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In this study, we consider a class of fractional neutral differential equations. We 
are going to give some new theorems that they complete and improve a number of 
results in the literature. Then we give an example to illustrating the main results.
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Introduction

Fractional calculus is an interesting field of research due to its ability to describe 
complex non-linear phenomena in chemistry, biology, physics, economics, engineering, and 
other areas of science. Because of this, there have been many papers and books dealing with 
the theoretical development of fractional calculus and the solutions for non-linear fractional 
differential equations [1-6].

Recently, there have been many studies concerning oscillation theory [7-25]. Howev-
er, only a few papers consider the oscillation of fractional neutral differential equations [14, 15]. 
Then, we strongly motivated by the research of Wang et al. [14] and Ganesan and Kumar [15]. 
They present some oscillation criteria for the fractional neutral differential equations. 

In this study, we investigate the oscillatory behavior of the solutions of the following 
equations:

	 [ ]{ }D ( ) D ( ) , ( ) 0t ta t z t f t x tα α σ  + =  	 (1)

where 0[ , )t t∈ ∞ , 0t ∈, D ( )t
α ⋅  denotes the modified Riemann-Liouville derivative [26], 

( ) ( ) ( ) [ ( )]z t x t p t x tτ= + , 2
0D ( ) ([ , ))t p t C tα ∈ ∞ , 0D ( ) ([ , ))t a t C tα ∈ ∞ , 0( ) ([ , ))t C tτ ∈ ∞ , ( )tσ ∈

0([ , ))C t∈ ∞ . Generally, we consider that the following conditions:
–– 1( )H  00 ( )p t p≤ ≤ < ∞ where 0p  is a constant,
–– 2( )H  lim ( )t tτ→+∞ = +∞, lim ( )t tσ→+∞ = +∞,
–– 3( )H  1

0([ , ))C tτ ∈ ∞ , 0( ) 0tτ τ′ ≥ > , τ σ σ τ=  ,
–– 4( )H  ( ) 0a t >  and 

0
lim [ / ( )]dt

t t s a s→∞ < ∞∫ ,
–– 5( )H  0( , ) ([ , ) , )f t x C t∈ ∞ ×   satisfies ( , ) 0xf t x > , for 0x ≠  and there exists 

0( ) ([ , ), )q t C t +∈ ∞   such that ( , )/ ( )f t x x q t≥ , 
–– 6( )H  1 ( )p t≤  and eventually ( ) 1p t ≠ , and
–– 7( )H  / ( ) 0t t lτ ≥ >  
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and we consider the notation 1τ −  for the inverse function of τ . The definition of modified Rie-
mann-Liouville derivative and some of the key properties of its are listed:

	 ( ) ( ) ( ) ( )
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( )( )

1 0 ,   0 1
1D ( )

( ) , 1 1
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− − < <   Γ −= 

   ≤ ≤ ≤ +  

∫
	

	 D [ ( ) ( )] ( ) D ( ) ( ) D ( )t t tf t g t g t f t f t g tα α α= + 	

	 [ ] [ ] [ ][ ]D ( ) ( ) D ( ) D ( ) ( )t g t tf g t f g t g t f g t g t αα α α′ ′= = 	

	 ( 1)D
( 1 )t t tα β β αβ
β α

−Γ +
=
Γ + −

	

As usual, a solution ( )x t  of eq. (1) is termed oscillatory if it neither eventually posi-
tive nor eventually negative; otherwise, we call it non-oscillatory. Equation (1) is called oscil-
latory if all its solutions are oscillatory.

