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1 Introduction q € C([to,),R;) with to > 0. and the function off
belong toC(R,R), f (x) /xT > K forall K e Ry, x#0 .

Fractional differential equations have been proved to beBy using a generalized Riccati transformation technique

valuable tools in the modelling of many physical and and an inequality, the author established some oscillation

engineering phenomena such as bioengineeringcriteria for the equation.

electromagnetism, electronics, polymer physics, chaos In[28], Zheng researched oscillation of the equations

and fractals, electrical networks, traffic systems, signal

processing, heat transfer, system identification, inéalstr [a(t) (D"x(t))”}/jt p(t) (D“x(t))"
robotics, viscous damping, fluid flows, genetic - B
algorithms, economics, etcl,p,3,4,5,6]. For the many ® —a -
theories and applications of fractional differential —amf /t (&—1) "y(§)df ) =0

equations, we refer the monograpfisg, 9, 10].

Recently, research for oscillation of various equationswhere t € [tp,»), a € (0,1), D? is the Liouville
like ordinary and partial differential equations, difface  right-sided fractional derivative of order. Based on a
equations, dynamic equations on time scales, andjeneralized Riccati function and inequality technique, th
fractional differential equations has been a hot topic & th author established some oscillation criteria for the
literature, and much effort has been done to establistequation.
oscillation criteria for these equation$1[12,13,14,15, In [29], Han et al. have established some oscillation
16,17,18,19,20,21,22,23,24,25,26] . In these studies, criteria for a class of fractional differential equation:
some attention has been paid to oscillations of fractional
differential equationsd7,28,29,30,31,32]. a / ® —a _

In [27], Chen considered the oscillation for a class of r®e((By) )] —pM® T (/t (5-07¥() ds) =0

fractional differential equation,
wheret > 0, DY is the Liouville right-sided fractional

ann 1 * —a derivative of ordeir with 0 < a < 1,r andp are positive

[r (®) (D,y) (t)} —af (/t (V=) "y (V) dv) =0 continuous functions oftg,) fortp >0, f,g: R = R
are continuous function witlxf (x) > 0, xg(x) > 0 for
wheret > 0, DY is the Liouville right-sided fractional x = 0, there exists some positive constlptk, such that
derivative of ordemr with 0 < o < 1, n is a quotient of  f(x) /X > ki, x/g(x) > kx for all x # 0, and
odd positive integers, r € Cl(tp,»),R,), g !<cC(R,R) with ug~*(u) > 0 for u# 0, there exist
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positive constany such thag= (uv) > y1g~ (u)g~* (v)
for uv # 0. By generalized Riccati transformation

technique, oscillation criteria for the equation are

obtained.

In [30], Qi and Cheng studied the oscillation of the
differential equation with fractional-order derivatives

[a) [r D] ] +p(®) [r ) DEx(1)]
—a) [ (&= x(&)d§ =0

where t € [tp,), a € (0,1), DY is the Liouville
right-sided fractional derivative of ordera, and
re CZ([tovoo)aRJr)! a c Cl([tovoo)aRJr)! and P,
g € C(Jto,»),R) with to > 0. The authors established
some interval oscillation criteria for the equation by a
certain Riccati transformation and inequality technique.
In [31], Xiang et al. studied the oscillation behavior of
the equation with the form

[a) (p(t) +a(t) (0%x) (1))"]

—b(t)f (/tm (s—t)‘“x(s)ds) -

wheret > tp > 0, a € (0,1), DY is the Liouville
right-sided fractional derivative of order, n is a quotient
of odd positive integers, b andq are positive continuous
functions on [tg,) for to > 0, p is a nonnegative
continuous functions onftp,») for to > 0, and
f e C(R,R) with f (x) /xT > K forallK € Ry, x# 0. By
using a generalized Riccati transformation technique an
an inequality, the authors established some oscillatio
theorems for the equation.

