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Construction of dual-generalized complex Fibonacci and Lucas
quaternions

Sentiirk G.Y.1, Giirses N.?, Yiice S.2

The aim of this paper is to construct dual-generalized complex Fibonacci and Lucas quaternions.
It examines the properties both as dual-generalized complex number and as quaternion. Addi-
tionally, general recurrence relations, Binet’s formulas, Tagiuri’s (or Vajda’s like), Honsberger’s,
d’Ocagne’s, Cassini’s and Catalan’s identities are obtained. A series of matrix representations of
these special quaternions is introduced. Finally, the multiplication of dual-generalized complex Fi-
bonacci and Lucas quaternions are also expressed as their different matrix representations.
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number.
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Introduction

Quaternions (Hamiltonian quaternions) are introduced by W.R. Hamilton [17] as a hyper-
complex numbers and denoted by H: = {Q =a+be; +ce; +des:a,b,c,d € R}, where
1=1(1,0,0,0),e; = (0,1,0,0), e = (0,0,1,0), e3 = (0,0,0,1) that satisfy

€162 = —eze1 = €3,
€63 = —e3ey = ey,
€361 = —e1e3 = €2,
and
e% = e% = e% = e1epe3 = —1.

H is an associative but non commutative algebra [17]. Quaternion is a geometric operator
to represent the relationship (relative length and orientation) between two vectors in three and
four dimensional spaces. The rotation and the screw (spatial) displacement by quaternions are
usually simpler, cheaper and functional than other methods. For instance, the dual quaternion
algebra is applied to the kinematic modeling of different types of robots, such as mobile robots,
robot manipulators, cooperative systems, mobile manipulators, and humanoids.

Hamilton’s ideas related to quaternions are extended in another way by A.F. Horadam
in [19]. He defined the nth Fibonacci and Lucas quaternions using respectively nth Fibonacci
and Lucas numbers (see Appendix A) as the coefficients. These quaternions are also examined
in [15,20-22].
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Complex numbers are buildings blocks of several commutative number systems [34]. As a
generalization of complex numbers, the most known 2-component number system is general-
ized complex numbers C,, (see [18,23]) and defined by

Cy = {z:a1+ﬂ2]1111,ﬂ2€]R, JZZPGIRngR}'

which analogue to complex numbers for p = —1, hyperbolic numbers for p = 1 and dual num-
bers for p = 0 (see details in [27,30, 31,34, 35]). Moreover, by using Cayley-Dickson doubling
procedure, the set of dual-generalized complex (DGC) numbers defined in [13] as

DC, := {w:zl—l—zzs:zl,zzeCp, 8220,57&0,8§Z]R}.

Reconstructing new numbers with the different combination of above number systems is an
attractive area for researchers (see [1,2, 4, 6-11,23-25, 28,29, 33]). For the special real values
p = —1,p = 0and p = 1, dual-complex, hyper-dual, dual-hyperbolic numbers are ob-
tained from DGC numbers, respectively (see [13]). If the literature is examined considering
Fibonacci/Lucas extension, the nth complex and dual Fibonacci quaternions are defined in [16]
and [26], respectively. Besides, dual-complex Fibonacci/Lucas numbers and their properties
are presented in [12]. In [5], dual hyperbolic Fibonacci and Lucas numbers are examined.
In [14], the nth DGC Fibonacci and Lucas numbers are defined and the recurrence relations
are introduced (see Appendix B). Additionally, in [32], hyper-dual Horadam quaternions are
investigated.

In this paper, the DGC Fibonacci and Lucas quaternions are defined as an extension of the
papers [16, 19, 26]. This construction is adapted from [19]. The recurrence relations, Binet’s
formula, Tagiuri’s (or Vajda’s like), Honsberger’s, d’Ocagne’s, Catalan’s and Cassini’s identi-
ties are obtained. Several matrix representations of these special quaternions are presented.
Furthermore, the multiplication of DGC Fibonacci and Lucas quaternions are also calculated
as their different matrix representations.

1 DGC Fibonacci and Lucas Quaternions

Definition 1. The DGC numbers with Fibonacci and Lucas quaternion coefficient are respec-
tively defined as follows

Qn = Qn+ Qni1J + Qui2e+ Quizfe and Kn = Ky + K41 + Kyj2e + Ky 3],

where Q, and K;, are the nth Fibonacci and Lucas quaternions.
Qy and K;; can also be expressed as

én = ﬁn + ﬁn+1el + ﬁn+2€2 + ﬁn+3e3 and Izn = zn + En+1€1 + Zn+2€2 + Zn+3e3z

respectively, where fn and Zn are nth DGC Fibonacci and Lucas numbers (see Appendix B
and [14] for the DGC Fibonacci and Lucas numbers).

