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In this paper, we obtain Euler’s and De Moivre’s formulas for the 4 x 4 matrix represen-
tation of Pauli quaternions. Moreover, we provide De Moivre’s formula for the light-like
Pauli quaternions. Additionally, we give the nth roots of the matrix representation of
Pauli quaternions. Moreover, we exemplify some of the results with illustrative examples
to support the main formulas.
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1. Introduction

The Pauli matrices are introduced by the physicist Wolfgang Pauli as follows:

1 0 0 1 0 — 1 0
- 70—1: 702: 703:
0 1 1 0 i 0 0 -1
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Especially, the Pauli matrices have been widely used in studies of physics and
mathematicians. See [IL2] and therein. In [2], the authors show that there exists a
relationship between the real quaternion space H and Pauli matrices as follows:

1—1, 1+~ —ioy, jJr— —io2, k— —ios,
and
—1=1i*=j* =k =ijk,
—1 = (—io1)? = (—iog)? = (—io3)? = (—io1)(—io)(—ios).

However, there exists a one-to-one transformation h : R* — ML, where the Lorentz
matrix group

To+ T3 T1 — 1T _
,L=L",

xr1 + iIQ o — I3

ML = {L € My(C)|L =

det L = a3 — 23 — 23 —x%}
is spanned by Pauli matrices, defined by

h(zo,x1,22,23) =

xXo+ T3 T — i$2]

r1 +ir2  To— T3
Note that
h(e) =1, hles) =01, hlez) =02, hles) =03,

where {e1,eq,e3,e4} is a standard basis for R*. Obviously, any element L € MIL
can be written as follows:

To+x3 X1 —1x9
L =

xr1 + iIQ o — I3

‘| =29l + 2101 + X202 + T303.

In the literature, the set MIL can be denoted by Hp.
The formula which combines trigonometry and complex numbers for any real
number ¢ and integer n

(cos +isin()" = (cosn¢ + i sinn(),
is called De Moivre’s formula. Also, Euler’s formula is given by
cos( +isin¢ = e,

Recently, there have been a huge amount of papers on the mentioned formulas
and whether they could be applied to many special number systems such as the
quaternion number system, which is the expansion of complex number system.
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In recent years, many researchers have been interested in applications of this formula
for quaternions (see [3]- [15] and therein).

The author investigated algebraic and analytic properties of Pauli quaternions
in [3]. In this content, he gave De Moivre’s formula for space-like and time-like Pauli
quaternions.

In the light of these studies, we provide the Euler’s and the De Moivre’s formulas
for 4 x 4 matrices related to Pauli quaternions. Additionally, we give the nth roots
of the matrix representation of Pauli quaternions.

2. Preliminaries

In [3], the Pauli quaternion set is introduced as follows:

Hp = {P = 201 + 101 + 202 + 2303|270, 71, T2, 23 € R}

where O’% = J% = U§ =1,0100 = i03 = —09071,0203 = 101 = —0303, and 0301 =
109 = —0103,0203 = i0] = —0302. The conjugate of a Pauli quaternion, denoted

by P*, is defined as P* = xol — 10121 — x202 — x303. The product of any two
Pauli quaternions is defined as follows:

PQ = (zoyo + m1y1 + 22y2 + x3y3)1 + {(Toy1 + T1y0) + i(2y3 — T3y2) }o1
+{(zoy2 + w2y0) + i(w3y1 — T1Y3)}o2
+{(zoys + r3y0) + i(21y2 — T2y1) }o3.

Note that Hp is not closed under the multiplication. But for every P € Hp, P™ € Hp
is satisfied for n € Z. The inner product over Pauli quaternions is introduced by

_ .2 2 2 2
I(P) =2 — a1 — 23 — 23
and the norm of a Pauli quaternion is given as

N(P) =+/|PP*| = \/x%fx%fx%fxg.

If N(P) = 1, P is called a unit Pauli quaternion. Also, according to the inner

product, the Pauli quaternions separate three types of vectors:

e if [(P) < 0, then P is called a space-like Pauli quaternion,
e if I(P) > 0, then P is called a time-like Pauli quaternion,
e if I(P) =0, then P is called a light-like Pauli quaternion.

