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In this paper, we obtain Euler’s and De Moivre’s formulas for the 4×4 matrix represen-
tation of Pauli quaternions. Moreover, we provide De Moivre’s formula for the light-like
Pauli quaternions. Additionally, we give the nth roots of the matrix representation of
Pauli quaternions. Moreover, we exemplify some of the results with illustrative examples
to support the main formulas.
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1. Introduction

The Pauli matrices are introduced by the physicist Wolfgang Pauli as follows:

1 =

[
1 0

0 1

]
, σ1 =

[
0 1

1 0

]
, σ2 =

[
0 −i
i 0

]
, σ3 =

[
1 0

0 −1

]
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Especially, the Pauli matrices have been widely used in studies of physics and
mathematicians. See [1, 2] and therein. In [2], the authors show that there exists a
relationship between the real quaternion space H and Pauli matrices as follows:

1 �→ 1, i �→ −iσ1, j �→ −iσ2, k �→ −iσ3,

and

−1 = i2 = j2 = k2 = ijk,

−1 = (−iσ1)2 = (−iσ2)2 = (−iσ3)2 = (−iσ1)(−iσ2)(−iσ3).

However, there exists a one-to-one transformation h : R4 → ML, where the Lorentz
matrix group

ML =

{
L ∈M2(C)|L =

[
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

]
, L = L̄T ,

detL = x2
0 − x2

1 − x2
2 − x2

3

}

is spanned by Pauli matrices, defined by

h(x0, x1, x2, x3) =

[
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

]
.

Note that

h(e1) = 1, h(e2) = σ1, h(e3) = σ2, h(e4) = σ3,

where {e1, e2, e3, e4} is a standard basis for R4. Obviously, any element L ∈ ML

can be written as follows:

L =

[
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

]
= x01 + x1σ1 + x2σ2 + x3σ3.

In the literature, the set ML can be denoted by HP.

The formula which combines trigonometry and complex numbers for any real
number ζ and integer n

(cos ζ + i sin ζ)n = (cosnζ + i sinnζ),

is called De Moivre’s formula. Also, Euler’s formula is given by

cos ζ + i sin ζ = eiζ .

Recently, there have been a huge amount of papers on the mentioned formulas
and whether they could be applied to many special number systems such as the
quaternion number system, which is the expansion of complex number system.
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In recent years, many researchers have been interested in applications of this formula
for quaternions (see [3]– [15] and therein).

The author investigated algebraic and analytic properties of Pauli quaternions
in [3]. In this content, he gave De Moivre’s formula for space-like and time-like Pauli
quaternions.

In the light of these studies, we provide the Euler’s and the De Moivre’s formulas
for 4× 4 matrices related to Pauli quaternions. Additionally, we give the nth roots
of the matrix representation of Pauli quaternions.

2. Preliminaries

In [3], the Pauli quaternion set is introduced as follows:

HP = {P = x01 + x1σ1 + x2σ2 + x3σ3|x0, x1, x2, x3 ∈ R}

where σ2
1 = σ2

2 = σ2
3 = 1, σ1σ2 = iσ3 = −σ2σ1, σ2σ3 = iσ1 = −σ3σ2, and σ3σ1 =

iσ2 = −σ1σ3, σ2σ3 = iσ1 = −σ3σ2. The conjugate of a Pauli quaternion, denoted
by P ∗, is defined as P ∗ = x01 − x1σ1x1 − x2σ2 − x3σ3. The product of any two
Pauli quaternions is defined as follows:

PQ = (x0y0 + x1y1 + x2y2 + x3y3)1 + {(x0y1 + x1y0) + i(x2y3 − x3y2)}σ1

+ {(x0y2 + x2y0) + i(x3y1 − x1y3)}σ2

+ {(x0y3 + x3y0) + i(x1y2 − x2y1)}σ3.

Note that HP is not closed under the multiplication. But for every P ∈ HP, P
n ∈ HP

is satisfied for n ∈ Z. The inner product over Pauli quaternions is introduced by

I(P ) = x2
0 − x2

1 − x2
2 − x2

3

and the norm of a Pauli quaternion is given as

N(P ) =
√

|PP ∗| =
√
x2

0 − x2
1 − x2

2 − x2
3.

If N(P ) = 1, P is called a unit Pauli quaternion. Also, according to the inner
product, the Pauli quaternions separate three types of vectors:

• if I(P ) < 0, then P is called a space-like Pauli quaternion,
• if I(P ) > 0, then P is called a time-like Pauli quaternion,
• if I(P ) = 0, then P is called a light-like Pauli quaternion.