Axiomatically, | and ¢ commutes with quaternion versors, that is ¢;] = Je;, e;e = ee;,
i = 1,2,3. It is evident that for p = —1 usual complex operator distinct from quaternion
versors. The base elements {1, ], ¢, Je} satisfy the properties given in Table 1.
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1 i € Je e1 e es3

1 1 i € Je eq e e3

J J p Je pe Jei Jez Jes

3 € Je 0 0 geq gep e

Je Je pe 0 0 Jeeq Jeen Jees

e1 eq Jeq geq Jeeq -1 es —en

e 1) Jeo gey Jeer —e3 -1 e1

e3 €3 ]63 ges ]863 () —e1 —1

Table 1. Multiplication scheme.

For convenience, the sets used in this paper is given in Table 2.

Fibonacci numbers
Lucas numbers

DGC Fibonacci numbers
DGC Lucas numbers
Fibonacci quaternions

Lucas quaternions

F:={F)|[Fy=F,1+F, 2,n>1 F=0F =1}
L= {Ly|Ly =Ly_1+Ly 2, n>1Lo=21L =1}
DC,F := {F, = Fy + Fy 1] + Fyi0e + Fyy3]e| Fy € F}
DC,IL = {Zn =Ln+ Lys1] + Lyjoe + Lyysje| Ly € L}
Q :={Qn = Fu + Fyy1e1 + Fup2e2 + Fyy3e3|Fy € F}

K := {Ky = Ly + Lyy1e1 + Lyj2ez + Lyy3e3| Ly € L}

DGC numbers with Fibonacci quaternion ~ DCpQ := {Qy = Qu + Qui1] + Quize + Quizle| Qn € Q}
Quaternions with DGC Fibonacci number  QIDC,, := {Qn =F,+ ?n+161 + ?n+232 + Fn+383|ﬁn € DC,F}

DGC numbers with Lucas quaternion

Quaternions with DGC Lucas number

DC,K := {Kn = Ky + Ky 1] + Kyy2e + Ky y3Je| Ky € K}
KIDC,, := {Kn =Ly + Lyy1e1 + Lygoer + Ln+363|Ln S IDCP]L}

Table 2. The notations of the sets.

The algebraic structures of én (also for Kn) as a DGC number and as a quaternion can be
seen in Table 3 and Table 4, respectively.

Number

Addition, subtraction

Scalar multiplication

Multiplication

Equality

Generalized complex conjugate
Dual conjugate

Coupled conjugate

DGC conjugate

Anti-dual conjugate

Module

Qn = Qn + Qus1J + Qui2e + Quiale
Qn & Qm = (Qu =+ Qu) + (Qus1 £ Quis1) ]
+(Qui2 £ Quy2) e+ (Quiz £ Qumys) Je
AQn = (AQn) + (AQui1)] + (AQui2)e + (AQur3)Je, A € R
QnQm = (QuQum + pQu+1Qum+1) + (QuQus1 + Qus1Qum) |
+(QnQm+2 +1Qn+1Qm+3 + Qn2Qm + pQn13Qm+1) €
+(QuQm+3 + Qnr1Qm+2 + Qni2Qmi1 + Qur3Qm) Je
Qn=Qm < Qn=QmQur1=Qu+1, Qui2 = Qui2 Qni3 = Qus
O = Qu — Qui1] + Quaze — Quyale
0 = Qu + Qui1] — Quaze — Quiale
01 = Qu— Qui1] — Quaze + Quiale
Oft = (Qu = Qusn)) (1 - Gesile)
Ol = Qui2 + Qural — Que — QuirJe
NG =QuQy, 1<i<3

Table 3. Structures for Qn as a DGC number.
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Quaternion

Addition, subtraction

Qn = Fu+ Fy1e1 + Fyoeo + Fyizes
QnzxQm= (Fn + Fm) + (FnJrl iFerl) ep+ (Fn+2:|:Fm+2) €2
+ (fn+3 + ?m+3) es

Scalar Multiplication AQ, = (AE) + ()\ﬁn+])61 + (/\fn+2)ez + (AF,43)es, A € R
Multiplication @n @m = F,F, — ?n+1ﬁm+] - ﬁn+2fm+2 — ﬁn+3fm+3
+ (FuFws1+ FurFon + Fug2Fnis — FapaFua) @
+ (FuFus2+ FoyaFu + FugaFusr — Fuip1Fuis) e
+ (FuFuya+ FuyaFu + FupaFuia — Fug2Fus ) €3
Equality Qu=Qu ¢ Fi=Fu Fur1 = Fur1, Fuya = P, Fuss = Fuys
Conjugate Qu = FEi — Fyirer — Buioer — Fyises
Module Ng, = 0nQ, =3 (ﬁ2n+3 + PFonss + Fanga) + (Fongs +20Fang7) € +3F2n+6]€>
Inverse Q; 1= 1\% , where NQn is not a null number

n

(null numbers are characterized by zero norm in IDCy)

Table 4. Structures for Q, as a quaternion.

