels to preserve common-mode structure, while residual mismatch
is absorbed into X(d, F).

Remark. This synthetic uncertainty specification is part of the mathe-
matical problem definition. The robust co-design objective in Eq. (4.4)
is interpreted over © and evaluated under nuisance and tolerance stress.
In the present study, this remains application-motivated synthetic val-
idation rather than experimental or clinical validation.

4.9. Observation model over a cardinality-constrained frequency subset

Let F = {a),(};c"=1 be a frequency subset. Using Eq. (4.9), the

differential observation at each w;, is

v = AHd w0+ &,  k=1,....m, (4.23)
where y, € C and &, € C.
Define the real-valued stacked observation vector
Re(y)
Im(y)
yd.F) = e R, (4.24)
Re(y,)
Im(y,,)
and the corresponding mean response
Re(4H(d,,;6))
Im(AH(d, w,;6))
h(d, F;6) = : eR™, (4.25)

Re(4H(d, w,,;0))
Im(4H(d, ®,,;0))
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The residual differential noise is modeled as

Re(¢))
Im(&))
E=| i |~N(0,2d.F)), (4.26)
Re(&,,)
Im(&,,)
with X(d, F) > 0 by Assumption 4. Therefore,
y(d, F)=h(d,F;0)+§&. (4.27)

4.10. Identifiability analysis via Fisher information

The local sensitivity of the differential mean response with respect
to the latent biofluid-state parameters is quantified by the Jacobian
oh(d, F; )

20
Under the Gaussian model in Eq. (4.27), the Fisher information matrix
(FIM) is

J(6:d,F) = e R¥™p, (4.28)

1(0;d, F) = J(0;d, F)' 2(d, F)"'J(6;d, F) € RP*P. (4.29)
The Cramér-Rao inequality implies
Cov(d) = 1(0;d, F)™! (4.30)

for any unbiased estimator 8, thereby justifying FIM-based co-design as
a principled surrogate for inverse-problem conditioning.

4.10.1. Information improvement under differential covariance reduction
We formalize the effect of nuisance cancellation on inferential con-
ditioning.

Proposition 2 (FIM Monotonicity Under Covariance Dominance). Let J €
R2"™*P be fixed. Suppose X, X, € R¥" are SPD matrices satisfying

222, (4.31)
Then
VAD RS B AD ¥ § (4.32)

under inversion:

Proof. Since X; < X, and both are SPD, the Loewner order reverses
<z (4.33)

Pre- and post-multiplication by JT and J preserves PSD order, yielding
Eq. (4.32). O

In the proposed architecture, differential subtraction is designed
to reduce the effective covariance relative to a single-channel spiral
operator, which can increase the FIM in the sense of Eq. (4.32).

4.11. Robust identifiability criteria

We define two standard scalarizations of Z(0;d, F).
D-optimal criterion.

&y (1) =logdet(I + Al,), (4.34)

where 4 > 0 is a stabilization parameter ensuring numerical regularity
near singular regimes.

E-optimal criterion.

Dy (1) = A (D). (4.35)

The D-optimal criterion measures aggregate information volume, while
the E-optimal criterion protects the weakest identifiable direction. Both
can be used in Eq. (4.4). In this study, the E-optimal criterion is the
primary robustness target, and the D-optimal criterion is used as a
complementary characterization.
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4.12. Minimax co-design of geometry and frequency subset

Substituting Eq. (4.29) into Eq. (4.4), the robust co-design objective
becomes

(d*, F*) € arg max
deD
FClomin @max): [Fl=m

mind(J (0;d, F)'2(d, F)'J(0:;d, F)).
€

(4.36)

Eq. (4.36) is mixed discrete-continuous and generally nonconvex. We
therefore introduce a relaxation for the frequency-subset variable.

4.13. Frequency-subset relaxation and projection

Let {@w,} L,’Y: , be a dense candidate frequency grid over [®pn, @],

with M > m. Introduce weights w = (wy, ..., w,,)" € RM satisfying
M

0w, <1, Y w,=m (4.37)
=1

Define the relaxed information matrix by additive decomposition:

M
10:d.w) =Y w, 1,(0:d), (4.38)
¢=1
where I,(0;d) is the single-frequency FIM contribution at @,.
The relaxed minimax problem is
(d*,w*) € arg max ggg D(1(0;d,w)). (4.39)
wel0IM | ¥, wp=m
A discrete frequency subset is then recovered by the projection
F* = Top-m({w;}jfwzl), (4.40)

which selects the m frequencies associated with the largest optimized
weights.

4.14. Adversarial approximation of the inner minimization

The inner minimization over O in Eq. (4.39) is approximated by a
finite adversarial scenario set {§}T c ©:

. . ~ . ).
min D(L(0;d,w)) ~ II;?TQ(I(Q ;d, w)). (4.41)

To tighten this approximation, each scenario is updated through pro-
jected descent in 6:

09 — My (0Y — gV, @ (105 d, w))), t=1,...,T, (4.42)

where I, denotes projection onto ©. This procedure iteratively con-
centrates the scenario set on hard-to-identify regions of the latent-
parameter space.

4.15. Alternating optimization scheme

We solve Eq. (4.39) by alternating updates over geometry d and
frequency weights w, with adversarial scenario refinement between the
updates.

