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The excitation frequencies of parametric vibration of laminated non-homogeneous orthotropic conical
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1. Introduction

Layered conical shells are widely used in the aerospace and
marine industries due to advantages such as high rigidity to weight
and durability, as well as low operating costs. Layered shells can be
subjected to dynamic loads under various operating conditions.
Thus, the vibration behavior of layered conical shells under dy-
namic loading is critical for safety and reliability. Among the dy-
namic problems have been widely studied the free vibrations of
homogeneous multilayer conical shells and there are many studies
in the literature [1—24].

Modern laminates are inhomogeneous with heterogeneities
ranging from a nanoscale to a macroscale [25]. One of the areas of
interest is the study of the behavior of the mechanical properties of
inhomogeneous layered shells under dynamic periodic loading.
Compared to laminated homogeneous shells, the adoption of
continuous change of material properties of the layers can provide
important benefits. Indeed, the increase in the number of
constructive variables extends the possibilities of advanced com-
posite materials, as well as stability and vibration behaviors may be
significantly improved. The first basic knowledge on the changes of
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the material properties is given in the works of Lomakin [26] and
Khoroshun et al. [27]. Following these works, numerous studies in
this subject have been published in the literature [28—39].

The studies on the parametric vibration of laminated shells are
relatively scarce and most of these works are devoted laminated
cylindrical shells. One of first study on the solution of the para-
metric vibration of laminated anisotropic shells is proposed by
Goroshko and Emelyanenko [40]. The instability zones of laminated
orthotropic cylindrical shell under periodic loads are presented by
Argento and Scott [41,42]. The dynamic instability of layered shells
under different form of time dependent loads have analyzed by Liao
and Cheng [43,44], Lam and Loy [45], and Ng and Lam [46]. A
comprehensive bibliography of papers on the parametric vibration
of structural elements from 1987 to 2005, are presented by Sahu
and Datta [47]. The dynamic instability of layered composite plates
and cylindrical shells subjected to uniform and non-uniform axial
loads has been studied by Fazilati and Ovesy [48,49]. The dynamic
and parametric instability of composite panels is investigated by
Dey and Ramachandra [50] and Panda et al. [51], respectively. Dy-
namic instability analysis for S-FGM plates embedded in Pasternak
elastic medium using the modified couple stress theory is studied
by Park et al. [52]. Lei et al. [53] presented parametric analysis of
frequency of rotating laminated CNT reinforced FG cylindrical
panels. Sahmani and Aghdam [54] studied instability of hydrostatic
pressurized hybrid FGM exponential shear deformable nanoshells
based on the nonlocal continuum elasticity. Li et al. [55]
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investigated nonlocal vibration and stability in parametric reso-
nance of axially moving nanoplate. Akhavan and Ribeiro [56] pre-
sented geometrically non-linear periodic forced vibrations of
imperfect laminates with curved fibers by the shooting method.

The foregoing brief literature survey reveals that excitation
frequencies of parametric vibration of LNHOCS under axial load
periodically varying with time have not been investigated to date.
This task is undertaken in the current study.

2. Basic relations

The LNHOCS which composed of N layers of equal thickness, as
shown in Fig. 1. Terms of contact between any two adjacent layers is
absolutely rigid connection that satisfies Kirchhoff-Love hypothesis
for the entire shell. The coordinate system (Orfz) is located on the
mid-surface, in which r, zand # are axes in the meridional direction,
normal to the r axis and in the direction perpendicular to the (Sz)
surface, respectively. The orthotropy axes are parallel to the r and 6.

The elasticity moduli of non-homogeneous material of the layer
(k+1) are defined as:

k k
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where
—h/2+kh/N<z< h/2 +(k+1h/N, k=01,.. (N-1),
E8§“) E k“ and G ) are elasticity moduli of homogeneous (H)
materlals in the layer, (k+1). Additionally,
n(lk“)(z]) =1+ un®+1(z;), where n*+1)(z;) denote the variations
of the elasticity moduli in the layers and are continuous functions
and u is a variation coefficient of material properties and satisfied
the condition 0 < p < 1 [30]. The density of H orthotroplc mate-
rials, p(()k D, and Poisson's ratios m the la)yer (k+1 D and v k“),
are assumed to be constant and vy +l)EOr kHTE (k+1) 157 58]
Assume that the LNHOCS under the ax1al load perlodlcally
varying with time,
n? = —P(t) = —Ps — Py cos(4t), nd =0, n% =0 (2)
where n?, n9 and n%, are the membrane forces, Ps and Py are the static
axial load and the amplitude of the time dependent periodic axial
load, and 4 is the excitation frequency and t is a time variable [59].
The relationships between stresses and strains for a non-
homogeneous orthotropic lamina (k+1), in thin conical shells
within the Donell-Mushtari theory can be expressed as
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where 71, (k+l),T$+]) are the stresses in the layer, (k+1),