Theorem 1. Let @n € QDC, and K, € KIDC,. Then the following additional recurrence

relations hold forn,r > 0:
j) Qn + QnJrl = Qn—i-z}

o < ~ L.Q , r=2k,

ii) Qnir + Qn—r = { Frlgn r=2k+1:
risn, - 7

o ~ FK,, =2k,

iii) Qnir — Qu—r = { Lr@n r=2k+1:
rny - 7

iv) Qu — Qni1e1 — Quizea — Quises = 3L,/
v) K, + Izn—i—l = Iszrz,'

. =~ ~ Lrﬁn, r = 2k,
K K, , = ~
VI) n+r + Ky—r { 5Frin r=2k+ 1;
e o 5F,Qu, r =2k,
Kyt — K, = i
V11) n+r n—r { LrKn, r— 2k + 1;

viii) Ky — Kys1e1 — Kyi2e2 — Kyyses = 15L,3.

Proof. Using the recurrence relations for the DGC Fibonacci and Lucas numbers (see equations

(3)-(5), (9)-(11) and [14]), the proof is completed.
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Theorem 2. Let Qn € QDC,, Izn € KIDC,, fn € DC,F and Zn € DC,LL. Then the following
relations hold forn > 0:

i) On+0Q, =2E;
ii) 0uQy = 3(Fanss + PFants + Fanta) + (Fanss + 2pFans7) € + 3FansJe);
iii) QnQp + Qu110ns1 = 3(Lanra + PLonss + Lonts] + (Lanse + 20Lonys) € + 3Lans7Je);
iv) Q2 = 2F,Qu — 3(Fanta + pFanss + Fouga] + (Fonys + 2pFony7) € + 3Fans6Je);
v) Ky + Ky = 2L,
vi) KKy = 3(Lanss + pLants + Lonsa] + (Lonts +2pLony7) € 4+ 3Lontee);
vii) KKy + Ky 1Kus1 = 15(Fanya + PPants + Lanss] + (Fante + 20Fanss) € + 3Fani7]e);

viii) K2 = 2L,Ky, — 3(Lants + pLants + Fansa] + (Lanss + 20Lant7) € + 3Lous6]e).
Proof. i) Using definition of @n and its conju_gate, the proof is clear.
ii) A simple calculation gives us that Q,Q, = F2 + f,% 1t F? ot F? 13- Then, using equa-
tions (4), (1) and (6), we get the result.
iii) With the aid of equality ii), we write
QnQp + Qu1Qnr1 =3 {?211—0—3 + Fonys + p(Fanss + Fons7) + (Fonsa + Fonso)]
+ ((Fanys + Fony7) + 2p(Fons7 + Fonyo))e + 3(Fanvs + F2n+8)]8] :

Using the identities (4) and (1), the proof is clear.

iv) Using part i), we can write Q% = On (2?,1 — Qn> Then from equality ii), the proof is
straightforward.

Other parts can be calculated similarly using equations in Appendices A and B. O

Theorem 3. Let én, ém € QDC,; and K., Ky € KIDC,. Then the following multiplication
recurrence relations hold forn,m,r > 0:

)
Qm@n - Qm+rénfr = (_1>n_rFr [(1 - p) +]+3 (1 - ]J) e+ 3]8]
X [Zmenqu - 2Fm—n+r—1el + 2men+r7262 + (4men+r + menqtr) 63] y

ii)
éném + Qn+1ém+l =

<Fn+m+2 + pFugmsa + Foymia] + (Fusmea + 20Fuimre)e + 3Fn+m+5]8>] e1
2 <fn+m+3 + pFutmts + Formya] + (Fotmts + 2pFoymy7)e + 3Fn+m+6]8>} €2

2(Futmra + PFrsms6 + Furmrs] + (Futmere + 20Fnsmis)e + 3Fn+m+7]5>} es;
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iii)

Font2 + Lonte) — p(Fanta + Lonss) — (Fonss + Lons7) ]
(Fonta + Lontg) + p(Fonte + Lont10) € — 3(Fonss + Lono) Je

2 <ﬁ2n+2 + pFouta + Fonsa] + (Fonsa + 2pFonie) e+ 3F2n+5]5>} e1

é%z +éi+1 ==

2 (Fonss + pFanss + Fonsa] + (Fanys +2pFan 7)€ + 3F2n+6]8)] e

2 <ﬁ2n+4 +pFnt6 + Bouts] + (Fonte + 20Fou48) € + 3F2n+7]8)] e3;