Moreover, the Pauli quaternion can be written in the polar forms: If P is space-like,
then

P = N(P )(sinh ζ + v cosh ζ),
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where

cosh ζ =

√
x2

1 + x2
2 + x2

3

N(P )
and sinh ζ =

x0

N(P )
,

with

v =
x1σ1 + x2σ2 + x3σ3√

x2
1 + x2

2 + x2
3

and v2 = 1. If P is time-like

P = N(P )(cosh ζ + v sinh ζ),

where

sinh ζ =

√
x2

1 + x2
2 + x2

3

N(P )
and cosh ζ =

x0

N(P )
,

with

v =
x1σ1 + x2σ2 + x3σ3√

x2
1 + x2

2 + x2
3

and v2 = 1. Let us consider a set as follows:

ML =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

PL =

⎡
⎢⎢⎢⎢⎣
x0 x1 x2 x3

x1 x0 −ix3 ix2

x2 −ix3 x0 −ix1

x3 ix2 ix1 x0

⎤
⎥⎥⎥⎥⎦ ∈M4(C)

∣∣∣∣∣∣∣∣∣∣
x0, x1, x2, x3 ∈ R, i2 = −1

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
.

Note that the set ML is not closed under the multiplication. But the multiplication
of Pauli quaternions in HP is equivalent to the multiplication of matrices in ML

under the transformation ψL which is defined by Kim (for details, see [3]). However
for every PL ∈ ML, Pn

L ∈ ML is satisfied for n ∈ Z. Also, there exists a group
isomorphism from the multiplicative cyclic group 〈P 〉 to the multiplicative cyclic
group 〈PL〉, where

〈P 〉 = {Pn |P ∈ HP, n ∈ Z}
and

〈PL〉 = {Pn
L |PL ∈ML, n ∈ Z}.

Similarly, let us consider a set as follows:

MR =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

PR =

⎡
⎢⎢⎢⎢⎣
x0 x1 x2 x3

x1 x0 ix3 −ix2

x2 −ix3 x0 ix1

x3 ix2 −ix1 x0

⎤
⎥⎥⎥⎥⎦ ∈M4(C)

∣∣∣∣∣∣∣∣∣∣
x0, x1, x2, x3 ∈ R, i2 = −1

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
.
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Note that the set MR is not closed under the multiplication. But the multiplication
of Pauli quaternions in HP is equivalent to the multiplication of matrices in MR.
However, for every PR ∈ MR, Pn

R ∈ MR is satisfied for n ∈ Z. Also, there exists
a group isomorphism from the multiplicative cyclic group 〈P 〉 to the multiplicative
cyclic group 〈PR〉, where

〈PR〉 = {Pn
R |PR ∈MR, n ∈ Z}.

In addition to the literature, let a light-like Pauli quaternion be

P = x01 + x1σ1 + x2σ2 + x3σ3.

Then the polar form of the light-like Pauli quaternion can be given by

P = x0(1 + v),

where v = x1
x0
σ1 + x2

x0
σ2 + x3

x0
σ3 and v2 = 1. Also, we have the nth power of the

light-like Pauli quaternion as follows:

Pn = 2n−1xn
0 (1 + v). (1)

Equation (1) is called De Moivre’s formula for the light-like Pauli quaternions.

3. De Moivre’s Formula of 4 × 4 Real Matrices of Pauli
Quaternions

In this section, we examine both left and right matrix representations for each
conditions. We give all the investigations for

P = x01 + x1σ1 + x2σ2 + x3σ3 ∈ HP

as below

(I) If P = sinh ζ + v cosh ζ is a space-like unit Pauli quaternion

PL =

⎡
⎢⎢⎢⎢⎣

sinh ζ v1 cosh ζ v2 cosh ζ v3 cosh ζ

v1 cosh ζ sinh ζ −iv3 cosh ζ iv2 cosh ζ

v2 cosh ζ iv3 cosh ζ sinh ζ −iv1 cosh ζ

v3 cosh ζ −iv2 cosh ζ −iv1 cosh ζ sinh ζ

⎤
⎥⎥⎥⎥⎦ .

If P = cosh ζ + v sinh ζ is a time-like unit Pauli quaternion

PL =

⎡
⎢⎢⎢⎢⎣

cosh ζ v1 sinh ζ v2 sinh ζ v3 sinh ζ

v1 sinh ζ cosh ζ −i sinh ζ iv2 sinh ζ

v2 sinh ζ iv3 sinh ζ cosh ζ −iv1 sinh ζ

v3 sinh ζ −iv2 sinh ζ iv1 sinh ζ cosh ζ

⎤
⎥⎥⎥⎥⎦ .
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M. Akbıyık, S. Yamaç Akbıyık & F. Yılmaz

If P = x0(1 + v) is a light-like Pauli quaternion

PL =

⎡
⎢⎢⎢⎢⎣
x0 x0v1 x0v2 x0v3

x0v1 x0 −ix0v3 ix0v2

v2 −iv3 x0 −ix0v1

x0v3 ix0v2 ix0v1 x0

⎤
⎥⎥⎥⎥⎦ .

