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APPROXIMATION PROPERTIES OF
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ABSTRACT. The goal of this paper is to construct a new type of Bernstein operators depending
on the shape parameter A € [—1,1]. For these new type operators a uniform convergence result is
presented. Furthermore, order of approximation in the sense of local approximation is investigated
and Voronovskaja type theorem is proved. Lastly, some graphical results are given to show the rate of
convergence of constructed operators to a given function f.
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1. Introduction

In 1912, the Russian mathematician S. N. Bernstein gave one of the most known proof of the
Weierstrass’s theorem [17], in [5], by defining the following operators; B, : C[0,1] — C[0, 1],

B, (f;x) = ibn,k(x)f(§>7 (1.1)
k=0

where
bn.i(x) = (Z) (1 — )"k, z € 0,1].

In 1987, Lupas [12] introduced the first g-analogue of Bernstein operators and investigated its
approximating and shape-preserving properties. In 1996, Phillips |14] proposed another g-variant
of the classical Bernstein operators, the so-called Phillips g-Bernstein operators. We have to remind
that the g-variants of Bernstein polynomials provide one shape parameter for constructing free-
form curves and surfaces, Phillips g-Bernstein operator was applied well in this area, as Khan and
Lobiyal [11] indicated before.

Leonid V. Kantorovich, in 1930, introduced a generalization of Bernstein operators as K, :
L,]0,1] — CJ0,1]

k41

Ka(fiz) = (n+1) Y bus(a) / F(tyat. (1.2)
k=0 e
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K, operators are obtained from the classical Bernstein operators (1.1}, by replacing the approxi-
mating function value f(%) with integral of f in a neighborhood of * [10].

In 1968, D. D. Stancu [16] constructed positive linear operators S<#: C[0,1] — C0, 1]

ST(fia) = 3 bus(@)f (k - O‘) . (13)
k=0

n+p

Here f € C[0,1], @ and 3 real parameters such that 0 < o < § and n € N. Note that fora = =0
the operators turn to classical Bernstein operators [5]. Some recent papers mentioning different
types of generalizations of Benstein operators and its applications are cited in [11] and [13].

In 2004, D. Barbosu [2] gave a Kantorovich-Stancu form as below:

) e
KB (fiz) = (n+B+1) Y bus() / F(b)dt. (1.4)
k=0 bt
n+B+1

Some interesting approximation properties of Stancu type operators were given by Barbosu in
[314].

Constructing a new kind of Bézier curve or a new type of Bernstein operators by using different
basis is currently of high interest to researchers. In 2010, Zhangxiang Ye and his colleagues [1§]
proposed their study not only constructing a new kind of basis functions of Bézier curve with single
shape parameter, but also providing a practical algorithm of curve modeling. They discussed some
important properties of the basis functions and the corresponding curves. Thus, they explained
why a curve or a surface with shape parameters is a good choice.

In 2018, inspiring by a paper in 18], Cai et al. [6] introduced a new generalization of Bernstein
operators as follows

Buatfir) = Y bt (). (15)
k=0
where A € [-1,1] and I;nk for k=0,1,..., are defined by
bno(N; ) = bpo(x) — %_anﬂ,l(x),
boi( X z) = bpi(x) + A (’tfilbnﬂ,i(x) = ";ff‘llbnﬂ,iﬂ(x)) : (1.6)
b 2) = by (z) — - i Tbnt1,n(@)-

no_
It is easy to verify that > b, x(X;z) = 1 and these operators become the classical Bernstein
k=0

operators for A = 0. They obtained some approximation properties of A-Bernstein operators and
established an asymptotic formula. Also, they gave some numerical examples to show the rate of
convergence of By, z(f;z) to f(x).