+ 4+

[ remun B e B ansenn B BN

iv) Kmkvn - Km+rKn—r = _5(Qm©n - Qm—i—r@n—r)}
V) kvnkvm + kvn+1Km+1 = 5(@71@171 + Qn+1§m+1)}
vi) K24+ K2 =5(Q2+ Q2. ).
Proof. To prove the part i) we use the equations (1), (2), (7). To prove the part ii) we use the

equations (4), (5), (1), (2), (8). For part iii) we apply m — n in part ii). Other parts can be
calculated similarly using equations in Appendices A and B. O

It should be noted that parts i) (analogue to iv)) and ii) (analogue to v)) in Theorem 3
are often referred to as Tagiuri’s (or Vajda’s like) and Honsberger’s identities, respectively. It
is known that d’Ocagne’s, Catalan’s and Cassini’s identities are special cases of the Vajda’s
identity.

Corollary 1. Let @n, @m € QIDC, and Izn,lzm € KIDC,,. Forn,m > 0,

d’Ocagne’s identities can be given as follows:

QuQui1— Qu1Qn = (=1)" [(1—p) + ] +3(1 — p)e + 3]¢]
X [2men - 2Fm—n—1el + 2men72€2 + (4men + men> 63] ’
KyuKy1 = Ky1Ky = 5(=1)""1 [(1 = p) + ] +3(1 — p)e + 3]¢]
X [2men —2Fy_n—1e1+ 2F, 202 + (4men + men) 33] ;
Catalan’s identities are as below:
Q7 = OnerQur = (=1)" "B [(1—p) + ] +3 (1 —p) e+ 3J¢]
X [ZFy — 2Fr,161 + 2F7_2€2 + (4Fr + Lr) 63] ,
K — Ky /Ky =5(=1)""*'F, [(1—p)+]+3(L—p)e+3]e
X [ZFr —2F,_1e1 +2F,_sep + (4Fr + Lr) 63] ;

Cassini’s identities are given such that:

Q2 — Qus1Qn_1 = (=1)" 1 [(1—p)+T+3(1 —p)e+3]e| [2 — 2¢; + 5es],
K2 —Ky1Ky1 =5(=1)"[(1 —p) + ] +3 (1 —p) e+ 3Je] 2 — 2¢p + 5es) .
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Proof. By writingn — n+1, r — 1 in parts i) and iv) in Theorem 3, respectively, the proof
of d’Ocagne’s identities is completed. By writing m — n in parts i) and iv) in Theorem 3,
respectively, the proof of Catalan’s identities is completed. Substituting r = 1 in Catalan’s
identity completes the proof of the Cassini’s identities. O

Theorem 4. Let Q_,, and K_,, be negaDGC Fibonacci and Lucas quaternions. Then the follow-
ing identities can be given forn > 0:

Q-n = (=1)"Qu + (—1)"Ln (e1 + €2+ 2¢3) + (—=1)""'Ky5 (] + ¢+ 2]¢) €3,

Koy = (=1)"Ky +5(—=1)"""Fy (e + €2 + 2¢3) +5(=1)"Qu_3 (J + e+ 2Je) es.
Proof. Using the negaDGC Fibonacci and Lucas numbers (see in (12) and (13), [14]), the proof
is obvious. O
Theorem 5. Let Qn € QIDC, and K, € KIDC,,. Forn > 1, the Binet’s formulas can be calculated
as follows: _

- EC*Dén _ R*Rn — N -

where a* = 1+ o] +a’e +a3Je, &* = a* (1+ aey + a’e; + ae3), p* = 1+ ]+ B> + B>Je and
Br = p* (1+ per + PPex + foes).
Proof. Using the Binet’s formulas for the DGC Fibonacci and Lucas numbers (see (14) and (15),
[14]), we have:

_ afa — BB oc*txn—i-l_ * gn+1 [X*“n—o—Z_ * Qn+2 0(*06”+3— * pn—+3
W pp BE, Bp?, BE,.
a—p a—p a—p a—p

a*a (14 aey 4 aey +ade3) — BB (14 Pe + pPer + foe3)  a*a” — B*p"
B a—p - a-p

and
Kn — atal —I—‘B*ﬁn + (06*06”+1 —I—ﬁ*‘BnJrl) e1 + (a*[anrZ + ﬁ*ﬁn+2) en+ <[X*“n+3 +‘B*ﬁn+3) es
= a*a" (1 + weq + aep + (x363) + p" (1 + Ber + B?ey + 53e3> = &*a" + B*B",

where #* = a* (1 + aey + a?e; + a’e3) and B* = B* (1 + Bey + BPex + Be3). O

2 Matrix representations of DGC Fibonacci and Lucas quaternions

Theorem 6. Any Q, can be represented by 2 x 2 generalized complex matrices.

a

Proof. We define linear transformation A, 4 4,¢) = [ .