e?,eo,ere are the deformations on the reference surface and the
quantities E(k”), (i,j = 1,2,6), are defined as
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The force and moment resultants of LNHOCSs are expressed by
the following relations:

N_q —OShH(k+DI/N
[(nn ng, nrﬁ)v (mra my, mré))] = Z
k=0 _o sp’kn/N
" Hkﬂ) Tékﬂ)’ £k+1 ][1 Zdz (5)

The Airy stress function, ¥'(r, 6, t), is introduced by the following
relations [58]:

Y W
(nr,ng,nyp) = +r—

T orod; a6,

2y Y Y
o2 Or rza?’ ) (6)

3. Basic equations

The basic equations of LNHOCSs taking into account Egs. (1) and
(2) are expressed as [30,58]:

b)

Fig. 1. (a) The LNHOCS under axial load periodically varying with time and (b) laminate schema.
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Substitution of Eq. (3) into Eq. (5) yields the expressions for
moments and strains of LNHOCSs, being substituted in Eqs. (7) and
(8), together with relations (2) and (6), the dynamic stability and
compatibility equations can be expressed as:

{Lnle} [lfﬁ] —0
Lyylyy | [ W
where W = W e?* is considering instead of ¥, x = In(r/ry) is the
new variable and L;(i,j = 1,2) are the differential operators and are
given in Appendix A.

The system of Eq. (10) may be used for the parametric vibration
of LNHOCSs.

(10)

4. Solution of basic equations

If the LNHOCS assumed under simply-supported boundary
conditions, the solution is sought in he following form [58]:

(11)

where f(t) is the function depending on the time and are given the
following symbols:

w = f(t)e*sin(mqx)sin(m,0)

my :@7 my = —, xozlnr—2 (12)
X0 simy 1
in which m and n are wave numbers in the meridional and
circumferential directions.
Substitution of Eq. (14) into Eq. (11) and using Superposition
method one gets:

Uy sin(myx)sin(my6y) + Uycos(mx)sin(my6;)

+Use*sin(myx)sin(my6;) + Uge *cos(mqx)sin(my67)

153
The following notation was introduced:
U 211X Y1212 X11Z12*Z11Y11
= 2 2 )
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in which
Xo1 = —Q3m% + q5m%m§ - Q7m% + (hm‘f + QSm§l7
Yo1 = Q2m1 qsmy + q6m1m%7
X11 = qsmim3 + (3q2 — 6q1 — q3)m7
+(d6 — 7 — g5)m3 + qm] + qgm3
+q1 —q2 +q3 — qa4,
y11 = (46 — 2qs)mym3+
(243 — q4 +4q1 — 3q2)my + (g2 — 4q1)m3, (15)

2
Z11 = Y14 {(m% — 1) + mﬂ
m? (a4 + V93 — 20932)M3 + (M3 +1)9
7| (P24 + 913 32)M3 + (my +1)d23],

Zip =My (m% —mf — 1)(1924 - 913),
g1 = 922,42 = —4922,q3 = 5922 — V11,
qs = =293 + 2011, q5 = 2031 + 2V,
gs = —4931 — 4012, 47 = 2(I31 + 921 + 911). 48 = V11

Substituting Eqs. (11) and (13) into second equation of the set
(10), then employing the Galerkin's method to the resulting equa-

tion in the parts 0 < #; <2wsiny and 0 < x < Xq, and after in-
tegrations, one gets,

(o)

K — ugx[Ps + Py cos(/lt)]f(
dt?

Uppq

t) = (16)

where K, uqx and u, are the coefficients that define the properties of
the LNHOCSs and are presented in Appendix B in detail.

