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Abstract: This paper focuses on a specially constructed matrix whose entries are harmonic
Fibonacci numbers and considers its Hadamard exponential matrix. A lot of admiring algebraic
properties are presented for both of them. Some of them are determinant, inverse in usual and
in the Hadamard sense, permanents, some norms, etc. Additionally, a MATLAB-R2016a code is
given to facilitate the calculations and to further enrich the content.
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1 Introduction

The n-th harmonic number H,, has the usual definition

H, Zk Zm (Hy = 0)

for n € N. It can be described as a sum of the areas of certain rectangles. In other words, each
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term of the sum can be interpreted as the area of a rectangle with width equal to 1 and height
equal to % The Fibonacci numbers have the following recurrence relation for n > 0:

Fn+2:Fn+1+Fn

with Fy = 0, F} = 1. Inspired by the definition of the harmonic number and Fibonacci number,
Tuglu et al. introduced in [11] harmonic Fibonacci numbers as below:

"1
F,=Y —
k:le

and gave various identities for these numbers by using the difference operator. They also studied
the theory of the harmonic and the hyperharmonic Fibonacci numbers and got some combinatoric
identities. Moreover, the authors obtained in [10] norms of some circulant matrices and some
special matrices, whose entries consist of harmonic Fibonacci numbers.

Assume that A = (a;;) is an n X n matrix. The maximum column norm is found by

[14]le; = maxx [> a2 (1.1)

and the maximum row norm is calculated by

1Al = max > a2 (1.2)
j

The Frobenius or Euclidean norm of A is found by

ii’ale. (13)

i=1 j=1

Al =

Let A" be the conjugate transpose of matrix A, then the spectral norm of A is defined by

[All2 =, / max A, (1.4)

where ); is the eigenvalue of matrix AA . The following well known inequality can be written

1
Al < 1Al < 1A (15)

In the literature, there are many papers dealing with some kind of matrices and some type of
norms, (see [1-3,6,7,9,12,13]). Suppose that A = (a;;), B = (b;;) and C' = (¢;;) are m x n
matrices. The Hadamard product of A and B is defined by A o B = (a;;b;;). If C = A o B, then
there exists the following relation

IC12 < [|Al] [[Bl]e (1.6)

The Hadamard exponential of the matrix A = (a;;)mxn is defined by e°* = (e®7), [8]. The
permanent of an n X n matrix A is defined as:
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per A = Z Hai,a(i)a

0ESni=1
where the sum here extends over all elements o of the symmetric group .S,, over all permutations
of the numbers 1,2, ..., n. The matrices whose permanents arise in various applications often
have special structure. Usually these are nonnegative matrices whose nonzero entries are
distributed regularly over planes. In this content, Brualdi et al. defined in [4] a new method
which is called contraction method to calculate the permanents of the matrices. The authors
in [7] considered a square matrix M as below:

A b

M =
bl ¢

, (1.7)

where A is an n X n nonsigular matrix and b is an n X 1 matrix, also c is a real number. Then,
they obtained the inverse of M as following

A7t ATIBTATE 1A
N = ;
— b AT c
where [ = ¢ — b7 A~1b.
In this paper, we consider an n x n matrix § = [Fy, ]?,_, and its Hadamard exponential
matrix e° = [¢"*], where k;; = min(i, j) and F,, is the n-th harmonic Fibonacci number. In

other words, these matrices are represented as below:

F, F, F, --- T 111 1
F, F, Fy --- Ty 1 2 2 2
§ = |Fi Fo Fy -+ Fsl = |1 2 2 5, (1.8)
Fi Fp Fy - Fo] |12 5 - 05
and - -
ef1 et el e
eFl eIFQ €]F2 e]FQ
603 — [eFmin(i,j)Jrl]ijl — elFl €F2 GFS s elFS s (19)
efr el el efn

where [, is the k-th harmonic Fibonacci number. Some algebraic properties of these matrices
are investigated such as determinant, inversion, some norms and permanents. Moreover, some
illustrative examples are given and a MATLAB-R2016a code is presented.