] based on the isomorphism be-

a

a a1
Qn = Qn+ Qnit] + Quioe + QuizJe with respect to the standard basis {1, ¢} can be obtained
as below:

tween dual numbers and the set { [

1ay,ap € IR} . The 2 x 2 dual representation of

N [ Qi+ Q] 0 }
Qu Qni2+Qni3] Qu+ Quit] ’
where

Ag (1) = én = Qn + Qn+1] + (Qn+2 + Qn+3]) £ Aén(g) = éne = (Qn + Qn+1]> .

n

O
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Theorem 7. Any Q, can be represented by 4 x 4 Fibonacci quaternion matrices.
Proof. With the isomorphism I' we define Fibonacci quaternion representation of Q,, as follows:

A~ — { r(Qn+Qn+1]) F(O) ]
Qn F(Qn+2 + Qn+3]) F(Qn + Qn+1]) '

ap paz

Here, T is a linear transformation such that I'(a; + a2]) = [ b
2 1

] based on the isomor-

phism between C, and the set { [ Zl pﬂaz ] 1aq,ap € IR} . The matrix AQ is called the matrix
2 m "

representation of @n Thus

Qn an-H 0 0
A~ — Qn+1 Qn 0 0

Qu Qu+2 PQus3  Qn pQu+1
Qn+3 Qn+2 Qn+1 Qn

The columns of matrix A are represented by the coefficients in Fibonacci quaternions of the

elements {Qn, QunJ, Qne, QnJe}- .
Theorem 8. The 4 x 4 DGC Fibonacci right matrix representation of
Qu = Fu+ Fur1e1 + Fupaea + Fryaes

with respect to the basis {1,e1, 3,3} is

Fu —1§+1 —fn+2 _En+3
A~ — For1  Fy Fiyz —Fip2
5= |z . - I
" En+2 ~—n+3 En F;gjl
Fn+3 Fn+2 —In+1 Fn

We remark that DGC Fibonacci left matrix representation of Q, with respect to the basis
{1 e1,e2,e3} is

Ni’:n - :n+1 _En+2 _Ni’:n+3
B. — | 1 B —Fus Fna
Qn En+2 FQ+3 ~Fn It
Fn+3 —In42 Fn+1 Fn

Corollary 2. The column matrix representation of an arbitrary DGC Fibonacci quaternion Q,,
with respect to the basis {1, e1, e, e3} is merely the collection of its coefficients:

~ ~ o~ ~ ~ T
Qu=|F Fu1 Ea Fa]

The left product of DGC Fibonacci quaternions Q, and Qy, can also be expressed as:

NFm _Em—i-l _NﬁerZ _Em+3 NFn
N AN Fm+1 Fi Fm+3 —Im+42 Fn-i—l
0nQu=| 21 = s L

Funio —Fuyz Fin Fini1 Fuy2

Fm+3 Fm+2 —Im+1 Fm Fn+3

So, we can say that the multiplication of DGC Fibonacci quaternions can be calculated by
matrix product.
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Corollary 3. The multiplication of Q, as DGC number can also be given as

Qm me—H 0 0 Qn
Qn@m — Qm+1 Qm 0 0 Qn+1
Qm+2 me+3 Qm me+1 Qn+2
Qm+3 Qm+2 Qm+1 Qm Qn+3

Corollary 4. The following statements are satisfied:

* DGC Fibonacci right matrix representation Aén of Qn = ?n + ?n+1el + ?n+2€2 + fn+363 is

also of the form Aén = fn14 + anEl + fn+2E2 + fn+3E3, where
0 -1 00 00 -1 0 0 00 -1
1 0 00 00 0 -1 0 01 0
E, = E, = Ez =
1 0o 0 01/ ™2 10 0 ol 3 0 -1 0 0
0 0 -1 0 01 0 0 1 00 0

Similar form can be given using left matrix representation.

¢ Fibonacci quaternion matrix representation A(:)n of Qn =Qn+ Q1] + Quioe+ Quisje
isalso in the form A5 = Quly + Q1T + Qui2€ + Qui3J E, where

o
0po0oO 0000 0000
1000 0000 0000

j‘ooo;o’g_looo’jg_o;ooo
0010 0100 1000

Corollary 5. Similar to the above notations and statements, the following matrix representa-

tions are obtained for K, = K, + Kyi1] + Kyi0e + Ky 3]e = L+ Zn+1el + ZnJrzez + Zn+3eg :

Ky
W _[KetKea] 0 o K
Ko |Kpjo + Kuys] Ky +KppaJ]” K Kn+2
Kn+3
Nzn _En—o—l _~zn+2 _§n+3 Nzn
AIZ _ £n+1 En Lﬁ+3 _NLn—i-Z , By = £n+1
" £n+2 _NLn+3 NLn Lﬁ—i—l Ku £n+2
Lyts Lut2 —Luyt1 Ln Lyts

pKn+1 0 0
K, 0 0
pKn+3 Ky pKn+1
Kpt2 Kup1 Ky

_En—o—l _£n+2 _~Ln+3

NL” _INJn+3 Lg—kz
Lg+3 ~Ln _En—i—l
_Ln+2 Ln+1 Ln

Also the product of K,, and Ky, can be calculated by matrix product as follows:

[ sz _Em—i—l _~Em+2 _Em+3
= = L L L —L
KK, — Fm+1 Ltm m+3 —m+2
e £m+2 _~Lm+3 Em Lﬁz+1
Luss Luy2 —Lup1  Ln
[ K me+1 0 0
| Kpy1 K 0 0
Ktz pKu+s  Km  pKypr
Km+3 Km+2 Km+1 Kin

Ly

n+1

[l

£n+2
Ln+3

Ky
Kn+1
Kn+2
Kn+3
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3 Conclusion

In this study, we introduce DGC Fibonacci and Lucas quaternions as an extension of com-
plex/dual Fibonacci and Lucas quaternions. We extend the recurrence relations and well-
known identities for these quaternions. Additionally, we give quaternion, DGC and Fibonacci
matrix forms of them. One can also realized that this study is a continuation of the paper [13],
considering Hamilton quaternion approach. By this way, this quaternion approach is also
strictly linked to the papers [5,12,32]. Eventually, the striking part of this paper is that the
identities and matrix forms of

¢ dual-complex Fibonacci and Lucas quaternions by taking p = —1,
¢ hyper-dual Fibonacci and Lucas quaternions by taking p = 0,
¢ dual-hyperbolic Fibonacci and Lucas quaternions by taking p = 1

can be found.

A Fibonacci and Lucas Numbers

Let F, and L, be nth Fibonacci and Lucas numbers, respectively. The following identities
hold (see [3]):

Futr + Faor = { FL e "
Fnir — Fn—r = { [er:: : z ill;t 1; ?
Loy + Ly = { 511:1113: . §£+ 1;
Lutr = Lu—s { 55: f: :i;ﬁr 1.

B DGC Fibonacci and Lucas Numbers

The set of dual-generalized complex (DGC) numbers IDC, is a vector space over R [13].
For wy = z11 + z126, wp = zp1 + 2z20e € DCp and A € R, the operations are given as follows
(see [13]):

equality : w; = wy & z11 = 201,212 = 222,
addition: wy;+wy = (z11 +221) + (z12 +222) &,
scalar multiplication : Awr = A(z11 + z128) = (Az11) + (Az12) &,
multiplication : w1y = (Z11Z21) + (lezzz + Z12Z21) €.

In [14], the nth DGC Fibonacci and Lucas numbers are respectively defined as follows:
fin =F+ Fn+1] + Fn+2‘<3 + Fn+3]€ and En =L,+ Ln+1] + Ln+2‘<5 + Ln+3]€;

where ] denotes the generalized complex unit (J> = p€ R), ¢ represents the pure dual unit
(e2 = 0,e # 0), and Je represents the generalized complex-dual unit.
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In [14], following identities are obtained:

i':n‘FﬁnJrl = ?714-2!

=~ =~ Lyﬁn, 1’:2k

F F,_, = -

n+r+ n—r { Fan, 7’:2k—{—1,
=~ =~ Fyin, 1’:2k

F, —F, _, = ~

e { L,E,, r=2k+1,

Fr+ Fpy = Fouyt + pFants + Fansa] + (Fansys + 2pFauss) € + 3Fan 4,
fmi:vn - fm—i—ri:vn—r = (_1)n_rFm—n+rFr [(1 - p) =+ ] +3 (1 - p) €+ 3]3]/

FuF + ?n—i-l?m—i-l = Nn+m+1 +pFiime3 + Formiz]
+ (Fn+m+3 + 2pFn+m+5) €+ 3Fn+m+4]€/

En + En—0—1 = En+2;

Lrin, r = 2k

L L. . — !
ntr - Ln—r {55Fn, r=2k+1,

i 5 _)5RE, r=2%
P LiL, r=2k+1,

L2+ Bzﬂ =5 <ﬁ2n+1 + B3+ Fonga] + (Fongs +2pFonys) € + 3F2n+4]€) ,

Ly — Lonir Ly = 5(=1)""" " Fy s Fr [(1—p) + ] +3(1—p)e+3Je],

znzm + En+1im+1 =5 [ﬁn+m+1 + PFuimi3 + Fuyme2]
+ (Fn+m+3 + 2pFn+m+5) €+ 3Fn+m+4]£] .
Furthermore, the negaDGC Fibonacci and Lucas numbers can be written as follows:

Fop= (=1)""F + (=1)"Lu (] + £+ 2J¢),

Loy=(—1)"Ly+5(-1)""'F, (J+e+2Je).