(II) If P = sinh ζ + v cosh ζ is a space-like unit Pauli quaternion

PR =

⎡
⎢⎢⎢⎢⎣

sinh ζ v1 cosh ζ v2 cosh ζ v3 cosh ζ

v1 cosh ζ sinh ζ iv3 cosh ζ −iv2 cosh ζ

v2 cosh ζ −iv3 cosh ζ sinh ζ iv1 cosh ζ

v3 cosh ζ iv2 cosh ζ −iv1 cosh ζ sinh ζ

⎤
⎥⎥⎥⎥⎦ .

If P = cosh ζ + v sinh ζ is a time-like unit Pauli quaternion

PR =

⎡
⎢⎢⎢⎢⎣

cosh ζ v1 sinh ζ v2 sinh ζ v3 sinh ζ

v1 sinh ζ cosh ζ iv3 sinh ζ −iv2 sinh ζ

v2 sinh ζ −iv3 sinh ζ cosh ζ iv1 sinh ζ

v3 sinh ζ iv2 sinh ζ −iv1 sinh ζ cosh ζ

⎤
⎥⎥⎥⎥⎦ .

If P = x0(1 + v) is a light-like Pauli quaternion

PR =

⎡
⎢⎢⎢⎢⎣
x0 v1 v2 v3

v1 x0 iv3 −iv2
v2 −iv3 x0 iv1

v3 iv2 −iv1 x0

⎤
⎥⎥⎥⎥⎦ .

From this point on, this paper will only be calculated for the right matrix repre-
sentations. Similarly, it can be calculated in left matrix representations. Now, we
compute the right matrix multiplications for given two conditions at the following
two lemmas.

Lemma 1. Let

PR =

⎡
⎢⎢⎢⎢⎣

sinh ζ v1 cosh ζ v2 cosh ζ v3 cosh ζ

v1 cosh ζ sinh ζ iv3 cosh ζ −iv2 cosh ζ

v2 cosh ζ −iv3 cosh ζ sinh ζ iv1 cosh ζ

v3 cosh ζ iv2 cosh ζ −iv1 cosh ζ sinh ζ

⎤
⎥⎥⎥⎥⎦ ,

and

QR =

⎡
⎢⎢⎢⎢⎣

sinhψ v1 coshψ v2 coshψ v3 coshψ

v1 coshψ sinhψ iv3 coshψ −iv2 coshψ

v2 coshψ −iv3 coshψ sinhψ iv1 coshψ

v3 coshψ iv2 coshψ −iv1 coshψ sinhψ

⎤
⎥⎥⎥⎥⎦ .
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Then, the multiplication of these matrices is as follows:

PRQR =

⎡
⎢⎢⎢⎢⎣

cosh(ζ + ψ) v1 sinh(ζ + ψ) v2 sinh(ζ + ψ) v3 sinh(ζ + ψ)

v1 sinh(ζ + ψ) cosh(ζ + ψ) iv3 sinh(ζ + ψ) −iv2 sinh(ζ + ψ)

v2 sinh(ζ + ψ) −iv3 sinh(ζ + ψ) cosh(ζ + ψ) iv1 sinh(ζ + ψ)

v3 sinh(ζ + ψ) iv2 sinh(ζ + ψ) −iv1 sinh(ζ + ψ) cosh(ζ + ψ)

⎤
⎥⎥⎥⎥⎦ .

Proof. Considering the hyperbolic angle sum formulas

cosh(ζ + ψ) = cosh ζ coshψ + sinh ζ sinhψ,

sinh(ζ + ψ) = sinh ζ coshψ + cosh ζ sinhψ,

and the fact of the v2 = 1, i.e. v2
1 + v2

2 + v2
3 = 1, by matrix multiplication, it can

be seen directly.

Lemma 2. Let

PR =

⎡
⎢⎢⎢⎢⎣

cosh ζ v1 sinh ζ v2 sinh ζ v3 sinh ζ

v1 sinh ζ cosh ζ iv3 sinh ζ −iv2 sinh ζ

v2 sinh ζ −iv3 sinh ζ cosh ζ iv1 sinh ζ

v3 sinh ζ iv2 sinh ζ −iv1 sinh ζ cosh ζ

⎤
⎥⎥⎥⎥⎦ ,

and

QR =

⎡
⎢⎢⎢⎢⎣

coshψ v1 sinhψ v2 sinhψ v3 sinhψ

v1 sinhψ coshψ iv3 sinhψ −iv2 sinhψ

v2 sinhψ −iv3 sinhψ coshψ iv1 sinhψ

v3 sinhψ iv2 sinhψ −iv1 sinhψ coshψ

⎤
⎥⎥⎥⎥⎦ .

