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1. Introduction

Difference equations are the discrete form of differential equations and they are very
important in many applications. For example, the differential equations involved with
exponential terms have applications in biology and have interesting properties. The
equation

eﬂ—th % ea—bLt
Bt—H = CNW, Lt—H = m + ¢ NW (2)

has oscillatory and chaotic nature and was discussed in [12] where B represents the living
biomass, L the litter mass, N the total soil nitrogen, t the time and constants a,b,c,d > 0 and
0<k<l.

In [5], El-Metwally et al. studied the global stability, boundedness and periodicity of the
positive solution of the difference equation

Xpp1 =& + Bxy_1e™, n=0,12,...

where @ > 0 and 8 > 0 are the immigration rate and population growth, respectively, x_;
and x are arbitrary nonnegative numbers.
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Similarly, the boundedness and global asymptotic behaviour of the solution for

o + Be ¥n
Xpt1 = L, n=0,1,2,...
14 +xn—1
and

e~ nxnt(n—k)x,_r)
B+ xn+ (n—k)x,

were studied by Ozturk et al. [9,10], where o and B are positive numbers k € {1,2,3,...}
and the x_, x_(x—1),. .., X_1, Xo are arbitrary numbers.
Similar properties concerning the biological model

Xpt1 = , n=0,1,2,... (3)

ax% ek—dxn

+c
xp+b 14 ek

Xn4+1 =

was established in [11], where 0 <a < 1,b,c,d,k are positive constants and x( is a real
number. The stability analysis of a nonlinear difference equation

ae n 4 Be It
Y +ayn + Byn—1

Yn+1 = , n=0,1,2,...

was established in [6], where &, B and initial conditions are arbitrary positive numbers.
Properties of solutions of various types of second and third order several types
of difference equations were discussed in [2,7], such as the stability properties and
conditions for boundedness of nonlinear difference equation x,4+1 = f(x,)g(x,—k) was
studied in [8] and asymptotic properties of solutions of the difference equation
V= FOn=1>-+ > Y-/ €Wn=1,-- > ¥n—k))>,n =0,1,2,... was studied in [1].
Motivated by above studies, we generalize (3) by considering A > 1 and investigate many
properties including the asymptotic stability and boundedness of the solutions.

2. Preliminaries

Definition 2.1: [2] Let

Xnt1 = f (X Xn—1, .. Xp—k), n=0,1,... (4)

where I is an interval and f : I**1 — I is a map. Then a solution of (4) is a sequence
{xn}oo _j and satisfies (4) for all n > 0. A solution of (4) if constant for all n > —k then
it is called an equilibrium solution of (4). Further if x,, = X, for all n > —k is an equilib-
rium solution then X is called an equilibrium point of (4). Note that for discrete case I can
also be the subset of integers Z = {...,—1,0,1,...}. Further

(1) An equilibrium point x of (4) is locally stable if given any € > 0, there existsa § > 0
such that if
(e = %] + [rogemn) = X[+ -+ lxo — %) < 8

then |x, — X| < € foralln > —k.
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(2) The equilibrium x of (4) is called locally asymptotically stable if it is locally stable and

if there exists y > 0 such that x_j, x_(k—1),...,%0 € I with (|x_x — X| + [x_(x—1) —
X|+ -+ |x0 — X|) <y thenlim,_  x,;, = x.
(3) The equilibrium x of (4) is called a global attractor if for every x_i, X_(k—1y,...,%0 € I

we have lim,_, o0 X, = X.

(4) The equilibrium X of (4) is called globally asymptotically stable if it is locally stable
and a global attractor.

(5) The equilibrium x of (4) is called unstable if it is not stable.

see [4].

Definition 2.2 ([4]): Consider (4). Then the corresponding linearized equation about x is
given by

Y1 = Poyn + Pryn—1 + Poyn—a2 + -+ + Piyn—k (5)
where P; = df /0x;(x, X, . . ., X). The characteristic equation of (5) is given by
AFL _poak —pAkl - P A — P =0. (6)
Theorem 2.3 ([3]): Leta,b € Randk € {1,2,3,...}. Then,
la] +1b] <1 (7)
is a sufficient condition for the asymptotic stability for (8)
Vel — Wn+ by k=0, n=0,1,2,... (8)
The condition is still valid if k odd and b < 0, or k even and ab < 0.

