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This study presents a large family of the traveling wave solutions to the two fourth-order nonlinear par-
tial differential equations utilizing the Riccati-Bernoulli sub-ODE method. In this method, utilizing a trav-
eling wave transformation with the aid of the Riccati-Bernoulli equation, the fourth-order equation can be
transformed into a set of algebraic equations. Solving the set of algebraic equations, we acquire the novel
exact solutions of the integrable fourth-order equations presented in this research paper. The physical
interpretation of the nonlinear models are also detailed through the exact solutions, which demonstrate
the effectiveness of the presented method.The Badcklund transformation can produce an infinite sequence
of solutions of the given two fourth-order nonlinear partial differential equations. Finally, 3D graphs of
some derived solutions in this paper are depicted through suitable parameter values.
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1. Introduction

In addition to the fact that obtaining solutions of ordinary dif-
ferential equations (ODE) is important in many engineering fields
[1-2], mathematical models of nonlinear partial differential equa-
tions (NLPDEs) are common in the last decades to model scien-
tific problems which arise in engineering, biology and several other
fields, even real world problems. Besides, there are many studies
in the literature to find soliton solutions of various kinds ODEs
and NLPDEs [3-7|. The examination of different types of wave
solutions for NLPDEs has a significant role in analyzing nonlin-
ear physical phenomena [8-13]. In recent years, a few effective
methods have been presented to produce traveling wave solutions
of NLPDEs, such as the multiple Exp-function method [14], the
new extended direct algebraic approach [15-17], the sine-Gordon
expansion method [18-19], the Backlund transformation method
[20], the sub-equation method [21-22], the modified simple equa-
tion method [23-24], the modified Kudryashov method [25-26],
the Riccati Bernoulli sub-ODE method [27-33], the extended trial
function scheme [34].
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Bayram).

https://doi.org/10.1016/j.joes.2021.12.006

This research paper is concerned with the following integrable
fourth-order equations, which is presented as,

Yee + Yexxx + a(wxwt)x =0 (1.1)
and
Ve + Yeax + € (YxWe), + B = 0. (1.2)

Herein, Eqgs. (1.1)-(1.2) are known fourth-order NLPDEs [35].
The parameters « and B are nonzero real numbers. For § =0,
Eq. (1.1) is derived from Eq. (1.2). However, the two equations have
independently distinct features. The simplified Hirota’s algorithm
is applied to examine multiple soliton solutions of both equations
and the complex form of the simplified Hirota’s algorithm is devel-
oped to get multiple complex soliton solutions of both equations in
[35].

The integrable fourth-order equations models both right- and
left-going waves in a like manner to the Boussinesq equation. The
Boussinesq equation originates to represent the long waves trans-
mitting on the surface of shallow water [36-39].The Boussinesq-
like models are utilized generally for simulating surface water
waves in shallow seas and harbors, dune, inundation, ocean basin-
scale tsunami propagation, wave over-topping, and near-shore
wave processing in ocean and coastal engineering [40-43]. The
Boussinesq equation and its related models have a very crucial
role in interpreting divergent physical processes in the field of
fluid dynamics, plasma physics, and ocean engineering. Thus, the
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analysis of analytical solutions of the models in the mentioned
fields has importance. Thus, it is wanted to show here that phys-
ical behaviors of the integrable fourth-order equations can be ex-
plored by their analytical solutions. In this research paper, inspiring
by the ongoing research, the soliton solutions of the two different
integrable fourth-order equations using the Riccati-Bernoulli Sub-
ODE technique are examined. Riccati-Bernoulli Sub-ODE technique
is one of the robust techniques to examine the exact solutions of
NLPDEs. For example, Yang et al. examined exact traveling wave
solutions of the generalized Ostrovsky equation, the Eckhaus equa-
tion, the generalized Zakharov-Kuznetsov-Burgers equationand the
nonlinear fractional Klein-Gordon equation utilizing the Riccati-
Bernoulli Sub-ODE method [26].

The rest of this study is formed as follows: We describe the
Riccati-Bernoulli Sub-ODE technique in Section 2. The Riccati-
Bernoulli Sub-ODE technique is applied to get soliton solutions of
two fourth-order equations and soliton solutions for these equa-
tions are acquired in Section 3. Moreover, the 3D graphs for some
solutions are depicted with the aid of the MAPLE software, which
is an extremely useful mathematical software tool for research
and education that analyzes and visualizes mathematical models
and solves mathematical problems. The conclusion of this paper is
given in Section 4.