Then,

PRQR =

⎡
⎢⎢⎢⎢⎣

cosh(ζ + ψ) v1 sinh(ζ + ψ) v2 sinh(ζ + ψ) v3 sinh(ζ + ψ)

v1 sinh(ζ + ψ) cosh(ζ + ψ) iv3 sinh(ζ + ψ) −iv2 sinh(ζ + ψ)

v2 sinh(ζ + ψ) −iv3 sinh(ζ + ψ) cosh ζ iv1 sinh(ζ + ψ)

v3 sinh(ζ + ψ) iv2 sinh(ζ + ψ) −iv1 sinh(ζ + ψ) cosh(ζ + ψ)

⎤
⎥⎥⎥⎥⎦ .

Proof. It can be verified by matrix multiplication with considering the hyperbolic
angle sum formulas and the fact of the v2 = 1.

Theorem 3. Let

PR =

⎡
⎢⎢⎢⎢⎣

sinh ζ v1 cosh ζ v2 cosh ζ v3 cosh ζ

v1 cosh ζ sinh ζ iv3 cosh ζ −iv2 cosh ζ

v2 cosh ζ −iv3 cosh ζ sinh ζ iv1 cosh ζ

v3 cosh ζ iv2 cosh ζ −iv1 cosh ζ sinh ζ

⎤
⎥⎥⎥⎥⎦
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be a right matrix representation for a space-like unit Pauli quaternion. Then, if
n ∈ Z is odd, the nth power of the matrix is given as follows:

Pn
R =

⎡
⎢⎢⎢⎢⎣

sinhnζ v1 coshnζ v2 coshnζ v3 coshnζ

v1 coshnζ sinhnζ iv3 coshnζ −iv2 coshnζ

v2 coshnζ −iv3 coshnζ sinhnζ iv1 coshnζ

v3 coshnζ iv2 coshnζ −iv1 coshnζ sinhnζ

⎤
⎥⎥⎥⎥⎦ ,

and if n ∈ Z is even, the nth power of the matrix is given as follows:

Pn
R =

⎡
⎢⎢⎢⎢⎣

coshnζ v1 sinhnζ v2 sinhnζ v3 sinhnζ

v1 sinhnζ coshnζ iv3 sinhnζ −iv2 sinhnζ

v2 sinhnζ −iv3 sinhnζ coshnζ iv1 sinhnζ

v3 sinhnζ iv2 sinhnζ −iv1 sinhnζ coshnζ

⎤
⎥⎥⎥⎥⎦ .

Proof. We use the mathematical induction method for all nonnegative integers n.
For n = 2 and n = 3, by applying matrix multiplication

P2
R =

⎡
⎢⎢⎢⎢⎣

cosh 2ζ v1 sinh 2ζ v2 sinh 2ζ v3 sinh 2ζ

v1 sinh 2ζ cosh 2ζ iv3 sinh 2ζ −iv2 sinh 2ζ

v2 sinh 2ζ −iv3 sinh 2ζ cosh 2ζ iv1 sinh 2ζ

v3 sinh 2ζ iv2 sinh 2ζ −iv1 sinh 2ζ cosh 2ζ

⎤
⎥⎥⎥⎥⎦

and

P3
R =

⎡
⎢⎢⎢⎢⎣

sinh 3ζ v1 cosh 3ζ v2 cosh 3ζ v3 cosh 3ζ

v1 cosh 3ζ sinh 3ζ iv3 cosh 3ζ −iv2 cosh 3ζ

v2 cosh 3ζ −iv3 cosh 3ζ sinh 3ζ iv1 cosh 3ζ

v3 cosh 3ζ iv2 cosh 3ζ −iv1 cosh 3ζ sinh 3ζ

⎤
⎥⎥⎥⎥⎦ ,

respectively. Suppose that the theorem is true for n = 2k, k ∈ Z, i.e.

Pn
R =

⎡
⎢⎢⎢⎢⎣

coshnζ v1 sinhnζ v2 sinhnζ v3 sinhnζ

v1 sinhnζ coshnζ iv3 sinhnζ −iv2 sinhnζ

v2 sinhnζ −iv3 sinhnζ coshnζ iv1 sinhnζ

v3 sinhnζ iv2 sinhnζ −iv1 sinhnζ coshnζ

⎤
⎥⎥⎥⎥⎦ .

