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Construction of dual-generalized complex Fibonacci and Lucas
quaternions

Şentürk G.Y.1, Gürses N.2, Yüce S.2

The aim of this paper is to construct dual-generalized complex Fibonacci and Lucas quaternions.
It examines the properties both as dual-generalized complex number and as quaternion. Addi-
tionally, general recurrence relations, Binet’s formulas, Tagiuri’s (or Vajda’s like), Honsberger’s,
d’Ocagne’s, Cassini’s and Catalan’s identities are obtained. A series of matrix representations of
these special quaternions is introduced. Finally, the multiplication of dual-generalized complex Fi-
bonacci and Lucas quaternions are also expressed as their different matrix representations.
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Introduction

Quaternions (Hamiltonian quaternions) are introduced by W.R. Hamilton [17] as a hyper-
complex numbers and denoted by H: = {Q = a + be1 + ce2 + de3 : a, b, c, d ∈ R} , where
1 = (1, 0, 0, 0), e1 = (0, 1, 0, 0), e2 = (0, 0, 1, 0), e3 = (0, 0, 0, 1) that satisfy

e1e2 = −e2e1 = e3,

e2e3 = −e3e2 = e1,

e3e1 = −e1e3 = e2,

and
e2

1 = e2
2 = e2

3 = e1e2e3 = −1.

H is an associative but non commutative algebra [17]. Quaternion is a geometric operator
to represent the relationship (relative length and orientation) between two vectors in three and
four dimensional spaces. The rotation and the screw (spatial) displacement by quaternions are
usually simpler, cheaper and functional than other methods. For instance, the dual quaternion
algebra is applied to the kinematic modeling of different types of robots, such as mobile robots,
robot manipulators, cooperative systems, mobile manipulators, and humanoids.

Hamilton’s ideas related to quaternions are extended in another way by A.F. Horadam
in [19]. He defined the nth Fibonacci and Lucas quaternions using respectively nth Fibonacci
and Lucas numbers (see Appendix A) as the coefficients. These quaternions are also examined
in [15, 20–22].
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Complex numbers are buildings blocks of several commutative number systems [34]. As a
generalization of complex numbers, the most known 2-component number system is general-
ized complex numbers Cp (see [18, 23]) and defined by

Cp :=
{

z = a1 + a2 J : a1, a2 ∈ R, J2 = p∈ R, J 6∈ R

}
,

which analogue to complex numbers for p = −1, hyperbolic numbers for p = 1 and dual num-
bers for p = 0 (see details in [27, 30, 31, 34, 35]). Moreover, by using Cayley-Dickson doubling
procedure, the set of dual-generalized complex (DGC) numbers defined in [13] as

DCp :=
{

w = z1 + z2ε : z1, z2 ∈ Cp, ε2 = 0, ε 6= 0, ε 6∈ R

}
.

Reconstructing new numbers with the different combination of above number systems is an
attractive area for researchers (see [1, 2, 4, 6–11, 23–25, 28, 29, 33]). For the special real values
p = −1, p = 0 and p = 1, dual-complex, hyper-dual, dual-hyperbolic numbers are ob-
tained from DGC numbers, respectively (see [13]). If the literature is examined considering
Fibonacci/Lucas extension, the nth complex and dual Fibonacci quaternions are defined in [16]
and [26], respectively. Besides, dual-complex Fibonacci/Lucas numbers and their properties
are presented in [12]. In [5], dual hyperbolic Fibonacci and Lucas numbers are examined.
In [14], the nth DGC Fibonacci and Lucas numbers are defined and the recurrence relations
are introduced (see Appendix B). Additionally, in [32], hyper-dual Horadam quaternions are
investigated.

In this paper, the DGC Fibonacci and Lucas quaternions are defined as an extension of the
papers [16, 19, 26]. This construction is adapted from [19]. The recurrence relations, Binet’s
formula, Tagiuri’s (or Vajda’s like), Honsberger’s, d’Ocagne’s, Catalan’s and Cassini’s identi-
ties are obtained. Several matrix representations of these special quaternions are presented.
Furthermore, the multiplication of DGC Fibonacci and Lucas quaternions are also calculated
as their different matrix representations.