Eliminating static and periodic axial loads from Eq. (16), we can
obtain expressions for dimensional frequency and dimensionless
frequency parameters (DFP) of LNHOCSs:

e \/(03 — 2mUs/3)us + (Uz — B1Ua)uz +uy (17)
Uppq
o1 :le\/[l ( /<+1> } "*”/E“‘” (18)

To solve the instability problem, Eq. (16) is transformed into the
following Mathieu—Hill type differential equation [59]:

} (13)
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d’f(t)
dt2

+ w?[1 — Py — Py cos(AD]f(t) =0 (19)

where Ps; = Ps/P%, and Py = Py/P%, denote the static and dy-
namic axial load factors, and P%, denotes the critical static axial
load.

It is well-known that the periodic solutions of Eq. (19) with
period 2T(T = 2w/ /) are of practical importance, thus the periodic
solution may be written as [59].

Z a; cos( )+b sm(/ét) (20)

=135,.

where @; and b; are arbitrary coefficients need to be found.

Introducing of (20) into Eq. (19) and if we consider first term of
the series, then by grouping the sine and cosine terms and elimi-
nating terms with the triple frequency, the equation can be
simplified as

[7 A2 +40*(1 — Py — O.SPdl)}mcos (g) + [f A% + 40?1

_at
— Py +0.5P,, )] bysin (7)

=0
(21)

Asd; #0 and by #0, from Eq. (21), we get the expressions for the
dimensionless excitation frequency of LNHOCSs:

A1 =20/T—Pg — 0.5Pg; (22)
and

A1z =2w\/1—Pg +0.5Pg; (23)
where /71 and 4, are denote backward and forward excitation fre-

quencies (BFEFs) of LNHOCSs based on the CST for certain mode (m, n).
The dimensionless BFEFs, i.e., 4;j, are defined as:

ZU = 27TR1/11]'\/|:] _ ( k+1)) i| (k+1) /E (k+1) L (=1,2)
(24)

When Py; = 0, from Eqs. (22) and (23), the formula for the point
of origin of main instability zones for LNHOCSs is obtained.

5. Results and discussion
5.1. Comparison with literature

The results of accomplished convergence and verification ana-
lyses are presented in this subsection. The first verification example
is associated with the magnitudes of origin of main instability re-
gions of laminated homogeneous orthotropic (LHO) cylindrical shells
with lamination (9/0/9) are given in Table 1 and are compared with

Table 1
Comparison of the values of origin of main instability zones for LHO cylindrical shells
with the lamination (9/0/9).

Ng and Lam [46] Present study

Theories Aq1 = A12 A1 = 412
Donnell 92.7717 92.8022
Love 91.2511

Flugge 91.2498

those of Ng and Lam [46] used Donnell, Love and Flugge theories. If
u=0 and y—O0 are considered in Eq. (24), the expression for
LNHOCSs are converted into the expression for LHO cylindrical
shells. The input parameters are taken from Ng and Lam [46]: L; /R =
and  R/h=200, ESV/ESTY — 40,6 /ESTY = 0.5,
D —0.25and pif T = 1, Ko 2, (m n) = (1,4) “and Py = 0.3.1tis
seen that the present results are in good agreement with results of

Ng and Lam [46], within the Donnell shell theory.
In the second verification example, the values of DFP,

w1 = WRy \/[1 k” V;’;+])} ékﬂ)/Eg‘rH), (k =1 and 9) for the lami-
nated homogeneous orthotropic conical shells (LHOCSs) with lami-
nations (0/9); and (0/9);0 are compared with the results of Shu [5],
and Wu and Lee [29], and presented inTable 2. By taking 4 = Ointo Eq.
(18), the expression for the DFP of the LNHOCS is transformed to the
expression for the LHOCS. The geometries of the truncated conical
shell are given as y =m/6; L= 0.5Ry; R, = 100h. The material

properties of the lamina are, Ef¢ 'V /E& ™ = 15; G /EUY — 0.5

D — 0.25;p k1) — DK "“ V/ESD: pf ) — 1,k = 1and 9, are

given in Ref. [29]. Our numerlcal results show good agreement with
those of Refs. [5] and [29].
In the third verification example, the values of the DFP

w1 = w(L2/h), /p<’<+1>/Eg<0“)7 k = 2 and 3 for LHO cylindrical shells of
lamination schemes (0/9/0) or (0/9/9/0) are compared with those of
Ferreira et al. [14] and Ye and Soldatos [60], and given in Table 3. The
LHOCS transformed to the LHO cylindrical shell,as y—0°, R, =R; =R
and L = L, istakenintoaccountinEq.(18). Here Rand L; are the radius
and length of the LHO cylindrical shell, respectively, and the thickness
of each layer is constant. The cylindrical shell characteristics and the
material properties in the lamina are, R/L; = 5; 10, L;/h = 100 and
Eg;ﬂ) _ 251:-E)I;+1)7 Gékﬂ) _ Eg?l)/l y(k+1) 1/4, p (k+1) _ =1,
k = 2,3 and were taken from Ref. [ 14]. The merldlonal wave number
is taken to be m = 1. The buckling parameters show good agreement
with those of obtained from the solution given in Refs. [14] and [60]
for various radius to length ratios.