Theorem 2.4 ([3]): Consider the difference equation
xn-H :f(xn:xn—k)> n= 0) 1) 2) e (9)

where k € {1,2,3,...}. Now assume f : [a,b] x [a,b] — [a,b] is a continuous map and
having the following properties,

(a) f(u,v) is non-increasing in each argument.
(b) If(c1,c2) € [a, b] is a solution of the system satisfy c; = f(ca, c2) and c; = f(c1, c1) then
implies that c; = ¢,

then (9) has a unique positive equilibrium which converges to X.

3. Main results
In this section, we discuss the stability and boundedness of the solutions for Equation (1).
The equilibrium points of Equation (1) are the solutions of the equation
OM—(Zn—k))‘c
X — (10)
B+ (2n—k)x

Setg(x) = (a)\*(Z”*k)x)/(,B + (2n — k)x) — x. Thenwe getg(0) = /B > 0,limy_, o0 g(x)
= —o0 and
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—a(2n — A~ A (B + 2n — k)x] + 1}

/
_ ~1.
£ B+ 2n — k)x)?
This gives us the equilibrium solution for (1).
The associated linearized equation in x is given by
+nx|InA+ ! 4+ (mn—Kkx|Inx+ 0
nx |In P —— n—k)x|In —— | Yk =0.
Yn+1 ,3 + (21’1 — k)J_C Yn ,3 T (21’1 — k))_C Yn—k
(11)
The characteristic equation of (1) is,
A2+ nx lnk+; A+ (n—k)x ln)u—l—; AT =9
B+ @2n—kx B+ (2n —k)x ‘
(12)

Theorem 3.1: (1) Let n> k. The positive equilibrium point of (1) is locally asymptotically
stable if,

(13)

e (0) —Blni+/B2(n1)? +4ﬁ1nx) .
22n —k)In X

(2) Letk>2nandp — (k—2n)x > 0. The positive equilibrium point x is locally asymptot-
ically stable if

i (0 [2(k — n) + kBInA] — /[2(k — n) + kBIn A2 — 4BkIn A(k — 2n)

X e 2k(k — 2n)In A
(14)
Proof: (1) Using Theorem 2.3, we have
X |InA ;‘ k‘l)»; 1. (15)
_nx|:n +ﬂ—|—(2n—k)5ci| + |(n — )x[n +ﬂ+(2n—k)5c] < 1.
= 2n—k?>(n1) &>+ [2n —kBlnrlx — B < 0. (16)

Since X is positive, x satisfies the equation (16) if,

e (0’ —BIni +/2(n1)? +4,31nk> .
22n —k)In i

If k is odd, the asymptotic stability condition does not hold.
Now let k be even. By Theorem 2.3 and since

1 _ 1
R e I G = = R

(15) is a necessary condition for the asymptotic stability of (11).
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(2) Since k> 2n, using Theorem 2.3 and equation (11) we get,

L S | R e L s |
_nx<n " ﬂ—(k—zmx) |~ _”)x<n +,3—(k—2n)5c> =
(17)
Using the hypothesis § — (k — 2n)x > 0, the inequality (17) gives us,
(k —2m)k(n 1) (%)? — [2(k — n) + kBInA]x + B8 > 0. (18)

Since x > 0 and 8 — (k — 2n)x > 0, (18) holds if

i ( [2(k — n) + kBInA] — /[2(k — n) + kB In 1] — 4Bk(k — 2n) m)
xe |0, .
2k(k — 2n)In A

By Theorem 2.3, we get the following results.
(a) Ifkisodd, since

(k—mx|Ini + ! 0
—(k—mx|1In — | <
B — (k—2n)x
then (17) holds as the necessary condition for the asymptotic stability.
(b) Now if k is even and since

_ 1 _ 1
(_”x (M T k- zm)) <_(k e (1 T k- zn>»‘c>> =0

then (17) does not hold as the necessary condition for asymptotic stability.

Example 3.2: (a) Takingn=2,k=1and foro = 3,8 = 5,1 = 2, the equilibrium point
of (1) is 0.284008. By (13), X € (0,0.38975) and by computation we see that it is locally
asymptotically stable.

(b) Supposeletf = landn, k,a, A assaidin (a), then x = 0.46939 which does not belongs
to (0,0.26701). Then by computation we see that the equilibrium point is unstable.