2 Main results

Theorem 2.1. Let § be an n by n matrix as in the matrix from (1.8), then

1
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Proof. By using elementary row operations on the matrix (1.8), we calculate:

Fy Fy Fy Iy
0 Fo—-F, Fy,—F, --- TFy—1TF
det(F) =det | O 0 F3—Fy --- F3—TF,
0 0 0 o Fy—F,
So, we have
det =F il — _ O]
et(F) 1 g +1 H F, F1F2 -

Corollary 2.1. Suppose that § is a matrix as in (1 .8 ) and the leading principal minor of § is
denoted by A, then we have

i An = FLnAn—la
ii AlAgAg e An = W
Proof. 1t can be calculated by using the Theorem 2.1. ]

Note that the matrix § is a positive definite matrix and all eigenvalues of § are positive.

Theorem 2.2. Assume that § is a matrix as in the matrix (1.8). The inverse of § is

(K -F, 0 0 0 - 0 0

K F, -F 0 0 - 0 0

0 —F, F —F, 0 0 0
sl-|0 0 -F F -F 0 0
O 0 0 - 0 —F_, F. -F,

O 0 0 - 0 0 -F, F,

Proof. The inverse of the matrix § can be calculated by Principle Mathematical Induction, on n.
11
S

Assume that the result provides for n, thatis A = § = [Fy, Jnxn, A~ = [, ]
So, we have b = (Fy,Fy, ..., F,)", 0" = (F,F,,...,F,). By taking ¢ = F,,; and by the
help of the equation (1.7), it verifies for n + 1. [

It verifies for n = 2, i.e.: if

then we find

Definition 1. Let us define a second order recurrence relation, for v > 2, as below:
wl = w1 E o+ w[l‘—ﬂp@ig

where wll = WO Fy + AF2, wl = AF; + F3 and A = F3F, + 1. Here, I}, is the n-th Fibonacci
number.
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The first few values of the sequence can be given as following:

wltl = w[O]F6 + AF42
wf = WP F 4wl F?

where 1 =2,3,4,....
Here, we construct a new recurrence relation whose permanents are related to inverse of the
matrix §.

Theorem 2.3. The permanents of the matrix §~ ' are:
per(F ) = F(wlF2_ | + wlUF, ).

Proof. Letus consider A = FyF;+1 and wl” = AF;+ F3, then by using the contraction method,
we get:

A —F;
—F; —F5 —F,
_11Q -y, —F
[3, 1]( ) _ 4 6
—L'n—-1
“ILn-1 T4Lntl _Fn
i —Fn I 1 (n—1)x(n-1)
and going on with this method, we obtain:
[ w[o} —AF4 i
—Fy  —Fg
-171(2) _
[S } - —I'n—1
“1I'n—-1 TLn41 _Fn
—F, E,

- - (n—2)x(n—2)

and we can mention these steps with a general statement, for n — 2 > r > 3, as below:

B w[er] _w[rf?)} Fr+2

—Lr42 —Lr44 —L'r43

[371} ) _

Jd (n—r)x(n—r)

Consequently, we get

w[n74} _w[n75] Fn

—11(n—2) .

which is desired. L]
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Theorem 2.4. Assume that § is a matrix as in (1.8). Then, the determinant of Hadamard inverse

of § is
det({?o(_l)) — ﬂ

Proof. We can write

[ 1 1 17
]Fl ]Fl ]F1 ]Fl
1 1 1 1
FR fi
F=5 5 ® 7
1 L I .
[F, Fo T3 F,
By the elementary row operations, we have
1 1 1 1 T
]F1 ]Fl ]Fl IFI
1 L1 1 1
O % % ®m ®m " ®Om
det(FV)y=det [0 0  F - O
L O O 0 ﬁ o IE‘77.171 .
Thus, we obtain
1y, 1 1 1+ -1 —1)nt 1
det(F ) = —T[(= - = _— ) . O
F, P Fr, Firq F, Pl FFyFpy B E.F, FiF;5. F, _|F,
Theorem 2.5. If § is a matrix which is given in (1.8), then
~ (k+1)(k—(2n+1
Islle = | -+ 1282, - 2o+ 1)+ 3 BB g g
Proof. The Euclidean norm of § is
n n 2
2 1
1Sl = [(Z |]Fz'j|2)2] :
i=1 j=1
Thus,
IB% =) (2n—2k+ D)F} = 2n+1) Y Fr —2> kF;.
k=1 k=1 k=1
Also, help of the reference [5], we get
"L (k41
Z]FQ F2  (n+1)—1- (F )(Fk+IFk+1), 2.1)
i Tea
and
nn+1) = (k+1k
Z KF; = IF%HT) (QF—)(M + Frpr)- 2.2)
P k+1