Very recently Acu et al. [1] presented a Kantorovich modification of A-Bernstein operators. They
considered the positive linear operators as

Kur(fiz) = 0+ 1) Y bui(hi2) / f(tyat. (L.7)
k=0 o
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They proved a quantitative Voronovskaja type theorem by means of Ditzian-Totik modulus of
smoothness. Also, a Griiss-Voronovskaja type theorem for A-Kantorovich operators were given by
them. They studied approximation properties of the Kantorovich variant of \-Bernstein operators.
Some articles can be given about related work [7,|8,|L5]. According to this progress, we defined
Kantorovich-Stancu type A-Bernstein operators as below

k+a+1
" nFB+1
So8(fix) = (n+ B+ 1) S bu(Xia) / f(ydt, (18)
k:O k+ao
[E:EST

where Bézier bases I;n’k()\;x) are defined in 1) Here, as we mentioned above « and [ real
parameters such that 0 < o < 8 and n € N. Besides, it should be taken into consideration that

(i) if we chose a = 8 = 0, the sequence of operators defined in (1.8]) reduce to operators in (|1.7)),

(ii) if we take A = 0 in (1.8, then the Kantorovich-Stancu type A-Bernstein operators tend to
Kantorovich-Stancu type operators in ((1.4)),

(iii) For « = =X =0 in (L.8), then the Kantorovich-Stancu type A-Bernstein operators reduce
to Kantorovich type operators in (|1.2]).

The present work is organized as follows: We demonstrate moments of operators can be ob-
tained using the concept of moment generating function. A uniform of these constructed operators
is mentioned. After, we investigate order of approximation in the sense of local approxima-
tion with using a classical approach, the second modulus of continuity, Peetre’s K-functional and
Lipschitz type function. Then, a Voronovskaja type result is presented for given operators. Some
graphical examples are also given in this paper in order to show the rate of convergence of
operators.

2. Preliminary results

In this part, we present the moments and the central moments of Kantorovich-Stancu type
A-Bernstein operators to use the proofs of the main theorems.

LEMMA 2.1. Lete; (t) :=1t', i =0,1,2.... Then the A\-Kantorovich-Stancu operators SS? satisfy
Sﬁ‘f (eo;2) =1,

_ neta 1 Jr)\172w+:c”+1f(lfx)”“
S n+B+1 0 2(n+B+1) (n+B+1)(n—1) ’

n(n — 1)z n 2(1 + a)nx n o +a+ s

n+pB+1)2 (m+B+1)?2 (n+p+1)?

2nx(l — 2x) + 22" (n+ 1) — 2z
(n+B+1)2(n-1)

20(1 — 2z + 2™ — (1 — 2)"+)
m+B8+1)2(n—-1) ’

Sz,’f (e1;2)

Sf:f (eg;7) = (

+ A

+ A
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1
Sg/\ﬁ (e3;x) = E {1+ 2nz(7 — 9z + Inz + 42® — 6nz® + 2n’z?)

4n+p+1
+4a(1 + 6nz — 12na® + 12n°2” + 12nza + 30/2 + o) }
A(n+3)
=)+ B+ 1)
A
2ln—1)(n+p+1
+6n%z? + 12n2® — 12022 + 132" + 122" + 6n2x”+1}
3
2n—1)(n+p+1
+2a — 6(1 — z)"a — dza + 22" a},

+ (1— 1=zt —a™h

+ E {-1+(1 — )" — 122 4 6nz — 30na?

+ E {—43: + 4nz — 8nz? + 42" + dnantt

1

Sg:f (64; 1’) = m {5”41'4 — 30n3$4 -+ 40n3$3 —+ 55n2x4 — 120n2$3

«
+80nz® — 75nz? + 30nx + 1} + m {4n3x3 —12n22°

+8na® + 18n2z? — 18na? + 14nz + 1 + 6n°z2a — 6nz’w
+4nza? + 12nza + o + 2a° + 204}
2X(n+3)
(n? =1)(n+p+1)*
A
Py T
—8n2zt — 2" 4 29na" T 4+ An?a" Tt — 24nada + 24nx"+1oz}
A
n—1)(n+pB8+1
+2" T (11 4 44n — 13n°)) }
pYe!
HCETES

+

na? + 6n2a? — 44nz® — 20223 — 16nzt

+ i {—2+42(1 —2)""" — 9z + nz(5 — 492 + 13nz)

