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Abstract: In this paper we concern with asymptotic stability, synchronization comehaimerical solution of incommensurate order
fractional Shimizu—Morioka dynamical system. Firstly we prove the exé®eand uniqueness of the solutions via a new theorem.
After finding steady—state points, we obtain necessary and sufficiaditimms for the asymptotic stability of the Shimizu—Morioka
system. We also study the synchronization control where we employmasistee synchronization scheme. Finally, employing Adams—
Bashforth—Moulton’s technique we solve the Shimizu—Morioka systenmenigally. To the best of our knowledge, there exist not any
study about analysis of chaotic dynamics of fractional Shimizu—Morsyk#em in the literature. In this sense the present paper is going
to be a totally new contribution and highly useful research for synthesisiohlinear system of fractional equations.
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1 Introduction 1 with a fractional time derivative of ordex; € (0, 1],
1= 1,2, 3, the incommensurate fractional order Shimizu—
Albeit there exist a vast amount of research work Morioka system is defined as
regarding the analysis of chaotic structures and solutions

of fractional order Chua, Lorenz,il,. Chen and Bssler iz =y
systems, there exists not any study about analysis of dte
fractional Shimizu—Morioka dynamical system. In this d*2y =z —ay—az
paper our major goals are to study asymptotic stability, dtez
synchronization control and numerical solution of d*z bt ?
fractional ~ Shimizu—Morioka  dynamical  system. dtas
Shimizu—Morioka system is defined as
dr Let us remember that am—dimensional fractional
a Y dynamical system
dy o
o r—ay —xz (1) d%a(t) _ H(t,X(t)), X(O) = X,,
% = —bz + 22
dt where  X(t) = (x1(t), - ,2,(t)T and
a=(ag, - ,ap),a; € (0,1)fori =1,2,--- ,nis said
to be a commensurate orderdff = as = -+ = a,,

wherez, y, z are the state variables,€ R andb € R, otherwise it is said to be an incommensurate order. In this
are parameters. Replacing the standard time derivative giaper we concern with both of the commensurate and
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incommensurate order fractional Shimizu—Morioka For f € C,,p > —1,,8 > 0andy > 1:
systems.

Structure of this paper is in the following way. Section i)JO I8 f(x) = JHP f(x),
2 reviews the fundamental concepts in the fractional
calculus. In Section 3 we prove existence and uniqueness i) J*JB f(z) = JPJf (),
of solutions via anew theorem. In the section 4 we study
stability analysis of the fractional Shimizu—Morioka iii.) JoxT = L(y+l) oty
system where we find the characteristic function of the Flaty+1)

Jacobian matrix in terms of parameterandb. Selecting
some different values for and b, we obtain stability
conditions. In the Section 5 we study synchronization
control where we employ a technique namely

Next we present the Caputo sense derivative.
Definition. The fractional derivative of (z) in the Caputo
sense is defined as

master—slave synchronization controller. In the Section 6 1 x
we solve the fractional Shimizu—Morioka dynamical D f(z) = m/ (x — )" (t)dt,
system numerically exploiting 0

Adams—Bashforth—Moulton method. Finally we complete for m —

. . 1 N m.
the paper with an overview of the present study. <v<m,meN x>0, feln

Definition. For m to be the smallest integer that exceeds
«, the Caputo time-fractional derivative operator of order

i > 0 is defined adDu(z,t) =
2 Fractional calculus o sz, t)

Fractional calculus is one of the most popular calculus ﬁ fot(lt —gmetl 52%,5) dg,m — 1 <a<m,
types having a vast range of applications in many
different scientific and engineering disciplines. Order of 2=z a=meN
the derivatives in the fractional calculus might be any reel
number which separates the fractional calculus from theand the space-fractional derivative operator of orgler 0
ordinary calculus where the derivatives are allowed to bejs defined a®?, u(z, t) =
only natural numbers. Fractional calculus is a highly
efficient and useful tool in the modeling of many sorts of 1 z m—B—10"u(6,t)
scientific phenomena including image processing, | I'(m—5) Jo @ =0y Zggm=dd, m — 1 < § <m,
earthquake engineering, biomedical engineering, O™ (1)
computational fluid mechanics and Physics. Fundamentall ——5;= s B=meN.
concepts of fractional calculus and applications of it to
different research areas can be seen in the referencéemma.lf m —1 <a <m, m € Nand f € C",p >
[1]-[2] and [12]-[14]. —1, then