Preliminary Lemmas

In this study, we consider following ξ  variable transformation:

	
( ) ( )

( ) ,  ( ) ,  0,1
1 1

i
i i

tty t y t i
αα

ξ ξ
α α

= = = = =
Γ + Γ +

	

	 ( ) ( ), ( ) ( ), ( ) ( ), ( ) ( )x t x a t a p t p q t qξ ξ ξ ξ= = = =    	
Towards to ( )tτ , ( )tσ , we have the next transformations.
Lemma 1. [14] Suppose 3( )H  and 7( )H  hold, we define the functions ( )τ ξ , ( )σ ξ  as the 

following forms:

	 { } { }1 1( ) ( ) ,     ( ) ( )y y y yτ ξ τ ξ σ ξ σ ξ− −   = =     	

then it satisfies:

	 [ ( )] [ ( )],    [ ( )] [ ( )]x t x x t xτ τ ξ σ σ ξ= =    	
and a new condition:

	 1
3 0 0( ) : ( ) 0,H l ατ ξ τ τ τ σ σ τ∗ ′ −≥ = > =     

  	

Main results

For the sake of convenience, let us denote:

	 ( ) ( ) ( ) ( )
1

1 1,    d dR a s s S a s s
ξ

ξ ξ

ξ ξ
∞

− −= =∫ ∫  	

	 ( ) ( ) ( ){ } ( ) ( ) ( )
( )

( ) ( ) ( )
( )1

1 1min , ,   ,   d dQ q q Q Q a s s Q Q a s s
η ξ

ξ κ ξ

ξ ξ τ ξ ξ ξ ξ ξ
∞

− ∗ −
∗= = =   ∫ ∫





     	
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Theorem 1. Assume that 1( )H - 5( )H  hold, and let 1t  sufficiently large. Suppose that 
there exist two functions 0, ([ , ))C tη κ ∈ ∞  such that ( ) ( ) ( )t t tη σ κ≤ ≤  and lim ( )t tη→∞ = ∞. If 
the first-order neutral differential inequalities:

	 ( ) ( ) ( ) ( )0

0
0pu u Q uξ τ ξ ξ η ξ

τ

′

∗
 

+ + ≤       
 

   



	 (2)

and

	 ( ) ( ) ( ) ( )0

0
0p Qφ ξ φ τ ξ ξ φ κ ξ

τ

′
∗ 

+ − ≥       
 
  





	 (3)

where τ  is defined in Lemma 1, have no positive solution, then eq. (1) is oscillatory.
Proof. Assume that eq. (1) has a non-oscillatory solution x. Then without loss of gen-

erality, we consider that x is eventually positive such that ( ) 0x t >  on 0[ , ),t ∞  where 1t  is suffi-
ciently large. It is equivalent to ( ) 0x ξ >  on 1[ , ),ξ ∞  where 1ξ  is sufficiently large. Then let 

( ) 0x ξ >  on 1[ , ).ξ ∞  So, similarly to the proof of [14, 3.1. Theorem], we can obtain the follow-
ing inequality:

	 ( ) ( ) ( ) ( ){ } ( ) ( )0

0
0pa z a z Q zξ ξ τ ξ τ ξ ξ σ ξ

τ
′′′ ′  + + ≤                



	 (4)

From eq. (1), one can see for sufficiently large 1ξ  and for all 1,ξ ξ>  

	 ( ) ( ) ( )0,   0z a zξ ξ ξ
′′ ′ > <   	 (5)

or

	 ( ) ( ) ( )0,   0z a zξ ξ ξ
′′ ′ < <   	 (6)

Assume eq. (5) holds. Using ( ) ( )η ξ σ ξ<  , we have:

	 ( ) ( ) ( ) ( ){ } ( ) ( )0

0
0pa z a z Q zξ ξ τ ξ τ ξ ξ η ξ

τ
′′′ ′  + + ≤                 



	

Now we denote ( ) ( ) ( )u a zξ ξ ξ′=   . And from eq. (5):

	 ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1 1 1

1 1d d d
a s z s

z s a z s u s
a s a s a s

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ ξ
′

′≥ ≥ =∫ ∫ ∫
 

  

  

	

Then, we obtain that ( )u ξ  is a positive solution of: 

	 ( ) ( ) ( ) ( )0

0
0pu u Q uξ τ ξ ξ η ξ

τ

′

∗
 

+ + ≤       
 

   