(1—1—2)"" — 2" 420 — 20(1 — )" — 202" ™)

ji {—2+42(1 — 2)""" — 242 + 12nz — 60na® + 12n%z” + 262"

+48nz™ ! — 120227 — 1220 + 12nza — 24nz’a + 122" a + 12n2" o

+4a? —4(1 — z)""'a® — 8za® + 42"}
LEMMA 2.2. By considering Lemma 2.1, A-Kantorovich-Stancu operators possess

a—(B+ 1)z 1 +)\1—2x+x”+1—(1—x)"+1

a.B o) —
Spx (b= o) = n+B+1 ' 2n+pB+1) (n+B+1)(n—1)

= ¢(a, B,n, A)(w),
B+ =n 5, (B+DRa+1)—n ?+a+i
_(n+5+nfj (n+ 8+ 1)2 aj(n+ﬁ+D2

)\ n
+(n+ﬁ+m%n_n{mmu—2@+ax+%n+n—2x

+2(a— (n+ B+ 1Dz)(1 -2z + 2" — (1 - x)”+1)}
= o(a, B,n, A) ().
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Besides, the consecutive limits hold

. 20a—z(f+1))+1
B ) —
nhm nSy (t—zz) = 5
and
lim nSZ‘:f ((t—2)%2) =21 —2).

n— oo

3. Convergence results

In this main chapter, we search the rate of convergence by means of the modulus of continuity,
Peetre’s K-functional and elements of Lipschitz class. Here, C0,1] is the class of real valued
functions defined on [0, 1] which is uniformly continuous with the norm ||f|| = sup |f(x)|.

z€(0,1

THEOREM 3.1. For f € C[0,1], X € [—1,1], Kantorovich-Stancu type \-Bernstein operators S:Zf
converge uniformly to f on [0,1].

Proof. By the Bohmann-Korovkin theorem, it is sufficient to show that

1 oy — gt = ) —
nl;rréo||5n)A (' —z")|| =0, i=0,1,2.
It can be clearly obtained these three conditions using Lemma [2.1 |
Here, we will give some definitions to use in this section.

DEFINITION 1. For 6 > 0 and f € C[0,1], the modulus of continuity w(f;d) of the function f is
defined by

w(f;6) = sup |f(x) = f(y)l.
z,y€(0,1]
le—y|<s
DEFINITION 2. The second modulus of continuity of f € C|0,1] is defined by

wa(f;V8) = sup [If(-+28) =2f(+ 1) + FO)llero,-

0<t<Vs

DEFINITION 3 ([9]). Peetre’s K-functional of the function f € C]0,1] is defined by

Ky(f;90) = gevivfgf[o,l]{ﬂf —gllero, +9lg" e,

where
W2[0,1] := {g € C[0,1] : ¢/, g"" € C[0,1]}.
The following inequality
Ks(f;0) < M{ws(f;V6)}

is valid for all § > 0. The positive constant M is independent of f and §.

In the following theorem, the modulus of continuity is used to estimate the order of approxima-
tion to the function f.

THEOREM 3.2. Let f € C[0,1], then
SeR(fiw) = f@)| < 20(f;0),
where § := (e, B,n, A) = Jo(a, B,n, N)(x).
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Proof. Keeping in mind the following property of modulus of continuity

50 - f@) <0 (U5 ).

We obtain

|Sel () = @) < SeR () = f(a)]; )

<w(£0)(1+ 58TR (- )% ).
Lastly, choosing § = \/o(a, 8,1, A)(z), s0
S35 () — f(z)] < 2w(f;6).
Hence, the proof is completed. O
THEOREM 3.3. If g € C1[0,1], then
1505 (0:2) = 9(@)] < s 5.0, M) (@)lg' ()] + 24/ (. B A @)l Vo, 5.3 1) (@),