5.2. Variation of dimensionless backward and forward excitation
frequencies (BFEFs) of LNHOCSs

In this subsection, the novel results for LNHOCSs with several
stacking sequences are proposed to study the variation of dimen-
sionless backward and forward excitation frequencies using the
expression (24). In numerical computations, m = 1 and the exci-
tation frequencies are minimized only versus the circumferential
wave number, n. For each case, three different lamination schemes
are contemplated. In particular, a single layer made of Glass-Epoxy
oriented of (0), three and four plies made all of the same material
arranged as (0/9/0) and (0/9/9/0), respectively, are considered. In
each circumstance, h is 0.01 m. As explained before, the solution is
obtained in the framework for the Kirchhoff-Love hypothesis.

The material of lamina is assumed to be Glass-Epoxy composites,
with the following homogeneous orthotropic propertles
EJ™) = 53.7791 x 1011Pa, Eg‘”) 17.9264 x 109Pa, ~ GI*V)
— 8.9632 x 10%Pa, vit!) =&+ §E<k“ VST, ) — 025 “and
p(k”> 1900 kg/m3 [57]. The non homogenelty functions in the
layers are given as: n*1(z;) = 23.

The magnitudes of dimensionless BFEFs of LNHOCSs are
compared with those of LHOCSs with by estimating the percentage
differences of the magnitudes of excitation frequencies, respec-
tiVely, as 100% x (ZUNH — Z]jH)/ZUH'

The distributions of dimensionless BFEFs, ;(i = 1,j = 1, 2), for
LNHOCSs with the parabolic material profile made of one, three and
four plies of Glass-Epoxy oriented according to the following
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Comparison of the DFP, wq, for anti-symmetric cross-ply LHOCSs.

k+1) (k+1
1 = wRyy/[1 — ol DD

k+1 k+1
]pgﬁr )/E(0r+ )

(0/9)2 (0/9)10
Shu [5] Wau and Lee [29] DQM (N = 7) Present Study Shu [5] Wu and Lee [29] Present Study
DQM (N = 7)
0.1799 0.1875 0.1750 0.1976 0.2019 0.2043
Table 3

Comparison of the DFP for LHO cylindrical shells with lamination schemes (0/9/0)

and (0/9/9/0).

R/L; 5 10 5 10
Stacking sequence (0/9/0) (0/9/0) (0/9/9/0) (0/9/9/0)
Ferreira et al. [14] 20.4856 16.8531 20.5202 16.8441

Ye and Soldatos [60] — - 19.977 (18) 16.486 (28)

Present study 19.588 (20) 16.6709 (31) 20.0758 (18) 16.5563 (28)
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Fig. 2. Distributions of BFFEs of LNHOCSs depending on the L/R;.

schemes (0), (0/9/0) and (0/9/9/0), depending on the P;; are pre-
sented in the current analysis and illustrated in Fig. 2. The LNHOCS
characteristics are, L = Ry,2Rq,3Ry, Ry = 100h and y = 15°. The
static axial load factor P =0.2 and the wave numbers
(m,n) = (1,2) are considered. It is important to underline the fact
that the values of dimensionless BFEFs of LNHOCSs decrease
monotonically, as the L increases from R; to 3R;. The influences of
non-homogeneity on the values of dimensionless BFEFs irregularly
vary, while the area of the main instability regions decrease with the
increasing of the ratio, L/R;. The greatest effect of non-homogeneity
on the values of (i =1,j =1,2) takes 4.4% occurs in the single
orthotropic layer arranged as (0) takes 4.14% occurs in the lamination
scheme (0/9/0) and is 4.26% occurs in four plies arranged as (0/9/9/
0), whereas, the lowest effects are 3.68%, 3.28% and 3.36% occur in
the lamination schemes (0), (0/9/0) and (0/9/9/0), respectively, as the
L varies between R; and 3R;. The influences of laminations schemes
(0/9/0) and (0/9/9/0) on the dimensionless values of BFEFs compared
to the (0) single-layer orthotropic conical shell are significant and are
reduced from about 15% to 1.8% and from about 19.6% to 1.2% for the
homogeneous case, while their effects are reduced from about 14% to
1.7% and from about 1.16% to 18.8%, respectively, for the NH case, as
the L increases from Ry to 3R;.