	

which contradicts our assumption that this inequality has no positive solutions. Now we con-
sider the other case. So, 

	 ( ) ( ) ( )
( ) ( ) ( ) ( )

1d d d
l l la s z s

z s s s a z s
a s a sξ ξ ξ

ξ ξ
′

′ ′≤ ≤∫ ∫ ∫
 

 

 

	

That is:
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	 ( ) ( ) ( ) ( ) ( )
1 d

l

z l z a z s
a sξ

ξ ξ ξ′≤ + ∫  



	

For l →∞ , we have that:

	 ( ) ( ) ( ) ( )a z S zξ ξ ξ ξ′− ≤   	 (7)

It follows from eq. (4) and ( ) ( )σ ξ κ ξ≤   that:

	 ( ) ( ) ( ) ( ){ } ( ) ( )( )0

0
0pa z a z Q zξ ξ τ ξ τ ξ ξ κ ξ

τ
′′′ ′  + + ≤             



	

Then, 

	 ( ) ( ) ( ) ( )0

0
0pu u Q uξ τ ξ ξ κ ξ

τ

′
∗ 

+ − ≤       
 

   



	

and it can write the following form:

	 ( ) ( ) ( ) ( ){ }0

0
0pu u Q uξ τ ξ ξ κ ξ

τ

′
∗ 

− + − − ≥       
 

   



	

Now we denote ( ) ( )uφ ξ ξ= −

 . Then, ( )φ ξ  is a positive solution of: 

	 ( ) ( ) ( ) ( )0

0
0p Qφ ξ φ τ ξ ξ φ κ ξ

τ

′
∗ 

+ − ≥       
 
  





	

which is a contradiction and the proof is complete.
Theorem 2. Assume that 2( )H - 6( )H  hold, and there exist 1 2 1 2, , ,δ δ µ µ  continuous func-

tions such that 1 2( ) ( )t t tδ δ≤ ≤ , 1 2( ) ( )t t tµ µ≤ ≤ , 1 2[ ( )] [ ( )]t t tτ δ τ δ≤ ≤ , 1[ ( )] ( )t tτ µ σ≤ ≤
2[ ( )]tτ µ≤ , and 1 1lim ( ) lim ( )t tt tµ δ→∞ →∞= = ∞ . Finally, assume that, for sufficiently large 1t t≥ :

	 ( ) ( )1 dq s p s s
ξ

σ
∞

= ∞  ∫    	 (8)

and

	 ( ) ( ) ( )2 2[ ] [ ]dq s p s S s s
ξ

σ µ
∞

= ∞∫     	 (9)

where

	 ( )
( )

( ){ }
( ) ( ){ }

1
2

1 1 1 1 1

1 11
R s

p s
p s R s p s

τ δ

τ τ τ τ

−

− − − −

    = −             







  

  

	

and

	 ( )
( )

( ){ }
( ) ( ){ }

1
1

2 1 1 1 1

1 11
S s

p s
p s S s p s

τ δ

τ τ τ τ

−

− − − −

    = −             







  

  

	

Then eq. (1) is oscillatory.
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Proof. Let ( )x t  is an eventullay positive solution of eq. (1). Then, D ( )t z tα  does not 
change sign eventually.
–– Case I. Suppose that D ( ) 0t z tα > . Hence, 

	

( )
( )

( ) ( ){ }

( )
( )

( ){ } ( ){ }
( ){ }

( )
( )

( ){ }
( ){ } ( )

( )
( ){ }
( )

1 1
1

1 1 1 1
1

1 1 1

1 1 1
21 1

1 11 1 1 1

1

1

1 1

x t z t x t
p t

z t x t
z t

p t p t

z t z t
z t z t

p t p tp t p t

τ τ
τ

τ τ τ τ
τ

τ τ τ

τ τ τ δ
τ τ

τ ττ τ τ τ

− −
−

− − − −
−

− − −

− − −
− −

− −− − − −

   = − =     
    −     = − ≥          

          ≥ − ≥ −                  { }
 
 
   

