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Abstract

This paper is a short description of our recent results on an important class of the
so-called Mittag-Leffler functions, which became important as solutions of fractional
order differential and integral equations, control systems and refined mathematical
models of various physical, chemical, economical, management and bioengineering
phenomena. We have studied the Mittag-Leffler functions as their typical
representatives, including many interesting special cases that have already proven
their usefulness in fractional calculus and its applications. We obtained a number of
useful relationships between the Mittag-Leffler functions and the Wright functions.
The Wright function plays an important role in the solution of a linear partial
differential equation. The Wright function, which we denote by W(z; «, B), is so
named in honor of Wright who introduced and investigated this function in a series
of notes starting from 1933 in the framework of the asymptotic theory of partitions.
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1 Introduction

1.1 The Mittag-Leffler function

The Mittag-Leffler function is an important function that finds widespread use in the
world of fractional calculus. Just as the exponential naturally arises out of the solution to
integer order differential equations, the Mittag-Leffler function plays an analogous role in
the solution of non-integer order differential equations. In fact, the exponential function
itself is a very special form, one of an infinite set of these seemingly ubiquitous functions.

The standard definition of Mittag-Leftler [1] is given as follows:

o0
;F(ak , a€CR)>0,z¢eC. 1)

A two-parameter function of the M-L (Mittag-Leffler) type is defined by the series ex-
pansion [2]

o]

Enp(2) = Z (e, B € C,R(@) > 0,R(B) >0,z € C). 2)
T o B)
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The M-L function provides a simple generalization of the exponential function because
of the substitution of ! = I'(n + 1)n! with (na)! = I'(na + 1). Particular cases of (2) recover
elementary functions are recovered

-1 sinh(z)

Eip= o Exa(2%) = o

and
22
Eipg =€ erfe(-z),

where erf (erfc) denotes the (complementary) error function defined as [3]

2 © 9
erfc(z) = — e dt.
=

By means of the series representation, a generalization of (1) and (2) is introduced by
Prabhakar [4] as

k

El @)=Y F(o(tzi)-kﬁ)% (o, B, € C,R(@) > 0,R(B),R(y) > 0,z € C), 3)
k=0

where (y), is the Pochhammer symbol [5] given by

o) T(+m) 1 (n=0;1%0),
T | Wesry D +2) (v 4n-1) (neN;EC).

Note that
EL(@)=¢, E,(2)=Es2), E,;(2)=Eap(.

Some new properties of the Mittag-Leftler function, including a definite integral and
recurrence relation, were investigated in [6, 7].

1.2 The Wright function

The Wright function plays an important role in the solution of a linear partial differential
equation. The Wright function, which we denote by W(z;a, B), is so named in honor of
Wright, who introduced and investigated this function in a series of notes starting from
1933 in the framework of the asymptotic theory of partitions. This function was intro-
duced that related Mittag-Leftler [8—11]. We obtained a number of useful relationships
between the Mittag-Leffler functions and the Wright functions.

1.2.1 Definition
The Wright function is defined by the series representation, convergent in the whole z-
complex plane [12]

Zk

Wi(za,B) = kX:o: m.
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1.2.2 The integral representation of the Wright function
1

Wz, B) = —/ exp{u +zu’o‘}u”S du,
270 JHa

where Ha denotes the Hankel path. To prove the Hankel path, let us write the integrated
function in the form of a power series in z and perform term-by-term integration using

the integral representation formula for the reciprocal gamma function

In fact,

1 1 >, 2"
W(za,B) = %/ exp{u +zu™}u ™ du = i), e [Z%u‘“”} uPdu

Ha i n=0
[o¢] o0
_ Zi L/ yanb gy, :ZL~
=l [ 270 Jp, — n'l(an + B)