The distributions of dimensionless BFEFs of LNHOCSs with

laminations (0), (0/9/0) and (0/9/9/0), against the Py; for different
Py are calculated and depicted in Fig. 3. The data are Ry /h = 100,
L/Ry =2,y = 30° and wave numbers (m,n) = (1, 3) are considered.
The magnitudes of dimensionless BFEFs of LNHOCSs and LHOCSs
decrease, as the static axial load factor, Psy, increases. As the Py
increment from O to 0.6, the dimensionless backward frequency,
Aqq, for LNHOCSs and LHOCSs decreases, whereas, the magnitudes
of the dimensionless forward excitation frequency, 41,, increases.
As the magnitudes of /;;(i = 1,j = 1,2) for LNHOCSs are compared
with those of LHOCSs, the influences of non-homogeneity on the
dimensionless BFEFs vary irregularly, as the axial load factors Py,
and Pg; increase. The highest influences of non-homogeneity on the
magnitudes of dimensionless BFEFs for LNHOCSs with laminations
(0) and (0/9/0) are (4.8%) and (4.9%) for P;; = 0.4 and Ps; = 0.5,
respectively, and for the lamination (0/9/9/0) highest influence is
(4.6%) for Py; = 0.4 and Ps; = 0.1. It should be pointed out that the
field of main instability regions decrease with the increasing of the
static axial factor.

The distributions of dimensionless BFEFs of LNHOCSs and
LHOCSs with the plies arranged as (0), (0/9/0) and (0/9/9/0),
depending on the ratio, Ry /h, are shown in Fig. 4. The conical shell
and load parameters are L/R; =2, y=30°, P;; =02 and
(m,n) = (1,2). The values of dimensionless BFEFs of LNHOCSs and
LHOCSs conical shells diminish, as R;/h increment. When the
LNHOCSs with laminations (0), (0/9/0) and (0/9/9/0) are compared
with those of LHOCSs, the greatest effect of non-homogeneity on
the values of dimensionless backward or forward excitation fre-
quencies is about 4.1% occurs in the single orthotropic layer ar-
ranged as (0), is about 3.5% occurs in three plies arranged as (0/9/0)
and is about 3.6% occurs in four plies arranged as (0/9/9/0),
respectively, when the ratio, Ry /h, varies between 50 and 150. The
influences of laminations schemes (0/9/0) and (0/9/9/0) on the

Ps;=0.1 Ps=0.3 P¢=0.5
5 © H .

08 ©090) H  wooee e e
©0990) H --- ot e

0.7 © NH — _ f—
@%0) Ml === = osemme e
(0990) NH --- = _

0.6 1 ;

0.5

Py 04

0.3

0.2

0.1 1

0.0

0.90 1.05

Fig. 3. Distributions of dimensionless BFFEs of LNHOCSs with different lamination
schemes against the Py;.
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Fig. 4. Distributions of BFFEs of LNHOCSs depending on the R; /h.

dimensionless values of BFEFs compared to the (0) single-layer
orthotropic conical shell remain constant and are about 12.6%
and 16% for the homogeneous case, while their effects are about
12% and 15.6% for the non-homogeneous case, respectively, as the
ratio of Ry /h increases from 50 to 150.

In this example, examined the influences of the material non-
homogeneity and material orientation on the magnitudes of
dimensionless BFEFs of LNHOCS and LHOCS for different the semi-
vertex angle, v, and are plotted in Fig. 5. The following conical shell
and load parameters are used in the calculations: R; = 100h,
L=2R;, h=0.01m, y =15°,30°,45°, Ps; = 0.1, Py; changes from
0.1 to 0.5 with the step 0.2 and (m, n)=(1,2). Two different stacking
sequences are considered: (0/9/0) and (0/9/9/0). In addition, the
case of single orthotropic ply oriented of (0) is also considered to
emphasize the influence of the lamination scheme on the magni-
tudes of dimensionless BFEFs of orthotropic cylindrical and conical
shells. It can be seen that the magnitudes of dimensionless BFEFs of
conical shells decrease with the increasing of the semi-vertex angle,
v from 15° to 45°. It is evident that the sizes of main instability
regions decrease, whereas, the influences of non-homogeneity on
the magnitudes of dimensionless BFEFs of conical shells irregularly
change, as the semi-vertex angle, vy, changes between 15° and 45°.
The greatest influence of heterogeneity on the values of BFEFs is
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Fig. 6. Distributions of dimensionless BFFEs of LNHOCSs depending on the circum-
ferential wave number, n.