Then, let us show that the theorem is valid. One can verify that it holds for n =
2k + 1 and n = 2k + 2 as follows:

P
(2k+1)
R =

2
66664

sinh(2k + 1)ζ v1 cosh(2k + 1)ζ v2 cosh(2k + 1)ζ v3 cosh 2kζ

v1 cosh(2k + 1)ζ sinh(2k + 1)ζ iv3 cosh(2k + 1)ζ −iv2 cosh(2k + 1)ζ

v2 cosh(2k + 1)ζ −iv3 cosh(2k + 1)ζ sinh(2k + 1)ζ iv1 cosh(2k + 1)ζ

v3 cosh(2k + 1)ζ iv2 cosh(2k + 1)ζ −iv1 cosh(2k + 1)ζ sinh(2k + 1)ζ

3
77775

,
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and

P
(2k+2)
R =

2
66664

cosh(2k + 2)ζ v1 sinh(2k + 2)ζ v2 sinh(2k + 2)ζ v3 sinh(2k + 2)ζ

v1 sinh(2k + 2)ζ cosh(2k + 2)ζ iv3 sinh(2k + 2)ζ −iv2 sinh(2k + 2)ζ

v2 sinh(2k + 2)ζ −iv3 sinh(2k + 2)ζ cosh(2k + 2)ζ iv1 sinh(2k + 2)ζ

v3 sinh(2k + 2)ζ iv2 sinh(2k + 2)ζ −iv1 sinh(2k + 2)ζ cosh(2k + 2)ζ

3
77775

.

Also, we give De Moivre’s formula for negative powers by following the same
way. In other words, for n = −1, we obtain the inverse matrix as follows:

P−1
R =

⎡
⎢⎢⎢⎢⎣

sinh(−ζ) v1 cosh(−ζ) v2 cosh(−ζ) v3 cosh(−ζ)
v1 cosh(−ζ) sinh(−ζ) iv3 cosh(−ζ) −iv2 cosh(−ζ)
v2 cosh(−ζ) −iv3 cosh(−ζ) sinh(−ζ) iv1 cosh(−ζ)
v3 cosh(−ζ) iv2 cosh(−ζ) −iv1 cosh(−ζ) sinh(−ζ)

⎤
⎥⎥⎥⎥⎦ .

Also

P−2
R =

⎡
⎢⎢⎢⎢⎣

cosh(−2ζ) v1 sinh(−2ζ) v2 sinh(−2ζ) v3 sinh(−2ζ)

v1 sinh(−2ζ) cosh(−2ζ) iv3 sinh(−2ζ) −iv2 sinh(−2ζ)

v2 sinh(−2ζ) −iv3 sinh(−2ζ) cosh(−2ζ) iv1 sinh(−2ζ)

v3 sinh(−2ζ) iv2 sinh(−2ζ) −iv1 sinh(−2ζ) cosh(−2ζ)

⎤
⎥⎥⎥⎥⎦ ,

and

P−3
R =

⎡
⎢⎢⎢⎢⎣

sinh(−3ζ) v1 cosh(−3ζ) v2 cosh(−3ζ) v3 cosh(−3ζ)

v1 cosh(−3ζ) sinh(−3ζ) iv3 cosh(−3ζ) −iv2 cosh(−3ζ)

v2 cosh(−3ζ) −iv3 cosh(−3ζ) sinh(−3ζ) iv1 cosh(−3ζ)

v3 cosh(−3ζ) iv2 cosh(−3ζ) −iv1 cosh(−3ζ) sinh(−3ζ)

⎤
⎥⎥⎥⎥⎦ .

Then by using the mathematical induction method, the proof is completed.

Theorem 4. Let

PR =

⎡
⎢⎢⎢⎢⎣

cosh ζ v1 sinh ζ v2 sinh ζ v3 sinh ζ

v1 sinh ζ cosh ζ iv3 sinh ζ −iv2 sinh ζ

v2 sinh ζ −iv3 sinh ζ cosh ζ iv1 sinh ζ

v3 sinh ζ iv2 sinh ζ −iv1 sinh ζ cosh ζ

⎤
⎥⎥⎥⎥⎦

be a right matrix representation for a time-like unit Pauli quaternion. Then, the
nth power of the matrix is given as follows:

Pn
R =

⎡
⎢⎢⎢⎢⎣

coshnζ v1 sinhnζ v2 sinhnζ v3 sinhnζ

v1 sinhnζ coshnζ iv3 sinhnζ −iv2 sinhnζ

v2 sinhnζ −iv3 sinhnζ coshnζ iv1 sinhnζ

v3 sinhnζ iv2 sinhnζ −iv1 sinhnζ coshnζ

⎤
⎥⎥⎥⎥⎦ .
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Proof. The proof can be calculated by following the same steps at the proof of
Theorem 3 and by using Lemma 2.