In [32], Xu researched oscillation of the following
fractional differential equations

[a® [(rmpox)’] ”}/

—F (t,/too (v—t)"x(v)dv) =

where t € [tp,), a € (0,1), D? is the Liouville
right-sided fractional derivative of order, nj is a quotient
of odd positive integers, r € C?([tp,»),R,),
a € Cl([to,),R,) and
F(t, /T (v—t) %x(v)dv) € C([to,0) xR,R), there
exists a function q € C(Jto,o),R;) such that
F(t e v—t""xv)dv) /(" (v=0)"%x(v)dv)" >
q(t) for 7 (v—t)"“x(v)dv #£ 0 andx # 0, t > to. The
author was dealing with the oscillation problem of the
equation.

Now, in this study, we are concerned with the
oscillation of nonlinear fractional differential equat®of

the form;

)}”
o)

wheret € [tg,»), a € (0,1), y1 andy, are the quotient of

two odd positive number,the functi@nc C* ([tp, ) ,R ),

r € C?(Jtp,),R), g € C([to,),R),the function off

belong toC(R,R), f(x)/x>k forall ke Ry, x#£0,
€ (0,1), and D%x(t) denotes the Liouville right-side

fractional derivative of ordes of x(t) defined by

1 d a
_r(l—a)&/t S

wheret € R, andrl is the gamma function defined by

1)

DIx(t) =

t):/t s-leSds te R,

As usual, a solutiox(t) of (1) is called oscillatory if
it has arbitrarily large zeros, otherwise it is called
non-oscillatory. Equationlj is called oscillatory if all its
solutions are oscillatory.

2 Preliminaries
In this section, we present some background materials

hroughout this paper.

Definition 2.1. [8]:The Liouville right-sided fractional
integral of orderar > 0 of a functionf : R, — R on the
half-axisR is given by

1 ()dt
(a)/x (t—x)t

provided the right-hand side is pointwise definedRn,
wherel™ is the gamma function.

Definition 2.2. [8]: The Liouville right-sided fractional

derivative of ordeir > 0 of a functionf : Ry — R on the
half-axisR, is given by

IE?rom fractional calculus theory, which will be used

,fort >0

(19F) (x) := r

[a]

fa] d lal-a

Dl g (E771) o0
1

r(lal—a)
/°° f(t)dt
x (t—x

)af[a]Jrl’
provided the right-hand side is pointwise definedRn,
where[a] :=min{ze Z:z> a} is the ceiling function.

(DIF) (9 = (=
(-1

dlal

X el fort >0
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/
Before our main results, now we state a useful lemmalarge t3 > t, such that (r (t) (Dﬁx(t))yl) > 0 on

Lemma 2.3.[33]: Assume thatA andB are nonnegative
real numbers. Then,

AABM LAt < (A —1)B (2)

forall A > 1.

3 Main Results

In this section, we establish some oscillation criteria for
(1). Firstly, for the sake of convenience, we denote

S(tt) = [i(1/a¥*%(s))ds for i = 0,1,2,34,5;

At) = exp( j;g(p(s)/a(s))ds) and  let
G(t) = " (s—t) "x(s)ds for a € (0,1), t > 0. Then,
using Definition 2.2, we obtain

G (t):=—I (1—a)(Dx) (t).
Lemma 3.1. Assume x(t) is an eventually positive
solution of (1), and

© 1
s meaE" ©
© 1
/to T g% )
) i ) 1 1y o
[z [ B@Eea] “a-e  ©

whereB(x) = [A(x)a(x)]’lj;(""A(s)q(s) ds. Then, there
exist a  sufficiently large T such  that
(r (Dﬁx(t))yl)' < 00n[T,) and eitheDx(t) < 0
on [T, ) or limi_,. G(t) = 0.

Proof. From the hypothesis, there existta such that

X(t) > 0 on [ty,), so thatG(t) > 0 on [t;,»), and we
have

tG({)>0,t>1t (6)

Ye
Then A(t)a(t)[(r(t)(D"x(t))yl)] is  strictly
increasing on [tj,»), thus we know that

!/
(r (t) (D‘lx(t))yl) is eventually of one sign. Fdp > t;
is sufficiently large, we cIain(r (t) (Dﬁx(t))yl)/ <0on