4.15.1. Geometry update
For fixed w and adversarial scenarios {#*}", define the robust
surrogate objective

¥(d;w) = min &(1(0V;d,w)). (4.43)
11T

The geometry is updated by projected ascent:

d « Ip(d +n,V,¥(d;w)) . (4.44)



M.A. Deif et al.

Table 2
Shared experimental configuration for all methods.

Component Setting reported for all methods

Operating band
Candidate frequency grid
Frequency budget

[@pin> @max ] (l0g-spaced candidate grid)
Q={@,}),, with M =64

m € {4,6,8}, identical across methods
within each comparison block

d € D with fabrication and symmetry
constraints

Finite-dimensional dispersive model
(Cole-Cole-type)

O =1{0: 0, <0< 0, Co0) <0)
Fixed known parameter 6, (same in
optimization and test unless mismatch
stress is enabled)

Structured parasitic operator P(d, w;v)
with v~ 1T,

&d ~ I1,;, manufactured geometry
d=d+dd

E~N(,Xd,F))

Train/validation/test synthetic splits
with non-overlapping sampled tuples
Fixed seeds + multi-seed reporting for
final metrics

Geometry design space
Latent biofluid-state model
Latent uncertainty set
Reference branch
Nuisance model

Tolerance model

Residual noise model
Data splits

Randomness control

4.15.2. Frequency-weight update

For fixed d, define
E(w;d)= min &(1(0;d,w)). (4.45)
1<i<T

The frequency weights are updated by projected ascent onto the capped
simplex in Eq. (4.37):

w eIy (w+n,9,5w;d), (4.46)
where
M
Am:{we[o,l]M : wa:m}. (4.47)
=1

4.16. Synthetic-data generation as a mathematical validation operator

To establish the concept without experimental measurements, we
define a synthetic data generator induced by the forward and nuisance
operators. For each sampled tuple (0, v, 5d) and each frequency w;, we
form
Z(d, o) = H(d, 0, 0) + P(d, 05 V) + €,(0y),

Z(d, ) = H(d, 03 0,) + P(d, w;;v) + e,(wy),

(4.48)
(4.49)

with d = d + éd as in Eq. (4.22). The differential synthetic observation
is then

AZ(d,wp) = Z(d, wp) — Z,(d, wp). (4.50)

Eq. (4.50) is the mathematical validation operator used to eval-
uate robust identifiability metrics and compare the proposed differ-
ential sensor against non-differential baselines under the same syn-
thetic uncertainty model. Thus, the synthetic study is treated as a
direct consequence of the methodology rather than as experimental
validation.

4.17. Mathematical summary of the optimized quantity

The proposed framework optimizes a robust lower bound on the
local inferential geometry of the differential spiral EIS biosensor inverse
problem. It seeks a sensor—frequency pair (d, F) that maximizes the
worst-case value of ®(1(0;d, F)) across 6 € O.

The matrix 7(0;d, F) is induced by a physics-based differential mea-
surement operator, a structured common-mode nuisance model with
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residual differential covariance, a cardinality-constrained frequency-
selection mechanism, and a synthetic uncertainty model used for
application-motivated mathematical validation.

This methodology provides a principled route for sensor design
through operator design (differential architecture) and experiment
design (frequency co-selection), with synthetic evidence interpreted
through a robust identifiability lens.

Algorithm 1 summarizes the proposed solver for the minimax co-
design problem, using alternating projected updates for geometry and
relaxed frequency variables with adversarial latent-scenario refine-
ment.

Algorithm 1 Robust Differential Spiral Co-Design (Geometry +
Frequency)

Require: Feasible geometry set D; reference parameter 6,; latent un-
certainty set ©; candidate frequency grid {@:}’X: > frequency bud-
get m; identifiability criterion @; number of adversarial scenarios
T

Ensure: Co-designed geometry d* and frequency subset F*

1: Initialize d©® € D

2: Initialize w® € 4,, with 4,, defined in Eq. (4.47)
3: Initialize adversarial scenarios {(‘)("())}IT= ,Cco
4: Set iteration counter k < 0
5: for k=0,1,2,... until convergence
Geometry update
6: Form Z(#"0;d®,w®) using Eq. (4.38)
7: Compute ¥ (d; w®) as in Eq. (4.43)
8: Update d*+D by projected ascent using Eq. (4.44)
Frequency-weight update
o: Form Z(#"0);d*+D w) using Eq. (4.38)
10: Compute =(w;d**V) as in Eq. (4.45)
11: Update w**D by projected ascent using Eq. (4.46)
Adversarial scenario refinement
12: forallre{l1,...,T}
13: Update 6%%+1D) by projected descent using Eq. (4.42)
14: end for
Stopping criterion
150 if %D — d®|, < e, and [Jw*D — w®|, < e,
16: break
17: end if
18: end for

19: Compute F* = Top—m({w(fk"'”};”:l) using Eq. (4.40)
20: Set d* = d*+D
21: return (d*, F*)

5. Experimental setup

5.1. Protocol overview

The primary co-design experiments use synthetic data generated
from the forward and nuisance operators in Section 4. This protocol
isolates the effects of the differential sensor operator and geometry—
frequency co-design under one shared uncertainty model; all compared
methods use the same uncertainty sets, nuisance/tolerance distribu-
tions, candidate frequency grid, and frequency budget.