In this section, we briefly overview the some

fundamental concepts of fractional calculus. As we  D{J*f(x) = f(x),
mentioned in the introductory part, orders of derivatives  JjoDVf(z) = f(z) — ka:*ol fk(0+)$kif7 x> 0.
and integrals in fractional calculus might be at any real '
number. The most popular definitions of a fractional The Caputo fractional derivative is considered here
derivative of a function are Riemann-Liouville, because it allows traditional initial and boundary
Grunwald-Letnikow, Caputo and Generalized functions.conditions to be included in the formulation of the
In this paper Caputo’s definition of fractional problem.
differentiation will be employed.
Definition. A real function f(x),z > 0, is said to be in
the space’,, p € R if there exists a real numbép >
p), such thatf(z) = 2P f;(z) for a continuous function
fi(z) € C[0, 00). ) i
Definition. The Riemann-Liouville fractional integral 3 EXistence of solutions
operator of ordetx > 0 of a functionf € C,,p > —1,is

defined as While solving an equation or system of equations, the
1 m first question to ask is about the existence and uniqueness
Jif(x) = 7/ (z— )" f(t)dt, v >0, of solutions. In this section we will prove that the
I'(v) Jo commensurate order fractional Shimizu—Morioka system

50 _ has unique solution and point that the same ideas applies
@) = f(@). for the incommensurate case as well.
It has the following properties:
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Theorem 1 ([6]). Suppose thab = [0, 7*] x [zo—p,zo+ 4 Stability analysis
p] with someT* > 0 and some > 0. Let f : D — R be

a continuous function. Define In this section we study stability analysis of
1/a incommensurate order fractional Shimizu—Morioka

T = mind T*, pl'(a+1) 7 ) system. Let us again point that the ideas could be appli_ed

[1fl|oo for the commensurate order case as well. We can write

the incommensurate order fractional Shimizu—Morioka
then there exists a functian : [0,7] — R which solves  system once again as
the initial value problem

d*x y
dd;(gt) = f(t,z(t)) with (0) = zg, € (0,1). (3) (‘ili(:l
LA ay — xz (6)
Theorem 2 ([6]). Assume thaD) = [0, T*] x [z — p, z0+ dt>
p] with someT* > 0 and somep > 0. Letf : D —» R d*ez — byt a2
be a bounded function that satisfies the Lipschitz condition dtes
with respect to second component. Then, there exist only
one functionz : [0, 7] — R which solves the initial value
problem @) whereT is defined atZ). Let us notice that the concepts regarding the stability
Let « == a3 = as = a3 € (0,1]. Define analysis of fractional dynamical systems have some
X := (z,y,2)T. It is not hard to show that one can differences with respect to the ones about deterministic
express the commensurate order fractionalsystems. Before we present a theorem including the
Shimizu—Morioka system as conditions for the asymtotic stability of a fractional
. system, let us remaind that the steady—state points (or
d*X — AX + 2BX (4) fixed points or equilibrium points) of a fractional system
dt> ’ like Shimizu—Morioka system is obtained by letting the
where right-hand side of the equation equal to the zero.
Therefore, we can see that the steady-state solutions of
01 a 00 0 the Shimizu—Morioka system are given by
A=1|l-a 0|, B=|00-1]. (5)
00 —b 10 0 Ey = (vVb,0,1), Ey = (—Vb,0,1) 7

Theorem 3.Let0 < ¢ < T for someT" € R . The initial whereb € R,

value problem of commensurate order fractional

Shimizu—Morioka dynamical system represented ad)n ( Theorem 4. For n—dimensional incommensurate order

with X(0) = X, has a unique solution. fractional dynamical systems, if all eigenvalues
(A1,-+-,An) of the Jacobian matrix of a steady—state