Proof. Let g € C1[0,1]. For any x,t € [0, 1], we have
t
o(t) = @) =g @)t~ 2) + [ (5'6) - g'0)
so, applying the operators at above equality, we get
t
Sl (g(t) — g(z); @) = g/ (@) SeN (t — w5 ) + S0 < /(g’(y) —¢'(2))dy; x) (3.1)
Taking into account the following property of modulus of continuity

l9(y) —g(z)| < w(9;5)(‘y g i + 1), § >0,

we can write

t — 2
’/|g |dy' <w(g’;0) {( 5 2) + t—x] . (3.2)
By using (3.2) in (3.1)), we get

[Sx(g:2) = g(@)] < lg'@)] - 1SR (¢ = ;)|
ralg's0) {3528 (0= a50) + 57t —slio) .
Using Cauchy-Schwarz inequality then we reach

1593 (g:2) — g(@)| < |g/ (@)L (¢ — 252)]
ralgs0) { /s (= oo+ 1] sl o
<g'<x>|<<a,5,nyx><>+wga{ NEENRTVE: +1} o B (@),

Choosing 6 = y/o(a, B,n,\)(x), we find the desired inequality. O

Now, we interest in the rate of convergence by the known method K-functional.
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THEOREM 3.4. If f € C[0,1], then

SRR (i) = f(@)] < Mo (f 5Vl B @) + <2<a,5,n,x><x>> +w(f,sla, B,m,\)(@)),
where M is a positive constant.

Proof. Denoting

aﬁ()— nr + « L 1 n 1—2z+ 2" — (1 — )"t
A = B 24 B 1) (n+B+1)(n—1)
and
Sad(fia) = SR (Fi) + f(@) = Flenn (@), (3:3)

It follows immediately
gzv’f(eo;ﬁ) = Sz:f(eo; r) =1
ng(el;x) = Sz”f(el; T) + 1 —epn(r) = 2.

Applying S“fff to Taylor’s formula, we get

t

53,’5(9; r) = g(z) + Sz,f ( /(t —y)g" (y)dy; a:)
Therefore,
t en, k()
Sel(giz) = g(a) + Sy ( / (t— y)g”(y)dy;x) —~ / (eni(®) — ) g (y)dy.
This implies that
e (@)

52800 - gt < sz / (1= ) Wy )|+ IRGTERD ")

2
< 8p(( = )% 0) g + (55 (@) = 2) 19"
< [o(a, B, ) (@) +<*(, B,m, N (@)] [lg”])
In view of , we obtain
SR ()] < SRR (i) + 1 (@) + £ i @) < 311 (3.4)
Now, for f € C[0,1] and g € W?2[0, 1], using and (3.4), we get
S2(f12) = S (@)] = |SeR(f50) = f@) + R @) - f@)]

2R = gsa)| + |8 (i) — 9(@)| +19(@) — (@) + |7 R@) - £ (@)

<4|f =gl + [o(a, B,n,M)(2) + (e, 8,0, ) (2)] 19"l
+w(f,s(a, B,n,A)(x)) .

<

147



MURAT BODUR — NESIBE MANAV — FATMA TASDELEN

Taking the infimum on the right side over all g € W?2[0, 1], we have
o 1
1824 (f50) = f@) < 4Kz (F, § (o0 8,0, M)(@) + 630, Bn, M) (@) )
+w(f,s(a, B,n,A)(2)) .

Conclusively, when using the relation between K-functional and the second modulus of continuity
as shown in Definition [3] we reach the desired result. ]

We investigate the rate of convergence with the help of the functions of Lipschitz class. For this,
we have to give below definition primarily.

DEFINITION 4. Let f be a real valued continuous function defined on [0, 00). Then the following
statement holds for f in order v (0 <y <1) on [0, c0),

|f (@) = f)] < Mlz—y|’

for all z,y € [0,00) and M > 0. These set of Lipschitz continuous functions of order v with
Lipschitz constant M is denoted by Lipys () -

THEOREM 3.5. Let f € Lipy (7), € [0,1] and A € [—1,1], then we have

2
SeL(f5w) - ()] < M[ola, B.m X))
where o(a, B,n, \)(x) is defined in (2.2)).

Proof. For the positive linear operators S::’f(f;z) and f € Lipys (), while > lN)mk()\;z) =1,
’ k=0

and keeping in mind well-known Holder’s inequality, it can be written directly

sef(fia) = (@) < SE (@) = f(@)liz)

k+a+1
n ntBF+1
48+ D) Y baalhin) [ 150 - St
k=0 k+a
AT
k4a+1
n ntpt1
<SMn+8+1)) bur(Xiz) / |t — 2| dt
k=0 kta
AT
< M[o(a.5.n, \)(2)] *.
Hence, the proof is completed. O

4. Voronovskaja type theorem

Now, we prove the Voronovskaja type theorem for the operators S; f .