The synthetic evaluation asks whether differential sensing improves
robustness over a single-channel spiral operator, whether co-design im-
proves identifiability over fixed-geometry or heuristic-frequency
choices, and whether these gains remain stable under stress. A separate
measured-data analysis, described in Section 5.10, evaluates only the
transferability of the differential sparse-frequency principle outside the
synthetic model family. Neither analysis constitutes clinical validation.
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Table 3
Compared baselines and the proposed method (shared synthetic uncertainty
model, candidate grid, and evaluation protocol).

D Operator Geometry Frequencies

Bl Single (Z,) Fixed Uniform log-spaced
B2 Single (Z,) Fixed Heuristic

B3 Differential (42) Fixed Uniform log-spaced
B4 Differential (42) Fixed Heuristic

B5 Differential (42) Fixed Co-designed

B6 Differential (42) Co-designed Heuristic

B7 Differential (42) Fixed Greedy D-optimal
B8 Differential (4Z2) Fixed Greedy E-optimal
Ours Differential (42) Co-designed Co-designed

5.2. Synthetic data generation model

For each synthetic trial, a latent biofluid-state parameter 0 ~ IIg,
nuisance parameter v ~ I1,, and fabrication perturbation éd ~ IT; are
sampled, and the manufactured geometry is d = d + &d.

The sensing response is generated as

Z(d, o) = H(d, 0, 0) + P(d, 0,5 V) + €,(0y), (5.1)
and the reference response is generated as

Z,(d, o) = H(d, 0 0,) + P(d, 0 v) + €,(@). (5.2
The differential observation is

AZ(d,wp) = Z(d, wy) — Z,(d, wp). (5.3)

The same nuisance realization v is applied to both branches in each
trial to preserve the assumed common-mode structure of the differential
operator.

5.3. Experimental factors and shared constraints

The geometry variable is the same as in Section 4,
d = (N,w,s, Doy, i Esupyr &> wg) eD, (5.4)
and the selected frequency subset satisfies
F={o)" cQ  |Fl=m, (5.5)

where Q = {Ef}gi
otherwise stated.

| is a logarithmically spaced candidate grid unless
Matched-layout constraints are imposed on the sensing and refer-
ence branches (mirrored routing, matched pads, and matched intercon-
nect length) to preserve the intended differential validity. All methods
are evaluated with identical M, m, O, Iy, II,, and I1,.
Table 2 summarizes the shared experimental configuration.

5.4. Compared methods and baseline definitions

The comparison protocol is organized along three axes: sensor op-
erator, frequency selection, and geometry design. Table 3 defines the
baselines, the stronger frequency-selection comparators, and the pro-
posed configuration. All methods use the same synthetic data generator
and the same measurement budget.

For B2, B4, and B6, the heuristic subset is selected by a fixed non-
iterative rule on the training/co-design split (e.g., sensitivity-magnitude
or variance ranking). For B7 and B8, the frequency subset is selected
by stronger greedy design criteria applied on the same split, using
D-optimal and E-optimal selection rules, respectively. The proposed
subset is obtained by relaxed minimax optimization followed by top-m
projection.
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5.5. Default hyperparameters for co-design and baselines

To improve reproducibility and avoid hidden tuning advantages,
Table 4 lists the default hyperparameters used for the proposed opti-
mization and the baseline procedures. These values are fixed before
final test evaluation and tuned only on the validation split.

5.6. Data splits and fairness protocol

Synthetic samples are partitioned into disjoint train, validation, and
test splits. The sampled tuples (0, v, §d) do not overlap across splits, and
no exact realization used in co-design or tuning is reused in the test set.
Hyperparameters in Table 4 are selected on the validation split only.

All methods share the same candidate frequency grid Q, frequency
budget m, uncertainty distributions (I, I1,, Il;), split construction,
and Monte Carlo budget on the test set. This fairness rule is enforced
in every reported experiment.

5.7. Evaluation metrics

The evaluation follows the methodological objective of robust iden-
tifiability. The primary metric is the worst-case E-optimal score
Mg(d, F) = 5,‘23 Amin (Z(65d, F)), (5.6)
and the secondary metric is the worst-case D-optimal score

F) =minl t(2(0;d, F I). .
Mp(d, F) = min ogdet (Z(0;d, F) + AI) (5.7)
We also report the CRLB proxy trace metric

M, (d, F) = max trace(1(6; d, ™, (5.8)

the CRLB proxy spectral metric

— m3 . -1
Mgeeld. F) = max | 20:d. )| . (5.9)
and the frequency-efficiency quantity
m* =min{m : Mg(d,F)>r1q4}. (5.10)

All summary statistics are reported on the held-out test set across
multiple random seeds.

5.8. Stress-test protocol

Robustness is tested under nuisance amplification, tolerance ampli-
fication, and optional reference mismatch. Under nuisance amplifica-
tion, an inflated nuisance distribution H‘(/”) with factor « > 1 is used,
and degradation is reported as

oW, F; 1™y - Q(d, F; I,)
|Q, F; 11,)

An analogous protocol is used for tolerance amplification by inflating
IT,. When reference mismatch is studied, the test-time reference is
perturbed as

Degy(a) = (5.11)

0 = 6, + 60, (5.12)

5.9. Reproducibility checklist

The final manuscript reports the numerical values used for the fre-
quency band, grid size, budgets, uncertainty ranges, nuisance and tol-
erance distributions, optimization parameters, split sizes, and random
seeds.