	

Using that ( ) ( )a zξ ξ′   is strictly decreasing, we obtain:

	 ( ) ( ) ( ) ( ) ( ) ( )
1 1

1d dz a s z s s a z a s s
ξ ξ

ξ ξ

ξ ξ ξ′ ′ − ≥ ≥ ∫ ∫     	

As a result: 

	 ( )
( )

0
z
R
ξ
ξ

′ 
≤ 

  



	

Using the last inequality and 2 ( )δ ξ ξ≥ , we have that:

	 ( ){ } ( ){ }
( )

( )
1

21 1
2 1

R
z z

R

τ δ ξ
τ δ ξ τ ξ

τ ξ

−
− −

−

      ≤     







  



	

Thus:

	 ( )
( )
( )

( ){ }
( ) ( ){ } ( ) ( )

11
2 1

11 1 1 1

11
Rz

x p z
p R p

τ δ ξτ ξ
ξ ξ τ ξ

τ ξ τ ξ τ τ ξ

−−
−

− − − −

          ≥ − =               






  

  

  

	

From eq. (1), we have: 

	 [ ]( ) ( ) ( ) [ ( )] 0a z q xξ ξ ξ σ ξ′′ + ≤    	

and so:

	 [ ] [ ] [ ]{ }1
1( ) ( ) ( ) ( ) ( ) 0a z q p zξ ξ ξ σ ξ τ σ ξ−′′ + ≤       	

Then we obtain: 

	 [ ] [ ] [ ]1 1( ) ( ) ( ) ( ) ( ) 0a z q p zξ ξ ξ σ ξ µ ξ′′ + ≤      	 (10)

Using ( ) ( ) ( )u a zξ ξ ξ′=    in eq. (10), we obtain ( )u ξ  is a positive solution of: 
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	 [ ] [ ] [ ]1 1 1( ) ( ) ( ) ( ) ( ) 0u q p R uξ ξ σ ξ µ ξ µ ξ′ + ≤       	

Then [23, Theorem 1] point out that following differential equation:

	 [ ] [ ] ( )1 1 1( ) ( ) ( ) ( ) 0u q p R uξ ξ σ ξ µ ξ µ ξ′ + =         	 (11)

has a positive solution. Nevertheless, from [21, Theorem 2] with eq. (8), we have that eq. (11) 
cannot have positive solutions. This is a contradiction.
–– Case II. Now, we consider the other case D ( ) 0t z tα < . Using similar operations in Case I, we 

obtain:

	 ( )
( )

( )
( ){ }
( ){ }

1
11

1 1 1

1 z t
x t z t

p t p t

τ δ
τ

τ τ τ

−
−

− − −

     ≥ −          

	

And eq. (7) implies that: 

	 ( )
( )

0
z
S
ξ
ξ

′ 
≥ 

  



	

For 1( )δ ξ ξ≤ , we have: 

	 ( )
( )
( )

( ){ }
( ) ( ){ } ( ) ( )

11
1 1

21 1 1 1

11
Sz

x p z
p S p

τ δ ξτ ξ
ξ ξ τ ξ

τ ξ τ ξ τ τ ξ

−−
−

− − − −

          ≥ − =               






  

  

  

	

Then:

	 ( ) ( ) ( ) ( ) ( ){ }1
2 0a z q p zξ ξ ξ σ ξ τ σ ξ−′′ + ≤                 	

Using that ( )z ξ  is strictly decreasing, we obtain:

	 ( ) ( ) ( ) ( ) ( )2 2 0a z q p zξ ξ ξ σ ξ µ ξ′′ + ≤                	

From eq. (7), we have that:

	 ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 0a z q p S a zξ ξ ξ σ ξ µ ξ µ ξ µ ξ′′ ′− ≤                           	

Using ( ) ( ) ( )u a zξ ξ ξ′=   , then:

	 ( ) ( ) ( ) ( ) ( )2 2 2 0u q p S uξ ξ σ ξ µ ξ µ ξ′ ′− ≤                 	

For ( ) ( )y uξ ξ= −   where ( )y ξ  is a positive solution of following differential inequality: 

	 ( ) ( ) ( ) ( ) ( )2 2 2 0y q p S yξ ξ σ ξ µ ξ µ ξ′ − ≥                 	

Hence, from [27, Lemma 2.3]:

	 ( ) ( ) ( ) ( ) ( )2 2 2 0y q p S yξ ξ σ ξ µ ξ µ ξ′ − =                 	 (12)

has a positive solution. Nevertheless, from [21, Theorem 2] with (9), we have that eq. (12) can-
not have any positive solutions. This is a contradiction. So, the proof is complete.
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Combining Theorem 2 with the oscillation criteria presented in Ladde et al. [22, The-
orem 2.1.1 and Theorem 2.4.1], we can give the following corollary.

Corollary 1. Under the conditions of Theorem 2, if 

	 ( ) ( )
( )1

1
1liminf
e

dq s p s s
ξ

ξ
µ ξ

σ
→∞

>  ∫


   	

and 

	 ( ) ( ) ( )
( )2

2 2
1liminf
e

dq s p s S s s
µ ξ

ξ
ξ

σ µ
→∞

>      ∫


    	

Then eq. (1) is oscillatory.

An illustrative example

We present a simple example to illustrate the obtained results. Consider the following 
equation:

	 ( ) ( )/ 3/21/2 1/2D e D 2 0, 1
4 16

t
t t

t tx t x tx tΓ     + + = ≥          
	 (13)

In eq. (1), we set 
1/ 2[ / (3/2)]( ) e ta t Γ= , ( ) 2p t = , { , [ ( )]} ( /16)f t x t tx tσ = , ( )q t t= , 

( ) /4t tτ = , ( ) /16t tσ = , 1/2α = . Then using a variable substitution we have:

	 ( )1 2 2
1

3 1( ) , ,
3 32
2 2

ty t yξ ξ ξ ξ−  = = = Γ =     Γ Γ   
   

	

Then:

	 1( ) ( ) ea a y ξξ ξ− = =  	

	 { }1( ) ( )
4

y y ξσ ξ σ ξ− = =  	

	 { }1 1
0

1( ) ( ) , ( ) 0 and ( ) 2
2 2

y y ξτ ξ τ ξ τ ξ τ τ ξ ξ− ′ − = = = = > =     	

	 2 2 3( )
2

q ξ ξ  = Γ  
 

 	

Choosing 1( )t tδ = , 2 ( ) 4t tδ = , 1 /4tµ = , and 2 ( ) 2t tµ = , furthermore, we have:

	 { }1
1 1( ) ( )y yδ ξ δ ξ ξ− = = 
 	

and similarly 2 ( ) 2δ ξ ξ= , 1( ) /2µ ξ ξ= , 1/2
2 ( ) 2µ ξ ξ= . Then we obtain: 

	 ( ) ( )
( )

( )
1

2

2
1

/2

3
12liminf liminf 1

2 e2
2

d d
R s

q s p s s s s
sR

ξ ξ

ξ ξ
µ ξ ξ

σ
→∞ →∞

  Γ       = − = ∞ >     
    

∫ ∫


   	
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and

	 ( ) ( ) ( )
( )

( )
2

2
2

2
2 2

3
12liminf liminf 2

4 e
d dq s p s S s s s S s s

µ ξ ξ

ξ ξ
ξ ξ

σ µ
→∞ →∞

 Γ  
 = = ∞ >      ∫ ∫



    	

So, we conclude that eq. (13) is oscillatory by Corollary 1.

Conclusion

In this work, we are concern with the oscillatory solutions of fractional neutral differ-
ential equations. Based on a variable transformation, we obtain some oscillation theorems for 
the equation. The obtained theorems complete and improve the many oscillation results. Be-
cause of the condition 4( )H , the eq. (11) gives us the importance of this work.
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