1 DGC Fibonacci and Lucas Quaternions

Definition 1. The DGC numbers with Fibonacci and Lucas quaternion coefficient are respec-
tively defined as follows

Q̃n = Qn + Qn+1 J + Qn+2ε + Qn+3 Jε and K̃n = Kn + Kn+1 J + Kn+2ε + Kn+3 Jε,

where Qn and Kn are the nth Fibonacci and Lucas quaternions.
Q̃n and K̃n can also be expressed as

Q̃n = F̃n + F̃n+1e1 + F̃n+2e2 + F̃n+3e3 and K̃n = L̃n + L̃n+1e1 + L̃n+2e2 + L̃n+3e3,

respectively, where F̃n and L̃n are nth DGC Fibonacci and Lucas numbers (see Appendix B
and [14] for the DGC Fibonacci and Lucas numbers).

Axiomatically, J and ε commutes with quaternion versors, that is ei J = Jei, eiε = εei,
i = 1, 2, 3. It is evident that for p = −1 usual complex operator distinct from quaternion
versors. The base elements {1, J, ε, Jε} satisfy the properties given in Table 1.
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1 J ε Jε e1 e2 e3

1 1 J ε Jε e1 e2 e3

J J p Jε pε Je1 Je2 Je3

ε ε Jε 0 0 εe1 εe2 εe3

Jε Jε pε 0 0 Jεe1 Jεe2 Jεe3

e1 e1 Je1 εe1 Jεe1 −1 e3 −e2

e2 e2 Je2 εe2 Jεe2 −e3 −1 e1

e3 e3 Je3 εe3 Jεe3 e2 −e1 −1

Table 1. Multiplication scheme.

For convenience, the sets used in this paper is given in Table 2.

Fibonacci numbers F := {Fn|Fn = Fn−1 + Fn−2, n ≥ 1, F0 = 0, F1 = 1}
Lucas numbers L := {Ln|Ln = Ln−1 + Ln−2, n ≥ 1, L0 = 2, L1 = 1}
DGC Fibonacci numbers DCpF := {F̃n = Fn + Fn+1 J + Fn+2ε + Fn+3 Jε| Fn ∈ F}
DGC Lucas numbers DCpL := {L̃n = Ln + Ln+1 J + Ln+2ε + Ln+3 Jε| Ln ∈ L}
Fibonacci quaternions Q := {Qn = Fn + Fn+1e1 + Fn+2e2 + Fn+3e3|Fn ∈ F}
Lucas quaternions K := {Kn = Ln + Ln+1e1 + Ln+2e2 + Ln+3e3|Ln ∈ L}
DGC numbers with Fibonacci quaternion DCpQ := {Q̃n = Qn + Qn+1 J + Qn+2ε + Qn+3 Jε|Qn ∈ Q}
Quaternions with DGC Fibonacci number QDCp := {Q̃n = F̃n + F̃n+1e1 + F̃n+2e2 + F̃n+3e3| F̃n ∈ DCpF}
DGC numbers with Lucas quaternion DCpK := {K̃n = Kn + Kn+1 J + Kn+2ε + Kn+3 Jε|Kn ∈ K}
Quaternions with DGC Lucas number KDCp := {K̃n = L̃n + L̃n+1e1 + L̃n+2e2 + L̃n+3e3| L̃n ∈ DCpL}

Table 2. The notations of the sets.

The algebraic structures of Q̃n (also for K̃n) as a DGC number and as a quaternion can be
seen in Table 3 and Table 4, respectively.

Number Q̃n = Qn + Qn+1 J + Qn+2ε + Qn+3 Jε

Addition, subtraction Q̃n ± Q̃m = (Qn ± Qm) + (Qn+1 ± Qm+1) J

+ (Qn+2 ± Qm+2) ε + (Qn+3 ± Qm+3) Jε

Scalar multiplication λQ̃n = (λQn) + (λQn+1)J + (λQn+2)ε + (λQn+3)Jε, λ ∈ R

Multiplication Q̃nQ̃m = (QnQm + pQn+1Qm+1) + (QnQm+1 + Qn+1Qm) J

+ (QnQm+2 + pQn+1Qm+3 + Qn+2Qm + pQn+3Qm+1) ε

+ (QnQm+3 + Qn+1Qm+2 + Qn+2Qm+1 + Qn+3Qm) Jε

Equality Q̃n = Q̃m ⇔ Qn = Qm, Qn+1 = Qm+1, Qn+2 = Qm+2, Qn+3 = Qm+3

Generalized complex conjugate Q̃†1
n = Qn − Qn+1 J + Qn+2ε − Qn+3 Jε

Dual conjugate Q̃†2
n = Qn + Qn+1 J − Qn+2ε − Qn+3 Jε

Coupled conjugate Q̃†3
n = Qn − Qn+1 J − Qn+2ε + Qn+3 Jε

DGC conjugate Q̃†4
n = (Qn − Qn+1 J)