4.9% occurs in the single orthotropic layer (0), highest effect is 4.26%
occurs in the stacking sequence (0/9/0) and highest effect is 4.26%
occurs in the stacking sequence (0/9/9/0), whereas, the lowest ef-
fects are 3.8%, 2.3% and 2.7% occur in the stacking sequences (0), (0/
9/0) and (0/9/9/0), respectively, as the semi-vertex angle, 7,
changes between 15° and 45°. As the BFEFs of laminated conical
shells with the schemes (0/9/0) and (0/9/9/0) compared to those of
the single orthotropic conical shell with the orientation (0), the
effects of the stacking sequences on the values of frequencies in-
crease from about 5.7% to 24.7% and from about 6.4% to 33.6% for
the homogeneous case, while those increase from about 5.4% to
23.8% and from about 6.5% to 32%, respectively, for the non-
homogeneous case, as the y increases from 15° and 45°.

The effects of the variation of the wave numbers, (m,n), on the
dimensionless BFEFs of LNHOCSs and LHOCSs for the stacking se-
quences (0), (0/9/0) and (0/9/9/0), are shown in Figs. 6 and 7. The
conical shell characteristics are, vy = 30°, Rth = 100h and L = 2R;.
The axial static load factor is taken to be Pg; = 0.1. It is possible to
observe that the values of BFEFs of LNHOCSs and LHOCSs for the
stacking sequences (0/9/0) and (0/9/9/0), decrease with the

(mn) 1,2) (2.2) (3.2

0.7 - ©OH — - —_—
©090) H ---==  ===om e
0990) H ——-- —— R
0.6 © NH — - -
(090) NH =====  ====s  @=====
(0990) NH —.—- - .
0.5 4 B
LR
At
0.4 - L
bt
Bi. Lidi
0.3 - iRk
R
unn
0.2 4 whn
L
awku
0.1 A W
N
Re |
0.0 L . . \
0.18 0.21 0.24 0.27 0.30 0.33 0.36 0.39 0.42 0.45

A

Fig. 7. Distributions of dimensionless BFFEs of LNHOCSs depending on the meridional
wave number, m.
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increasing of n from 1 to 3 for fixed values of m (m = 1), whereas
these values significantly increase with the increasing of m from 1
to 3 for fixed values of n (n=2). The influences of non-
homogeneity on the magnitudes of dimensionless BFEFs of
LNHOCSs for the stacking sequences (0/9/0) and (0/9/9/0) increase
regularly, as n increases from 1 to 3, whereas, these influences vary
irregularly, as m increases from 1 to 3. For example, as the
circumferential wave number, n, increases from 1 to 3, the in-
fluences of non-homogeneity on the values of 4;; (and 4;,) in-
crease from 2.61% (and 2.97%) to 3% and from 3.1% (and 2.76%) to
3.9% for Py; = 0.1, at the stacking sequences (0/9/0) and (0/9/9/0),
respectively. As the meridional wave number, m, increases from 1
to 3, the influences of non-homogeneity on the values of ;7 (and
/1> ) diminish from 3.83% (and 3.32%) to 3.07% and from 3.7% to 3.12
(and 2.86%) at the stacking sequences (0/9/0) and (0/9/9/0),
respectively, for P;; = 0.1. As the BFEFs of the single-layer (0)
orthotropic conical shell are compared with those of lamination
schemes (0/9/0) and (0/9/9/0), the effects of the stacking sequences
on the values of 4;(i = 1,j = 1,2) are reduced from about 25.47% to
4% and from about 35.4% to 4.8% for the homogeneous profile, while
those decrease from about 24.5% to 3.9% and from about 34% to
4.55%, respectively, for the non-homogeneous profile, as the n