2. Riccati Bernoulli sub-ode method

In this section, we summarize the main steps of the Riccati
Bernoulli sub-ODE method.

Any NLPDE in two independent variables x and t is written in
following form:

Q(d’v 1/fx, th 1/fxx, thv K[’xt, .. ) =0 (2.])

Herein, Qis a polynomial which consisting 1 (x,t) and its par-
tial derivatives.

Step 1: In order to obtain the solitary wave solution of
Egs. (1.1)-(1.2), we employ the traveling wave transformation,

Y t)=v(), ¢ =k(x£ut) (2.2)
in which ¥ (x,t) = ¥ (¢)is an unknown function to be found, k is
defined as the width of the traveling wave and v is identified as
the velocity of the soliton. Then, Eq. (2.1) is turned into the fol-
lowing ODE:

(w w/ lb” ):

in which ¢’ = d{ Y = d ‘/’ and so on.

Step 2: Assume that Eq (2.
Bernoulli equation of the form:

V' =y + ey " azy™ (24)

in which ay, ay, a3 and m are constants. Utilizing from Eq. (2.4), we
acquire

WN — 1‘b—l—2m(asz +a3w2m +alw1+m)
x (—a2(=2 + m)Y? + asmyr®™ + ar )

(2.3)

3) is the solution of the Riccati-

(2.5)

and

Y =2 (@ 4 a2 ™ 4 asy™) (ad (=2 + m)) (-3 + 2m) Yt
+a3m(=1+2m) Y™ + ayaz (=3 + m) (=2 + myy M 4+ (af + 2a3a3) Y 2+2m
+ayazm(1 +m)yiH3m

(2.6)

and so on.

Remark 1. Eq. (2.4) is a Riccati equation when ayaz # 0 and
m = 0. Additionally, Eq. (2.4) is a Bernoulli equation when a, #
0,a3 =0 and m # 1.

The solutions of the Eq. (2.4) are as follows:
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Case 1: If m =1, Eq. (2.4) has the following solution
Y (L) = Ke@+®+a:)¢ (2.7)

Case 2: If m#1,a; =0 and a3 =0, Eq. (2.4) has the following
solution

V(€)= (@a(m—1)(¢ +K))™. (2.8)

Case 3: If m#1,a; #0 and a3 =0, Eq. (2.4) has the following
solution
1

¥(©) = (Kemmne — 2)™ (29)
1
Case 4: If m#1,a, #0 and a2 — 4aya3 <0, Eq. (2.4) has the
following solutions
L
JVAaa; — 1-m)\/4
V@) = (2a+ ekl [( e (§+1<>]>
(2.10)
and
L
V(C) = < 5 ,/4a22ag —aq2 [(1 —m)\/4a2a3 a2 §+K)i|>
2 a
(2.11)
Case 5: If m+#1,a; #0 and a;2 — 4a,a3 < 0, Eq. (2.4) has the

following solutions

4
V(C) = <_2a B \/a122;24a2a3 |:(1 - m)\/al —4aya; @ +K):|)
(2.12)
and

1

[(1 _ m)‘/glz ~daas +K)D m_

2 _
V() = (—‘“ _ V@t Am
2(12 2(12

(213)
Case 6: If m£1,a, #0 and a;2 — 4aya; = 0, Eq. (2.4) has the
following solution
1
1 a "
— ___ = 214
V@) (az(m—l)@ +K) al) ( )

in which K is a constant.

Step 3: Finally, if ¥ and its derivatives are substituted into
Eq. (2.3), we can get a set of algebraic equation consisting the pow-
ers of {. Equating the coefficients of each power of i to zero gives
a system of algebraic equations for aq, a;, as, k and v. When the pa-
rameters are substituted into Eqs. (2.7)-(2.14), the traveling wave
solutions of Eq. (2.1) are acquired.

2.1. Bdcklund transformation
In this subsection, we will give a Backlund transformation of

the Riccati Bernoulli sub ODE method.
If Y (¢) and v,,_1 (&) are solutions of Eq. (2.4), then we acquire

dyn(@) _ dym(@) dyma(E) _ dym (&) 2-m m
i T3 BT s L LR L
(2.15)
From Eq. (2.15), we can rewrite

QY+ QYT+ a3yl Y- 1-|-£121ﬂ2 +asy,



H. Esen, N. Ozdemir, A. Secer et al.
When Eq. (2.16) is integrated with respect to ¢, we acquire

—a3C; 4 GG (Yaq (2)' " ) "o
a1Cr + @G + @G (Y1 (€)' "

in which C; and G, are arbitrary constants. Eq. (2.17) is defined
as Bdcklund transformation. Utilizing Backlund transformation, we
can obtain infinite sequences of solutions for Eq. (2.1).