Proof. DefineH (X(t)) := AX(t) +x(t) BX(t), whereA point satisfy

and B are defined atq). It is clear thatH (X (¢)) defined

in this way is a continuous and bounded function on the ,.0(\,)| > == o = maxay, - ,an), i=1, - ,n,
interval [xg — p, zo + p] for somep € R;. Now we show 2
tggt(H (X(t)) satisfies the Lipschitz condition with respect then, the fractional dynamical system is locally

asymptotically stable at the steady-state point.
This theorem is the most well-known theorem
|H(X(t)) — H(Y(t))| = |AX(t) + z(t) BX(t)— regarding the stability analysis of fractional systems and
its similar versions and proofs might be seen, for instance,
AY () —y(OBY (1)] < JA[IX(t) — Y (#)|+ at the references[-[6] amongst many others.
[IBII(IX(&)] + [y(®)DIX(E) = Y (2)]

< K|X(t) =Y ()], The Jacobian matrix of the fractional Shimizu—Morioka
system is given by
s whereKk = [|A[| + [|B||(2/Xo| + p) > 0, Y (1) € R?,

[| - || and| - | represent some suitable matrix and vector 0 1 0
norms, respectively. This proves that(X(¢)) satisfies J=|1-2z—-a—x|. (8)
the Lipschitz condition with respect &’ (¢). Therefore, 2¢ 0 —b

we conclude via Theorem 2 that the solution of the initial
value problem of commensurate order fractional Characteristic equation of the Jacobian mattix is
Shimizu—Morioka dynamical system uniquely exists. obtained by

Det(J — )\ngg) =0 (9)
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wherels s is the identity matrix. Having calculate@)(at ~ u = (u1,us,--- ,u,)” such that the states of the driving
both of the equilibrium points given af) we obtain the  system and response system are synchronized. In the
same characteristic equation: literature there are several different models for
synchronization  control including  master-slave,
CHeq(A) = > + (a+ b)A* 4 abX + 2b. (10)  complete, chaos, robust, Q.—S. schemes. In the present

) i paper for the synchronization of the incommensurate
_ Next our major goals are to make computational order fractional Shimizu-Morioka system, we adopt
discussions about the stability of the Shimizu—Morioka y,aster—slave technique that can be briefly outlined as

system for different cases afandb. follows.
Fora = b =1, (10) reduces to Leta € (0,1). Consider
CHeq(\) =X +2) 2 + A +2=0. (11) ()
= f(z(t)), (namely, master system)
Roots (eigenvalues of Jacobian matrix) &fiY are given dt>
by Ay = =2, Ao =i and\3 = —i. Becauseirg(A;) =, and
arg(A2) = w/2 and arg(\3) = 3w/2, employing doy(t)
Theorem 4, we can say that the system is asymptotically g = 9(y(t)) + u, (slave system)
stable at both of the steady-state poin#® for every ¢
a e (0,1). wherex,y € R™ denote the states and response systems,
Fora = b = —1, (10) reduces to respectively,f,g : R — R™ are the vector fields of the
state and response systems, respectively. As we shortly
CHeq(\) = \* —2)\* + )X -2 =0. (12)  mentioned above, the main goal of any synchronization
method is to choose an appropriate control function
Thus, the eigenvalues of Jacobian matrixare= 2, A\, = u = (uy,- - ,uy,) such that
iand\; = —i. Becauserg(\1) = 0, arg(A2) = 7/2and
arg(As) = 37/2, using Theorem 4, we can say that at the limy— oo ly(t) — x(t)|] = 0.
equilibrium points 7), the system will never be stable for
anya € (0,1). Because the fractional Shimizu—Morioka system is a
Fora = 0 andb = 1, (10) reduces to 3-dimensional system, the master—slave synchronization
‘ scheme employed a8] might be described as follows.
CHeq(A) = A> + A* + 42 = 0. (13)  The master system is
Hence, the eigenvalues of Jacobian matrix are doiaz(t) ’
A = —1.6956, X\ = 0.3478 + 1.0289 and g = Jilene2,33), 0=1,2,3. (14)
Az = 0.3478 — 1.0289:. Since arg(\) =
arg(Ay) = 1.8968 andarg(A3) = —1.8968, exploiting Assuming that the slave system defined by
Theorem 4, we can say that the system is asymptotically
stable at both of the equilibrium pointg)(for every i = fi(y1, y2,y3) + u;
a€(0,1).