Moreover, the Pauli quaternion can be written in the polar forms: If P is space-like,
then

P = N(P)(sinh ¢ + v cosh ),
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where
\/ﬁ
cosh( = % and sinh( = Ngi;)’
with
X101 + X202 + 303
Vi + i+ 23
and v2 = 1. If P is time-like
P = N(P)(cosh({ + vsinh(),
where
/2 2 2
sinh ( = % and cosh( = Ngi;)’
with
o xr101 + X202 + 303
A\ /x% + x% + x%
and vZ = 1. Let us consider a set as follows:
Zo T i) T3
x €T —1iT %
ML: PL: ! 'O 3 .2 EM4((C) $0,£L’1,,’B2,!B3€R,7;2_
o —1T3 i) —1X1
T3 iIQ ixl Zo

Note that the set M, is not closed under the multiplication. But the multiplication
of Pauli quaternions in Hp is equivalent to the multiplication of matrices in M,
under the transformation ¢y, which is defined by Kim (for details, see [3]). However
for every P, € My, P} € My is satisfied for n € Z. Also, there exists a group
isomorphism from the multiplicative cyclic group (P) to the multiplicative cyclic

group (P ), where
(Py={P"|PeHp,neclZ}
and
(Pry=A{P}|PL € Mr,necZ}.

Similarly, let us consider a set as follows:

Lo T L2 €3
X1 Zo i$3 —i,’EQ
-2
Mr =< Pr= ) ) €M4((C) o, T1, T2, X3 € R, % =
o —1X3 i) 121
T3 iIQ 775.%1 Zo
2250175-4
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Note that the set Mg is not closed under the multiplication. But the multiplication
of Pauli quaternions in Hp is equivalent to the multiplication of matrices in Mg.
However, for every Pr € Mg, P} € Mg is satisfied for n € Z. Also, there exists
a group isomorphism from the multiplicative cyclic group (P) to the multiplicative
cyclic group (Pg), where

(Pp) = {P}| P € Mg, n € Z}.
In addition to the literature, let a light-like Pauli quaternion be
P =29l 4+ x101 + 2209 + x303.
Then the polar form of the light-like Pauli quaternion can be given by
P =x0(1+v),

where v = %01 + ;—302 + i—gUg, and v2 = 1. Also, we have the nth power of the
light-like Pauli quaternion as follows:

P =2""1g0(1 +v). (1)

Equation () is called De Moivre’s formula for the light-like Pauli quaternions.

3. De Moivre’s Formula of 4 X 4 Real Matrices of Pauli
Quaternions

In this section, we examine both left and right matrix representations for each
conditions. We give all the investigations for

P =29l 4+ 2101 + 2902 + 2303 € Hp
as below

(I) If P = sinh ¢ 4+ v cosh( is a space-like unit Pauli quaternion

sinh ¢ v1 cosh ¢ v cosh ¢ vz cosh ¢
v1 cosh ¢ sinh ¢ —ivgcosh(  tvycosh(
Lo vg cosh(  dwsz cosh ( sinh ¢ —iwvq cosh ¢
vgcosh( —ivgcosh( —ivycosh( sinh ¢

If P = cosh({ + vsinh ( is a time-like unit Pauli quaternion

cosh ¢ visinh{  wesinh{  w3sinh(

vy sinh ¢ cosh ¢ —isinh( 4wy sinh ¢
L™ |vgsinh¢  ivgsinh¢  cosh(  —ivysinh(
vgsinh( —ivgsinh( 4vy sinh ¢ cosh ¢
2250175-5
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If P =xo(1+ v) is a light-like Pauli quaternion

Lo LoV1 LoU2 Tov3
ToU1 Zo 7’L1170’U3 ixovg
Pr= . .
(%) —1U3 Zo —1XoU1
U3 ixo’UQ ixo’Ul Zo

(IT) If P = sinh ¢ + v cosh( is a space-like unit Pauli quaternion

sinh ¢ v1 cosh ¢ v cosh ¢ vs cosh ¢
v1 cosh ¢ sinh ¢ ivgcosh(  —ivg cosh (
B vy cosh( —ivscosh( sinh ¢ iv1 cosh ¢
vgcosh( dwvecosh(  —ivq cosh( sinh ¢