(
1 − Qn+2+Qn+3J

Qn+Qn+1 J ε
)

Anti-dual conjugate Q̃†5
n = Qn+2 + Qn+3 J − Qnε − Qn+1 Jε

Module N†i

Q̃n
= Q̃nQ̃†i

n , 1 ≤ i ≤ 3

Table 3. Structures for Q̃n as a DGC number.
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Quaternion Q̃n = F̃n + F̃n+1e1 + F̃n+2e2 + F̃n+3e3

Addition, subtraction Q̃n ± Q̃m =
(

F̃n ± F̃m

)
+

(
F̃n+1 ± F̃m+1

)
e1 +

(
F̃n+2 ± F̃m+2

)
e2

+
(

F̃n+3 ± F̃m+3

)
e3

Scalar Multiplication λQ̃n = (λF̃n) + (λF̃n+1)e1 + (λF̃n+2)e2 + (λF̃n+3)e3, λ ∈ R

Multiplication Q̃nQ̃m = F̃n F̃m − F̃n+1F̃m+1 − F̃n+2F̃m+2 − F̃n+3F̃m+3

+
(

F̃n F̃m+1 + F̃n+1F̃m + F̃n+2F̃m+3 − F̃n+3F̃m+2

)
e1

+
(

F̃n F̃m+2 + F̃n+2F̃m + F̃n+3F̃m+1 − F̃n+1F̃m+3

)
e2

+
(

F̃n F̃m+3 + F̃n+3F̃m + F̃n+1F̃m+2 − F̃n+2F̃m+1

)
e3

Equality Q̃n = Q̃m ⇔ F̃n = F̃m, F̃n+1 = F̃m+1, F̃n+2 = F̃m+2, F̃n+3 = F̃m+3

Conjugate Q̃n = F̃n − F̃n+1e1 − F̃n+2e2 − F̃n+3e3

Module NQ̃n
= Q̃nQ̃n = 3

(
F̃2n+3 + pF2n+5 + F2n+4 J + (F2n+5 + 2pF2n+7) ε +3F2n+6 Jε

)

Inverse Q̃−1
n = Q̃n

N
Q̃n

, where NQ̃n
is not a null number

(null numbers are characterized by zero norm in DCp)

Table 4. Structures for Q̃n as a quaternion.

Theorem 1. Let Q̃n ∈ QDCp and K̃n ∈ KDCp. Then the following additional recurrence
relations hold for n, r ≥ 0 :

i) Q̃n + Q̃n+1 = Q̃n+2;

ii) Q̃n+r + Q̃n−r =

{
LrQ̃n, r = 2k,
FrK̃n, r = 2k + 1;

iii) Q̃n+r − Q̃n−r =

{
FrK̃n, r = 2k,
LrQ̃n, r = 2k + 1;

iv) Q̃n − Q̃n+1e1 − Q̃n+2e2 − Q̃n+3e3 = 3L̃n+3;

v) K̃n + K̃n+1 = K̃n+2;

vi) K̃n+r + K̃n−r =

{
LrK̃n, r = 2k,
5FrQ̃n, r = 2k + 1;

vii) K̃n+r − K̃n−r =

{
5FrQ̃n, r = 2k,
LrK̃n, r = 2k + 1;

viii) K̃n − K̃n+1e1 − K̃n+2e2 − K̃n+3e3 = 15L̃n+3.

Proof. Using the recurrence relations for the DGC Fibonacci and Lucas numbers (see equations
(3)–(5), (9)–(11) and [14]), the proof is completed.
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Theorem 2. Let Q̃n ∈ QDCp, K̃n ∈ KDCp, F̃n ∈ DCpF and L̃n ∈ DCpL. Then the following
relations hold for n ≥ 0 :

i) Q̃n + Q̃n = 2F̃n;

ii) Q̃nQ̃n = 3(F̃2n+3 + pF2n+5 + F2n+4 J + (F2n+5 + 2pF2n+7) ε + 3F2n+6 Jε);

iii) Q̃nQ̃n + Q̃n+1Q̃n+1 = 3(L̃2n+4 + pL2n+6 + L2n+5 J + (L2n+6 + 2pL2n+8) ε + 3L2n+7 Jε);

iv) Q̃2
n = 2F̃nQ̃n − 3(F̃2n+3 + pF2n+5 + F2n+4 J + (F2n+5 + 2pF2n+7) ε + 3F2n+6 Jε);

v) K̃n + K̃n = 2L̃n;

vi) K̃nK̃n = 3(L̃2n+3 + pL2n+5 + L2n+4 J + (L2n+5 + 2pL2n+7) ε + 3L2n+6 Jε);

vii) K̃nK̃n + K̃n+1K̃n+1 = 15(F̃2n+4 + pF2n+6 + L2n+5 J + (F2n+6 + 2pF2n+8) ε + 3F2n+7 Jε);

viii) K̃2
n = 2L̃nK̃n − 3(L̃2n+3 + pL2n+5 + F2n+4 J + (L2n+5 + 2pL2n+7) ε + 3L2n+6 Jε).