Let us notice thatX0) is a cubic equation (or cubic is an integer order system with, ¢ = 1,2, 3 are control
polynomial equation) having the parameterandb. The  parameters. Now, having defined the controllers as
most well-known solution algorithm for cubic equations
are due to the G. Cardano and the solution of these types W = v 4 g — d*iy;(t)
of equations might be seen, for example, &t [Either L dte:
exploiting Cardano’s solution method or in the way that ) .
we proceeded above, interested readers can keep makinge Slave system is converted into the system
computational solutions for different values @fand b, deiys (1)
analyse the stability of fractional Shimizu—Morioka yl/ = fily1,y2,y3) + vi (15)
system. dte

b

for i = 1,2, 3. Defining the error functions; := y; —
x;, © = 1,2,3 and subtractingl@) from (15), we obtain

L the error system as
5 Synchronization control

do‘iei t .
Synchronization control is a significant and highly W() = fi(y1,y2,y3)— fi(z1, 22, w3)+vi, ©=1,2,3.
useful concept in the research area of fractional (16)
dynamical systems. The underlying idea of the Choosing
synchronization control for an—dimensional fractional
dynamical system is to choose a suitable control functionu; = f;(z1, 2, x3) — fi(y1, Y2, y3) + a;e1 + bjea + c;es,
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fori = 1,2, 3, the error systeml) can be written as The identities 21) are the most crucial steps for the
o synchronization control. One can design many different
d®ie;(t . types of controllers easily for the stabilizing controdler
— ) ) =1 . N . .
dtei aier +bica +cicy, i 2,3 (17) for synchronization control by selecting suitable

parameters at2(l) which shows one of the powers of the

Finally, selecting suitable constants b;, ¢;, i = 1,2,3, master—slave synchronization control technique.

one can design a stabilizing controller for the
synchronization control.

Now we apply this procedure to the incommensurate
order fractional Shimizu—Morioka systers)(

The master system is given by

d“'wx y 6 Numerical solution

dter

™y =x—ay—xz (18)

dte2 In this section we solve the incommensurate fractional

d*sz 9 order Shimizu—Morioka system numerically employing a
Jpas — 02tz highly ~ well-known  technique  known as
Adams—Bashforth—Moulton numerical scheme. Interested
reader can read, for instancé&?] in conjunction with the
The slave system is defined by present paper to see furhter applications of this method to
some other nonlinear fractional systems. One can employ
) some other numerical methods such as the ones presented
T=y+u at [9]-[11] as well as Milne’s and Adomian
decomposition methods.

Y= —ay—Tz+u (19) . o _
L o, Now, firstly let us write the incommensurate fractional
Z=—bz+1" +u3 order Shimizu—Morioka dynamical system once again.
Definin
g vz
O 40 dton Y
ui:vi—FXi—f, dazy
dte: Tpa, = L0y — 22 (22)
whereX := (7,7,%)7, the slave system is transformed d®:z _ 5
into fractional system dios Rt
'z _
gron YT U whereq; € (0,1],i =1,2,3.
vy 20 Having applied the Adams—Bashforth—Moulton
dies LAY — Az AU (20)  scheme to the Shimizu-Morioka syste@g), we obtain
sy the following system of discrete equations.
LA P
P z+x U3
he her &
Tpi1 =To+ ———<Yni + 251 Jn+1Y;j
- . - r 2 r 2) “ s
Defining the error functiore = (e1,ez2,e3) = (T — (a1 +2) (a1 +2) §=0
x,y — vy, z — z), and subtractingl®) from (20), we obtain ho2 » » » p
the error system as Ynt1 = Yo+ T(as +2) (%hi1 — a¥nir — Thi12h 1)
dvre he? =
dto‘ll =e1+ v +m B2jnt1(xj — ay; — ;2))
=0
I 1 —aes—FE+ 22+ (21) o
G, €102 — T2+ Tzt Znp1 =20 + =———— (—bzﬁ+1 + 5’73&1)
daes €3 ~9 2 F(a3 T 2)
Jpon = —bes + 27 + 2 4+ v3 pos

o3 B (—bz - a2),
a3 2 B )