If P = cosh( + vsinh( is a time-like unit Pauli quaternion

cosh ¢ v1 sinh ¢ v sinh vs sinh ¢
Py vy sinh ¢ cosh ¢ ivgsinh(  —ivysinh
vesinh( —iwvsgsinh ( cosh ¢ tv1 sinh ¢
vgsinh(  vgsinh(  —iwvy sinh ¢ cosh ¢

If P =uxo(1+ v) is a light-like Pauli quaternion

Lo U1 U2 U3
(%1 Zo i’Ug 7’L'1)2
Pr = : :
(%) —1U3 Zo (A%%
V3 i’Uz —i’Ul Zo

From this point on, this paper will only be calculated for the right matrix repre-
sentations. Similarly, it can be calculated in left matrix representations. Now, we
compute the right matrix multiplications for given two conditions at the following
two lemmas.

Lemma 1. Let

sinh ¢ vy cosh vg cosh ¢ vs cosh
v1 cosh ¢ sinh ¢ tvgcosh(  —ivgcosh(
B vgcosh( —ivgcosh( sinh ¢ 1wy cosh €
vgcosh( dvgcosh(  —iwvy cosh( sinh ¢

and
sinh v v1 cosh ¢ v cosh ) vz cosh )
v1 cosh ¢ sinh v ivg coshp  —ivg coshy)
vg coshp  —ivgcosh) sinh v iv1 cosh )
vgcoshtp  ivgcoshyp  —ivy coshep sinh v
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Then, the multiplication of these matrices is as follows:

cosh(¢ +v)  wvisinh(¢+14)  wvesinh(¢+1)  wvssinh(¢ + )
vy sinh(¢ +v¢)  cosh(¢ + ) ivgsinh(¢ 4+ ¢) —ivgsinh(¢ + ¢)
vosinh(¢ + ) —ivgsinh(¢ +v)  cosh(¢ + ) iv1 sinh(¢ + )
vgsinh(¢ + ) ivesinh({ +1¢) —ivysinh(¢+ )  cosh(¢ + )

PrQr =

Proof. Considering the hyperbolic angle sum formulas
cosh(¢ + ¢) = cosh ¢ cosh ) + sinh ¢ sinh v,
sinh(¢ + v) = sinh ¢ cosh ¢ + cosh  sinh ),
and the fact of the v? = 1, i.e. v + 03 + v = 1, by matrix multiplication, it can

be seen directly. O

Lemma 2. Let

cosh ¢ v1 sinh ¢ vg sinh vg sinh

P, vy sinh ¢ cosh ¢ twgsinh(  —ivgsinh ¢
vgsinh( —ivgsinh( cosh ¢ tvy sinh ¢
vgsinh(  tvgsinh{  —ivysinh( cosh ¢
and
cosh 1) vy sinh v vg sinh v vg sinh v
v1 sinh ¥ cosh tvgsinhy  —ivgsinh
Qr= | Gnhv —ivssinhe  coshd v sinhe
vgsinhvy  tvgsinhvy  —ivg sinh cosh v
Then,
cosh(¢ 4+ )  wysinh(¢+v)  wvesinh(¢+1¢)  wvzsinh(¢ + )
vy sinh(¢ + )  cosh(¢ + ¥) ivgsinh(¢ 4+ 1) —ivesinh(¢ + )
PrQr =

vgsinh(¢ + ¥) —ivsgsinh(¢ + 1) cosh ¢ ivy sinh(¢ + 1)
vgsinh(¢ + ) ivesinh({ +1¢) —ivysinh(¢+ )  cosh(¢ + )

Proof. It can be verified by matrix multiplication with considering the hyperbolic
angle sum formulas and the fact of the v = 1. O