This is important because the main geometry co-design evidence is
synthetic, and its strength depends on clear reporting of the generative
and optimization assumptions.
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Table 4

Default hyperparameters for the proposed co-design and baseline procedures.
Hyperparameter Symbol Default Notes
Candidate grid size M 64 Shared across all methods (log-spaced grid)
Frequency budget m {4,6,8} Same m within each comparison block
Adversarial scenarios T 16 Inner minimization approximation
Max outer iterations Kax 100 Alternating co-design loop
Geometry step size ny 5x1073 Projected ascent update
Frequency-weight step size Mo 1x 107! Projected ascent on capped simplex
Adversarial step size 1o 1x1072 Projected descent in ©
Geometry tolerance stop €y 1074 Convergence threshold
Weight tolerance stop €, 1074 Convergence threshold
D-opt stabilization A 10-° Used when reporting &,
Primary criterion D [0 E-optimal used as main robustness target
Initialization (weights) w® m/M Uniform initialization on capped simplex
Initialization (geometry) d© Nominal feasible spiral Shared nominal template for fair starts

Heuristic baseline ranking rule -
Heuristic baseline tie-break -
Monte Carlo trials (test) Nue 1000
Random seeds -

Sensitivity-magnitude ranking
Ascending w index

{11,22,33,44,55}

Fixed non-iterative rule on training split
Deterministic tie handling

Same for all methods

Shared seed protocol across methods

5.10. Independent measured-data validation protocol

To assess component-level transfer beyond the synthetic forward
model, we analyzed the publicly available supplementary EIS mea-
surements reported by Huerta-Nuiiez et al. [29]. The dataset contains
measured impedance magnitude and phase at 101 frequencies from
100 Hz to 1 MHz for three breast-cancer cell lines (MCF-7, MDA-MB-
231, and SK-BR-3), together with antibody-matched nanoprobe-PBS
controls. The source study used 50 cells in 500 pL of PBS and provided
three biological samples with three repeated spectra per sample.

Complex impedance was reconstructed as Z(w) = |Z(w)|exp
(j¢(w)). For each matched cell/control spectrum, the normalized cell-
associated differential response was

Zcell () — Zcontml (@)
| Zcomrol (w) |

Measured background variability was represented by cyclic differences
between control repeats,

xt () = (5.13)

Zcomrol,rJrl(w) - Zcomrol,r(w)

0
x(w) =
| Zcomrol,r (w)l

, (5.14)

where the repeat index was cycled within each biological sample. This
produced 27 cell-associated responses and 27 control-repeat responses;
the latter are a repeatability reference, not a clinical negative cohort.

Evaluation used grouped leave-one-sample-out validation. All re-
peated spectra from the held-out sample were excluded from both
selection and model fitting. Within each training fold, frequencies were
selected greedily at budgets m € {4,6,8} by maximizing an empirical
minimax Fisher-separation criterion computed from the real and imag-
inary differential features. A standardized logistic-regression classifier
was then fitted on the selected features and evaluated on the held-
out sample. Log-uniform subsets at the same budgets and the complete
101-frequency spectrum were used as comparators. Balanced accuracy,
AUROC, F1 score, and accuracy were summarized as mean + standard
deviation across the three grouped folds. This experiment tests the
differential sparse-frequency design principle on out-of-family mea-
sured spectra; it does not validate the optimized spiral geometry or
transfer the exact synthetic frequency set unchanged. The measured-
data preprocessing script is provided as Supplementary Code S1, the
complete validation workflow as Supplementary Code S2, and the
processed measured-EIS dataset as Supplementary Data S1.

6. Results
6.1. Main robust identifiability comparison

Table 5 shows the main comparison at a fixed frequency budget
(m = 6). The proposed full differential co-design (Ours) gives the best

Table 5

Main robust-identifiability comparison across baselines and the proposed
method under the shared synthetic uncertainty model (fixed frequency budget,
m = 6). Arrows indicate whether higher (1) or lower (]) values are better.

Method Mg 1 Myt M, ) Mpee |
Bl 0.086 1.95 37.8 20.9
B2 0.094 2.06 35.1 18.7
B3 0.126 2.39 28.6 15.2
B4 0.137 2.57 25.4 13.6
B5 0.171 3.01 21.3 10.8
B6 0.166 3.08 20.1 11.2
B7 0.178 3.12 19.6 10.3
B8 0.183 3.09 19.1 9.9
Ours 0.204 3.36 16.8 8.7
Table 6

Frequency-budget efficiency comparison under the shared synthetic uncer-
tainty model. To avoid duplication, the table reports the low- and high-budget
cases (m = 4 and m = 8), while the m = 6 results are already reported in Table
5. Higher Mg and My, are better; lower M,; is better.