Proof. i) Using definition of Q̃n and its conjugate, the proof is clear.

ii) A simple calculation gives us that Q̃nQ̃n = F̃2
n + F̃2

n+1 + F̃2
n+2 + F̃2

n+3. Then, using equa-
tions (4), (1) and (6), we get the result.

iii) With the aid of equality ii), we write

Q̃nQ̃n + Q̃n+1Q̃n+1 = 3
[

F̃2n+3 + F̃2n+5 + p(F2n+5 + F2n+7) + (F2n+4 + F2n+6)J

+ ((F2n+5 + F2n+7) + 2p(F2n+7 + F2n+9))ε + 3(F2n+6 + F2n+8)Jε
]
.

Using the identities (4) and (1), the proof is clear.

iv) Using part i), we can write Q̃2
n = Q̃n

(
2F̃n − Q̃n

)
. Then from equality ii), the proof is

straightforward.
Other parts can be calculated similarly using equations in Appendices A and B.

Theorem 3. Let Q̃n, Q̃m ∈ QDCp and K̃n, K̃m ∈ KDCp. Then the following multiplication
recurrence relations hold for n, m, r ≥ 0 :

i)

Q̃mQ̃n − Q̃m+rQ̃n−r = (−1)n−rFr [(1 − p) + J + 3 (1 − p) ε + 3Jε]

× [2Fm−n+r − 2Fm−n+r−1e1 + 2Fm−n+r−2e2 + (4Fm−n+r + Lm−n+r) e3] ;

ii)

Q̃nQ̃m + Q̃n+1Q̃m+1 =

−
(
F̃n+m+2 + L̃n+m+6

)
− p

(
Fn+m+4 + Ln+m+8

)
−

(
Fn+m+3 + Ln+m+7

)
J

−
[(

Fn+m+4 + Ln+m+8
)
+ p

(
Fn+m+6 + Ln+m+10

)]
ε − 3

(
Fn+m+5 + Ln+m+9

)
Jε

+
[
2
(

F̃n+m+2 + pFn+m+4 + Fn+m+3 J +
(

Fn+m+4 + 2pFn+m+6
)
ε + 3Fn+m+5 Jε

)]
e1

+
[
2
(

F̃n+m+3 + pFn+m+5 + Fn+m+4 J +
(

Fn+m+5 + 2pFn+m+7
)
ε + 3Fn+m+6 Jε

)]
e2

+
[
2
(

F̃n+m+4 + pFn+m+6 + Fn+m+5 J +
(

Fn+m+6 + 2pFn+m+8
)
ε + 3Fn+m+7 Jε

)]
e3;
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iii)

Q̃2
n + Q̃2

n+1 =−
(

F̃2n+2 + L̃2n+6
)
− p

(
F2n+4 + L2n+8

)
−

(
F2n+3 + L2n+7

)
J

−
[(

F2n+4 + L2n+8
)
+ p

(
F2n+6 + L2n+10

)]
ε − 3

(
F2n+5 + L2n+9

)
Jε

+
[
2
(

F̃2n+2 + pF2n+4 + F2n+3 J +
(

F2n+4 + 2pF2n+6
)
ε + 3F2n+5 Jε

)]
e1

+
[
2
(

F̃2n+3 + pF2n+5 + F2n+4 J + (F2n+5 + 2pF2n+7) ε + 3F2n+6 Jε
)]

e2

+
[
2
(

F̃2n+4 + pF2n+6 + F2n+5 J + (F2n+6 + 2pF2n+8) ε + 3F2n+7 Jε
)]

e3;

iv) K̃mK̃n − K̃m+rK̃n−r = −5(Q̃mQ̃n − Q̃m+rQ̃n−r);

v) K̃nK̃m + K̃n+1K̃m+1 = 5(Q̃nQ̃m + Q̃n+1Q̃m+1);

vi) K̃2
n + K̃2

n+1 = 5(Q̃2
n + Q̃2

n+1).

Proof. To prove the part i) we use the equations (1), (2), (7). To prove the part ii) we use the
equations (4), (5), (1), (2), (8). For part iii) we apply m → n in part ii). Other parts can be
calculated similarly using equations in Appendices A and B.