[to, ). Otherwise, assume that there exists a sufficiently

[t3,).Thus, we get that
r(t) (DAx(t))"™ —r (ta) (DIx(t3)) "
e Ve
t (A(s)a(s) [(r (s) D“x(s))yl)} )
- . ds (7)
s [A(s)a(s)]
> AP t5) 8/ 1) (1 1) (D%x(19)")

t 1
Sy e

Then from @) we have limsr (t) (DIx(t))" = +o,
which implies that for a certain constapt> t3, DY x(t) >
0,t € [tg,), then

G(t)—G(ty) = ttG/(s)ds
1/n
t (r(s) (D¥x(s))"
:—l’(l—a)/u( rl/Vl(s)) ds

< =T (1—a)r" (t4) DIx(ts)
t 1 q
/ (s

by (4) we obtain lim_,. G(t) = —, which contradicts
to G() > 0 on |Jt,0). So we have

/
(r (t) (D‘lx(t))yl) < 0 on [tz,»), and D%x(t) is
eventually of one sign. Now we assurb@x(t) > 0 on
[ts, ) wherets > t4 is sufficiently large. SoG' (t) < 0,
t € [ts,0) and we have lif,. G(t) = B > 0. We claim
that 3 = 0. Otherwise, assum@ > 0; thenG(t) > 3 on
[ts,0), and f (G(t)) > kB > M for M € R, by (6), we

have
[A(t)a(t) [(r (t) (Dﬂx(t))yl)/} VT

=q(t)f (/too (v—t)“x(v)dv)

ZKkALqt)G(t) > MAt)q(t), t>ts  (8)

Substitutingt with sin (8) and integrating it with respect
tosfromt to « leads to

~Aalt) [(f (®) (D“X“))yl)/]

zM/twA(s)q(s)ds

_limA(t)a(t) [(r t) (D‘ix(t))”)'] "

t—ro0

Y2

Thatis

_A(t)a(t)[(r(t)(oﬂxt ") } >|v|/ A(s
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which means That is,
(r (t) (Dﬁx(t))yl)' < MY [B ()M ©  DIix()
tSouzk')fSrt(i)trl‘Jntitng :-Y;t/t]eﬁjlsn (9) and integrating it with respect < AVY: (t)al/% (1) (r ) (Dﬁx(t))yl)/él(t,tl) /n
- - r )
—r(t) (DOx ()" < —Ml/Vz/t B(1))*%dr 14
Thatis So, the proof is complete.

Theorem 3.3.Assume 8)-(5) andyiy» = 1 hold. If there
/v
r(t)/t [B(1)] dr} (10)  exists two functions @ € C!([to,),R.) and
p € CY([to,),[0,)) such that

G (t) < —MY"¥%r (1—a)

Substituting with ¢ in (10) and integrating it with respect
to { fromtstot, we have t

| {KA(9a(9 (9
G(t)—G(ts) < —MY"2[ (1—a) 2 . 5
2097 (1-0) 5" (st2) p (1) + 1% (5) ¢/ (3)]

t 1 o0 1/V2d 1/V1d
X — B(t T -
. [7igp /e ear] e wR (&9 (1-a)5 " (st
_ 1/
By (5), we have lin,» G(t) = —co, which contradicts to +o(s) ra 01{/) o (st p%(s)+@(s)p’ (s)} ds
the fact thaiG (t) > 0. Then we get thaB = 0, which is ri/n(s)
lim{_. G(t) = 0. The proof is complete. = (15)
Lemma 3.2. Assume thaix(t) is an eventually positive
solution of @) such that for all sufficiently largeT, then every solution of1j is

oscillatory or satisfies lim,. G(t) = 0.
/
(r (t) (Dﬁx(t))yl) <0, DI(t)<0 (11)  Proof. Suppose the contrary thaft) is non-oscillatory
solution of (). Then without loss of generality, we may
onJt;, o), wheret; > to is sufficiently large. Then, far> ~ assume that thereis a solutboft) of (1) such thak(t) > 0
t;, we have on [ty,), wheret; is sufficiently large. By Lemma 3.1.,
’ /
we have(r (t) (Dﬁx(t))yl) <0,t € [tp,), wheret; > t;
Un is sufficiently large, and eithdd?x(t) < 0 on [tp,) or
(r () (Dax(t))vl)’ limi_e G(t) = 0. If we takeD?x(t) < 0 on|tp, ). Define
B the following generalized Riccati function:

G (t) > — (1—a) &/ (t,ty) AV (tyal/ e (1) (12)

X

ri/v(t)
Proof. Assume thak is an eventually positive solutio‘r’w2 of w(t)=e()
(1). So, by 6), we obtain thaa(t) [(r (t) (Dﬁx(t))yl) ] Ab)a(t) ((r 8 (Dgx(t))yl)/) v
is strictly increasing offt, ). Then, X Q= 0] +p(t)p (16)
r(t) ( DIx(t))"
<r(t) (DOx ()" —r(tz) (DYx(ty)) ™ Fort € [tz, ), we have
ay (") o\ M v
/ ( [r (€) (D2x() )] ) . A(t)a(t)((r(t)(Dax(t))Vl)’>
= S /
ASa(s) w0 =-¢) G
<A Da 1/”( b (r® (07x(0)") Awao ((ro e2x0)*)) |
/ TP —o(t) 30
= A2 (t) l/yz()(f(t) (Dfx(t))yl)/fi(t,tl)- (13) Ll WM +0)p 1)
(@© 2017 NSP
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+o(t)

+ot)p'(t)
Using (12), we obtain
¢ (t)

W (t) < Ww(t) —kAM)at) e(t)

F(1—a)8/" (t,t) w?(t)
ri/n(t) P (1)
2r (1—a) 57 (t,t) p (1) w(t)
ri/v(t) P(t)

_ /v
& ﬁ/)fl(t) “ 0200+ o0

+o(t)

—o(t)
So, we have
W (1) < —KAt)q(t) @(t)

r(1—a)d/M(t,ty)
ey © W

20(t)F (1—a) 8" (t,t) p (1) + 1M () ¢ (1)
’ 7% (1) o 1)
r(1-a)s/"(t,t)

rl/Vl(t)

—o(t) PPt +ot)p'(t)  (18)

) ()

sl 1/
B 2007 (1-0)8 " (tt2)p(t) +r Vl(‘l‘;/z(‘), using Lemma 2.3.,
2<r1/V1 Oet)r (1—a)611/y1 (t,tz))

we have
o (1) < —kA(t)q(t) @ (1)
2007 (1 @) 8" (L) p (O +r% (1) @ (1)
A () ()M (1—a) " (t.t)

/v
ra- g/):() & tZ)Pz(t) (19)

. Fa-a)s M)\ 2
In (18), settingA =2,A= (712) w(t) and

2

—o(t)
+ot)p'(t)
Substitutingt with sin (19), and integration both sides of
(19) with respect tasfromt;, tot yields

RECEERE

2097 (1- )8 (st)p () + 1 (9 ¢/ (9)]
B 4 (9) @91 (1—a) &% (sty)

B /v
- ﬁ/)f(s) 5% 029+ p(90/ (9 } *

+@(s)

<w(t)
< 0

which contradicts toX5), so proof is complete.

Theorem 3.4. Assume 8)-(5) and y1y» = 1 hold.
Furthermore, suppose th@f p are defined as in Theorem
3.3. and there exists a functiod € C(D,R), where
D:={(t,s)|t >s>tp}, such thaH (t,t) = 0, for t > to,
H(t,s) > 0, for t > s> tp, and H has a non-positive
continuous partial derivativid (t,s) and

lim sup

imsup o [ Hs tasas o

2097 (1-a)8 " (s)p(s) + (99 (5)]
4% (s) ()T (1—0a) 5" (stp)

_ /v
e ACRL L (s)} ds}

— (20)

+@(s)

for all sufficiently largeT, then every solution of1) is
oscillatory or satisfies lim,. G(t) = 0.