Method m Mg t Mp 1 M, |
B1 4 0.066 1.61 46.8
B1 8 0.098 2.14 33.2
B4 4 0.109 2.21 31.7
B4 8 0.151 2.79 22.6
BS 4 0.143 2.67 24.9
B5 8 0.186 3.18 19.6
B6 4 0.136 2.74 23.8
B6 8 0.182 3.26 18.4
Ours 4 0.176 2.98 21.0
Ours 8 0.219 3.52 15.4

overall robust-identifiability performance in this synthetic setting. It
achieves the highest worst-case E-optimal and D-optimal scores and
the lowest CRLB proxy values among all compared methods. Compared
with the single-channel baseline (B1), the gains remain substantial
across all reported metrics under the same budget and uncertainty
model.

The added stronger frequency-selection baselines B7 and B8 im-
prove over the heuristic differential baseline B4 and remain competitive
with the partial co-design variants B5 and B6, but neither matches the
full co-design across all metrics. B7 is slightly stronger in Mp,, whereas
B8 is slightly better in My and My,.. This again indicates that different
selection criteria emphasize different aspects of local identifiability.
Fig. 2 shows this metric-wise behavior, and Fig. 3 confirms that the
proposed method remains best overall after aggregation across metrics.
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Fig. 2. Metric-wise normalized identifiability performance (B1 as reference, mean + s.d. across seeds). The proposed full differential co-design shows the strongest
overall profile, while intermediate baselines show metric-dependent trade-offs, especially between the frequency-only and geometry-only co-design variants.
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Fig. 3. Aggregate identifiability gain computed as the mean normalized score across the four reported metrics. This aggregate view is a compact summary and
should be interpreted together with the metric-wise results in Fig. 2.
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Fig. 5. Budget-efficiency summary using an identifiability threshold criterion. The proposed method reaches the target robust-identifiability level at a lower
frequency budget than the baseline configurations, indicating improved measurement efficiency.

Table 7

Ablation definitions used in this subsection at fixed frequency budget (m = 6).
To avoid repeating numerical results, the corresponding metric values are
taken from Table 5.

Method Ablation role

Bl Single-channel baseline

B3 Differential operator only

B4 Differential + heuristic frequencies

B5 Differential + frequency co-design (fixed geometry)

B6 Differential + geometry co-design (heuristic frequencies)
Ours Full differential co-design (geometry + frequencies)

6.2. Frequency-budget efficiency analysis

Table 6, together with Table 5, shows how performance changes
as the frequency budget increases from m = 4 to m = 8. All methods
improve when more frequencies are used, but the improvement is not
equal across methods. The proposed method remains the best at both
low and high budgets, and it also leads at the intermediate budget
(m = 6) reported earlier.

The low-budget case is especially important because it reflects
measurement efficiency. At m = 4, the proposed method already
outperforms all compared baselines in the reported metrics, which
indicates that the full co-design can achieve strong identifiability with
fewer interrogations. This is consistent with the performance-budget
trends shown in Fig. 4.

The comparison between B5 and B6 again shows a metric-dependent
trade-off. B6 is slightly stronger in Mp and M, while B5S remains
competitive in My, especially at lower budgets. The full co-design
combines these advantages and gives the best overall performance—
budget profile. Fig. 5 further supports this result by showing that the
proposed method reaches the target identifiability threshold at a lower
frequency budget than the baselines.

6.3. Ablation study: differential operator and co-design components

Table 7 defines the ablation roles used in this subsection, and the
corresponding raw metric values at m = 6 are reported in Table 5.
The ablation analysis isolates the effects of the differential operator,
frequency co-design, and geometry co-design. Moving from Bl to B3
improves all reported metrics, which is consistent with better suppres-
sion of common-mode nuisance in the differential setting. The step from
B3 to B4 gives a smaller additional gain, showing that the differential
operator is the main architectural improvement before co-design is
added.

B5 and B6 then separate the two co-design components. Both are
clearly better than B4, but neither is best in every metric. B5 is slightly

11

Table 8

Robustness comparison under nuisance/tolerance amplification at fixed fre-
quency budget m = 6. To avoid duplication, the default case (x = 1) is reported
in Table 5; this table reports amplified settings only. The amplification factor x
scales the synthetic nuisance covariance and fabrication-tolerance perturbation
magnitudes relative to the default setting.

Method K Mg t Mp 1 M, ) Mpee L
B4 1.5 0.124 2.33 28.7 15.4
B4 2.0 0.112 211 32.1 17.5
B4 2.5 0.101 1.95 35.6 19.2
B5 1.5 0.156 2.78 23.8 12.1
B5 2.0 0.142 2.53 26.7 13.7
BS 2.5 0.130 231 29.8 15.6
B6 1.5 0.150 2.84 22.6 12.8
B6 2.0 0.136 2.60 25.4 14.5
B6 2.5 0.123 2.38 28.7 16.6
Ours 1.5 0.187 3.13 18.9 9.9
Ours 2.0 0.171 2.90 21.5 11.4
Ours 2.5 0.156 2.67 24.4 13.1

better in Mg and M., while B6 is slightly better in My, and M,,.
This indicates that frequency selection and geometry design improve
different aspects of identifiability rather than giving the same gain.
The proposed method combines both co-design components and
gives the strongest overall ablation result. Fig. 6 shows this in nor-
malized metric-wise form, and Fig. 7 confirms that the full co-design
achieves the best normalized score across the reported metrics among
the ablation-focused methods. Overall, the ablation results support the
main claim that the performance gain comes from the joint use of the
differential operator and coupled geometry—-frequency co-design.