According to (2.1) and (2.2), we obtain

L (k+1)(kE—(2n+1))
Flta

I§lle = | (n+1)%F2,, — (2n+ 1) + (Fi + Frs1). O

k=1

Corollary 2.2. Let § be a matrix as in the matrix form (1.8) Then,

(Fr + Fri1) < |15l

1 2F2 (9 - (k+1)(k = (2n+1))
% (n+1)]Fn+1 (2 +1)+kz:; Fla

<, |(n+1)%F2,, —(2n+1)+
k=1

Proof. The proof can be seen easily by using Theorem 2.5 and the inequality (1.5). [

Theorem 2.6. Let § be a matrix as in the matrix form (1.8), then

" (k+1 o (k+1
I8l < || [+ DF, -1 -3 B Y, F)] lnF BRI AE Y §
k=1 B+l k=1 - ktl

Proof. We can write

$§=AoB,
where ~ _ ~ _
F 1 1 --- 1 1 F F - Iy
F, Fy 1 --- 1 1 1 Fy --- IFy
A: ]Fl FQ Fg c 1 and B: 1 1 1 Fg
F, F, Fy - F, 11 1 1
So, we have
- (k41
n) = |SE= e, —1-3 B @ ),
i=1 k=1 Fit1
n—1 n—1
k+1
a(B)= | ) Fi+1=|nF3 - ( )(Fk+]Fk+1)~
i—1 i

Consequently, we obtain

" (k+1 o (k+1
1812 < (n+1)IF,%H—1—Z(F >(Fk+Fk+1)][an—Z( )(Fk+Fk+1). 0
k=1 k+1 k=1 k+1
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Theorem 2.7. Assume that ¢°S is a matrix as in the matrix form (1.9), then

det(eF) = H(eF’“ — 1),
k=2

Proof. The proof can be done easily by the elementary row operations. ]

Theorem 2.8. Let e°S be a matrix as in (1.9) and /\,, denotes the leading principal minor of €°3,
then we have for n > 1

i A, = (" —efr-1)A, 4,
i, AJ A Az - A, = (eF)n(el2 — ef)n=l(elfs — eF2)n=2  (Fn _ eFn-1),

Proof. It can be easy calculated by the help of Theorem 2.7 and the followings:

A, = (e — 1) (efs — ef2) (e — 1), ]
Note that the matrix e°¥ is a positive definite matrix and all eigenvalues of e°% are positive.

Theorem 2.9. Suppose that e°¥ is a matrix as in the matrix form (1.9), then:

- ) -
e]Fl 1 eFl —E]FQ 0 A 0 0 O
1 1
T A g oy AR 0 0 0
—1 - . .« ..
0 Py . 0 0 0
oF\—1 _
(€) :
0 0 - 0
e]Fn—2_e]Fn—1
1 1
O e]Fn—2_e]Fn—1 B e]Fn—l_e]Fn
1 ~1
L 0 0 o 0 efn—1_¢Fn efn—1_¢Fn |
where
A=(1 e e ) 1
B efi —ef2 ez — s/ g
and
an72 an,1 1
B=(1- — .
( an—Z — an—l ean—l — an an—l
Proof. 1t can be proven in a similar way in the proof of Theorem 2.2. ]

Theorem 2.10. Assume that €° is a matrix as in (1.9). Then,

1
ol 1Ly 1 (1—e%)
det(e5°CD) = o H e R
k=2 e’k
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Proof. By the definition of the Hadamard inverse, we get

S B e
oF1 F1 ecF1 F1
41 1 1
F1 F2 F2 F2
Fo(-1) _ | L L L €1
e =1 = | eF1 eF2 Fs eF3
1 11 L
Lef1  ef2 F3 effn |
By the elementary row operations,
1
n n e
Fo(—1) 1 1 1 1 1 (1—efr)
det(e ):FH(IF_]F >:IFH]F r
efl etk elfk—1 e’l elfk—1 ka
k=2 k=2 €