VUn(¢) = ( (217)

3. Applications
3.1. Applications of Riccati-Bernoulli sub-ode method to Eq. (1.1)

In this subsection, to get the wave solution of Eq. (1.1), we ex-
ploit the following traveling wave transformation

Yxt) =v(£). & =kx+vt). (3.1)
Eq. (1.1) is reduced to the following ODE:
k4mp(<ct>1<ot>v) + k2y2w// + Z(XkBUWTﬂH -0 (3'2)

Assume that the solution of Eq. (3.2) is the solution of Eq. (2.4).
If ¥ and its derivatives are substituted into Eq. (3.2), and we set
m =0, we get the following equation,

(4a,33ak3v + 24k*vay* )5 + (10a; a2 k3 + 60k*va, ay® ) Y+

(2a22Kk2v% + k*v(12a3a,3 + 30a;,2a,2 + 6432 (442 + 2a3a,) + 2a; (3a,2a;

+4(a1% + 2a3a3)a3)) + 2((a1% + 2a3az)az + 3a;%a; + 2a2a3)ak3v) Y34+
Barmk?v? +k*v(2a, ((a12 +2a3a5) a1 +6a10302) +a1 (301202 +4 (012 +01a302) a3)
+24a3a;2a, + 6a;a; (a1 4 2a3a;3)) + 2(4a a3a; + (a1% + 2a2a3)ay ) ak3v) 24+
((a12 + 2a,a3) k212 + k*v(6aya3 (a;% + 2azay) + 6a;2a,a3 + 2a; (a;2as + 2a,a3?)
+a;((a1% 4 2a3a3) a1 4 6a1a30,)) + 2(a1%a3 + (442 + 2a30,)az)ak3v) P+
a1a3k?1? + kK*v(a; (a12as + 2a;a32) + 6as2aya;) + 2a;a32ak’v = 0.

(3.3)

If we collect all the coefficients of ¥i(i=0,1,2,3,4,5) and
equate each to zero in Eq. (3.3), the following system is obtained:
Y0 coefficient:

a1a5k2v% + k*v(a; (a1%a5 + 2a3a3%) + 6as2a,a;) + 2a;a5%0k’>v =0

(3.4)
¥ coefficient:

((a12 + 2a3a,)k*v? + k*v(6asa, (a12 + 2a3a,) + 6a1%a,a3
+2a5(a12a3 + 2a,a32) + a1 ((a12 + 2asa;)a; + 6a1a3a;))
+2(a12a3 + (a12 + 2a3a;)a3)ak3v) =0

Y2 coefficient:
(Bajak*v? + k*v(2a; ((a12 + 2a3a2)a; + 6a;a3a,) + a; (3a;2a;y

+4(a12 -+ (11(1302)(12) =+ 24(13(122(1]
+6a102(a12 + 2a3a3)) + 2(4a1a3a; + (a12 + 2a302)a;)ak3v) =

(3.6)
Y3 coefficient:
(2a3k*v? + k*v(12a3a3 + 30aia3 + 6a3(af + 2a3az) + 2a, (3d3a,
+4(a% + 2a50,)a,)) + 2((a3 + 2a3az)a; + 3a2a; + 2a3as)ak3v)

(3.7)
¥4 coefficient:

(100, aZakPv + 60k*va;a3) = 0 (3.8)
> coefficient:

(4a33ak®v + 24k*val) = (3.9)

When solving the system of algebraic equations in Eqs. (3.4)-
(3.9), the following cases are obtained.
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Case 1:

\/§\/ (13(3(’(
6k 3k

If the parameters in Eq. (3.10) are substituted into (2.10)-(2.13),
we acquire the following exact traveling wave solutions of Eq. (1.1):

)

(3.11)

)

(3.12)
The graph of the v 1(x,t) and v 5(x, t) are illustrated in Fig. 13.

DIH3
o \ & (k(x—asakt)+K)
ok 3,/ %2 ktanh <2
4/ a3
Y13(x,t) = o + ,

o
(3.13)

)

(3.14)

in which asak > 0 for valid solitons in solutions Eq. (3.13) and
(3.14).

These solutions are depicted in Figs. 1 and 2.