It should be noted that parts i) (analogue to iv) ) and ii) (analogue to v) ) in Theorem 3
are often referred to as Tagiuri’s (or Vajda’s like) and Honsberger’s identities, respectively. It
is known that d’Ocagne’s, Catalan’s and Cassini’s identities are special cases of the Vajda’s
identity.

Corollary 1. Let Q̃n, Q̃m ∈ QDCp and K̃n, K̃m ∈ KDCp. For n, m ≥ 0,

d’Ocagne’s identities can be given as follows:

Q̃mQ̃n+1 − Q̃m+1Q̃n = (−1)n [(1 − p) + J + 3(1 − p)ε + 3Jε]

× [2Fm−n − 2Fm−n−1e1 + 2Fm−n−2e2 + (4Fm−n + Lm−n) e3] ,

K̃mK̃n+1 − K̃m+1K̃n = 5(−1)n+1 [(1 − p) + J + 3(1 − p)ε + 3Jε]

× [2Fm−n − 2Fm−n−1e1 + 2Fm−n−2e2 + (4Fm−n + Lm−n) e3] ;

Catalan’s identities are as below:

Q̃2
n − Q̃n+rQ̃n−r = (−1)n−rFr [(1 − p) + J + 3 (1 − p) ε + 3Jε]

× [2Fr − 2Fr−1e1 + 2Fr−2e2 + (4Fr + Lr) e3] ,

K̃2
n − K̃n+rK̃n−r = 5(−1)n−r+1Fr [(1 − p) + J + 3 (1 − p) ε + 3Jε]

× [2Fr − 2Fr−1e1 + 2Fr−2e2 + (4Fr + Lr) e3] ;

Cassini’s identities are given such that:

Q̃2
n − Q̃n+1Q̃n−1 = (−1)n−1 [(1 − p) + J + 3 (1 − p) ε + 3Jε] [2 − 2e2 + 5e3] ,

K̃2
n − K̃n+1K̃n−1 = 5(−1)n [(1 − p) + J + 3 (1 − p) ε + 3Jε] [2 − 2e2 + 5e3] .
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Proof. By writing n → n + 1, r → 1 in parts i) and iv) in Theorem 3, respectively, the proof
of d’Ocagne’s identities is completed. By writing m → n in parts i) and iv) in Theorem 3,
respectively, the proof of Catalan’s identities is completed. Substituting r = 1 in Catalan’s
identity completes the proof of the Cassini’s identities.

Theorem 4. Let Q̃−n and K̃−n be negaDGC Fibonacci and Lucas quaternions. Then the follow-
ing identities can be given for n > 0 :

Q̃−n = (−1)n+1Q̃n + (−1)n L̃n (e1 + e2 + 2e3) + (−1)n+1Kn−3 (J + ε + 2Jε) e3,

K̃−n = (−1)nK̃n + 5(−1)n−1F̃n (e1 + e2 + 2e3) + 5(−1)nQn−3 (J + ε + 2Jε) e3.

Proof. Using the negaDGC Fibonacci and Lucas numbers (see in (12) and (13), [14]), the proof
is obvious.

Theorem 5. Let Q̃n ∈ QDCp and K̃n ∈ KDCp. For n ≥ 1, the Binet’s formulas can be calculated
as follows:

Q̃n =
α̃∗αn − β̃∗βn

α − β
, K̃n = α̃∗αn + β̃∗βn,

where α∗ = 1 + αJ + α2ε + α3 Jε, α̃∗ = α∗
(
1 + αe1 + α2e2 + α3e3

)
, β∗ = 1 + βJ+ β2ε + β3 Jε and

β̃∗ = β∗ (1 + βe1 + β2e2 + β3e3
)
.

Proof. Using the Binet’s formulas for the DGC Fibonacci and Lucas numbers (see (14) and (15),
[14]), we have:

Q̃n =
α∗αn − β∗βn

α − β
+

α∗αn+1 − β∗βn+1

α − β
e1 +

α∗αn+2 − β∗βn+2

α − β
e2 +

α∗αn+3 − β∗βn+3

α − β
e3

=
α∗αn

(
1 + αe1 + α2e2 + α3e3

)
− β∗βn

(
1 + βe1 + β2e2 + β3e3

)

α − β
=

α̃∗αn − β̃∗βn

α − β

and

K̃n = α∗αn + β∗βn +
(

α∗αn+1 + β∗βn+1
)

e1 +
(

α∗αn+2 + β∗βn+2
)

e2 +
(

α∗αn+3 + β∗βn+3
)

e3

= α∗αn
(

1 + αe1 + α2e2 + α3e3

)
+ βn

(
1 + βe1 + β2e2 + β3e3

)
= α̃∗αn + β̃∗βn,

where α̃∗ = α∗
(
1 + αe1 + α2e2 + α3e3

)
and β̃∗ = β∗ (1 + βe1 + β2e2 + β3e3

)
.