Theorem 5. Let

PR =

⎡
⎢⎢⎢⎢⎣
x0 x0v1 x0v2 x0v3

x0v1 x0 ix0v3 −ix0v2

x0v2 −ix0v3 x0 ix0v1

x0v3 ix0v2 −ix0v1 x0

⎤
⎥⎥⎥⎥⎦

be a right matrix representation for a light-like Pauli quaternions. Then, the nth
power of the matrix is given as follows:

Pn
R =

⎡
⎢⎢⎢⎢⎣

2n−1xn
0 2n−1xn

0v1 2n−1xn
0 v2 2n−1xn

0 v3

2n−1xn
0 v1 2n−1xn

0 i2n−1xn
0v3 −i2n−1xn

0 v2

2n−1xn
0 v2 −i2n−1xn

0 v3 2n−1xn
0 i2n−1xn

0v1

2n−1xn
0 v3 i2n−1xn

0 v2 −i2n−1xn
0 v1 2n−1xn

0

⎤
⎥⎥⎥⎥⎦ .

Proof. The proof can be calculated as the proof of Theorem 3.

The following theorem is devoted to compute Euler’s formula for matrices of
Pauli quaternions.

Theorem 6. Let P be a unit pure space-like or time-like Pauli quaternion.
Then, eζPR = cosh ζI4 + sinh ζPR.

Proof. The right matrix representation of the unit pure space-like or time-like
Pauli quaternion is

PR =

⎡
⎢⎢⎢⎢⎣

0 x1 x2 x3

x1 0 ix3 −ix2

x2 −ix3 0 −ix1

x3 ix2 −ix1 0

⎤
⎥⎥⎥⎥⎦ .

Since

eζPR = I4 + ζPR +
(ζ)2

2
P2

R +
(ζ)3

3!
P3

R +
(ζ)4

4!
P4

R + . . .

and P2
R = I4, then we write eζPR = cosh ζI4 + sinh ζPR.

4. Roots of the Matrices of Pauli Quaternions

In this section, we give the roots of the matrices of Pauli Quaternions.
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The right matrix representation in the general form for a space-like unit Pauli
quaternion P = sinh ζ + v cosh ζ is given the following matrix:

PR =

⎡
⎢⎢⎢⎢⎣

sinh ζ v1 cosh ζ v2 cosh ζ v3 cosh ζ

v1 cosh ζ sinh ζ iv3 cosh ζ −iv2 cosh ζ

v2 cosh ζ −iv3 cosh ζ sinh ζ iv1 cosh ζ

v3 cosh ζ iv2 cosh ζ −iv1 cosh ζ sinh ζ

⎤
⎥⎥⎥⎥⎦ .

Thus, we have the following roots of the equation Xn = PR, where PR is the right
matrix representation form of the space-like Pauli quaternion.

If n is an even number for a space-like unit Pauli quaternion P = sinh ζ +
v cosh ζ, there are no roots.

If n is odd number for a space-like unit Pauli quaternion P = sinh ζ + v cosh ζ,
then there exists.

X0 =

⎡
⎢⎢⎢⎢⎣

sinh � v1 cosh � v2 cosh � v3 cosh �

v1 cosh � sinh � iv3 cosh � −iv2 cosh �

v2 cosh � −iv3 cosh � sinh � iv1 cosh �

v3 cosh � iv2 cosh � −iv1 cosh � sinh �

⎤
⎥⎥⎥⎥⎦ ,

where � = ζ
n .

Similarly, we have the following roots of the equation Xn = PR, where PR is
the right matrix representation form of the time-like Pauli quaternion.

If n is an even number for the time-like Pauli quaternion P = cosh ζ + v sinh ζ,
then there exist 4 distinct roots

X0 =

⎡
⎢⎢⎢⎢⎣

sinh � v1 cosh � v2 cosh � v3 cosh �

v1 cosh � sinh � iv3 cosh � −iv2 cosh �

v2 cosh � −iv3 cosh � sinh � iv1 cosh �

v3 cosh � iv2 cosh � −iv1 cosh � sinh �

⎤
⎥⎥⎥⎥⎦ ,

X1 = −

⎡
⎢⎢⎢⎢⎣

sinh � v1 cosh � v2 cosh � v3 cosh �

v1 cosh � sinh � iv3 cosh � −iv2 cosh �

v2 cosh � −iv3 cosh � sinh � iv1 cosh �

v3 cosh � iv2 cosh � −iv1 cosh � sinh �

⎤
⎥⎥⎥⎥⎦ ,

X2 =

⎡
⎢⎢⎢⎢⎣

cosh � v1 sinh � v2 sinh � v3 sinh �

v1 sinh � cosh � iv3 sinh � −iv2 sinh �

v2 sinh � −iv3 sinh � cosh � iv1 sinh �

v3 sinh � iv2 sinh � −iv1 sinh � cosh �

⎤
⎥⎥⎥⎥⎦ ,
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X3 = −

⎡
⎢⎢⎢⎢⎣

cosh � v1 sinh � v2 sinh � v3 sinh �

v1 sinh � cosh � iv3 sinh � −iv2 sinh �

v2 sinh � −iv3 sinh � cosh � iv1 sinh �

v3 sinh � iv2 sinh � −iv1 sinh � cosh �

⎤
⎥⎥⎥⎥⎦ ,

where � = ζ
n .