THEOREM 4.1. Let f be a bounded function on [0,1], f', f" derivatives exist for any x € (0,1)
and A € [-1,1]. Then, we have

lim 2n (ng(f, x) — f(x)) =Q2a—z(B+1)+1)f'(x) +z(1 —2)f" ().

n—oo
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Proof. The Taylor’s expansion
f@t) = fl@)+ f(a)(t —2) + %f”(w)(t —x)® + h(t,z)(t - 2)*,

where h(.) € C[0,1] and tlim h(t;z) = 0. Taking into account the linearity of the operators Sfff
—x ’
and applying it to both sides of the above Taylor’s expansion with a simple calculations, we obtain
n (Self@) = f@) = nSed (¢ = z32) £ (@)

f/l(x
2

+nSeY (h(t, z)(t — )% 2).

~

+nSe{((t - 2)% )

Therefore, by using Lemma we get

T n (S50 - s) = GOZTEEN T
+ Mf”(x) (4.1)

2
: o, N2
+nlLII;OnSn7A(h(t,z)(t )% x).

Hence, by the Cauchy-Schwarz inequality, we have

nlSSL ()t — ) 2)| < \JSeF (2 (6 2);0)y n282 (¢ — )% ), (4.2)

Since lim nQSs”f((t — )% ) is bounded by Lemma and h2(x,x) = 0, by considering 1} in

n—oo

(4.1), we obtain
lim nSe{(h(t,z)(t — )% 2) =0

n—0o0

which completes the proof. O

5. Graphical results

Finally, in this section , we provide some graphical examples that show the convergence of
Kantorovich-Stancu type A-Bernstein operators. With these given graphicals examples, it is pos-
sible to understand better how our operators converge to given functions.

Ezample 1. The first illustration demonstrates the convergence of the operators S f depending
on n. Here, taken A = 0.4, o = 0.2, = 0.3 values and approximating function of f(z) =

1 —sin(Zmz), we see the operators respectively for n = 20, n = 50, n = 80 values in Figure
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f(x) ===== S5H()
..... - SEh(X) ——— SEAX)

FIGURE 1. Convergence of Kantorovich-Stancu type A-Bernstein operators for n = 20, n = 50
and n = 80

Exzample 2. Another example is illustrated in Figure [2] to show impact of shape parameters .
For a« =0.2,8 =0.3, n = 6 be fixed and A = —1, A = 0, A\ = 1 approximant Szf convergence to
f(z) =1—sin(Zrz).

2.0

0.5

!
0.2 0.4 0.6 0.8 1.0

f(x) === S1(x)
----- = SiP0 ——— Sif
F1GURE 2. Convergence of Kantorovich-Stancu type A-Bernstein operators for A = —1, A = 0

and A =1

Now, we would like to take an attention to influence of different real parameters « (also can be
shown different 3) which is sense of Stancu.

Ezxample 3. For A = 03, n = 20, § = 2 and a« = 0.5, = 1, @ = 1.5 the convergence of
Kantorovich-Stancu type A-Bernstein operators to f(z) = 1 —sin(mz) are illustrated in Figure
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Ficure 3. Convergence of Kantorovich-Stancu type A-Bernstein operators for « = 0.5, a = 1,
a=15

Ezample 4. The purpose of the last example as represented in Figure [4] is making a compari-
son between Kantorovich-Stancu type A-Bernstein operators and classical Bernstein Kantorovich
operators about approximating to f(z) =1 — sin(%ﬂx). Here, \=1,n =20, «=0.2, 3 =0.3.

FIGURE 4. Comparison between two the convergence of operators
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