Case 2:

Gy =——,01 =F , V= —asuak (3.10)

— 2B (k(x—azakt)+K)

A 3 —"‘k@ktan( 5
3/ asak
Yia(x.t) = =

o o

(k(x—azakt)+K)

ua3
3,/—%2kcot 3
\/§w/ Cl30lk "
o

o

wl.z (Xv t) =

B (k(x—azakt)+K)

3 "‘,"fkcoth( L

o

Y14, t) =

ﬁ‘/agak +
o

v V=3V a——L
6ask?’ 3k 7T ask

If the parameters in Eq. (3.15) are substituted into (2.10)-(2.13),
we acquire the following exact traveling wave solutions of Eq. (1.1):

(I<(x+vt)+l()
3,/ k*astan
~/—3vka
Yot = ,

v
The graph of the v, {(x,t) is depicted in Fig. 14.

(k(x+vt)+1<)
3,/ gkas cot( )
. (317)

a; = a =F (315)

(3.16)

«/—31/’((13
Y22, t) = v - v
(k(x+vt)+K)
3,/—zk%az tanh LH
Vas(x.t) = v —3vkas 3
23X, t) = m " ,
(3.18)
J- 2<l<( £
3/-&k*as coth | Y- ——— ™
~/—3vka
Vaa(x 0 ="~ . (3.19)

in which v < 0 for valid solitons in solutions Eqs. (3.18) and (3.19).
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respectively, for the values k=3, = —0.5,a3 =3 and K = 4.

(a) (b)

Fig. 2. Graphs of the solutions ¥ 3(x, t) and ¥ 4(x, t)of Eq. (1.1), respectively, for the values k =3,« = —0.5,a3 =3 and K = 4.

2 AE_nN2g

(a) (b)

Fig. 3. Graphs of the real part of solutions v, 1 (x,t) and ¥, (x, t)to Eq. (1.1), respectively, for the values k=1,v=3,a3 =1 and K= 1.

RSt

(@) (b)

Fig. 4. Graphs of the solutions ¥, 5(x,t) and ¥, 4(x, t)of Eq. (1.1), respectively, for the values k =3,v=1,a; =3and K = 1.
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(@)

Fig. 5. Graphs of the real part of solutions 31 (x,t) and ¥3,(x, t)to Eq. (1.1

Fig. 3 illustrates the real parts of the solutions vy, 1(x,t) and
Yy2(x,t). Fig. 4 illustrates the solutions ¥, 3(x,t) and Yy 4(x, ).

Case 3:
_afaz  ma v
a; = 60 ,ap = 1«/—;31/’ k= ad; (3.20)

If the parameters in Eq. (3.20) are substituted into (2.10)-(2.13),
we acquire the following exact traveling wave solutions of Eq. (1.1):

ao? v(x+vt
3,/ %% ytan (3”(2(“‘13))+K>
v
(3.21)

3v
X, t)=—
¢3,1( ) «/T:‘SUC( a2a3
“3 v(;;vr>)+K
3,/ 4 cot 2
3v
= — 22
V32(x,t) T a5 (3.22)
aa? v(x+ut
3,/— %% ytanh <_ ki (_2("“3))#)
3v
X t)=— -
PY33(x,t) N oZa;
(3.23)
a}a? VX4Vt
. ( v (z(ws))“()
v
X, t)=—
Y3 4(x, 1) =T «Za;
(3.24)

in which v < 0 for valid solutions.
Fig. 5 illustrates the real parts of the solutions 3¢ (x,t) and
Y3 2(x, t). Fig. 6 illustrates the solutions 3 3(x,t) and V3 4(x, ).

Case 4:

a? as
a; = “ou a =

0.k=—

3v
20as

(3.25)

If the parameters in Eq. (3.25) are substituted into (2.10)-(2.13),
we acquire the following exact traveling wave solutions of Eq. (1.1):

3,/ %% ytan (W(_wﬂ))

3

Y1 (x,t) =

o (3.26)
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(b)

), respectively, for the values @ =0.5,v =15, a3

=3andK = 1.

3

,,2
U cot <

a2a3

31/(x+vt)
aaa +K) )

in which v > 0 valid solitons in solutions. These solutions are de-
picted in Fig. 7.

Ya2(x,t) = — (3.27)

7”%“2 3v(x+vt>+K
v 2aa
’ ( ( ’ 3 >>
- _ 2
Vas(x.D) o7 (3.28)
v (L 220)
__ 2
Ya4(x, ) o2 (3.29)

in which v < 0 valid solitons in solutions. These solutions are de-
picted in Fig. 8.