1.2.3 The Laplace transform of the Wright function

We recall that the Mittag-Leffler function plays fundamental roles in applications of frac-
tional calculus like fractional relaxation and fractional oscillation [13-16]. Kiryakova in-
troduced and studied the multi-index Mittag-Leftler functions as their typical representa-
tives, including many interesting special cases that have already proven their usefulness in
FC and its applications [17]. Srivatava and Tomovski introduced and investigated the frac-
tional calculus with an integral operator which contains the following family of generalized
Mittag-Leffler functions [18]. Haubold, Mathaian and Saxena studied the Mittag-Leffler
functions and their applications [19]. There is an interesting link between the Wright func-
tion and the Mittag-Leffler function. We now point out that the Wright function is related
to the Mittag-Leffler function through the following Laplace transform pair:

o]

tk
L{W(t,o{,,B),S} :L{Z m,s}

k=0

2 Some properties of the Mittag-Leffler functions
Theorem 1 (Derivative of the Mittag-Leffler function) If«, 8,y € C, R(a) > 0, R(8) > 0,
R(y)>0,z€ Candr,n €N, then

dn
dx”

[Zﬁ_lE(]x/,ﬂwa (Z)] = Zﬁ_n_lEZrﬂ*"’“—” (Z)
Proof Using definition (3), we have that

n o Zk+ﬂ—1—n

_ (¥ )k -
B-1rY _ _ B-n-1pv
ST B By ww vy R R

dx"


http://www.advancesindifferenceequations.com/content/2012/1/181

Kurulay and Bayram Advances in Difference Equations 2012, 2012:181 Page 4 of 8

http://www.advancesindifferenceequations.com/content/2012/1/181

The Wright function is expressed with help of the Mittag-Leffler function:

dn
dx”

[ lsz//Swa z)] = Zzﬂ_l_"(y)kW(Z;a,ﬂ +ra —n). -
k=0

Theorem 2 (Integration of the Mittag-Leffler function) If«, 8,y € C, R(a) > 0, R(8) >0
R(y)>0,z€ Candre N, then

/(; prere= lE()x/ ﬁ+rcx( ) dz = Zﬁ-HWEy ﬂ+ra+1(z)

Proof According to the Mittag-Leftler function, we have

o0 —
Zk+roz+/3 1

(Y )k
/3+ra 1Y _
Eaperal?) = ;F(a(k+r)+ﬂ)' k!

Integrating both sides gives

Zk+m+ﬂ—1

/oﬁ+mlggﬁ+,a(z)dz /ZF(a(k+r)+ﬂ) e

k+ra+ﬁ

O (¥
_ZF((xk+r Y+B+1) k!

= ZﬁHDtEV o,B+ra+l (Z)

Relation with the Wright functions is as follows:

k+ro¢+ﬁ—1
/3+ra IE)/ dz = / (y)k d
/(; wpora(2) 42 = 0 ak+r)+B) Kk ‘

Zzﬂ”‘” W W(za,B +ra+1).
Theorem 3 Leta,B,y € C,R(a) >0,R(B)>0,R(y)>0,z€ C,r €N, then

d
ﬂ(z) ﬁEa ﬂ+1(z) +az—

dz @ ﬂ+1(z)

Proof By definition (3), we have that

o]

d d (Y )n
IBEZ,,_‘;H(Z) + azd_ZEZ’ﬁ+l(Z) = ﬂEa 5+1(Z) + C(Zd Z

F(om+ﬁ+1)

= B an(y), 7
_Zr(an+,3+l)'n!+§F(an+ﬂ+l)'n!
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Relation with the Wright functions is as follows:

d Y)n z"
B aﬂ+1(z)+otz aﬁﬂ(z) ,BEf;,ﬂH z)+az—2m pr

:i B ) Z”+§: an(y)n 2"

Tlan+p+1)'n Tan+ B +1) n

=Y M W(za,p).
n=0

Theorem 4 Fora,f,y € C, R(a) >0, R(B) >0, R(y) >0,z € C, r e N. Note that’
Eoc ,Bra+l (Z) /3+rot+2(z)
db
=(B+ra)(B+ra+2)E" prras3(@) 2z ﬁEa 6ras3(?)
d .y
+ofa+2+2(8+ ra)}zd—zEa’ﬂ”ms(z). (4)
Proof We have
= (¥ )k z
Eoporant® = XO: (ak+1) + BTk +r) + B) K )
= (¥ )k 2
—. 6
“‘8”‘“2 Zo (atk+7)+B)atk+7r)+ B+ (alk+7r)+B) k! ©
Equation (6) can be written as follows:
- 1 1 2y
EV - —
“'ﬂ”‘“z(z) g[a(k +nN+B  alk+r)+ B+ 1] C(a(k +7) + B)k!