Theorem 3. Let

sinh ¢ v1 cosh ¢ v cosh ¢ vs cosh ¢
p v1 cosh ¢ sinh ¢ ivgcosh(  —ivg cosh(
A v cosh( —ivzcosh( sinh ¢ 1v1 cosh ¢
vgcosh(  dvgcosh(  —ivycosh( sinh ¢
2250175-7
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be a right matriz representation for a space-like unit Pauli quaternion. Then, if
n € Z is odd, the nth power of the matriz is given as follows:

sinh n¢ v1 coshn( vg coshn( vs cosh n(
pn v1 coshn( sinhn¢ tvgcoshn(  —ivg coshn(
e vg coshn( —ivs coshn sinhn( 1wy coshn(
vgcoshn(  ivgcoshn(  —ivy coshn( sinh n¢

and if n € Z is even, the nth power of the matrix is given as follows:

coshn( vy sinhn¢ vg sinh n¢ vg sinh n¢
v1 sinhn( coshn( twgsinhn(  —ive sinhn
| vy sinh n¢ —ivgsinhn( coshn( ivy sinhnC
vgsinhn{  dvgsinhn{  —ivy sinhn coshn(

Proof. We use the mathematical induction method for all nonnegative integers n.
For n = 2 and n = 3, by applying matrix multiplication

cosh2¢(  wysinh2(  wysinh2¢  w3sinh2¢ |
p2 _ v1 sinh 2¢ cosh 2¢ ivgsinh2¢  —iwve sinh 2¢
vg sinh 2¢  —iws sinh 2¢ cosh 2¢ iv1 sinh 2¢
vgsinh2¢  4vysinh2(  —iwvy sinh 2¢ cosh 2¢
and
sinh 3¢ vy cosh 3¢ vg cosh 3¢ v cosh 3¢ ]
p3 _ v1 cosh 3¢ sinh 3¢ ivg cosh3(  —iwvs cosh 3¢
e vg cosh3( —ivscosh 3¢ sinh 3¢ ivy cosh3¢ |’
vgcosh3( ivycosh3(  —ivy cosh3( sinh 3¢

respectively. Suppose that the theorem is true for n = 2k, k € Z, i.e.

coshn( v1 sinhn¢ v sinh n¢ vg sinh n¢
pn _ v1 sinhn¢ coshn( ivgsinhn{  —ivg sinh nC
ne vgsinhn{ —ivssinhn( coshn( 1wy sinhn¢
vgsinhn{  dvgsinhn{  —ivy sinhnd coshn(

Then, let us show that the theorem is valid. One can verify that it holds for n =
2k 4+ 1 and n = 2k + 2 as follows:

sinh(2k + 1)¢ vy cosh(2k + 1)¢ va cosh(2k + 1)¢ v3 cosh 2k¢
pkt1) _ |V cosh(2k + 1)¢ sinh(2k + 1)¢ 1wz cosh(2k + 1)  —ivg cosh(2k + 1)¢
R "~ |wvgcosh(2k + 1)¢  —ivs cosh(2k 4 1)¢ sinh(2k + 1)¢ i1 cosh(2k + 1)¢
vz cosh(2k + 1)¢ vz cosh(2k + 1)¢  —iv1 cosh(2k + 1)¢ sinh(2k + 1)¢

)