2 Matrix representations of DGC Fibonacci and Lucas quaternions

Theorem 6. Any Q̃n can be represented by 2 × 2 generalized complex matrices.

Proof. We define linear transformation Λ(a1+a2ε) =

[
a1 0
a2 a1

]
based on the isomorphism be-

tween dual numbers and the set
{[

a1 0
a2 a1

]
: a1, a2 ∈ R

}
. The 2 × 2 dual representation of

Q̃n = Qn + Qn+1 J + Qn+2ε + Qn+3 Jε with respect to the standard basis {1, ε} can be obtained
as below:

ΛQ̃n
=

[
Qn + Qn+1 J 0

Qn+2 + Qn+3 J Qn + Qn+1 J

]
,

where

ΛQ̃n
(1) = Q̃n = Qn + Qn+1 J + (Qn+2 + Qn+3 J) ε, ΛQ̃n

(ε) = Q̃nε = (Qn + Qn+1 J) ε.
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Theorem 7. Any Q̃n can be represented by 4 × 4 Fibonacci quaternion matrices.

Proof. With the isomorphism Γ we define Fibonacci quaternion representation of Q̃n as follows:

∆Q̃n
=

[
Γ(Qn + Qn+1 J) Γ(0)

Γ(Qn+2 + Qn+3 J) Γ(Qn + Qn+1 J)

]
.

Here, Γ is a linear transformation such that Γ(a1 + a2 J) =

[
a1 pa2

a2 a1

]
based on the isomor-

phism between Cp and the set
{[

a1 pa2

a2 a1

]
: a1, a2 ∈ R

}
. The matrix ∆Q̃n

is called the matrix

representation of Q̃n. Thus

∆Q̃n
=




Qn pQn+1 0 0
Qn+1 Qn 0 0
Qn+2 pQn+3 Qn pQn+1

Qn+3 Qn+2 Qn+1 Qn


 .

The columns of matrix ∆Q̃n
are represented by the coefficients in Fibonacci quaternions of the

elements {Qn, Qn J, Qnε, Qn Jε}.

Theorem 8. The 4 × 4 DGC Fibonacci right matrix representation of

Q̃n = F̃n + F̃n+1e1 + F̃n+2e2 + F̃n+3e3

with respect to the basis {1, e1, e2, e3} is

AQ̃n
=




F̃n −F̃n+1 −F̃n+2 −F̃n+3

F̃n+1 F̃n F̃n+3 −F̃n+2

F̃n+2 −F̃n+3 F̃n F̃n+1

F̃n+3 F̃n+2 −F̃n+1 F̃n


 .

We remark that DGC Fibonacci left matrix representation of Q̃n with respect to the basis
{1, e1, e2, e3} is

BQ̃n
=




F̃n −F̃n+1 −F̃n+2 −F̃n+3

F̃n+1 F̃n −F̃n+3 F̃n+2

F̃n+2 F̃n+3 F̃n −F̃n+1

F̃n+3 −F̃n+2 F̃n+1 F̃n


 .

Corollary 2. The column matrix representation of an arbitrary DGC Fibonacci quaternion Q̃n

with respect to the basis {1, e1, e2, e3} is merely the collection of its coefficients:

Q̃n =
[

F̃n F̃n+1 F̃n+2 F̃n+3

]T
.

The left product of DGC Fibonacci quaternions Q̃n and Q̃m can also be expressed as:

Q̃nQ̃m =




F̃m −F̃m+1 −F̃m+2 −F̃m+3

F̃m+1 F̃m F̃m+3 −F̃m+2

F̃m+2 −F̃m+3 F̃m F̃m+1

F̃m+3 F̃m+2 −F̃m+1 F̃m







F̃n

F̃n+1

F̃n+2

F̃n+3


 .

So, we can say that the multiplication of DGC Fibonacci quaternions can be calculated by
matrix product.
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Corollary 3. The multiplication of Q̃n as DGC number can also be given as

Q̃nQ̃m =




Qm pQm+1 0 0
Qm+1 Qm 0 0
Qm+2 pQm+3 Qm pQm+1

Qm+3 Qm+2 Qm+1 Qm







Qn

Qn+1

Qn+2

Qn+3


 .