© 2014 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

1704 M. A. Ak

N SS ¥

inlar et. al. : Stability, Synchronization Control and Numerical...

where

1 n
ah =z + m ;)'Yl,j,n+1yj
n

1
Y1 = Yo + T(on) Y2,5n+1(Tj — ay; — x;2;)
7=0
1 n
Zpi1 =20+ o) V3 jnt1(—bzj + 23),

7=0

wheres; jn+1 =
n(’i"'l7(7’L70¢1')(71Jr1)°‘i7 7 =0;
(n—j+2)%T 4 (n—)*t —2n—j+ D)+, 1<) <n
1 j=n+1

)

(623

Yi,jn+1 = ] ((n_j"i_l)ai_(n_j)ai)v 0<j<n,
1
fori=1,2,3.
7 Conclusion
In this paper we studied asymptotic stability,
synchronization control and numerical solution of
incommensurate fractional order Shimizu—Morioka

dynamical system. Firstly we proved the existence and

uniqueness of the solutions via a new theorem. After
finding steady—state points, we obtained necessary an
sufficient conditions for the asymptotic stability of the
Shimizu—Morioka system. We also concern with the
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synchronization control where we employed master—slave
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Adams-Bashforth—Moulton’s scheme we solve the
Shimizu—Morioka system numerically.

References

[1]11. Podlubny, Fractional differential equationsAn
introduction to fractional derivatives, fractional differential
equations, some methods of their solutionand some of thei
applications.San Diego: Academic Press, (1999).

[2] R. Hilfer (Ed.), Applications of fractional calculus in
physics Academic pres, Orlando, (1999).

[3] M.S. Tavazoei, M. Haeri and S. Jafdfractional controller
to stabilize fixed points of uncertain chaotic systems:
theoretical and experimental study, Syst. Control Eng.,
222 175-184 (2008).

[4]W. Deng, C. Li, and J. Lu,Stability analysis of linear
fractional differential system with multiple time delays,
Nonlinear Dyn. 48, 409—-416 (2007).

[5]N. Y.=Jun, W. X.—Yuan, N. F.-Zhong and W. M.-Jun,
Dynamic analysis of a new chaotic system with fractional
order and its generalized projective synchronizati@mjin.
Phys. B,19, (2010).

Mehmet
Ali Akinlar is an assistant
professor of mathematics
at Yildiz Technical

University. He completed his
M.Sc. at McMaster university
and Ph.D. at UT, Arlington in
2005 and 2009, respectively.
Upon completion of his Ph.D.
he worked as a post-doctoral
research associate at
department of scientific computing at Florida State
University under the supervision of Max Gunzburger. His
research interests lie at applied and computational
mathematics as well as solutions of all kinds of
differential equations.

r

© 2014 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.8, No. 4, 1699-1705 (2014)www.naturalspublishing.com/Journals.asp

F =D\ 1705

Aydin Secer
is an assistant professor of
mathematics at department of
mathematical engineering at
Yildiz Technical University,
Istanbul, Turkey. He is in
the organizing committee of
the International Conference:
ICAAA2012. He is interested

Mustafa Bayram is a full
professor of mathematics at
Yildiz Technical University.
Currently he acts as the dean
of the faculty of chemical and
metallurgical engineering.
His research interests
include applied mathematics,
solutions  of differential

in  scientific  computing, equations, enzyme kinetics

computer programming, and mathematical biology. He raised many masters and
numerical methods as well as differential and integralPh.D. students and is the author of many efficient
equations. research articles at prestigious research journals. Heis t

chief and founder editor of new trends in mathematical
sciences journal. He also serves as an editor and reviewer
for many outstanding mathematics journals.

© 2014 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Fractional calculus
	Existence of solutions
	Stability analysis
	Synchronization control
	Numerical solution
	Conclusion