6.4. Robustness under nuisance and tolerance amplification

Table 8, together with the default values in Table 5, shows the effect
of increasing nuisance and fabrication-tolerance uncertainty. As « in-
creases, all methods degrade in identifiability scores and CRLB proxies.
This is expected because stronger nuisance and tolerance perturbations
make the inverse problem harder.

Despite this degradation, the proposed full differential co-design
remains the best-performing method at all tested amplification levels.
It keeps the highest Mg and My, values and the lowest M,, and Mg,
values across the full sweep. Fig. 8 shows the same trend in curve form
and indicates a more favorable degradation profile for the proposed
method.

The ablation variants B5 and B6 remain clearly stronger than the
heuristic differential baseline B4, but they keep different strengths un-
der amplified uncertainty. B6 is slightly stronger in M, and M,,, while
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Ablation study: differential operator and co-design components
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Fig. 7. Heatmap summary of normalized ablation trade-offs at m = 6 (B5, B6, and Ours; all values normalized to Bl so higher is better). The highlighted cells

indicate the best method per metric.
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Fig. 8. Robustness curves under nuisance/tolerance amplification (k) at fixed frequency budget m = 6. All methods degrade as k increases, while the proposed
method maintains the strongest overall performance across the reported metrics.

B5 remains competitive in Mg and M,,... This pattern is consistent
with the earlier ablation and main-comparison results.

Fig. 9 provides a scale-independent summary using retention rela-
tive to k = 1. Under this view, the proposed method shows the strongest
overall retention, which means that its advantage is not limited to
the default uncertainty setting. These results support the claim that
the proposed differential geometry—frequency co-design improves both
identifiability and robustness under stronger nuisance and tolerance
perturbations.
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6.5. Reference-mismatch sensitivity analysis

Table 9, together with the nominal values in Table 5, shows the ef-
fect of increasing reference-channel mismatch. As p increases, all differ-
ential methods degrade. This is expected because reference mismatch
weakens common-mode cancellation and adds residual asymmetry to
the differential measurement.

Despite this degradation, the proposed full differential co-design
remains the best-performing method at every tested mismatch level.
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Robustness retention summary under amplified uncertainty

Aggregate retention vs amplification

Retention at k = 2.5
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Fig. 9. Retention summary under amplified uncertainty, reported as performance retained relative to the default setting (x = 1). Higher retention indicates more

graceful degradation under nuisance/tolerance amplification.

Table 9

Reference-mismatch sensitivity at fixed frequency budget (m = 6). To avoid
duplication, the nominal case (p = 0) is reported in Table 5; this table reports
mismatch settings only. The mismatch factor p scales synthetic reference-
channel deviations relative to the nominal differential setting. Raw metrics
are reported together with aggregate retention (relative to p = 0; higher is
better).

Method P Mg t Mp 1 M, | Mpee | Agg. ret. 1
B4 0.1 0.132 2.46 26.8 14.3 0.955
B4 0.2 0.126 2.34 28.4 15.2 0.905
B4 0.3 0.119 2.21 30.2 16.1 0.854
B5 0.1 0.164 2.89 225 11.5 0.951
B5 0.2 0.156 2.75 24.1 12.5 0.894
B5 0.3 0.147 2.61 25.9 13.6 0.836
B6 0.1 0.159 2.95 21.4 12.0 0.947
B6 0.2 0.151 2.82 22.9 13.0 0.892
B6 0.3 0.142 2.67 24.8 14.2 0.830
Ours 0.1 0.197 3.25 17.8 9.3 0.953
Ours 0.2 0.188 3.10 19.2 10.2 0.893
Ours 0.3 0.178 2.95 20.9 11.3 0.831

It keeps the highest identifiability scores and the lowest CRLB proxies
across the full mismatch sweep.

The co-design ablations B5 and B6 also remain stronger than the
heuristic differential baseline B4, but they keep the same metric-
dependent trade-off seen earlier. B6 is generally stronger in My, and
M,,, while B5 remains competitive in Mg and M.

The aggregate-retention column provides a compact summary rela-
tive to p = 0. It shows that the proposed method has the highest reten-
tion at mild mismatch (p = 0.1), and it remains close to the strongest
ablations at larger mismatch levels. Overall, these results show that
the proposed differential geometry—frequency co-design keeps a robust
advantage even when reference matching is not ideal.

6.6. Computational cost and optimization overhead

Table 10 summarizes the optimization overhead of the main dif-
ferential configurations and the added stronger frequency-selection
baselines, using runtime normalized to B4. As expected, the proposed
full co-design method has the highest cost because it jointly updates
geometry and frequency variables and also refines adversarial latent-
parameter scenarios.

The greedy baselines B7 and B8 increase cost only moderately
relative to B4, since they optimize the frequency subset without full
alternating co-design. The partial co-design baselines B5 and B6 already
increase runtime relative to B4, which shows that optimizing even
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one component adds computational cost. The full method adds more
overhead because it couples both updates and uses a larger adversarial
refinement budget.

These results should be interpreted as an offline design-time com-
parison under the present synthetic setup, not as a real-time deploy-
ment benchmark. This cost should be interpreted together with the
identifiability and robustness gains reported in the previous sections. In
particular, the current runtime summary reflects the adopted synthetic
forward model and optimization workflow; extension to higher-fidelity
3D geometries or denser discretizations would increase both compu-
tational time and memory demand and is left for future work. In this
study, the proposed framework is intended as an offline sensor—protocol
design tool, not as a real-time inference method.