2250175-8
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and

cosh(2k 4 2)¢
vy sinh(2k + 2)¢
vg sinh(2k + 2)¢
vz sinh(2k + 2)¢

v1 sinh(2k + 2)¢
cosh(2k + 2)¢
—ivg sinh(2k + 2)¢
ivg sinh(2k 4 2)¢

vy sinh(2k + 2)¢
i3 sinh(2k 4 2)¢
cosh(2k + 2)¢
—iv1 sinh(2k + 2)¢

vs sinh(2k + 2)¢
—ivg sinh(2k + 2)¢
i1 sinh(2k + 2)¢
cosh(2k + 2)¢

(2k+2) _
PR

Also, we give De Moivre’s formula for negative powers by following the same

way. In other words, for n = —1, we obtain the inverse matrix as follows:
sinh(—() vy cosh(—() vy cosh(—() vz cosh(—()
pol_ vy cosh(—¢) sinh(—¢) ivg cosh(—¢)  —ivg cosh(—()
vy cosh(—(¢) —ivs cosh(—() sinh(—() vy cosh(—()
vzcosh(—()  ivgcosh(—() —ivy cosh(—() sinh(—¢)
Also
cosh(—2¢) vy sinh(—2¢) vy sinh(—2¢) v sinh(—2¢)
p2_ U sinh(—2¢) cosh(—2¢) ivgsinh(—2¢)  —ivg sinh(—2()
R oy sinh(—=2¢) —ivgsinh(—2¢)  cosh(—2¢) ivy sinh(—2¢) |’
vgsinh(—2¢)  ivesinh(—2¢)  —ivy sinh(—2¢) cosh(—2¢)
and
sinh(—3¢) vy cosh(—3¢) vy cosh(—3¢) vz cosh(—3¢)
p-3_ | cosh(—3() sinh(—3¢) ivg cosh(—3(¢)  —ivg cosh(—3()
B vy cosh(—3¢)  —ivscosh(—3() sinh(—3¢) iv1 cosh(—3()
vzcosh(—3C)  dvg cosh(—3()  —ivy cosh(—3() sinh(—3¢)
Then by using the mathematical induction method, the proof is completed. O
Theorem 4. Let
cosh ¢ v1 sinh ¢ v sinh vs sinh ¢
P, vy sinh ¢ cosh ¢ ivgsinh(  —ivysinh (
vgsinh (  —ivgsinh ( cosh ¢ vy sinh ¢
vgsinh(  dwesinh(  —ivysinh( cosh ¢

be a right matriz representation for a time-like unit Pauli quaternion. Then, the
nth power of the matriz is given as follows:

coshn( v1 sinhn¢ v9 sinh n¢ vg sinhn
pn vy sinhn¢ coshn( twgsinhn{  —ivgsinh n(
re vesinhn( —ivssinhn coshn( 1v1 sinhn¢
vgsinhn{  ivesinhn{  —ivy sinhn coshn(
2250175-9
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Proof. The proof can be calculated by following the same steps at the proof of
Theorem Bl and by using Lemma O

Theorem 5. Let

Zo ToU1 ToU2 U3
ToU1 Zo ixo’Ug 72'1701)2
Pr= , ,
ToU2 —1ToU3 Zo 1XoV1
ToU3 il’ovg —i,’Eo’Ul Zo

be a right matriz representation for a light-like Pauli quaternions. Then, the nth
power of the matrix is given as follows:

—1 —1 —1 -1
2"zl 2"z g 2" v 2"zl
pn _ 2"’1:%11)1 2"’1%1 i2"’1x61v3 7i2"’1x61v2
" gty —i27 gy n—lgn i2n gy
02 03 0 0v1
2"’1:%11)3 i2"’1x61v2 7i2"’1x61v1 2”71%1
Proof. The proof can be calculated as the proof of Theorem[3. O

The following theorem is devoted to compute Euler’s formula for matrices of
Pauli quaternions.

Theorem 6. Let P be a unit pure space-like or time-like Pauli quaternion.
Then, e“FPr = cosh (14 + sinh (Pg.

Proof. The right matrix representation of the unit pure space-like or time-like
Pauli quaternion is

0 X X9 I3
T 0 1 —ix
Py — 1 | 3 ' 2
To —1ix3 0 —121
I3 iIQ 72'171 0
Since
2 3 4
ePr =1, +(Pr+ —(42) P} + —(?' P + —(?' PL+...
and P% = I4, then we write e“Pr = cogh (14 + sinh (PR. O

4. Roots of the Matrices of Pauli Quaternions

In this section, we give the roots of the matrices of Pauli Quaternions.

2250175-10
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The right matrix representation in the general form for a space-like unit Pauli
quaternion P = sinh ¢ + v cosh ( is given the following matrix:

sinh v1 cosh ¢ v cosh ¢ v cosh ¢
P, v1 cosh sinh ¢ twgcosh(  —ivg cosh(
vg cosh( —ivgcosh( sinh iv1 cosh ¢
vgcosh( dvocosh(  —ivycosh( sinh ¢

Thus, we have the following roots of the equation X" = P, where Pp is the right
matrix representation form of the space-like Pauli quaternion.