Example 3.3: Taking n =1,k = 3,a = 300, 8 = 20,000 and A = 25, we get two equi-
librium points 0.0157817 and 1.41184. By (14), we see that 0.0157817 is in (0, 0.10355)
and it is locally asymptotically stable but 0.141184 does not belongs to (0,0.10355) and by
computation we see that it is unstable.

Theorem 3.4: Let n=k and 8 + kx > 0. The equilibrium point of (1) is locally asymptoti-
cally stable if and only if

i ( B —[2+,81n)»]+\/,32(ln)»2)+4>

1
X e 2kIn (19)
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Proof: Using Theorem 2.3, we can write (11) in the form

_ 1
yn+1—(—kx|:ln)»+ﬁ+kj_ci|>yn=0, n=0,1,2,... (20)
and from Theorem 2.3 we get
kx |InA + ! 1
—kx |In <
B + kx

_ 1
= —1< —kx(ln)»—l—ﬂ_l_k}_c) <1
= K(nA)®)? +kB(In1)x— B <0
and K(InA)(®)*+ 2+ BInkx+ B > 0.

Both the inequalities must hold for x. Furthermore, from 8 + kx > 0, we getx > _T'B This

gives us the interval

S 2kInA

(—_ﬂ —[2+ BInr] + /B2 A)? + 4)

Here k has no important role for proving asymptotic stability since the characteristic roots
of (20) lie in the unit disk |§| < 1 with the condition (19). |

Example 3.5: When n=k=2 and o = 30, 8 = 10, A = 20, we see that the equilibrium
point 0.348204 does not satisfy (19) and by computation we see that the equilibrium point
is unstable.

Theorem 3.6: Let n > k and {x,};°, be a positive solution of (1).

(i) Then every solution of (1) is bounded.
(ii) Then the equilibrium point of (1) is bounded if x > 0.
Proof: (i) Sincex, > 0forall n and A > 1 we have

ah~ xnt(=k)xy_k)

B+ nx, + (n — k)x,_x

0 o
< Xpy1 = < —.
p

Therefore, every positive solution is bounded.
(ii) Assume thatx > Oand A > 1. Then

o —@n—kx o
0<Xx=—"——"—<—.
B+Q@2n—kx B
Therefore, the equilibrium point is bounded. |

Example 3.7: Let «, 8, X be as in Example 3.2 (a) and let k=n—1. When x_; = 0.3 and
xp = 0.5, we see that every solution of (1) is less than 0.6.
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Lemma 3.8: Let n >k and f(u,v) = (a)»’("“(”*k)”))/(ﬂ +nu+ (n— k), n=12,
... The following conditions holds.

(i) In [0, 00) the function f (x, x) is decreasing.
(ii) f(u,v) is decreasing for each u, v € [0, 00).

Proof: (i) We have,

(x, %) = T
L R TELT:
Fox) = —@2n — kar~ @R [BIn A + 2n — k)xIn A + 1]

B+ 2n — k)x]?

So (i) is trivial.
(ii) The proof is obvious.
[ |

Theorem 3.9: Let n>k and > . If positive equilibrium point is locally asymptotically
stable then it is globally asymptotically stable.

Proof: Let us have u = lim,_,  inf x,, M = lim,_, o sup x, and € > 0 such that € <
min{% — M, ). There exists np € N such that © — e < x, < M + €. Using part (i) of
Lemma 3.8, we have
Ol)\‘—(Z;’t—k)(M—}-e) a)\—(Zn—k)(pL—e)
S xn S >
B+ 2n—k)(M+e) B+ 2n—Fk)(n+e)
Ot}\—(Zn—k)(M—}—e) aA—(Zn—k)(u—e)

M .
T Bt —hbMto MM ran—beto

n>ny+1

Since € > 0 is arbitrary, this inequality yields

a)\—(Zn—k)M a)\—(Zn—k);L
R — TR Y (- —
B+n—loM "= T g an—u

= a}\'—(zn—k)M _ ,BM < ak_(zn_k)“ _ ,BM

= BM — 1) < ("R ~CnkM)

From our assumption M, i > 0 and from the hypothesis we arrive at M < p.
Hence M = ¢ = x. From Theorem 2.4, (1) has a unique equilibrium point and every
positive solution of (1) converges to x. The proof of the theorem is complete. |

Example 3.10: It is clear from Example 3.2 that the equilibrium solution is also globally
asymptotically stable but in Example 3.3 the equilibrium point 0.0157817. This exam-
ple shows us that the locally asymptotically stability need not necessarily be globally
asymptotically stable.
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