6.7. Independent validation on measured EIS data

The measured spectra showed cell-line-specific differential patterns
relative to the control-repeat variability band (Fig. 10), confirming that
the external measurements contained nontrivial differential informa-
tion not generated by the synthetic forward model. Across frequency
budgets m = 4, 6, and 8, the training-only minimax subsets achieved
mean balanced accuracies of 79.6%, 77.8%, and 75.9%, respectively,
compared with 70.4%, 72.2%, and 68.5% for log-uniform subsets (Fig.
11). The full 101-frequency reference achieved 74.1% =+ 8.5% balanced
accuracy. At m = 4, the minimax subset achieved 79.6% + 11.6%
balanced accuracy and an AUROC of 0.716 + 0.240, versus 70.4% +
14.0% and 0.671 + 0.164, respectively, for log-uniform selection; the
corresponding full-spectrum AUROC was 0.712 + 0.213.

These results provide independent, component-level evidence that
differential sparse-frequency interrogation can retain useful informa-
tion on measured spectra outside the synthetic formulation. The vari-
ability across the three grouped folds is substantial, so the numerical
differences are descriptive and are not interpreted as proof of sta-
tistical superiority. Moreover, the experiment validates neither the
optimized spiral geometry nor urine- or bladder-cancer-specific perfor-
mance because the external data were acquired from breast-cancer cell
suspensions using a different electrode platform.

7. Discussion

The results support the main methodological claim of this study.
Robust identifiability improves when the sensing operator is differential
and when geometry and frequency selection are optimized together. At
the same frequency budget (m = 6), the proposed method gives the
best values across all reported metrics in Table 5. This pattern remains
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Computational-cost summary at fixed frequency budget (m = 6) under the shared synthetic protocol. Runtime is reported as relative wall-clock time normalized
to B4 (=1.00x), because absolute timing depends on implementation and hardware.

Method Optimization content Outer iterations Inner/adversarial updates Relative runtime Memory trend
B4 Differential + heuristic frequency subset (no iterative co-design) - - 1.00x Low

B7 Differential + greedy D-optimal frequency selection 6 - 1.41x Low-Moderate
B8 Differential + greedy E-optimal frequency selection 6 - 1.47x Low-Moderate
B5 Differential + frequency co-design (fixed geometry) 40 8 per outer iter. 2.35% Moderate

B6 Differential + geometry co-design (heuristic frequencies) 45 8 per outer iter. 2.72% Moderate

Ours Full differential co-design (geometry + frequency) 60 12 per outer iter. 4.18x Moderate-High

Measured differential EIS response outside the synthetic model
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Fig. 10. Independent measured-EIS differential spectra. Mean normalized differential magnitude for MCF-7, MDA-MB-231, and SK-BR-3 cell-associated measure-
ments reconstructed from experimental magnitude and phase data. The gray band denotes the mean + standard deviation of control-control repeat differences
and therefore represents measured repeatability/background variation rather than a clinical negative cohort.

Measured-data validation of sparse frequency interrogation
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Fig. 11. Measured-data validation of sparse frequency interrogation. Grouped leave-one-sample-out balanced accuracy for training-only empirical minimax
frequency selection and log-uniform subsets at budgets m € {4,6,8}. Bars show mean =+ standard deviation across three held-out sample folds. The dash—dot
line and gray band show the complete 101-frequency reference, and the dotted line denotes chance-level balanced accuracy.

meaningful because the improvement is consistent across E-optimal, D-
optimal, and CRLB-based measures rather than being limited to a single
metric.

The first source of improvement is the differential operator. In
the paired-channel model, the differential response reduces shared
common-mode nuisance under the stated assumptions, which improves
the effective quality of the measurement used for estimation. This trend
appears clearly in the ablation results, where moving from Bl to B3
improves Mg and reduces both CRLB proxy metrics (Table 7). In simple
terms, the estimator receives cleaner information after subtraction, so
the inverse problem becomes better conditioned.
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This interpretation is consistent with the Fisher-information formu-
lation. The information matrix depends on both sensitivity and noise
covariance, so nuisance cancellation can improve identifiability when
useful sensitivity is preserved. The covariance-to-information mono-
tonicity result in the methodology explains why this effect is expected,
not accidental.

The second source of improvement is joint co-design. Geometry
and frequency choices affect the same Fisher-information matrix, so
they should not be optimized independently. The crossover between B5
and B6 shows this clearly: frequency co-design is slightly stronger for
some robustness-oriented metrics, while geometry co-design is slightly
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stronger for others. This means the two components are complemen-
tary, not redundant.

The stronger added frequency-selection baselines also help clarify
this point. B7 and B8 improve over the heuristic differential baseline
B4 and remain competitive with the partial co-design variants, but
they still do not match the full co-design across all reported metrics.
This suggests that stronger frequency selection alone is useful, but the
largest gain still comes from coupling frequency design with geometry
optimization in one minimax formulation.

The full method performs better because it combines these comple-
mentary gains. At m = 6, it improves Mg by about 19.3% over B5
and 22.9% over B6, and it reduces M, by about 21.1% and 16.4%,
respectively (Table 5). This is the practical value of the joint minimax
formulation: it improves the weakest directions of identifiability while
preserving strong overall information.