Moreover, the Binet’s formulas for DGC Fibonacci and Lucas numbers are given by:

fn _ a*al —[3*,3”,
a—p

Zn — Oé*lxn +‘B*ﬁn/

3)

(4)

(5)

(6)
(7)

(8)

©)

(10)

(11)

(12)

(13)

(14)

(15)

where a* = 1+« +a’e + a3Je and B* = 1+ B] + e + p3Je witha = #andﬁ: %g



Construction of dual-generalized complex Fibonacci and Lucas quaternions 417

References

(1]

(2]

(3]

(4]

(5]

6]

(7]

(8]

[9]

[10]

(1]

[12]

(13]

[14]

[15]

(16]

(17]

(18]

[19]

[20]
(21]

Akar M., Ytice S., Sahin S. On the dual hyperbolic numbers and the complex hyperbolic numbers. Journal of Com-
puter Science and Computational Mathematics 2018, 8 (1), 1-6. d0i:10.20967 /jcscm.2018.01.001

Alfsmann D. On families of 2n-dimensional hypercomplex algebras suitable for digital signal processing.
In: 14th European Signal Processing Conf. (EUSIPCO 2006), Florence, Italy, September 4-8, 2006.
doi:10.5281/ZENODO.52940

Bergum G.E., Hoggat JR. V.E. Sums and products for recurring sequences. Fibonacci Quart. 1975, 13 (2), 115-120.

Cheng H.H., Thompson S. Dual polynomials and complex dual numbers for analysis of spatial mechanisms.
In: Proc. of ASME 24th Biennial Mechanisms Conference, Irvine, CA, August 19-22, 1996. doi:10.1115/96-
DETC/MECH-1221

Cihan A., Azak A.Z., Glingdr M. A., Tosun M. A study on dual hyperbolic Fibonacci and Lucas numbers. Ann. Sci.
Univ. “Ovidius” Constanta. Ser. Mat. 2019, 27 (1), 35-48. d0i:10.2478 /auom-2019-0002

Cheng H.H., Thompson S. Singularity analysis of spatial mechanisms using dual polynomials and complex dual
numbers. ASME. J. Mech. Des. 1999, 121 (2), 200-205. doi:10.1115/1.2829444

Cockle J. On a new imaginary in algebra. Philosophical magazine. London-Dublin-Edinburgh 1849, 3 (34),
37-47. d0i:10.1080/14786444908646169

Cohen A., Shoham M. Principle of transference-an extension to hyper-dual numbers. Mech. Mach. Theory 2018,
125, 101-110. d0i:10.1016/j.mechmachtheory.2017.12.007

Fike ].A., Alonso ].J. The development of hyper-dual numbers for exact second- derivative calculations. In: The 49th
ATAA Aerospace Sciences Meeting including the New Horizons Forum and Aerospace Exposition, Orlando,
Florida, January 4 - 7, 2011. doi:10.2514/6.2011-886

Fike J.A., Alonso J.J. Automatic differentiation through the use of hyper-dual numbers for second derivatives. In:
Forth S., Hovland P, Phipps E., Utke J., Walther A. (eds) Recent Advances in Algorithmic Differentiation.
Lecture Notes in Computational Science and Engineering, 87, 163-173. Springer, Berlin, Heidelberg, 2012.
doi:10.1007 /978-3-642-30023-3_15

Fjelstad P., Sorin Gal G. n-dimensional hyperbolic complex numbers. Adv. Appl. Clifford Algebr. 1998, 8 (1),
47-68. doi:10.1007 /BF03041925

Guingor M.A., Azak A.Z. Investigation of dual-complex Fibonacci, dual-complex Lucas numbers and their properties.
Adv. Appl. Clifford Algebr. 2017, 27 (4), 3083-3096. doi: 10.1007/s00006-017-0813-z

Girses N., Senttirk G.Y., Ytice S. A study on dual-generalized complex and hyperbolic-generalized complex numbers.
Gazi University Journal of Science 2021, 34 (1), 180-194. doi: 10.35378/gujs.653906

Giirses N., Senttirk G.Y., Yiice S. A comprehensive survey of dual-generalized complex Fibonacci and Lucas numbers.
Sigma J Eng Nat Sci 2022, 40 (1), 179-187. d0i:10.14744 /sigma.2022.00014

Halici S. On Fibonacci quaternions. Adv. Appl. Clifford Algebr. 2012, 22 (2), 321-327.
doi:10.1007 /s00006-011-0317-1

Halici S. On complex Fibonacci quaternions. Adv. Appl. Clifford Algebr. 2013, 23 (1), 105-112.
doi:10.1007 /s00006-012-0337-5

Hamilton W.R. On quaternions; or on a new system of imaginaries in algebra. The London, Edinburgh and Dublin
Philosophical Magazine and Journal of Science (3rd Series) xxv-xxxvi, 1844-1850.