Theorem 2.11. Assume that e°S is a matrix which is given in (1.9). Then,

leSlls = (| 2n+1)> e — 2 " ke,
k=1

k=1

Proof. The Euclidean norm of ¢°% can be written as

Thus, the proof is clear.

n

|;: = Z(Qn — 2k + 1)e*r = (2n + 1) Z e — 9 Z ke
k=1 k=1

k=1 = =

e°S

Corollary 2.3. Suppose that S is a matrix as in the matrix form (1.9). Then,

n

1 n n n
— (2n+1)ZeQFk —QZkeQFk < eS|y < (2n—|—1)262]17k —22]{:62Fk.
vn P —1 k=1 k=1

Proof. The proof can be seen easily by using theorem above and the inequality (1.5).

Theorem 2.12. Suppose that ¢S is a matrix as in the matrix form (1.9). Then,

n n—1
e51la < | (30 ) (30 e + 1),
k=1 k=1
Proof. We can write
e = Ao B,
where
[eF1 1 ] [1 1 M eF1]
efr e 1 ... 1 1 1 e€f2 ... ¢
A = e]Fl e]Fz eIF:s 1 and D 1 1 1 6F3
_eFl ef2 el eF"_ _1 1 1 1 ]
So, we have
[[=2A], = and
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According to (1.6), we obtain

n n—1
e < || (32 (3 e+ 1), 0
k=1 k=1

3 Numerical examples

In this section, to verify the obtained some results, we give a MATLAB-R2016a code for the
matrix given by (1.8). Moreover, we present an illustrative example.

ele
clear all

3 n=input (' n=2?");

£(1) = 1;

£(2) = 1;

g(l)=1;

g(2)=1;

for 1 = 3 n
f(i) = £(i-1) + £(i-2);
g(i) =1/£(1);

end

b = g(l:n);

t=cumsum (b) ;
for i=1:n
for j=1:n
if i==j
a(i,j)=t(i);
elseif i<j
a(i,j)=t(i);
elseif i>j
a(i,j)=t(3);

end
end
end
A = rats(a)
c(l)=exp(2*1);
c(2)=exp(2%x2);
for 1 = 3 n
(

d =c(l:n);

33 rownorm_1 = cumsum(d) ;

@

G

Q

%

HEMrownnorm=rownorm_1 (n)
e = c(l:n-1);
columnnorm_2 = cumsum(e)+1;

HEMcolumnnorm=columnnorm_2 (n-1)

HEM1 2normlessthan=(columnnorm_2 (n-1) xrownorm_1(n)) "~ (1/2)

for i =1 : n
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40 f(i)=ixexp(2xt(i));

i1 end

2 g = f(l:n);

43 x=cumsum (qg) ;

1+ HEMEuclidNorm=( (2+n+1) *xrownorm_1 (n)-2xx(n)) "~ (1/2)

Example 1. Let § is a matrix as in matrix form (1.8) for n = 5. Then, the followings can be
calculated:

1
det () = —
ct(8) = -
36
-1y _
det (@) = 557475
01381
22200 1o
I3l = |/ oo ~ 10.076

1 /91381 91381
4506 ~ —/ —— < </ — ~ 10.076
7V a0 < 181 <\ g
1871063
</ ——— ~24.031
181l < o & 20,03

det(e°%) ~ 1103.985
det(e3°"Y) ~ 1.1191 x 107°
%% || =~ 49.891

1
—=/2.4892 x 103 < [|e°¥||g < v/2.4892 x 103 &~ 49.891
V5

€%l < 682.489
12|, = 930.710
|19B]|., ~ 500.4697

22312 =~

4 Conclusion

In this paper, we construct a special symmetric matrix § whose entries are the harmonic Fibonacci
numbers and its Hadamard exponential matrix e°S. Then, we obtain some interesting linear
algebraic properties, such as determinants, permanents, some norms, etc., for the constructed
matrix family. Also, we give some summation formulas for the harmonic Fibonacci numbers.
Moreover, we present a MATLAB-R2016a code for the matrix § and for the norm calculations
of e°S. For the value n inputted to the code given:

1. writes the matrix §,
2. for the matrix e°S,
i calculates the row norm ||2(||,,,
ii calculates the column norm ||B]|.,,
iii gives an upper bound for the spectral norm ||e°%||,,

iv obtains the Euclidean norm ||e°%||g.
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