If n is an odd number for the time-like Pauli quaternion P = cosh ζ + v sinh ζ,
then there exists only one root

X0 =

⎡
⎢⎢⎢⎢⎣

cosh � v1 sinh � v2 sinh � v3 sinh �

v1 sinh � cosh � iv3 sinh � −iv2 sinh �

v2 sinh � −iv3 sinh � cosh � iv1 sinh �

v3 sinh � iv2 sinh � −iv1 sinh � cosh �

⎤
⎥⎥⎥⎥⎦ ,

where � = ζ
n .

Finally, we have the following roots of the equation Xn = PR, where PR is the
right matrix representation form of the light-like Pauli quaternion. If n is an odd
number, then we have only one root

X0 =

⎡
⎢⎢⎢⎢⎣

a av1 av2 av3

av1 a iav3 −iav2
anv2 −iav3 a iav1

av3 iav2 −iav1 a

⎤
⎥⎥⎥⎥⎦ ,

where a = n
√

x0
2n−1 . If n is an even number, then we have two roots

X0 =

⎡
⎢⎢⎢⎢⎣

a av1 av2 av3

av1 a iav3 −iav2
anv2 −iav3 a iav1

av3 iav2 −iav1 a

⎤
⎥⎥⎥⎥⎦ ,

and

X1 = −

⎡
⎢⎢⎢⎢⎣

a av1 av2 av3

av1 a iav3 −iav2
anv2 −iav3 a iav1

av3 iav2 −iav1 a

⎤
⎥⎥⎥⎥⎦ ,

where a = n
√

x0
2n−1 .

5. Applications

In this section, we give some illustrative examples.

Example 7. Let us consider a Pauli quaternion as P = 1√
2
1+ 1√

2
σ1+ 1√

2
σ2+ 1√

2
σ3.

Since I(P ) = −1 and N(P ) = 1, P is a space-like unit Pauli quaternion. The polar

2250175-12
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form of P is denoted by

P = sinh ζ + v cosh ζ,

where sinh ζ = 1√
2
, cosh ζ =

√
3
2 and v = 1√

3
σ1 + 1√

3
σ2 + 1√

3
σ3. The matrix

representation of P is

PR =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1√
2

1√
2

1√
2

1√
2

1√
2

1√
2

i
1√
2

−i 1√
2

1√
2

−i 1√
2

1√
2

i
1√
2

1√
2

i
1√
2

−i 1√
2

1√
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Let us evaluate the power of the matrix PR for n = 9

P9
R =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

265√
2

153√
2

153√
2

153√
2

153√
2

265√
2

i
153√

2
−i153√

2
153√

2
−i153√

2
265√

2
i
153√

2
153√

2
i
153√

2
−i153√

2
265√

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

This can be stated with De Moivre’s formula as follows:

P9
R =

⎡
⎢⎢⎢⎢⎣

sinh 9ζ v1 cosh 9ζ v2 cosh 9ζ v3 cosh 9ζ

v1 cosh 9ζ sinh 9ζ iv3 cosh 9ζ −iv2 cosh 9ζ

v2 cosh 9ζ −iv3 cosh 9ζ sinh 9ζ iv1 cosh 9ζ

v3 cosh 9ζ iv2 cosh 9ζ −iv1 cosh 9ζ sinh 9ζ

⎤
⎥⎥⎥⎥⎦ ,

where v1 = v2 = v3 = 1√
3

and ζ = sinh−1( 1√
2
). If we calculate the 9th root of PR,

we get

X0 =

⎡
⎢⎢⎢⎢⎣

sinh � v1 cosh � v2 cosh � v3 cosh �

v1 cosh � sinh � iv3 cosh � −iv2 cosh �

v2 cosh � −iv3 cosh � sinh � iv1 cosh �

v3 cosh � iv2 cosh � −iv1 cosh � sinh �

⎤
⎥⎥⎥⎥⎦ ,
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where � = ζ
9 . Its numerical value is given as

X0 =

⎡
⎢⎢⎢⎢⎣
0.0732 0.5788 0.5788 0.5788

0.5788 0.0732 i0.5788 −i0.5788

0.5788 −i0.5788 0.0732 i0.5788

0.5788 i0.5788 −i0.5788 0.0732

⎤
⎥⎥⎥⎥⎦ .