Case 5:
% 3v
G2 = gopo @1 = 0, = ~3ak (3.30)

If the parameters in Eq. (3.30) are substituted into (2.10)-(2.13),
we acquire the following exact traveling wave solutions of Eq. (1.1):

(k(x+vt)+K)
2,/ ask? tan ( )

PYs1(x,t) = " , (3.31)
2\/;031{2 cot (\/7(I<(x+vt)+l()>
Ysa(xt) = — ” : (3.32)

in which v > 0 valid solitons in solutions. These solutions are de-
picted in Fig. 9.

(k(x+vt)+K)
2,/—ask? tanh ()

Ys3(x,t) = — m , (3.33)
(k(x+vt)+K)
2‘/—,—2a3k coth (W>
Ysa(x, ) = — ” (3.34)
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(a) (b)

Fig. 7. Graphs of the solutions ¥4 (x,t) and 4, (x, t)of Eq. (1.1), respectively, for the values « =0.5,v=1,a3 =1 and K= 1.

(@) (b)

Fig. 8. Graphs of the solutions ¥4 3(x, t) and ¥4 4(x, t)of Eq. (1.1), respectively, for the values « =0.5,v=—-1,a3 =1and K =1.

(@) (b)

Fig. 9. Graphs of the solutions 51 (x,t) and 5, (x, t)of Eq. (1.1), respectively, for the values k=—-2,v=1,a5 =3,K=4.
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(@) (b)

Fig. 10. Graphs of the solutions 15 5(x,t) and s 4(x, t)of Eq. (1.1), respectively, for the values k =3,v=-3,a3 =3 and K = -2.

(a) (b)

Fig. 11. Graphs of the solutions g1 (x,t) and Y2 (x, t)of Eq. (1.1), respectively, for the values & = —0.5, k =1, a3 = 2and K = 4.

BRI

R OR00S

% SR
.

oS RTHEXA

OO0,
oS
!

q W

Fig. 12. Graphs of the solutions g 3(x,t) and g 4(x, t)of Eq. (1.1), respectively, for the values & = 0.5,k =—1,a3 = -1 and K = 3.

in which v < 0 valid solitons in solutions. These solutions are de-

picted in Fig. 10. Saga (1o 2aakt)
Case 6: —G—“kﬁkcot k ((6 3 ) )
o 2asok
ty=—.a;=0,v=-"S— 335)  Vealxt) = : (3.37)
2= o ] (3.35) o
If the parameters in Eq. (3.35) are substituted into (2.10)-(2.13), in which azak < 0 valid solitons in solutions. These solutions are
we acquire the following exact traveling wave solutions of Eq. (1.1): depicted in Fig. 11.
—Go3 (e (x— 24324 1 B,/ (k(x— 232 ) 1k
— 8% ) tan - ((6 ) ) V6,/%%k tanh - ((6 7))
Voa (x.0) = - — L (336)  Yes(xD)=— — . (339)
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(@)

(b)

Fig.13. Graphs of the solutions 1 1 (x,t) and 12 (x, t)of Eq. (1.2), respectively, for the values k=1,a = —-0.5,a3 =0.5,a; =1, =—-1and K = 1.

Fig. 14. Graph of the solution v, (x,t) of Eq. (1.2) for the values o = —0.5, 8 =

0.5,ay =-1,k=3and K = 3.
Yea(x. t) = — ) (339)

in which asak > 0 valid solitons in solutions. These solutions are
depicted in Fig. 12.

aza

V6,/ %%k coth (‘/E %(k(,é_zagziam)%)

o

3.2. Applications of Riccati-Bernoulli sub-ode method to Eq. (1.2)

In this subsection, to obtain the wave solutions of Eq. (1.2), we
utilize the following traveling wave transformation

Y. t)=v((). ¢ =k(x+vt) (3.40)
Eq. (1.2) is reduced to:
k4uw(<ct>l<0t>v) + k2 (UZ + .3)1//” + 20[’<3VW/¢// -0 (3‘4-1)

Assume that the solution of Eq. (3.41) is the solution of
Eq. (2.4). Substituting i and its derivatives into Eq. (3.41),
and setting m =0, then we collect all the coefficients of
Yi(i=0,1,2,3,4,5) together and setting each to zero, the follow-
ing system is obtained:

Y0 coefficient:

a1a3k?(V? + B) + k*v(a; (a2az + 2a,03) + 6a2a,a;)
+2a1a3ak3v =0 (3.42)
Y1 coefficient:

(a3 + 2a3a2)k? (V? + B) + k*v(6a3az (a2 + 2a3a;) + 6a2aza;
+2a3(a%as + 2a,¢%) + a1 (a3 + 2a3az)a; + 6a1a3a;))
+2(a2as + (a2 + 2a3a;)a3)ak’v) = 0

131

Y2 coefficient:

(Bayak? (V? + B) + k*v(2a, ((a2 + 2a3ay)a; + 6a1a3a;) + b(3a2a,
+4(a3 + a1a303)ay) + 24a3a3a; + 6a,a; (a3 + 2a3ay))

+2(4aya30a; + (a? 4 2a3a;)a;)ak®v) =0 (3.44)
Y3 coefficient:

(2a3k? (* + B) + k*v(12aza3 + 30ata + 643 (a? + 2a3ay)

+2a,(3a3a; +4(a? + 2a3a;)a,)) (3.45)

+2((a? + 2a3a;)a; + 3a2a; + 2a2a3)ak’v) =0
¥4 coefficient:

(10a;a3ak3v + 60k*va;a3) = 0 (3.46)
Y3 coefficient:

(4dak®v + 24k*val) =0 (3.47)

When we solve the system of algebraic equations in Egs. (3.42)-
(3.47), then the following cases are acquired.

Case 1:
S v__ﬁ_aagk
2T 76k T 2 3
9a4k4 + 12a2ask3a + 4a2k?a? — 36
T \/ 1 143 s 3 p (3.48)

If the parameters in Eq. (3.48) are substituted into (2.10)-
(2.13), we acquire the following exact traveling wave solutions of
Eq. (1.2):

Y11 (x,t) = 31171’<
\/wktan (\/W(k(x (ﬁgﬂ?+:@)[)ﬂ())
| ) .(3.49)
Yi2(x,t) = 3a71k
+ ) (3.50)
in which ®% 4 942 < 0 for valid solutions.
Yi3(x,t) = ?
\/wk tanh (\/%(%M(ﬂjﬁi"#Jr;/@)t)M) )
| . (3.51)

o
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Yraten = 20
+ = ., (3.52)
in which 6";:’3 +9a? > 0 for valid solutions.
Case 2:
a3=0,a2=—%,v=—k22j w (3.53)

If the parameters in Eq. (3.53) are substituted into (2.10)-
(2.13), we acquire the following exact traveling wave solutions of
Eq. (1.2):

Yaa(x,t) = (3.54)

<7a1 k(x+ (— ﬁ +7k4;“1745 ) t))
Ke + G,‘j‘—a]

in which k%*a;? — 48 > 0 for valid solutions.
4. Conclusion

In this research paper, the Riccati-Bernoulli sub-ODE technique
is successfully utilized to determine the exact solutions of the in-
tegrable fourth-order equations. These equations are arising as a
mathematical model in ocean engineering. To show the efficiency
of the technique, two fourth-order equations are solved. As a re-
sult, we acquired some new exact solutions for these nonlinear
models. Moreover, all the exact solutions in this paper satisfy the
studied equations. The novel solitary solutions such as, the kink-
type and the periodic wave solutions are acquired from the ex-
act solutions. Moreover, the soliton survey of these solutions are
demonstrate graphically. The solutions also show the productive-
ness of the presented method in investigating the behavior of
waves in the studied models. Eventually, the proposed technique
provides a very useful and effective mathematical technique for
solving NLPDEs in mathematical physics and natural sciences.

5. Results and discussion

In this section, we present the obtained results. Implement-
ing the Riccati Bernoulli sub-ODE scheme, new exact solitary wave
solutions of the presented two fourth-order equations originated
from the Boussinesq-type equation. This type of equation arises
in many physical phenomena, like one-dimensional nonlinear lat-
tice waves, electromagnetic waves in nonlinear dielectrics, oscil-
lations in a nonlinear string, and ion sound waves in plasma. To
our knowledge, these new solutions have not been reported ear-
lier, and they are essential to clarify some physical phenomena.

In further studies, the classical NLPDEs models can be devel-
oped with fractional operators like in [44-52]. Riccati Bernoulli
sub-ODE method can be applied to NLPDEs with different kinds
of fractional operators. Furthermore, the comparison with distinct
fractional operators can be investigated and differences between
produced solutions can be presented with graphical visualization.
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