If n is an even number for a space-like unit Pauli quaternion P = sinh( +
v cosh (, there are no roots.

If n is odd number for a space-like unit Pauli quaternion P = sinh { + v cosh (,
then there exists.

sinh o v1 cosh o v cosh o vs cosh o
v1 cosh o sinh o ivgcoshp  —ivgcoshp
Xo = . . .
vy cosh o —iwvg cosh o sinh o iv1 cosh o
vgcosh o dwgcoshp  —ivycoshp sinh o

where ¢ = %

Similarly, we have the following roots of the equation X" = Pp, where Pp is
the right matrix representation form of the time-like Pauli quaternion.

If n is an even number for the time-like Pauli quaternion P = cosh ( 4+ v sinh (,
then there exist 4 distinct roots

sinh o v1 cosh o vy cosh o vs cosh o
v1 cosh o sinh o ivgcoshp  —ivg coshp
Xo = . . .
vgcosh o —ivgcoshp sinh o iv1 cosh o
vgcoshp ivgcoshp  —ivy coshp sinh o
sinh o v1 cosh p vy cosh o v cosh o
v1 cosh o sinh o ivgcoshp  —ivgcoshp
X =- . . ,
vy cosh o —iwvz cosh p sinh o iv1 cosh o
vgcosho ivgcoshp  —ivy coshp sinh o
cosh o v1 sinh o vg sinh o vg sinh p
v1 sinh o cosh o ivgsinh o —iwvgsinh o
Xy = . o o
vgsinh o —ivg sinh p cosh o iv1 sinh p
vgsinh o ivgsinhp  —iwysinhp cosh o
2250175-11
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cosh o v1 sinh p vg sinh p vs sinh p
v1 sinh p cosh o ivgsinh o —ivg sinh p
X3 =— . o .
vgsinh o —ivg sinh o cosh o iv1 sinh o
vzsinhp  dvgsinhp  —iwysinhp cosh o
where o = %

If n is an odd number for the time-like Pauli quaternion P = cosh { + v sinh (,
then there exists only one root

cosh o v1 sinh o v9 sinh p vg sinh p
v1 sinh p cosh o ivgsinh o  —iwvgsinh o
Xo = . o o
vgsinh o —iwg sinh p cosh o iv1 sinh o
vgsinhp  dvgsinhpo  —iwy sinh p cosh o
where o = %

Finally, we have the following roots of the equation X" = P g, where P is the
right matrix representation form of the light-like Pauli quaternion. If n is an odd
number, then we have only one root

where a = ¢/ 25—21 If n is an even

and

where a = ¢

Zo
on—1-*

a

avq
Xo =

anvs

avs

a

avq
Xo

anvg

avs

a

avy
X1

anvs

avs

5. Applications

avq
a
—1iav3

1av9

avy
1avs
a

—1av;

avs
—1avy
1av,

a

number, then we have two roots

avq
a
—1av3

1avs

avy

a

—1iav3

1avy

avy
1avs
a

—1iav;

avy
1avs
a

—iavy

In this section, we give some illustrative examples.

Example 7. Let us consider a Pauli quaternion as P = -1+ %01 + \%Ug + %03.
Since I(P) = —1 and N(P) = 1, P is a space-like unit Pauli quaternion. The polar

2250175-12
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form of P is denoted by

P =sinh ( + v cosh (,

where sinh( = %, cosh( = % and v = %01 + %0’2 + %0’3. The matrix

representation of P is

=Sl
—_ N

U ISR S

[
-

s

Py =

=l Sl

.

TN
S-S

~.