Example 8. Let us consider a Pauli quaternion as P = 3.1 +
√

2σ1 +
√

2σ2 + 2σ3.
Since I(P ) = 1 and N(P ) = 1, P is a time-like unit Pauli quaternion. The polar
form of P is denoted by

P = cosh ζ + v sinh ζ,

where cosh ζ = 3, sinh ζ = 2
√

2 and v = 1
2σ1 + 1

2σ2 + 1√
2
σ3. The matrix represen-

tation of P is

PR =

⎡
⎢⎢⎢⎢⎣

3
√

2
√

2 2√
2 3 i2 −i√2√
2 −i2 3 i

√
2

2 i
√

2 −i√2 3

⎤
⎥⎥⎥⎥⎦ .

Let us evaluate the power of the matrix PR for n = 3⎡
⎢⎢⎢⎢⎣

99 49.4975 49.4975 70

49.4975 99 70i −49.4975i

49.4975 −70i 99 49.4975i

70 49.4975i −49.4975i 99

⎤
⎥⎥⎥⎥⎦ .

This can be stated with De Moivre’s formula as follows:

P3
R =

⎡
⎢⎢⎢⎢⎣

cosh 3ζ v1 sinh 3ζ v2 sinh 3ζ v3 sinh 3ζ

v1 sinh 3ζ cosh 3ζ iv3 sinh 3ζ −iv2 sinh 3ζ

v2 sinh 3ζ −iv3 sinh 3ζ cosh 3ζ iv1 sinh 3ζ

v3 sinh 3ζ iv2 sinh 3ζ −iv1 sinh 3ζ cosh 3ζ

⎤
⎥⎥⎥⎥⎦

where v1 = v2 = 1
2 , v3 = 1√

2
and ζ = cosh−1(3). If we calculate the 3rd root of PR,

we get

X0 =

⎡
⎢⎢⎢⎢⎣

cosh � v1 sinh � v2 sinh � v3 sinh �

v1 sinh � cosh � iv3 sinh � −iv2 sinh �

v2 sinh � −iv3 sinh � cosh � iv1 sinh �

v3 sinh � iv2 sinh � −iv1 sinh � cosh �

,

⎤
⎥⎥⎥⎥⎦
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where � = ζ
3 . Its numerical value is given as

X0 =

⎡
⎢⎢⎢⎢⎣

1.1776 0.3109 0.3109 0.4398

0.3109 1.1776 i0.4398 −i0.3109

0.3109 −i0.4398 1.1776 i0.3109

0.0.4398 i0.3109 −i0.3109 1.1776

⎤
⎥⎥⎥⎥⎦ .

Example 9. Let us consider a Pauli quaternion as P = 2.1 +
√

2σ1 + 1σ2 + 1σ3.
Since I(P ) = 0, P is a light-like Pauli quaternion. The polar form of P is denoted
by

P = 2(1 + v),

where v =
√

2
2 σ1 + 1

2σ2 + 1
2σ3. The matrix representation of P is

PR =

⎡
⎢⎢⎢⎢⎣

2
√

2 1 1√
2 2 i1 −i1

1 −i1 2 i
√

2

1 i1 −i√2 2

⎤
⎥⎥⎥⎥⎦

Let us evaluate the power of the matrix PR for n = 4

P4
R =

⎡
⎢⎢⎢⎢⎣

128 64
√

2 64 64

64
√

2 128 64i −64i

64 −64i 128 64
√

2i

64 64i −64
√

2i 128

⎤
⎥⎥⎥⎥⎦

If we calculate the 5th root of PR, we get

X0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(
1
8

) 1
5

1

2·2 1
10

1
2 · 2 3

5

1
2 · 2 3

5

1
2 · 2 1

10

(
1
8

) 1
5 i

2 · 2 3
5

− i

2 · 2 3
5

1
2 · 2 3

5
− i

2 · 2 3
5

(
1
8

) 1
5 i

2 · 2 1
10

1
2 · 2 3

5

i

2 · 2 3
5

− i

2 · 2 1
10

(
1
8

) 1
5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

by taking a = 5

√
1
23 and v1 =

√
2

2 , v2 = v3 = 1√
2
.

6. Conclusions

In this paper, there have been a huge amount of papers about the computation of De
Moivre’s and Euler’s formulas for some kind of well-known number systems. Inspired
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by these papers, in this paper, we present De Moivre’s and Euler’s formulas for the
matrix representation of Pauli quaternions by considering the types of vectors, sep-
arately. Also, we compute De Moivre’s formula for the light-like Pauli quaternions.
Moreover, we illustrate the obtained results with some interesting examples.
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[7] M. Özdemir, The roots of split quaternion, Appl. Math. Lett. 22 (2009) 258–263.
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