Proof. Suppose the contrary tha{t) is non-oscillatory
solution of (). Then without loss of generality, we may
assume that there is a solutioft) of (1) such thak(t) >0
on [t,), wheret; is sufficiently large. By Lemma 3.1.,

we have(r (t) (D‘ix(t))yl)/ <0,t € [tp,), wherety > t;

(@© 2017 NSP
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is sufficiently large, and eithed{x(t) < O on [tp,c) or
limi—e G(t) =0. Letw(t), be defined as in Theorem 3.3..
Thus we haveX9). So,

KA® () p(1)
oI a-astLpm Mm@ ©]
- arin () p(t)r (1—a) o™ (ttp)
_ /v
o T EE o rome ) (2
<-a ()

Substitutingt with s in (21), multiplying both sides by
H (t,s) and then integrating it with respect $dromt, to
t, we get that

(19 fa@a (s

209 (1-a) 8" (st)p(9) +1M (99 (9)]
4% (s) ()T (1—a) 8" (sity)

_ /v
s rCI/)Vfl(S) = P+ 090 (S)} -

+@(s)

t
<— [ H(t,s)w (s)ds
t2

—G(t,t)a)(t)+G(t,t2)w(t2)+/ttG;(t,s)w(s)As

<G(t,2) w(tz)

<G(tto) w(tz) (22)

and then,

t
=/ H(t,>s)

fo

x {kA(8)a(s) 9 (9
[20(9rn (1 a) 8" (st2)p(9) + 11 (9 9/ (9)]
41/ (s) @(9) M (1—a) 5" (s to)

Uy (1 _ /v
/v (1r1/c;1)(5$1) (S,tz)p2(3)+¢(s)p’(s)}d5

+@(s)

t2
=/ Htys)

fo

< {KA(S)A(5)0(5)
20(9r (1- )5 (st)p(9) +1M (99 (9)]
4 (s) @) (1—a) 5" (s to)

B /n
= S/)f(s) S8 25 1090/ (5 } *

+@(s)

+ tt H (t,s)
< kA9 009
209 (1- )8 (st)p(9) + 1M (99 (9)]
4 (s) @) (1—a) 5" (s to)

B /v
- S/)f(s) 5% 029+ p(90/ (9 } *

< H (t,to) w(tz)

PH) [ RGO 09

+@(s)

2097 (1-0) 8" (st)p(9+ (9 ¢ (9]
4 (s) @) (1—a) 5" (s to)

_ /v
ra rq/)vfl(s) (S’tZ)pZ(Squ(SW (s)

ds

+@(s)

So,

fim supﬁ{ t:Ha,s){kA(s)q(s)co(s)

209 (1- )5 (st)p(9) + 1M (99 (9)]
4riv(9)@(9 1 (1—a)8" (stp)

_ /v
r1 rolr/)vfl(s) (S’tZ)pz (9 +o(s)p’ (S)}ds}

+0(s)
<w(t2) + ; [kA(s)a(s) @(s)
20(97 (1- )8 (st2)p(9) + 71 (99 (9)]
4 (s)@()T (1—a) " (s to)

_ /v
ra rq/)vfl(s) (S’tZ)pZ(SHqO(SW(S)

ds

+@(s)

< 0

which contradictsZ0). So the proof is complete.

Using Theorem 3.3. and Theorem 3.4., we can derive
a lot of oscillation criteria with respect to chooke @
andp. For instance, we can choob(t,s) = (t —s)*, or
H (t,s) =In (%), we obtain the following corollaries.

(@© 2017 NSP
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Corollary 3.5. Under the conditions of Theorem 3.4. and In (5),

. 1 t A
lim supm {/ (t—9)" {kA(s)q(s) @(9)

t—o0 to

20(9)7 (1~ 0)8.% (s12)p(9) + 1 (9)9/(5)]
B AR (9) QST (1) 5" (sto)

B /v
= rol/)yfl@ 88251 9(9)0 (S)} ds}

(23)

+@(s)

— 00

Then every solution of 1) is oscillatory or satisfies

liMi_see G(t) = 0.

Corollary 3.6 Under the conditions of Theorem 3.4. and

t—o0

20 (1-0) 8 " (st)p(9 + (99 (9]
4ri/n(s) (9 (1- )8 ™ (sto)

/v
e CLC } ds}

(24)

+@(s)

— 00

Then every solution of 1) is oscillatory or satisfies

liMi_see G () = 0.

4 Examples

In this section, we present some examples that apply the

main results established.