Sl Sl Sl Sl

=
S

Let us evaluate the power of the matrix Pr for n =9

265 153 153 153
V2 V2 V2 Ve
153 265 153 153
vz vz BT
153 153 265 153
vz vz Vi '
153 153 153 265
vz 2 VR VR

This can be stated with De Moivre’s formula as follows:

T
e
I

sinh 9¢ v1 cosh 9¢ vg cosh 9¢ vs cosh 9¢
v1 cosh 9¢ sinh 9¢ tvgcosh9(  —ive cosh9¢
vg cosh9(  —iv3 cosh 9¢ sinh 9¢ 1wy cosh 9¢
vz cosh9(  1vpcosh9(  —ivy cosh9(¢ sinh 9¢

Py =

where v; = vy = v3 = = and ( = sinhfl(i). If we calculate the 9th root of Pg,

V3 2
we get

sinh o v1 cosh o v cosh o vs cosh o

v1 cosh o sinh o ivgcoshp  —ivgcoshp
Xo = . . .
vg cosh o —ivzcosh o sinh o iv1 cosh p
vzcoshp ivgcoshp  —ivy coshp sinh o
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where o = é. Its numerical value is given as

0.0732  0.5788 0.5788 0.5788
0.5788  0.0732 10.5788  —10.5788
0.5788 —10.5788  0.0732 10.5788
0.5788 70.5788  —i0.5788  0.0732

Xo =

Example 8. Let us consider a Pauli quaternion as P = 3.1+ V201 + V209 + 203.
Since I(P) = 1 and N(P) = 1, P is a time-like unit Pauli quaternion. The polar
form of P is denoted by

P = cosh( + vsinh(,

where cosh ¢ = 3, sinh ¢ = 2v/2 and v = %01 + %O’Q + %03. The matrix represen-
tation of P is

3 V2 V2 2

V2 3 2 —iV2

V2 -2 3 iv2

2 W2 —iv2 3

Let us evaluate the power of the matrix P for n =3

Pr=

99 49.4975  49.4975 70
49.4975 99 707 —49.49751
49.4975 =701 99 49.49751

70 49.49757  —49.497517 99

This can be stated with De Moivre’s formula as follows:

cosh 3¢ vy sinh 3¢ vg sinh 3¢ vg sinh 3¢
v1 sinh 3¢ cosh 3¢ ivgsinh 3¢  —iwve sinh 3¢
vg sinh 3¢  —iwvs sinh 3¢ cosh 3¢ 1wy sinh 3¢
vgsinh3¢  4vysinh3(  —iwvy sinh 3¢ cosh 3¢

P} =

where v; = vy = %, vy = % and ¢ = coshfl(S). If we calculate the 3rd root of Pg,

we get

cosh o v1 sinh o vg sinh p vg sinh p
v1 sinh p cosh o ivgsinh o  —iwvgsinh o
0= ’
vgsinh o —iwg sinh p cosh o iv1 sinh o
vgsinh p  dwgsinhp  —iwvysinhp cosh o
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The matrices of Pauli quaternions, their De Moivre’s and Euler’s formulas

where o = % Its numerical value is given as
1.1776 0.3109 0.3109 0.4398
Xy — 0.3109 1.1776 10.4398  —i0.3109
0.3109 —:0.4398  1.1776 10.3109
0.0.4398 40.3109 —:0.3109  1.1776

Example 9. Let us consider a Pauli quaternion as P = 2.1 + V20, + log + los.
Since I(P) = 0, P is a light-like Pauli quaternion. The polar form of P is denoted

by
P=2(1+v),
where v = gal + %0’2 + %03. The matrix representation of P is

2 V2 1 1
V2 2 il —il
1 =il 2 /2
1 il —iv/2 2
Let us evaluate the power of the matrix Pg for n =4
128 642 64 64
. |64v2 128 640 —64i
BTl 64 —64i 128 643
64 64i —64/2i 128

If we calculate the 5th root of Pr, we get

N 1 1]
8 2.210 ) 2% 92 2%
1 (1)5 i i
2.2 8 2.9% 2.23
Xy = .
1 7 1\5 7
2.2% 2.23% 8 2.215
1 ; i 1\°
12.28 9.9% 2.2 8) |
bytakinga:S%andvlzg,wfvgf\%.

6. Conclusions
In this paper, there have been a huge amount of papers about the computation of De
Moivre’s and Euler’s formulas for some kind of well-known number systems. Inspired
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by these papers, in this paper, we present De Moivre’s and Euler’s formulas for the
matrix representation of Pauli quaternions by considering the types of vectors, sep-
arately. Also, we compute De Moivre’s formula for the light-like Pauli quaternions.
Moreover, we illustrate the obtained results with some interesting examples.
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