Ly = E1pe®— + (Eqq +4E1p — Exp)e™
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2 0
+2(62 — &31 +E21)e7 —;,
062

o o
Lig=—boa—5— (E1a+8623 +2830) ——5 + 314+ 623 + 4£
12 2 (S14 + 623 32)6)@60% (3614 + 623 +432)
2 4 93
—2(814 + 832+ +4(¢13+823—-614)—
(14 +832 524)602 313a 7+ 4¢3 +823 514)ax3
92

— (5813 + 3623 — 3614 — 524) o2 2813 + €23 —§1a — G24) 0

2 62
212 [Ps 4 Pycos(At)] —2 — — | —rfe*p, 152 =0

62
—5+ (3811 + 581 — 3Ex — £x1)eP—

0x

increases 1 to 3 (see, Fig. 6), while these effects increment from
about 12% to 23% and from about 16% to 32% for the homogeneous
profile, while those increase from about 12% to 21.4% and from
about 15.5% to 30.3%, respectively, for the non-homogeneous pro-
file, as the m increases 1 to 3 (see, Fig. 7), for Py; = 0.3.

6. Conclusion

The excitation frequencies of parametric vibration of LNHOCSs
under axial load periodically varying with time are determined
using the CST. The basic equations are derived using the Donnell-
Mushtari shell theory and reduce to the Mathieu-Hill type differ-
ential equation, in which the instability is examined by the Bolotin
method. To validate of current results was made a comparison with
the previous studies. The effects of stacking sequences, axial load
factors, non-homogeneity, as well as the variation of geometric
characteristics on the BFEFs of LNHOCSs are studied in detail.

Appendix A

In Eq. (10), Lj(i,j = 1,2, ...,4) are expressed as

ox2
4

'94

2
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where the following quantities entered here:

11 =AY +A121921, 612 = A111912 + A121922, 613 = A111913 + A121923 + Ar1z,
€14 = A111%14 + A121924 + A122, 621 = A211911 + A21921, €22 = Az11912 + A221922,
€23 = Ap11V13 + A21914 + A212, 624 = Ao11P14 + A21913 + A22, €31 = Ase1931,

€32 = Ase1932 + Ass2, V11 = Az0/Lo, P12 = —A?Z/Loﬁw = (A120A121 — A111A220) /Lo, (A2)
Y14 = (A120A221 — A1214220) /Lo, 921 = —Az10/Lo, V22 = A110/Lo;
923 = (A210A111 — A2114A110) /Lo, 924 = (A210A121 — A2214A210) /Lo,
931 = 1/Aee0, V32 = —Ass1/As60: Lo = A1104220 — A1204210
in which expressions Ay, (ky =0, 1, 2; i,j=1,2,6) are defined
as follows:
N-1 (k+1) 3 (k+1 N=1 ,,(k+1) p(k+1)5 (k+1
A _ hkﬁ—l EOr h(H ) A _ hk1+1 Z Vﬁr EOr h((+ :
11k = 1 _ k) (kD) 12k = 1 _ kD) (D)
k=0 L= Vrg Vo k=0 U Vo
N—1 ,(k+1) p(k+1) 5 (k+1 N-1 (k) 5 (k+1
A _ hl<1+l Z Vi EO() h( D A _ hk1+1 Z EO() h(H )
21k 1 _ D) (et D) 22, 1 _ kD) ki) (A3)
k=0 Vg or k=0 1 =7V or
N 1/2+(k+1)/N
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k=0 ~1/24k/N
Appendix B

In Eq. (16), K, ugx and u, are parameters and expressed as

K = (3K3 —2m; K, )%1+(K2 —myKa)tiy +us,

2 2 42
u =r2<1+ml> M (o q) = 1T (6% g
T2 4<m%+4)( )=t (")
(B1)

in which
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Ky = Uiiamf + Uam3 (Eqp — 6o + 4612)
—Uym3 (4612 + 3611 — 3E32)—
—2Umy (811 — £22) + Urm3éa,
+UyMIm3 (£1q — 2631 + E02)+
+Uymym3 81y — 431 + 3632) — 2Uim3(Eap — 31 +£12)
—(Usm? + U4m1)r] cot v,
K, = Us (m‘1l +2mf +1+mj - Zm%)Eu
+U4(m? +my — mﬂ"%) (11 —£22)
+Usmim3 (611 — 2631 +&22) — Eq3mi—
(E13 + Eaa)m} — Eggm)
—m3m3 (E14 + Ea3 + 2632) + 26243,
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—Upym3 (5612 + 311 — 362 — E21)+
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