Harkin A.A., Harkin J.B. Geometry of generalized complex numbers. Math. Mag. 2004, 77 (2), 118-129.
d0i:10.1080/0025570X.2004.11953236

Horadam A.F. Complex Fibonacci numbers and Fibonacci quaternions. Amer. Math. Monthly 1963, 70 (3), 289-
291. doi:10.2307 /2313129

Horadam A.F. Quaternion recurrence relations. Ulam Quarterly 1993, 2 (2), 23-33.
Iyer ML.R. Some results on Fibonacci quaternions. Fibonacci Quart. 1969, 7 (2), 201-210.



418 Sentiirk G.Y., Giirses N., Yiice S.

[22] Iyer M.R. A note on Fibonacci quaternions. Fibonacci Quart. 1969, 3 (7), 225-229.

[23] Kantor I., Solodovnikov A. Hypercomplex numbers: an elementary introduction to algebras. Springer-Verlag, New
York, 1989.

[24] Majernik V. Multicomponent number systems. Acta Phys. Polon. A 1996, 90 (3), 491-498.
doi:10.12693 / APhysPol A.90.491

[25] Messelmi E. Dual-complex numbers and their holomorphic functions. doi:10.5281/ZENODO.22961

[26] Nurkan S.K, Guiven LLA. Dual Fibonacci quaternions. Adv. Appl. Clifford Algebr. 2015, 25 (2), 403—414.
doi:10.1007 /s00006-014-0488-7

[27] Pennestri E., Stefanelli R. Linear algebra and numerical algorithms using dual numbers. Multibody Syst. Dyn.
2007, 18 (3), 323-344. d0i:10.1007 /s11044-007-9088-9

[28] Price G.B. An introduction to multicomplex spaces and functions. Monographs and textbooks in pure and
applied mathematics, New-York. 1991. doi:10.1201 /9781315137278

[29] Rochon D., Shapiro M. On algebraic properties of bicomplex and hyperbolic numbers. An. Univ. Oradea Fasc. Mat.
2004, 11, 71-110.

[30] Sobczyk G. The hyperbolic number plane. College Math. J. 1995, 26 (4), 268-280.
doi:10.1080/07468342.1995.11973712

[31] Study E. Geometrie der dynamen: Die zusammensetzung von kréften und verwandte gegenstinde der
geometrie bearb. Leipzig, B.G. Teubner, 1903.

[32] TanE., Ait-Amrane N. R., Gok I. Hyper-dual Horadam quaternions. Miskolc Math. Notes 2021, 22 (2), 903-913.
doi: 10.18514/MMN.2021.3747

[33] Toyoshima H. Computationally efficient bicomplex multipliers for digital signal processing. IEICE Trans Inf Syst.
1989, E81-D (2), 236-238.

[34] Yaglom .M. Complex numbers in geometry. Academic Press, New York, 1968.

[35] Yaglom L.M. A simple non-Euclidean Geometry and its physical basis: An Elementary Account of Galilean

Geometry and the Galilean Principle of Relativity. Heidelberg Science Library, 1979.

Received 24.01.2021
Revised 12.10.2021

Ientypk T.1., Typcec H., ¥Oue C. ITo6ydosa dyarvHo-y3aansHeHux KOMNICKCHUX KeamepHioris Di6o-
Havui ma Atoxa // KapmaTtceki MaTeM. my6a. — 2022. — T.14, N2. — C. 406—418.

Mertoto craTTi € OOyAOBa AyaAbHO-y3araAbHeHMX KBaTepHioHiB ®i6oHauui Ta Atoxa. Hamm
BCTAHOBAEHO AeSIKi BAACTMBOCTI AyaAbHO-Y3araAbHEHMX KOMIIAEKCHMX UMCeA Ta IXHiX KBaTepHiOHiB.
3oxpeMa, MM OAep>KaAl 3aTaAbHI peKypeHTHI criiBBiaHOIIeHHS, popmyan bine, ToToxHocTi Tariy-
pi, F'orcbeprepa, Oxanst, Kaccini Ta Katarana. Takox MU 3aIipoBaAVAM AesIKi MaTpWUHI IpeACTaB-
A€HHsI VX CIIeliaABHMX KBAaTepHIOHIB i BUpasuAM AOOYTOK AyaAbHO-y3araAbHEHMX KOMIIAEKCHMX
kBaTepHioHiB ®i6oHaUui i Afoka y BUTASIAL IXHIX Pi3HMX MaTpUYIHMX IIPEACTABAEHb.

Kntouosi cnoea i ppasii: KBaTepHiOH, AyaAbHO-y3araAbHeHe KOMIIAEKCHE UMCAO, uicAo DiboHauui,
yrcao Aroka.