Example 4.1. Consider the
differential equation

[tz ([(sz(t))l/z}’ﬂ/
—t? (/tm (s—t)"%x(s) ds)
x sirf (/tm (s—t)“x(s)ds) =0,t>1

This corresponds tolf with to = 1; 1 = 3; o = 2;
€ (0,1); a(t) =t%r(t)=1; p(t) =0;q(t) =t=2 and
f (x) /x= (1+sir?x) > 1 =k. On the other hand,

t1
61(t,t2):/ Zds=Int
1S

which implies lim_. d1 (t,tz) = o, and so, 8) holds.
Then, there exists a sufficiently large > t, such that
01 (t,t2) > 1on]T, oo). In (4),

/ ds=oo

/1 rl/Vl

following

(25)

(26)

lim supm {/ (In(t) —In(s)) {kA(s)q(s) @(s)

fractional

/t: [% /; [B(T)]l/yzdl_} 1/y1OIZ

_/ V[ / 1ds]l/2drrd5:oo 27)

Letting@(t) =t, p(t) =0in (15),

S= t:{ws)q(s)co(s)

2097 (1- )8 (st)p () + 1 (99 (9)]
arn(9) (9 (1-a)d " (stp)

ri—a)8"(st)
ri/v(s)

= /1t {%_ 4sr(1—;)512(s,t2) }ds

P2(9+0(9)p <s>}ds

o [tz RETT J 3o
e (1—a1>6§<s,tz>}%ds
A awEy J oo
v (1—a1>6§<s,tz>}%ds
A =

So, @5) is oscillatory by Theorem 3.3..

Example 4.2. Consider the following fractional
differential equation
1/51/
t1/5({(D“x(t))5}/> 1
ANE
+tl ({(D‘ix(t)) } ) (28)

12 (/tm (s—1)"9x(s) ds)
X exp((/tm (s—t)“x(s)ds>2> =0, t>2

This corresponds tolf with to = 2; a € (0,1); y1 = 5;
y=1at) =tY5rt)=1;pt) =t q(t) =t"2 and
f(x)/x = exp(x*) > 1 = k  Moreover,

(@© 2017 NSP
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1<A(t) =exp(fys ®°ds) < exp(5/\5/§). On the other
hand,
t 1

B e

5 t1
> exp(—25/\/§) /2 ds
which implies lim_« & (t,t2) = o and so 8) holds. Then,

there exists a sufficiently large > t, such tha®; (t,tp) >
lon[T,»).In (4),

/t rl/yl / ds = oo (29)
0

In (5),
/: {% /: [B(r)]l/wdr} 1/y1dZ (30)
> exp(—S/\S/i) /zw l/; [T—l/S/Tws—zdsrdT} 1/5dZ

Letting @(t) =t ,0(s) =0 andA = 1in (23), we have

t—o0

. 1 t A
lim supm{/to(t—s) {kA(s)a(s) @(s)

20(97 (1- )8 (st2)p(9) + 1 (99 (9)]
arYn(s) (9T (1-a) 8" (stp)

_ /v
ol S0 (S’tZ)p%s)+<o<s>p'<s>}ds}

> lim sup !
-2

t—o0
t
X /(t—s) s ! G ds
2 4s (1-a) ;% (s to)
i 1
o SUPTTS

t 1 1
) {/2 (t_s){1_4r <1—a>61/5<st2>}5d3}

T 1 1
t—s){l——=—— + 2ds
=lim supi 2 { ){ 4"<1—G)511/5(Sytz>} S
t—oo t—

+j$(t—s){1—#}§ds

ar (1-a)8Y5(stp)

T 1 1
t—s)<1————~— 7+ =ds
>tlin supi2 Jo ( ){ 4F(la>511/5<s,tz)} s
o t
+frt—s9) {1— T } lds

= 0

So @3) holds, and then we deduce tha?8 is
oscillatory by Corollary 3.5..

5 Conclusion

In this study, we are concerned with the oscillation for a
class of nonlinear fractional differential equations. A®o0
can see, by the aid of Liouville right-sided fractional
derivative definition, we have a correlation between first
order derivative of th& (t) and fractional order derivative

of G(t). By using the correlation, inequality, integration
average technique, and Riccati transformation, we are
established some oscillation criteria. Finally we give
examples.
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