Corollary 4. The following statements are satisfied:

• DGC Fibonacci right matrix representation AQ̃n
of Q̃n = F̃n + F̃n+1e1 + F̃n+2e2 + F̃n+3e3 is

also of the form AQ̃n
= F̃n I4 + F̃n+1E1 + F̃n+2E2 + F̃n+3E3, where

E1 =




0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0


, E2 =




0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0


, E3 =




0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0


.

Similar form can be given using left matrix representation.

• Fibonacci quaternion matrix representation ∆Q̃n
of Q̃n = Qn + Qn+1 J + Qn+2ε + Qn+3 Jε

is also in the form ∆Q̃n
= Qn I4 + Qn+1J + Qn+2E + Qn+3J E , where

J =




0 p 0 0
1 0 0 0
0 0 0 p

0 0 1 0


, E =




0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0


, J E =




0 0 0 0
0 0 0 0
0 p 0 0
1 0 0 0


.

Corollary 5. Similar to the above notations and statements, the following matrix representa-
tions are obtained for K̃n = Kn + Kn+1 J + Kn+2ε + Kn+3 Jε = L̃n + L̃n+1e1 + L̃n+2e2 + L̃n+3e3 :

ΛK̃n
=

[
Kn + Kn+1 J 0

Kn+2 + Kn+3 J Kn + Kn+1 J

]
, ∆K̃n

=




Kn pKn+1 0 0
Kn+1 Kn 0 0
Kn+2 pKn+3 Kn pKn+1

Kn+3 Kn+2 Kn+1 Kn


 ,

AK̃n
=




L̃n −L̃n+1 −L̃n+2 −L̃n+3

L̃n+1 L̃n L̃n+3 −L̃n+2

L̃n+2 −L̃n+3 L̃n L̃n+1

L̃n+3 L̃n+2 −L̃n+1 L̃n


 , BK̃n

=




L̃n −L̃n+1 −L̃n+2 −L̃n+3

L̃n+1 L̃n −L̃n+3 L̃n+2

L̃n+2 L̃n+3 L̃n −L̃n+1

L̃n+3 −L̃n+2 L̃n+1 L̃n


 .

Also the product of K̃n and K̃m can be calculated by matrix product as follows:

K̃nK̃m =




L̃m −L̃m+1 −L̃m+2 −L̃m+3

L̃m+1 L̃m L̃m+3 −L̃m+2

L̃m+2 −L̃m+3 L̃m L̃m+1

L̃m+3 L̃m+2 −L̃m+1 L̃m







L̃n

L̃n+1

L̃n+2

L̃n+3




=




Km pKm+1 0 0
Km+1 Km 0 0
Km+2 pKm+3 Km pKm+1

Km+3 Km+2 Km+1 Km







Kn

Kn+1

Kn+2

Kn+3


 .
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3 Conclusion

In this study, we introduce DGC Fibonacci and Lucas quaternions as an extension of com-
plex/dual Fibonacci and Lucas quaternions. We extend the recurrence relations and well-
known identities for these quaternions. Additionally, we give quaternion, DGC and Fibonacci

matrix forms of them. One can also realized that this study is a continuation of the paper [13],
considering Hamilton quaternion approach. By this way, this quaternion approach is also
strictly linked to the papers [5, 12, 32]. Eventually, the striking part of this paper is that the
identities and matrix forms of

• dual-complex Fibonacci and Lucas quaternions by taking p = −1,

• hyper-dual Fibonacci and Lucas quaternions by taking p = 0,

• dual-hyperbolic Fibonacci and Lucas quaternions by taking p = 1

can be found.

A Fibonacci and Lucas Numbers

Let Fn and Ln be nth Fibonacci and Lucas numbers, respectively. The following identities
hold (see [3]):

Fn+r + Fn−r =

{
LrFn, r = 2k,
Fr Ln, r = 2k + 1;

(1)

Fn+r − Fn−r =

{
Fr Ln, r = 2k,
LrFn, r = 2k + 1;

(2)

Ln+r + Ln−r =

{
LrLn, r = 2k,

5FrFn, r = 2k + 1;

Ln+r − Ln−r =

{
5FrFn, r = 2k,
LrLn, r = 2k + 1.