=E (2) - i 2k ' v
wret " L (kv )+ f+ D alk+1) + Bk

We find from equation (7) that

(¥
E, prran(®) = “’3”‘”2(2) Z (a(k+7r)+ B+ 1) (alk +r) + B)k!

Zk(V)k( 1
k! (alk+r)+B+2)(ak+r)+ B+ (alk+71)+ B)

1
" (a(k+r)+ﬂ+2)F(a(k+r)+ﬁ)) ®)

or

= (v )k
20: (k+7r)+B+1)C(alk+r)+ B)k!

Z (alk + 1)+ B)2 ()«

(alk+r)+ B)alk+r)+ B +1)2K(y)k
T'(a(k+r)+ B +3)k!

C(a(k+r)+ B+ 3)k!

Mz

+

T
o
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[ ZX( )k ak (B +ra)
Z{ k! (l"(oz(k+r)+ﬁ+3)+F(a(k+r)+ﬂ+3)>}
k=0

[ () (kat)?
+X(;{ ki (F(a(k+r)+ﬁ+3)

ka (2B +2ra +1) B+r)+(B+7) ©)
Tak+n+B+3) Tk +p +3))}‘

We now say each summation on the right-hand side of equation (9) is as follows:

a ., e k2 + D) 2F
a7 P B = L i gy a

k=0

Zk

F(a(k+r +,3 +3) k!

OM8

k(y )k &,
E +2E (z) (10)

o,f+ra+3
Py alk+r)+B+3) k!

or

k

> z
;F(a(k+r)+ﬂ+3)
d Eyﬂ+ra+3(z)
, d? k(y)k zk
e dz> “ﬁ”‘”g(z) BZ F'ak+r)+B8+3) k 1D

We find from equation (11) that

= K (y )i & d d?
T(a(k + 1) + B +3)'E :ZE L}x/,ﬂ+ro¢+3(z) +z ﬁEZﬁwaﬁ(z) 12)

g

k=0

Using equations (9), (11), and (12), we get

Eoz fi+ra+1(z) o ﬂ+m+2(z)

d?
=(B+ra)(B+ra+2)E] 4, .,.3(2)+ o7 ﬁE;’ﬁwﬁ(z)

+oz{a +2+2(B +ra)}zi

dZEZ,ﬂJrraJrS(Z)‘

Relation with the Wright functions is as follows:

Ea ﬂ+rot+1(z) a/S+rat+2(Z)

= Z(,B +ra)(B+ra+2)(y Wz, B +ra+3)

k=0
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oo

+ Zazzz(y)k W(z,a B +ra+3)

o]

d
+k202a a+2+2(/3+ra)}(y)kz—W(z,a B +ra+3). 0
Theorem 5 Ifa,B,y € C,R(x) >0,R(B8) >0,R(y)>0,z€ C,r €N, then
r-1
2 Zk
ZE} 4ra(2) (13)
o,B+ra
Py r ka +8) k
Proof We have from (13)
i (e 2 | Z
— T(ka + B) k k:oI‘ka+,B ) kU
Forr=2,3,4,..., we obtain
(Y)hz
ZEV — EV -
#Fapanl® =EaplD F(ﬂ) T+ p)
(y)hz (v)27*
EV V _ _ _ ,
# e =B T " T p)  Tw )
1 (y)hz (v):2* (y)s2*
2
E - - - M
wpraa® = Ea @) - O T T p) T+ B) TGat)
i e 2 rzlj _"
— T(ka + B) k 0Fkoz+,3 '
Relation with the Wright functions is as follows:
S 0 r-1
W 3O - 3Oy .
;F(kmﬁ) . kZ )W (z0t, B) Zoj(y)k\v(za B) -
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