The frequency-budget results also support this view. The proposed
method remains best across all tested budgets and is especially strong
in the low-budget regime, where measurement efficiency matters most.
At m = 4, it already reaches high identifiability values compared with
the baselines (Table 6). This suggests that the co-design framework
does not only improve performance at fixed budget, but also helps
reduce the number of interrogated frequencies needed to reach a target
performance level.

The robustness results under nuisance and tolerance amplification
are also aligned with the design objective. All methods degrade as un-
certainty increases, which is expected. However, the proposed method
keeps the best absolute performance across the full amplification sweep
(Table 8), and the retention summaries show a slower loss of perfor-
mance in the aggregate figures. This is consistent with a design that
was optimized for worst-case behavior rather than nominal conditions
only.

The reference-mismatch analysis provides a useful realism check. As
mismatch increases, all differential methods degrade because common-
mode cancellation becomes less effective. Even so, the proposed method
keeps the best absolute values across the tested mismatch levels (Table
9). At the highest mismatch level, retention becomes closer among
the strongest differential variants, which suggests that part of the
advantage comes from a stronger baseline design before mismatch is
introduced. At the same time, these results should not be read as evi-
dence of perfect cancellation in fabricated devices, because additional
channel asymmetry and unmodeled parasitic imbalance may further
reduce practical differential suppression.

The computational-cost analysis shows a reasonable trade-off for the
intended use case. The proposed method is more expensive than heuris-
tic and partial co-design baselines because it jointly updates geometry
and frequency variables and refines adversarial scenarios. However,
this cost occurs during offline design, not during sensing deployment.
For that reason, the runtime increase is acceptable if the goal is a better
sensor—protocol design. This interpretation should still be limited to
the present in silico setup, since higher-fidelity 3D geometries, denser
discretizations, and tighter hardware-aware constraints would increase
both runtime and memory demand.

The main geometry—frequency co-design comparison still uses the
same synthetic modeling family for optimization and testing. The inde-
pendent measured-data experiment partially addresses this limitation
by showing that a differential empirical minimax strategy can identify
informative sparse frequency subsets in out-of-family spectra. However,
the selection criterion was re-estimated within each measured-data
training fold; the experiment therefore supports transfer of the design
principle rather than unchanged transfer of the synthetic optimum
(d*, F*). The small number of grouped folds and substantial variability
also prevent claims of statistical superiority.

For the intended urine-sensing context, the implication remains
methodological rather than clinical. The measured-data analysis
strengthens the evidence for the differential sparse-frequency com-
ponent, whereas fabrication of the optimized spiral geometry, direct
characterization of channel matching and drift, and testing in urine
matrices remain necessary before practical or clinical claims can be
made.

15

Biomedical Signal Processing and Control 129 (2027) 111350

8. Limitations and future work

The principal limitation is that the optimized geometry and its
joint interaction with the frequency set are still evaluated within the
synthetic model family used for design. The independent measured-
data experiment reduces the circularity concern for the differential
sparse-frequency component, but it uses breast-cancer cell suspensions,
nanoprobes, and a different electrode platform. It therefore does not
validate the proposed spiral geometry, urine sensing, or bladder-cancer
performance. The external dataset is also small, and its control-repeat
differences are a repeatability reference rather than a clinical negative
cohort.

Practical performance also depends on matching between sensing
and reference channels. The synthetic mismatch study shows graceful
degradation, but fabricated devices may exhibit additional asymme-
try, calibration error, drift, and parasitic imbalance. The framework
also has higher offline computational cost than heuristic or partial-
design baselines, which may increase with higher-fidelity geometries
and denser design spaces.

Future work should therefore fabricate the optimized geometry,
measure device-to-device and channel-to-channel variability, and eval-
uate the design in controlled urine matrices before moving to clini-
cal samples. Larger independent EIS datasets, preregistered frequency
sets, and out-of-family hardware measurements are needed to test
whether the synthetic optimum transfers unchanged. Faster surrogates
and hardware-aware constraints may also reduce offline cost and im-
prove deployability.

9. Conclusion

This study presented a robust in silico co-design framework that
combines differential spiral EIS sensing with joint geometry and fre-
quency selection. A minimax Fisher-information objective improved
worst-case identifiability and CRLB proxy metrics over single-channel,
heuristic, stronger greedy-frequency, and partial co-design baselines at
matched frequency budgets. The gains remained visible under
frequency-budget variation, amplified nuisance and fabrication toler-
ances, and reference mismatch.

An independent measured-EIS analysis provided additional
component-level evidence outside the synthetic model family. With
four selected frequencies, training-only empirical minimax selection
achieved 79.6% + 11.6% balanced accuracy, compared with 70.4% +
14.0% for log-uniform selection and 74.1% + 8.5% for the complete
101-frequency spectrum. These findings support the differential sparse-
frequency design principle, but they do not validate the optimized
spiral geometry or establish urine-, bladder-cancer-, sensor-level, or
clinical performance.

Overall, the framework provides a principled basis for robust EIS
sensor—protocol design. Fabricated-sensor testing, direct measurement
of channel mismatch and drift, and validation in urine matrices are the
next required steps toward practical translation.
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