B DGC Fibonacci and Lucas Numbers

The set of dual-generalized complex (DGC) numbers DCp is a vector space over R [13].
For w1 = z11 + z12ε, w2 = z21 + z22ε ∈ DCp and λ ∈ R, the operations are given as follows
(see [13]):

equality : w1 = w2 ⇔ z11 = z21, z12 = z22,
addition : w1 + w2 = (z11 + z21) + (z12 + z22) ε,

scalar multiplication : λw1 = λ (z11 + z12ε) = (λz11) + (λz12) ε,
multiplication : w1w2 = (z11z21) + (z11z22 + z12z21) ε.

In [14], the nth DGC Fibonacci and Lucas numbers are respectively defined as follows:

F̃n = Fn + Fn+1 J + Fn+2ε + Fn+3 Jε and L̃n = Ln + Ln+1 J + Ln+2ε + Ln+3 Jε,

where J denotes the generalized complex unit (J2 = p∈ R), ε represents the pure dual unit
(ε2 = 0, ε 6= 0), and Jε represents the generalized complex-dual unit.
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In [14], following identities are obtained:

F̃n + F̃n+1 = F̃n+2, (3)

F̃n+r + F̃n−r =

{
Lr F̃n, r = 2k

Fr L̃n, r = 2k + 1,
(4)

F̃n+r − F̃n−r =

{
Fr L̃n, r = 2k

Lr F̃n, r = 2k + 1,
(5)

F̃2
n + F̃2

n+1 = F̃2n+1 + pF2n+3 + F2n+2 J + (F2n+3 + 2pF2n+5) ε + 3F2n+4 Jε, (6)

F̃mF̃n − F̃m+rF̃n−r = (−1)n−rFm−n+rFr [(1 − p) + J + 3 (1 − p) ε + 3Jε], (7)

F̃nF̃m + F̃n+1F̃m+1 = F̃n+m+1 + pFn+m+3 + Fn+m+2 J

+ (Fn+m+3 + 2pFn+m+5) ε + 3Fn+m+4 Jε,
(8)

L̃n + L̃n+1 = L̃n+2, (9)

L̃n+r + L̃n−r =

{
Lr L̃n, r = 2k

5Fr F̃n, r = 2k + 1,
(10)

L̃n+r − L̃n−r =

{
5Fr F̃n, r = 2k

Lr L̃n, r = 2k + 1,
(11)

L̃2
n + L̃2

n+1 = 5
(

F̃2n+1 + pF2n+3 + F2n+2 J + (F2n+3 + 2pF2n+5) ε + 3F2n+4 Jε
)

,

L̃m L̃n − L̃m+r L̃n−r = 5(−1)n−r+1Fm−n+rFr [(1 − p) + J + 3 (1 − p) ε + 3Jε],

L̃n L̃m + L̃n+1L̃m+1 = 5
[

F̃n+m+1 + pFn+m+3 + Fn+m+2 J

+ (Fn+m+3 + 2pFn+m+5) ε + 3Fn+m+4 Jε
]
.

Furthermore, the negaDGC Fibonacci and Lucas numbers can be written as follows:

F̃−n = (−1)n+1F̃n + (−1)n Ln (J + ε + 2Jε) , (12)

L̃−n = (−1)n L̃n + 5(−1)n−1Fn (J + ε + 2Jε) . (13)

Moreover, the Binet’s formulas for DGC Fibonacci and Lucas numbers are given by:

F̃n =
α∗αn − β∗βn

α − β
, (14)

L̃n = α∗αn + β∗βn, (15)

where α∗ = 1 + αJ + α2ε + α3 Jε and β∗ = 1 + βJ + β2ε + β3 Jε with α = 1+
√

5
2 and β = 1−

√
5

2 .



Construction of dual-generalized complex Fibonacci and Lucas quaternions 417

References
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Шентурк Г.Й., Ґурсес Н., Юце С. Побудова дуально-узагальнених комплексних кватернiонiв Фiбо-

наччi та Люка // Карпатськi матем. публ. — 2022. — Т.14, №2. — C. 406–418.

Метою статтi є побудова дуально-узагальнених кватернiонiв Фiбоначчi та Люка. Нами
встановлено деякi властивостi дуально-узагальнених комплексних чисел та їхнiх кватернiонiв.
Зокрема, ми одержали загальнi рекурентнi спiввiдношення, формули Бiне, тотожностi Тагiу-
рi, Гонсбергера, Оканя, Кассiнi та Каталана. Також ми запровадили деякi матричнi представ-
лення цих спецiальних кватернiонiв i виразили добуток дуально-узагальнених комплексних
кватернiонiв Фiбоначчi i Люка у виглядi їхнiх рiзних матричних представлень.

Ключовi слова i фрази: кватернiон, дуально-узагальнене комплексне число, число Фiбоначчi,
число Люка.


